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Figure 5.9: RESPONSE MOD ELS: Definit ions of Symbols

This Fig ure sum marizes the defin ition sof the symbols in the com mon STAT 231 respons emodels; some ter minol ogy and
notation has been slig htly modifie d fr om that in the Cou rse Not es– EPSdenot esequiprobable (or ‘random’) selecting.

Mode l1: Yj = µ +Rj, j =1, 2, ....,n; Rj ∼ G(0,σ); independent; EPS.

Yj is a random variable whose dis tributio n repre sents the pos sib le value sof the measure dre spons evariat e
fo r the jth unit in the sample of n units selected equ iprobably from the respondent popula t ion,
if the selecting and measuring processes were to be repeated ove rand ove r.

µ is a model parameter which repre sents theaverageof the measure dre spons evariat eof the units of the respondent popula t ion.
Rj is a random variable (called the re sidua l) whos edist rib u tio n repre sents the pos sib ledi ffere nce s, from the structur al

co mponent of the model , of the measure dvalue of the respons evariat efo r the jth unit in the sample of n units selected
equiprobably from the respondent popula t ion, if the selecting and measuring processes were to be repeated ove rand ove r.

σ the (probabilis ti c) sta n dar d devi ation of the Gaus sia nmodel for the dis tributio n of the residu al, is a model parameter which
repre sents the (data) sta n dar d devi ation of the measure dre spons evariat eof the units of the respondent popula t ion; this (data)
st andard dev iation (and, henc e,σ) qu ant ifiesthevariation of the measure dre spons evariat eov er the units of the respondent
popula t ion – as this variation increa s es,so does the respondent popula t ion (data) standard dev iation (and, henc e, so doesσ).

Model 1 is useful for a Questio n with adescript iveaspect inv estig a ted with a Pla nwhich inv olvesequipr obablesele cting
and aca libra tedmea s uring process.
The Que s tion usually inv olves the value sof µ and/orσ.

Mode l1a : MYj =τ +δ +Rj, j =1, 2, ....,m; Rj ∼ G(0,σ); independent; EPS.

MYj is a random variable whose dis tributio n repre sents the pos sib le value sof the jth mea s urement of the respons evariat e
of a unit, if the measuring process were to be repeated ove rand ove ron this unit .

τ is a model parameter which repre sents thetrue valueof the respons evariat eof the unit mea s ure dm tim e sin d ependently.
δ is a model parameter (called thebi as) whi c hrepre sents theinaccurac yof the measuring process; the value ofδ

qu ant ifiesthe inaccur acy of the measuring process – as inaccur acy increa s es(i.e., as accur acy decrea s es), δ increa s es.
Rj is a random variable (called the re sidua l) whos edist rib u tio n repre sents the pos sib ledi ffere nce s, from the structur al

co mponent of the model , of the value of the jth mea s urement of the respons evariat eof the unit mea s ure dm tim e s
in d ependently, if the measuring process were to be repeated ove rand ove ron this unit .

σ the (probabilis ti c) sta n dar d devi ation of the Gaus sia nmodel for the dis tributio n of the residu al, is a model parameter
(c a l led thevariability) whi c hrepre sents theimpre c isi on of the measuring process and descr ibes mea s uring variation
if the measuring process were to be repeated ove rand ove ron a unit ; the value ofσ qu ant ifiesthe impre cisio n
of the measuring process – as impre cisio n increa s es(i.e., as pre cisio n decrea s es),σ increa s es.

Model 1a is useful for a Questio n involv ing assessing the inaccurac yandimpre c isi on of a mea s uring process wit h a
Plan whi c hinvolves measuring m tim e sin d ependently the respons evariat eof a unit whose true value isknown.
The Que s tion usually inv olves the value sofδ andσ.

If we take the respons evariat easYj = MYj −τ, thedi ffere ncebetween themeasuredvalue and thetruevalue,
Mode l1b: Yj = δ +Rj, j =1, 2, ....,m; Rj ∼ G(0,σ); independent; EPS.

thus, Model 1a rewritt en as Model 1b is equ ivalent to Model 1, exc ept the structur al component isδ in stead of µ.

