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Figure5.8. CHAPTER 5 Moddling Sample Error and Measurement Error

As imnarized n the two sheamasat the ight, gatistics is . ,
. X L ' . Samgh
concened with data-based investgaing of some mpuation a ﬁﬁop‘;‘g‘ggg Mj;“ﬂir?g Daa ad grl'zvsvg%to

progessto ansve oneor more Gtdistica) questions of interest

* If the hv&ligatirg yielgjs conpleteinformation we @n dotain DATA-BASED INVESTIGATING
acertalp ans.wel:' tha.t is, ap aaNerwg cankngws orred. Data > Answer () to Question(s)
* If the nvestigatirg yields inconplete information we @mot Campletedata Certain answersg)
know an answeris @rred (@nuncertan ansvel) — in fad, it is Inconpletedata Uncertan answer(9
urlikely a nunerical arswer(@n‘esimate) is exactly) corred;
- sarrpling and meSUing yeld daa and I’EHCG Reams br inconpleteess ¢ data
informatior) tha are inherently incormplete fand fencefor uncetainty in nswery
In this Fgure 58, we dcevdop a probability a nodel for the investigative grocesses of sanpling (which invdves gleding and es
timaing) and meauing; this model will allow ws, n Chapterl3 to quantify the likely size of sanple aror end meauement
ertor — that is to quantify uncetainty from thesewo ources — br rumeical arswes to ®me pes d questdns.

Samphg Measuing

1. Ideasfrom Prabability
To oo from probability to datistics, ideaswve reed fom probability modelling €g., in STAT 230 are as fllows.

* Using he Gaissandistibuton to model the $izpe d appropriatedaa dstributons, & YOG(y o) (581
summarized ty the pobability statement(5.81) aboutthe random vaialde Yat he iight. H

* A random vaalde whichis a im a an aerae of (probabilsticaly indgpenden} Gaussan random vaiabes also ras a
Gauséan distibufon and its mean andastdad deviation an ke epresedin terms of the meaf® and sandad devi-

ation of the random v@alesthat make up he sim a averge For exanple, br n pobavilisticaly indgpendentG(y, o)
random vaiabesY, j =1, 2, ....,n, & gven in equaions(5.8.2 and(5.8.3 at the iight below:

- their sum (T) [or totd] hasa Gausian dstribuiion with alarger mean and anhdad _
deviationthan the mdvidual random veiadesby repective factars d n and vn. TG, ovn) - (58.2
- their average (Y) hasa Gausian dstribuion with the samemeany as he indivi- Vi T
dud random vaaldesbut a sandad deviation tha is smder by a fidor of 1/vn. YOG J/%) (8.3

If the equirament br Gaussiaitity of the dstributon of the ndvidual random vealesin a ptalor an aerae is elaed the
Central Limit Theorem (CLT) appoximation dlowsus to wite equaions(5.8.4) and(5.8.9; theaccuracyof this agproximae

Gaussanidty of a total or an averge improvesas L
o the value of n géslarger; o the dstributon(9 of theYs get mae symnetrical tEG(n,u on) (684
YEIG(y, U/%) ----- (58.9

2. ldeasfrom Satistics

The hama a the ight belowreminds us ha databasedinvesigatirg in gatistics is onerred with fire goups of wnits and
their attributes: aquantity defired & a findion of ieponse(@nd perthaps explanaory) variates oserthe goup €g., an averae.

* Target population: the goup d elements to vhichthe investgabr(s Norrepondent ppuation)
wantAnswels to the Questdn(9 to gpply. Talrjgetz_t [ shjd{ ]L[W}

% Sudy population: agraup d elementsavalable to an hvesigatbn pop pop popUaton
* Respondent population: thoseelement®f the stidy popuation tha wauld provide the d&a

requestedunde the ncenives for repseoffered in the nvestigaton
* Non-respondent population: thoseelement®f the stidy popuation tha would not provide he

daa requesed wnderthe incentves for regpanseoffered n the nvesigaton
* Sample: the goup d units £leded fom the egpondent ppuation actually usedin an invesigatbn — he samle is asubse
of the epondent mpuation @s ndicaed ty the vetical line in the £hema dove.

As indicaed pctorially in the 3-dimersicnal dagam d the Distibuton of
right, we tink of a respadentpaopuation & having adis- e ot
tribuion of valuesfor somemeasted respoe variate Proportion per unit y  Vvaiatevalies - Mod for the

(¥) of interest; his dstribuion can ke dsplayedas a of meastedrepanse
hisbgam Smple popuation attributesof interest ae:

* Size: N [the rumber of units);

* Location: ¥ [the averagg;

* Variation: S [the data) standrd deviation);

UnlessN is to be stmaed, it is usudly consderedto be:

o known (orignored, and

o large mmparedto the &e () o any sampleto be) sleded.

repondent ppuation
A meastedreponse
variatevalues Sampof
meastedreponse

variatevalues
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The probébility model (5.81) for the hape d the histagramis included i the dagam werkaf o page5.87 4 the lottom right,
which abko reninds us ha 4, the mean fithe nodel, represents the epondent ppuation areraye Y, of the epansevariate
The sampleaveage isyand guaion (5.8.3 is a nodel for the mrreponding ndom vaiabeY: the mehod d sekcing the
sanple [equiprobabe leding (EPJ is (pat of) the rasn we an ted the meaued reponsevariatevauesy, j=1,2 .....,
n, d the n wits in the samle as aluesy;, j =1, 2 ...., n, of random vaiades)Y, j =1, 2 ...., n, for the nodel (5.8.3.