Mode l 2: Yi j = µ i +Ri j, i =1, 2, ...., q, j =1, 2, ....,ni; Ri j ∼ G(0,σ); independent; EPS.

Yi j is a random variable whose dis tributio n repre sents the pos sib le value sof the measure dre spons evariat e
fo r the jth unit in thesa m p leof ni un its selected equ iprobably from respondent popula t ion i,
if the selecting and measuring processes were to be repeated ove rand ove r.

µ i is a model parameter which repre sents theaverageof the measure dre spons evariat efo r the units of respondent popula t ion i.
Ri j is a random variable (called the re sidua l) whos edist rib u tio n repre sents the pos sib ledi ffere nce s, from the structur al

co mponent of the model , of the measure dvalue of the respons evariat efo r the jth unit in the sample of ni un its selected
equiprobably from respondent popula t ion i, if the selecting and measuring processes were to be repeated ove rand ove r.

σ the (probabilis ti c) sta n dar d devi ation of the Gaus sia nmodel for the dis tributio n of the residu al, is a model parameter which
repre sents the (data) sta n dar d devi ation of the measure dre spons evariat eof the units of ea ch of the q respondent popula t ion s;
this (data) standard dev iation (and, henc e,σ) quantifie s thevariation of the measure dre spons evariat eov er the units of each
of the q respondent popula t ion s– as this variation increa s es,so does each (data) standard dev iation (and, henc e, so doesσ).

Model 2 is useful for a Questio n with aca usa tiveaspect inv estig a ted usi nga Pla nwithou tbl ock ing or mat ching.
When q=2, the Que s tion usually inv olves the value of the differenc eµ1−µ2.
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Mode l 3: Yi j = µ i +γj +Ri j, i =1, 2, j =1, 2, ....,n; Ri j ∼ G(0,σ); independent; EPS.

γj is a model parameter (calledth eef fec tfo r block j) whi c hrepre sents the amou nt by whi c htheaverageof the
mea s ure dre spons evariat eof the units in block j differs from the ave r age of the measure dre spons evariat e
fo r the units of respondent popula t ion i; the effect for block j is assume dto be thesa m ewhen i=1 and i= 2.

Ta king the respons evariat easYj =Y1j −Y2j, the int r apair di ffere nce, Model 3 becomes:
Mode l 3a: Yj = µd +Rj, j =1, 2, ....,n; Rj ∼ G(0,σd); independent; EPS. Model 3a is Model 1 wit h parametersµd andσd.

Yj is a random variable whose dis tributio n repre sents the pos sib le value sof the differenc ein the measure dre spons e
variat efo r the jth unit in the sample of n units selected equ iprobably from the respondent popula t ion when i=1 and i= 2,
if the selecting and measuring processes were to be repeated ove rand ove r.

µd = µ1 − µ2 is a model parameter which repre sents thedi ffere ncebetween theaverage sof the measure dre spons evariat e
fo r the units of the respondent popula t ion when i=1 and i= 2.

Rj = R1j −R2j is a random variable (called there sidua l) whos edist rib u tio n repre sents the pos sib ledi ffere nce s, from the structur al compo -
nent of the model , of the differenc ein the measure dre spons evariat efo r the jth unit in the sample of n units selected equ iprobably
fr om the respondent popula t ion when i=1 and i= 2, if the selecting and measuring processes were to be repeated ove rand ove r.

σd the (probabilis ti c) sta n dar d devi ation of the Gaus sia nmodel for the dis tributio n of the residu al Rj, is a model parameter which re-
pres entsthe (data) sta n dar d devi ation of the measure ddifferenc ein the value of the respons evariat eof the units of the respondent
popula t ion when i=1 and i= 2; this (data) standard dev iation (and, henc e,σd) qu antifie s thevariation of the measure ddifferenc e
in the respons evariat eov er the units of the respondent popula t ion when i=1 and i= 2  –  as this variation increa s es,so doesσd.