3. The Sa of All Possible Samples from a Population

Ou intepretadion of nodel quantties nvdves the ideafaepeding over and aer proessedike sleding and meauing;
for exanple, or the andom vaalleY, represning the egponseof thejth wnit seleded euiprobally for the sanple, we sy:
Y is a mndom vaialde whose dstribuion represents the psdble valuesof the meauedreponsevariate

for the jth wnit in the sarple of n wits eleded @uiprobaldy from the egpondent ppuation,

if the ®leding and meauing processe were to be epeded werand aer
To pursie this idea d repeding overand @er (or of repetltlor) we frgt dlswssthe st d al possble sanples d size n ha can
be ®leded (vithout redacemenj from a ppuation of ze N. Thee ae N O su sanples f the order of seledion is tken
intoacourt; for exanple, hee ae 42 = 12 such sanples d size 2 br a ppuation of 4 uiits.

Table5.8.1

Example 5.8.1: A regpondent ppuation of N =4 wnits ha the bllowing integertrue ¥-valies EPS of n=2 units

for its reponsevariate 1,245 Gohat ¥=3 s[1825).

Sample | ¥ Error
Talde 581 a the iight liststhe 12 posdble adered sanples d size n=2 that @n L2 | B -1
be ®lected equprobable sdeding (EP3 is assumed For dsaus$on bdow, the 21 | s -1
valuesof the aeraye ) and sarple aror for each sanple ae dsogiven (1: | 2%
Looking down the clumnof valuesfor the first uni in the 2 sanples, ve e 4,7 |2 -%
they ae three opesof the valiesof the egpomsevariateof the wits d the e- (1,5 3 0
spondenpaopuation; we e tle ame n the @Iumnof 12 valuesfor the seond (59 3 0
unit. This resut holds in gened — in the ®t d NO possble adeed sm’ples 03 2,9 3 0
size n, ®leded fom a popuation of sze N, the jth unit comprises (N— —7)0? 4,2 3 0
copesof the valiesof the lespmsevarlateof the wits d the egpondent ppu- (2,9 | 3% %
lation Hence uncder BPS the valiesof the wnit in any paosition j of the ®t d 52 |3 %
all possble adeed anples d size n @n ke nodelled Ike the valiesof the 4,9 |4~
reponsevariateof the wnits d the epondent ppuation — ®e guaion (5.8.6) (549 | 4%

at the ight; in ddistics, t is more crvenent )
to write equaion (5.8.6) as YOGy, o), j=1,2...n, EPS - (586)

the respoee mocke! (5.87). Y=p+R, j=1,2...n, ROGO,a), indpendent EPS ----- (587)

NOTES 1 The onkxtof Exanple 581 istrue repansevariatevalues, indicatd ty the siffix T on the random vidalbes
Y and:R (theresidualg; coneepuadly, we ae in thefirst sanple dlipse n the £hema a the bwerright over
leafon page5.87 Eeealso Note 8 on @mge5.90).

e Anotherdifferencebaween equdions(5.81) and(5.8.6) is the sibgript s o o., which indicats the vea-
tion quantified by this (probabilstiq standard deviation aises from the sekcing (or‘'sanpling’) process

2. Beaue aty sanple postion @mniains multiple copes (na just ;e opy) of the valiesof the egpondent wpu-
lation reposes, s fagd sandad deviation is $ightly smder than the epondent mpuation @ad standad
deviationS, whichis repreeentedby o, in the model. This dsaepancy is of o conequene for the preent
disasson in the usid practical stuaion of N large and N> n (see dso Note 4 on he fadng page5.89.

3. The ®ondand hird columrs of Takde 581 in Exanple 581 @ove ilustrae wo othermaters.

e Sampt aror — the dfferencebeween the valie of he samle and rondent mpuation attibutes (hee,
avaage$ — has & average of zeo ove the £t d all posible sanples sated anather way the aeraye of
the st d all posdble sanple averaesis the epondent pluaion avergge This is he meamg d saying
that, under EPS the sarple averge is @ unbiased estmabr of the epondent mpuation aerge ¢f
Notes 4 to 6 ethe end dSedion 52 d the D04 STAT 231 Course Noteg. Smbdically, we write:

EGY) =¥ or EGY)-¥=0 [or, in the nodet EGY)=x or EGY)-u=0. --—-- (588
This matteris illustated nore kroady in Appendk 3, darting on age5.91 d this Fgure 58.
- EPS $ reeckd for mnbiasednss when esinding ¥ to ersue tha dl sanples ae equally likdy, as eflec
ted n calcuatingthe average sanple aror.

e Forthe four¥-valiesof the egponsevariatein this popuation, thee are sanples whose aeraye isequal to
the repondent ppuation aeraye ¥; however thele ae many popuationsfor which no sanple of a dven
size or, cone@ivably, of any size aher thanN) hasan aerae of¥; i.e, nosanple hraszeo sanple eror.

- This is ore rea®n a mmeical Arswerobtained by sanpling is likely to be at éasta lttle df the tuth.
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Figure5.8. CHAPTER 5 Modéling Sample Error and Measurement Error (continued 1)

4. A Probability Modd for Sdlecting Equiprobably
Exanple 581 m the fadng page5.88 ilustraes properiesof the £t d all posdle 7 1\ Fps .
sanples d a popuation urderEPS we now ague fom this ase ¢ the pocess ¢ wHGk as[ ) EPS (89
sdeding eunrobaby (a sanple) oer and ove. Provided bver and over mears ®leding a rumbe of timesthat islarge in rela-
tion o N-1)""" becaus any sanple is equally likely, the £t d sanples will be (ougHy) mary copesof the et d all possble
sanples SJbJed to this new aveat of rot haring exadly equd proportons of each posdble sanple in the t, together with a
sightly smaler sandad deviation 6eeNote 2 on he fadng page5.88, we @n ajainusethe nocel (5.87). Hence for the be-
haviour o the samle average when ®leding overand aer we se he nodel (5.8.3, rewritten above & egudion (5.8.9).
* The idea ¢ obtaining when ®leding over and aer rouchly equal proportions of each menbe of the €t d all possble
sanples & ke tbsdng a fair win ove and aver whee we eped to dbseve oudly equal proportions of head and tils.

NOTES 4. Note2 and the jaragiaph ebove refer b the sandad deviation of,Y as

being dightly smdler thano; usinga dfferent aproach in STAT 332, sd(Y) =8/1- % ----- (5810
the g¢andad deviation ofY is actudly as gven in equdion (5.810); the _
muliplier of (1-1/N) unde a sjuae oa is dovioudy close © 1 in value sdY) =S % - % ----- (581

for mostpopuationsenmurtered n practice whichhave many units.

e The oneuene of equdion (5.810 is tha the sandad deviation of;Yis & gven in equdion (5.811) above in
the wsud situaion in practice whee N> n, this sandard deviation beames €edively that of egiation (5.8.9),
wheee g; is the nodel paraméer represening the epondent ppuation @ad sandad deviationS.

5. The asunption of aGaussiarmodd for the dhape d the histagramof the (true) egponsevariate-valuesin the
repondent ppuation an ke relaved f we can &sume ha the Gentrallimit Theorem will provide alequde ap-
proximate Gaussanidty of the random véabe-Y reprening the samle aergey unde repeition

5. An EPS-Based Praobability Modd for Measuring
The repansemodd (5.87), with Gaussan resduds, for equiprobalde sleding over and eer can e adgptedto nodel the
proaessof measuring (indgoendenly) overand aerthe value of a aratefor a wit, for wo reasns:

* We know from histgyrans like thase br the paper thicknessdaa in Fgure 37 and the oin weights in Fgure 62 tha
Gaussandistibutons ae a reonalte model for valuesprodiced ly (somg measung processes.

* We @n nodel measung & a leding process posdble valuesfor the varate beng measued cauld be witten o dips
of paper, the dips daced n a ox and a $p sdeded ty EPS the nunber an the dip is then egaded & the measted
value measung orerand @erwould be moelled & leding dips equiprobaldy with redacement @erand wer

We theefore write the repone nodel for measting _ .

as guaion (5812 at he light, whee: w=r+3+,R 4RUG(O, g,), indpendent EPS ----- (5812

wY is a andom vaabe whose dstribution repreeents the pssble valuesof the meauement d the egponsevariate
of a urit, if the meauing process vere to be epeaded werand eeron this ui.

r is a nodel parameer wlich regresnts hetrue \alue of the egposevariateof the wit beingmeasted

J is a nodel parameer €alled tre biag whichrepreents heinaccuracyof the meauing process the valie of &
guantifiesthe inacauracy o the meauing process — asriacauracy increaseg.e, & acauracy decreases dincreases

R is a andom vaalde (called tre residual) whosedistibuton repreents the psible differences, from the stucturd
conpanant o the nodel, of the valie of he meauement d the egpansevariateof the wnit beingmeasted
if the meauing process vere to be epeded averand weron this ui.

g, the stanard deviation of the Gaisgan modd for the dstributon of the lesdud, is a nodel parameer ¢alled
the variahility) whichrepreents heimprecisian of the meauing process ad desribes measung variation if
the measung process vere to be epeded arerand @eron a uit; the value of g,, quantifiesthe impredsion
of the meauing process — asmpredsion increased.e., & predsion decreases g, increases

Fora calbrated measting yseem,whele the nacaurecy _ .
hasbeen ésserilly) remared usng a defined $andad, wY=7+uR WRUG(O, g,), independent EPS - (6813
the pprameer § can ke anitedand the rodel written as gudion (5.813.