Model 3 is useful for a Questio n with aca usa tiveaspect inv estig a ted usi nga Pla nwith bl ock ing or mat ching.
The Que s tion usually inv olves the value of the differenc eµd = µ1−µ2.
In comparative inv estig a t i ng usi nga Pla nwith block ing or mat ching, the re are two re spondent popula t ion sco rre sponding
to the units availa ble for inv estig a t i ng wit h the twovalue sof the focal variat e; when using Model 3, the defin ition sof the
sy mbols become too cumbersome unles swe denot ethes etwo respondent popula t ion sason epopula t ion wit h i =1 and i= 2,
as in the defin ition sof Yj, µd, Rj andσd abov e.

Mode l 4: Yj = α +β1(xj − x−) +Rj, j =1, 2, ....,n; Rj ∼ G(0,σ); independent; EPS.

Yj is a random variable whose dis tributio n repre sents the pos sib le value sof the measure dre spons evariat e
fo r the jth unit in the sample of n units selected equ iprobably from the respondent popula t ion,
if the selecting and measuring processes were to be repeated ove rand ove r.

α is a model parameter which repre sents theaverageof y for the units of the respondent popula t ion whose value of x is
x−, thesa m p leav erage; it can be conve n ient to think of α as an ‘in tercept’ –  the ordin ate of the poi nt on the straig ht-lin e
model for the relation s hipbetween x and the ave r age of y when x= x−.

β0 = α −β1x− is a model parameter which repre sents they inter cep tof the straig ht-lin emodel for the relation s hip
between x and the ave r age of y in the respondent popula t ion; i.e., the ordin ate of this straig ht lin ewhen x=0.

β1 is a model parameter which repre sents thesl opeof the straig ht-lin emodel for the relation s hipbetween x and
the ave r age of y in the respondent popula t ion;
i.e., the change in the measure dav erage of y for unit change in x ove r the units of the respondent popula t ion.

xj is the value of the exp lanato ry variat ex for the jth unit in the sample of n units selected equ iprobably from the respondent
popula t ion.

x− is the ave r age value of the exp lanato ry variat ex ove r the n units of thesa m p le.
Rj is a random variable (called the re sidua l) whos edist rib u tio n repre sents the pos sib ledi ffere nce s, from the structur al

co mponent of the model , of the measure dvalue of the respons evariat efo r the jth unit in the sample of n units selected
equiprobably from the respondent popula t ion, if the selecting and measuring processes were to be repeated ove rand ove r.

σ the (probabilis ti c) sta n dar d devi ation of the Gaus sia nmodel for the dis tributio n of the residu al, is a model parameter which
repre sents the (data) sta n dar d devi ation of the measure dre spons evariat eof the units of the respondent popula t ion wit h value
xj fo r ex pla n ato ry variat ex; this (data) standard dev iation (and, henc e,σ) quantifie s thevariation of the measure dre spons e
variat eof the units of the respondent popula t ion wit h value xj fo r ex pla n ato ry variat ex – as this variation increa s es,so doesσ.

Model 4 is useful for a Questio n with aca usa tiveaspect inv estig a ted with a Pla n in whi c hvalue sare availa ble for an
ex pla n ato ry variat ex that has a relation s hipto the ave r age of y that can be model led by a straig ht lin e.
The Que s tion usually inv olves the value of the slo pe parameterβ1 and sometimes the int e rc ept parametersα orβ0

of the model for the straig ht-lin erela t ion s hipbetween x and the ave r age of y in the respondent popula t ion.

• Numbering the Model s(1, 2, 3, 4) is only for conve n ienc ein this Fig ure and doesnotcarry ove r to the Cou rse Not es.

• When using the defin ition sfr om this Fig ure in a speci fi c Questio n cont ext, the gen eric ‘re spons evariat e’ shoul d be
replaced by the relev a n tdes criptio n of theactual re spons evariat efo r the Que s tion con tex t.
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