NOTES 6. The dseceof the sibriptj on,Y andyR in the egponsemodds (5.812) and(5.813 is becaus we ae mald-
ling the process d measung one the value of a \aratefor a wnit.

7. The sffix M on,Y (@nd,R) in the nodels(5.812) and(5.813 reminds us we & dealng with ameasured value of
a reponsevariate as dstind from Y in equation (5.87), the orregponding true value br the jth wnit in the samle.

2004-08-20 (continued wveled)
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6. A Probability Modd for Sdecting Equiprobably and Measuring

To dbtain a eponsemodd for both sdeding and measting two processes repongble for inconpletedaa and, hence for
uncertan Answvers, we mbine the reponsemodds (5.87) and (5.813; the esiting model [equaion (5.816) bdow] des-
cribes the pocesses of BPS ¢ n units from a lepaondent wpuation (for which N> ) and meauing ter reponsevariate
values one each with a calbrated measting g/siem.

Equation (5.87) is gven egainat he ight, X=p+.R, j=1,2...n, ;ROGO, ¢), indgpendent EPS ----- (587)
and gudion (5.813 is rewritten as gua
tion (5.814), whee r hasbeen edaced wW=Y+uR,j=12..,n, wR UG, g,), indpendent EPS ----(5819

by the random vaiable-Y becausewe ae

measting one) he egponseof thejth wit in the sarple sebced ty EPS Y hasa sibript j for the same easn Alsq the
sufixesT andm on the esduds ae b dstingush the resduds in the two nodelsfor sdeding and meauing; thesetwo ts
of resduds bemmeonese denoedR in the ®mbined model (5.816) — e gudion (5.817) bdow.

Then writing 1Y in equation (5.819) as ts expresion in (5.87), we dotain w=pu+tR+yR, j=1,2...,n ----(5.815)
equaion (5.815), whichwe rewrite & eua _ . .

tion (5.816), whee o quantifies the overdl wY=4+R, j=12...n, RUGQ, 0), independent EPS ----(5816)
variation due o bath sdeding and meauing — £e giaion (5.817). R =:R+uR, o=Jai+a: --—--(5817)

NOTES 8. In this Fgure 58, we havedeveloped a nodel for €leding and measting by combining sepaate nodelsfor the
two processes; indaing 9, we dstinguishtrue and meauedreponsevariatevalues(Y and,Y). After Craper
5 in the Gurse Nbotes,the catawe encourter ae esseantially always obtained by measung and eplicit consder-
ation of he tue value Y of equation (5.87) sddom ccaurs. For crnvenience we will theiefore wsudly write the
modd (5.816) as athe right . .
Withou(tthe S)JffiX M. g Y=u+R, j=1,2..,n, RUG(,0), indpendent EPS ----(5.816)
e .Y andY in equation (5.816) is the quantity defired ey in Sedion 3 on he ®mndside (page 588 of this
Figure 58 — his cefinition involves bath sdeding and meauing; conceptudly, we havereachedthe seond
sanple dlipse h the £hema a the bwerright of the first &le (page 587) of this Agure 58.

9. Basedon he nodel (5.816), equdion (5.818 at he light descibes the _
behaviour o the random vaalle repreening the samle aeraey; YUG(, a/%), EPS ----(5819
sibject to vaiiation from bath equiprobalde sleding and meauing
e Desyite the gpaentsimilarity of equdions(5.8.3 and (5819, ther derivationsand the riteppretaion ofY, u
ando differ in datisticaly vital ways.

7. Appendix 1: A Comparison of Approaches to Modeling the Behaviour of Y

Three pproaches to mdelling the ehaiour o the samle avergye as a lass for esimaing the egpondent ppuation
avaage are dsaussd in this Fgure 58, this Appendk 1 presents an eewview of the stergths and weaknesss of each.

* Probability modelling stats with the Gausian model (5.81) and then usesrgbability theory for random vaialdesto dotain
the nodel (5.8.3; the weakness d this agproach or statsticsis tha the deasof Sedions?2 to 6, ad the asumptionsthey
male explicit, are aly implicit. It is likely to be windea to the kegiming gudent vhy gatements ike egudions(5.81) and
(5.8.3 can k& wsedto desribe he ealworld processe of sleding @nd meatring,

if it is evencondgderedin this approach and t is eay for datisticalpradice basedon YUGo) - (581
the probébility gpproad to orerbok essantial components d the Han YOG(x 0/1—) _____ (58.3
* Therespm® nodel (5.816), as dvdoped m the kass of the sameproba- vn
bility models(5.81) and(5.8.3, remgnizes explicitly Questbn rnulation Y=u+R, j=1,2..n,
(via mnsderation of he farget sudy and regpondent ppuations and RUGO, ), indep, EPS ~ (5.87)
properiesof the €leding and meauing processes reeckd & a kass )
for the relevantprobability models written as he eponsemodds (5.87) wi=Y+uR, =120, (5814
and (5814). This aproach heefore orerromesthe weaknesss o wR UG, g,), inde, EPS '
the probability modelling gpproad, dbeit & the ostof more detal in Y=u+R j=1,2...n
preserdtion; te final wobability expression for the behaiour o Y, in- R’ 0G0 &) indeb Eps (5816
valving \variation from bath sdeding and meauing is equdion (5.818. o ’
A wealness ¢ this aproach s tha it does rot reagnize explicitly YOGy, U‘/I), EPS ----(5818
the finite sze (N uni9 of the epondent puation n
* The ®-called design-basedappgoac devdoped n STAT 332, baedon YEG(¥, S/% _%), EPS ----(5819

the equiprobalde ¢leding of the sarpling protocd, incomporates the fhite
size (N uni of the epondent ppuation, but it camat easly take dred acoourt of meastement eror. Its expression for
the kehaviour o ;Y is eaidion (5.819; the approximae Gaussanidty comes fom the GentralLimit Theorem gproximation

Edimating ¥ usng the nodels (58.3, (5818 and (5.819 requires an estmae of o or § custonaiily taken & the sample

20040820 (continued)
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Figure5.8. CHAPTER 5 Modeling Sample Error and Measurment Error (continued 2)

standad deviation s Beau® s is @lcUated fom measured valuesof the epansevariate its valie indudes variation due
measting as vell assdeding; this incluson is modelled n (5.818 but is afortuituous benefit for (5.8.9 and(5.819.

Thus, the mdel (5.818), derived from the leponsemodd (5.816), provides a lass for gatisticalpradice thet is missng from
(5.8.3; the adtionalindght from (5.819 is tha the multiplier of Sin the sandad deviation of,Y hasweakdegpendenceon N;
ignoring N in (5.818) is jusified providedthe sanple sze is asmd proportion of the epondent ppuation sze (i <N).

8. Appendix 2. Using the Response Modd for Measuring

When nvestgatirg the nacaurecy and impredsion of a measung sem pften as @rt of broader databasedinvesiga-
ting to ansver Queston(§ of intees}, a @mnon aproach is to make m ndgendent meawrements 6the same vak The
appopriatereponsemodds ae slown i )
at he ight as eudions (58.20) and w=r+5+,R, j=12...m, RUG(O, q,), indgpendent EPS ----(5.8.20)
(5.8.2); the brmer is gopliceble when Ww-1=58+,R, j=1,2...m, wRUGO,g,), indpendent EPS ----(5.8.20)
measting aknownvalue b invesigae /_ i _ ; L
bath inaccuracy andimpredsion, wheeas WY =1+uR, j=1.2...m, wRUGO, ), independent EPS ---(58.2)
the latteris utsedwhen investigatirg only impredsion; the wo forms d (5.8.20) differ in whether tre meastedvalue o its di-
ferencefrom the tue value is aiken & the eponsevariate— ane o the ohermay be nore wnvenint, depending o conext

Example 5.8.22 A medcal laboraory purchaes a sandad, cerified to contain 200 mg/dL of chdestrol, to calbrae its po-
cess br measung £run chdeseml levels; datafrom 15 measwements aken averan 8-hour day were:

Av. Sd.
Table Measuedvalie () ‘ 194 ©6 202198195 B8 203200 B6B5 18 202203 2Q 199 ‘ 18 41231

582 Memued-truevae (y-1) | -6 -4 2 2-5 -12 3 0 -4-5 -2 2 3 1 -1 | -2 4151
Thesedaa $ow tha: the esmae d measung inaccuracy (repesentedn the model by 9) is —2 mg/dL;
the esimae d measung imprecsian (repesentedn the nodel by o) is 41 mg/dL.
With inacaurecy esimaed b be daut half the nagntude d impredsion, the brmer may havelittle prac-
ticalimportance hee, tut more cetdled ntepretdion of hesedda requiresexta-stdisticalknowledge

NOTE: 10. Unde the deaizationsof the nodels(5.8.20) and(5.8.2), it can ke $own that, for measting pocesses:
e inacaurecy is unaffeded ly averaing — lodking eéhead one aerge is he edtnae d theintereptof the @n-
tred brm of the staight-line modd in simple linear reges®on (see Chapters 8 and B of the Gourse Notey;
e inacaurecy isrermowedby diferendng — dff erencescair when omparing and when caldating (dad standard
deviatiors and the slgpe of the staight-line regresson modd (seeChapers 15, 8 and 6 of the Gurse Notes.

9 Appendix 3: The Sa of All Possible Samples from a Population

Sedion 3 irtroduced tte idea & all posdble sanples ha can ke ®leded fom a ppuation The ®tsof ten and nie histo-
grans on @ages 592 and 593 ilustrae this idea br a ppuation of N =10 units with reponsevariatevaluesy =1, 2, ...., 10.
Thesehistarans, br sanple areragjesand samle @ag sandad deviations showv importent properiesof the ®leding process

* The sanple averge vkes a vale whichis deteminedby the m@ricular sanple slected thesevalues,ove the et d all
possble sanples ¢ a gven sze, brm a distibuton; underEPS,this is he dstribuion of the mancom vaiable Y a esult
that could be alled The Fundamental Theorem of Satistics by anabgywith The Rindamerad Theorem d Calcuus
- The mean dthis dstributon is the population aveage — this ishie unbiasedhessunde EPS d the sample avergje & an
esimaor of the ppuation arerae éeethe mndcdumn of Tade 58.3 in Appendk 4 on @Bge5.94.

- The gandad ceviation of this dstribuion is gven by equaion (5.811) except tha, becausesd(Y) is aprababilistic stan
dard deviation and S; (givenin the hird columnof Talde 58.3 in Appendk 4) is adata standad deviation the brimer s
Jk/(k-1) timesthe latterwhee k is (ﬂ), the nunber d posdble (Inadered sanples d size n

* The dstribufon of sanple arerajesreminds us ha for the particular sanple sleded when eeaiting the Ranfor an nvest-
gation its sarple eror is urknown— its dtributemay be dose to he ppuation attibute or gomete$ it may rot be; tha
is,an Arswerhassanpling uncertainty, meanng we @amnat knowhow dose an Answver obtained by sanpling is to he tuth.

* Thedecreadng variation of the valiesof sanple arergieswith increatg sanple sze, \sible as he dereaing width dovn
the pageof the histagrans of sanple arerayes, ilustraes saanpling imprecsion degeasingwith increamg samplesize i.e,
unde EPS increaimg sanple sze ceaeases the aeraye magntude d sanple eror and © deaeases saanpling uncetainty.

* The dharge in dstribuion shape mostnaticalle as the sarple sze increasefom 110 2, ilustraes theideabéhindthe Cen-
trd Limit Theorem — anon-Gausian (Uniforn) distributon stating to $row the @ntrathegping’ of the Gaisgan distibuton.
- The hegoing, whichfirst ppeas when n=2, persids p to n=8 and then diappess, this is Ikely the dfed of depa-

dence anong sanples, wich congst of mostof the wnits in the puation, becoming cominant eer the heging pro-
cess emhiscent d the GentralLimit Theorem.
(continued averled)
2004-08-20
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9 Appendix 3: The Sat of All Possible Samples from a Population (continued)

Theseten histagrans sow the dstibuion of the averages of dl posdble
sanples @ a gven sze tha can ke sleded wthout redacement fom a ppu-
lation of N =10 unis, whose egponsevariatevaluesare¥ =1 2, ...., 10.

[A histagramof theseten popuation respaseswould be Ike tha given at he

right for the averayesof the ten psdble sanples d size 1]

The ceaeaingvettical axis scak wnit downthe pageredices the \usud impact o increas

ing histagramheaght; bar freqencesare gven by the numbers at he tgs d the fars.

Aboveeah histagram,except the me @ the ottom right of the @mge

e the pper told arow (}) indicdes the valie of he population aveage¥ =55

o the lowerarow (1) indicaes the average of the &t d sampleaveages(y =5.5);

e the yper bar (——) crosdng the bwerarrow has aérgthequd to the valie of he
(dag standird deviation of the £t d sanple averaes;

e the lowersud bar sows herarge of the £t d sanple averaes.
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Sample size I 10 samples

Sample size 4: 210 samples

a }
N =

Sample size 7: 120 samples
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Sample siz<1a 10: A census
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Figure5.8. CHAPTER 5 Modeling Sample Error and Measurement Error (continued 3)

Thesenine histagrams show the ditibuton of the (lag standrd deviations of o} Samplesize 1 10 samples
all posdble sanples @ a gven sze tha can ke sleded wihout redacement fom a
popuation of N =10 units, whose eponsevariatevaluesare¥ =1, 2, ...., 10. P
[A histagramof theseten popuation respases would be Ike tha given at he t@ g 4 Onediadvantgeof a
right of the fadng page5.92 for the averayesof the ten psdble sanples d size 1] 0 ii"ﬂﬁ&g 3’;;;3;325
The deaeasing vettical axs sak wnit down the pageredices the vusud impact o increaisg t 2] desiation(s to provite a1
histgramheght; barfrequencesare gven by the numbers at he tqs d the tars. IR (data standad dvmion(3.
Aboveeech histagyram,except the me d the lottom right of the @age o o ﬁg;?.:;mﬁsca;w
e the ypper told arow ({) indicaes the valie of he population standad deviationS=3.027 650; e’ o a poor Gausian pproxi-
e the lowerarow (}) indicaes the average (3) of the ®t  sampledag) standard deviations; L mation fom the Gentral
o the pper bar (——) crossng the bwerarow has aérgth equd to the valie of he (ag) n .2s-
standird deviation of the &t d sanple @ag standad deviations; {
e the lowersud bar owns herange of the ®t d sanple (atg standard deviations.
T 125w e 7
L] Sample size 2 45 samples L) Sample size 3: 120 samples L) Sample size 4: 210 samples
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9 Appendix 3: The Sat of All Possible Samples from a Population (continued)

* The histggrams of anple @ad standad deviationsillustrae wo diferencesfrom sanple areraes:
- their distribuions ae rarower(gwen with asmdler salke wit on the hoizontal axs) and ae rot ymmetrical;
- the sanple @dag standad deviation isnot an wnbiasal esimator of the pppuation (lad sandad deviation but the est-
maing biasdeceases as anple sze increases
o Edimding hiasis unlike sanpling and meauing inacaurecy which donotdecease with increasingsanple sze.

10. Appendix 4: Data Setsfor Appendix 3

The Hstayrams in Appendk 3 were ongruded fom the daa tbuated kelowand m the fadng page5.95 The aerae )
and (&g standard deviation &;) of the samle avergjesfor eech sarple sze ) ae gven in the ®mndand hird columrs of the
table kelow as ae the aerage ) and (&g sandad deviation &) of the sample @ag standard deviationson the fadng page5.95.

Table 5.8.3
y s Ordered Sample Averages (V)
1n/2 30277 1 2 3 4 5 6 7 8 9 10

2| 1/2 19365| 3/2 2 &H2 52 3 3 72 712 72 4 4 4 92 9/2 92 92 5 5 5 5 12 12 12 12 un2
6 6 6 6 132 13/2 13/2 B2 7 7 7 152 15/2 B/2 8 8 1712 72 9 BI2
4

3| 12 14686 2 7/3 8/3 8/3 3 3 3 10/3 103 0/3 DB W3 U3 U N 3 4 4 4 4 4

133 13/3 13/3 13/3 A3  B/3 K/3 14/3 14/3 4/3  H/3 14/3 14/3 14/3 43 5 5 5 5 5 5 5
6 6
2

133 13/3

16/3 16/3 16/3 16/3 63  B/3 16/3 16/3 16/3 63  T7/3 17/3 17/3 17/3 743  T7/3 17/3 17/3 17/3 743
6 6 6 6 6 9/3 19/3 19/3 19/3 A3  B/3 19/3 19/3 9/3 20/3 20/3 20/3 20/3 20/3 20/3
7T 7 7 7 22/3 22/322/3 22/3 22/3 23/3 23/3 23/3 23/8 8 8 25/3 25/3 26/3 9

4
5 5 5
6 6 6
0/3 20/37 7 7

4|12 11/4 | 5/2 14 3 3 134 13/4 B/4 7/2 712 T7I2 712 712154 15/4 B/4 B/4 15/4 B/4 4 4 4 4 4 4 4
4 4 1714 17/4 ¥4 T4 17/4 1714 17/4 T4 T7/4 T/4 9/2 9/2 92 9/2 9/2 9/2 9/2 92 9/2 9/2 9/2 9/2 92
194 19/4 19/4 19/4 W4 /4 19/4 19/4 19/4 A4  DB/4 19/4 19/4 94 5 5 5 5 &5 5 5 5 5 5 5
5 5 &5 5 5 4 /4 /4 U4 /4 /4 24/4 204 U4 /4 U4 /4 /4 U4 U4 U4 W2 12 12 12
ne n2 n2 w2 w2 12 12 w2 W2 n2 12 12 W2 12 23/4 23/423/4 23/4 23/4 23/4  23/4 23/4 23/4 23/4 23/4

23/4 23/4 23/4 23/4 23/4 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 625/4 25/4 25/4 25/4
25/4 25/4 25/4 25/4 25/4  25/4 25/4 25/4 25/4 25/432 13/2 13/2 13/2 A2  B/2 13/2 13/2 13/2 A2  B/2 13/2 B/2 27/427/4
2714 2714 2714 2714 2714 2714 27/4 271 7 T 7 1 17 7 7 7 29/4 29/4 29/4  29/4 29/4 29/452 15/2

152 15/2 B/2 /4 3/4 34 8 8 33/4 T2

5| 1/2 09593| 3 165 I7/5 I7/5 B/5S B/5 B/5 B/5 19/5 9/5 B/5 BS 4 4 4 4 4 4 4 25 25 A5 A5 A5 A5

216 2/5 26 22/5 22/5  22/5 22/5 22/5 22/5 22/5  22/5 22/5 22/5 22/5 23/5 23/5 23/5 23/5 23/5 23/5 23/5 23/5 23/5 23/5 23/5
23/5 23/5 23/5 24/5 24/5  24/5 24/5 24/5 24/5 24/5  24/5 24/5 24/5 24/5 24/5 24/5 24/5 24/5524/5 5 5 5 5 5

5 5§ 5 5 5 5 5§ 5 5 5 5 526/5 26/5 26/5 26/5 26/5 26/5 26/5 26/5 26/5 26/5 26/5 26/5 26/5
26/5 26/5 26/5 26/5 26/5 26/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5
2715 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5  28/5 29/5 29/5 29/5 29/5
29/5 29/5 29/5 29/5 29/5  29/5 29/5 29/5 29/5 29/5 29/5 29/5 29/5 29/529% 6 6 6 6 6 6 6 6 6

6 6 6 6 6 6 6 6 315 35 35 A5 A5 W5 35 3AS5 35 AL A5 A5 35 35 A5 AL R/5
32/5 32/5 32/5 32/5 32/5 32/5 32/5 32/5 32/5 32/5 32/5 32/5 32/5 33/5 33/5 33/5 33/5 33/5 33/5 33/5 33/5 33/5 33/5 33/5 34/5
34/5 34/5 34/5 34/5 34/5  34/5 34/5 34/ 7 7 7 7 7 7 36/536/536/536/536/5 37/5 37/5 37/5 38/5 38/5
39/5 8

6| /2 07836 | 7/2 113 23/6 23/6 4 4 4 25/6 25/6 25/6 25/6 25/@3/3 13/3 B/3  1/3 13/3 B/3 9/2 9/2 9/2 9/2 9/2 92 9/2
9/2 9/2 143 14/3 %/3  14/3 14/3 14/3 14/3 43  W/3 /3 29/629/6 29/6 29/6 29/6 29/6 29/6 29/6 29/6 29/6 29/6 29/6 29/6
5 5§ 5 5 5 5 5§ 5 5 5 5 5 5 536 36 36 36 36 36 36 36 36 36 36
316 3/6 36 36 36 16/3 16/3 16/3 16/3 63  B/3 16/3 16/3 16/3 63  B/3 16/3 16/3 16/3 613 B/3 W2 N2 12 12

ne ne n2 w2 n2 12 12 n2 w2 12 w2 12 n2 N2 w3 w3 17/3 17/3 17/3 73 /3 17/3 17/3 17/3 73
17/3 17/3 17/3 17/3 U3  35/635/6 35/6 35/6 35/6 35/6 35/6 35/6 35/6 35/6 35/6 35/6 35/6 35/6 39¥6/6 6 6 6 6

6 6 6 6 6 6 6 6 6 6 37/6 37/6 37/6 37/6 37/6 37/6 37/6 37/6 37/6 37/6 37/6 37/6 IS 19/3
193 19/3 19/3 19/3 A3  1/3 19/3 19/3 13/2 2  1/2 13/2 13/2 13/2 32  1B/2 B/2 20/320/3 20/3 20/3 20/3 20/316 41/6
416 46 46 7 7 7 43/6 43/6 22/3152

7| 1/2 06294 4 29/7 30/7 30/7317 37 37 /7 32/7 32/7  32/7 33/7 33/7 33/7 33/7 33/7 34/7 34/7 34/7 34/7 34/7 34/7 B4/7 5

5 5§ 5 5 5 5 36/7 36/7 36/7 36/7 36/7 36/7 36/7 36/7 36/7 37/7 37/7 37/7 37/7 37/7 377 37/7 37/7 37/7 377
38/7 38/7 38/7 38/7 38/7 38/7 38/7 38/7 38/7 38/7 39/7 39/7 39/7 39/7 39/7 39/7 39/7 39/7 39/7 39/7 40/7 40/7 40/7 40/7 40/7
40/7 40/7 40/7 40/7 40/7 41fr 47 Afr 4fr 47 47 47 477 4/7 6 6 6 6 6 6 6 6 43/7 43/7 437
43/7 43/7 43/7 43[7 4417  A4[T 44]7 A4IT AT ABIT 4A5/7 BI7 46/746/7  A6/747/7 47/7 487 7

8| 1/2 0484 | 92 37/8194 19/4 39/8 39/8 5 5 5 418 4/8 4/8 24 /4 /4  21/4 43/8 43/8 43/8 43/8 1R 12 N2 N2 12
458 45/8 45/8 B/8 23/4 23/4 23/4 23/447/8 4718 418 6 6 6 49/8 49/825/4 25/4518 13/2

9| 11/2 03364| 5 46/9 4/9 B/3 49/9 50/9 17/3 52/953/9 6
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