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Figure 5.6. MODELL ING THE SHAPE OF DATA DISTRIBUTIONS

We ae famiiar with aveagesand (laad) sandard deviationsas umeical meauesof the location and he variation of the
distibution of a chtasd; we now turnto ane nodel (Or ideaization) for the shape of a datadistibuion.

1. Gaussan Distribu tions

Althoudh a brge runber of shgpes is possble for the
distibution of a chtasd, in practice it is doseved (by e
amining siitable histayrams, or exanple) the mary distri- YOG o) - (56.9
butons fall into e d a limited rumber of categries A common shape tas a en- #.0) -
trd peak with a rouchly symmetiical falling avay on dther sde — for instance se )

Figues3.8 (pepe thicknessresilts) and 62 (an weights. A mathenatical model
(or idealzation) of this ape B the Gaussianprabability) distibution, whaose prob-
ahlity densty fundtion (or p.df) is equaion (5.6.) at the iight above. The gaph of
this fundion is $igoed like the aosssedion of a lell — in mary texs, t is descibed
as asymnetical bdl-shgped wrve The eudion has tvo paramdes, y andg,
which (indgpendenly) detemine he postion of ks ente (u) and the vidth of its peak
(o—thelarger g, thewide the peak. The mrameery is called tte meanof the dstibution ando is its (probabilistic) standard
deviation. The valie ofu is the @nte of the gaph —the y-valie of ts Hghest mint; the valie ofo can ke udly assesed
by e/e leaue it is the dstancerom the mean toither poirt of infledion. As the daglam ndicdes, the artof the Gaissan
p.df. we typically seecovers an nteval o abaut 3o either sde of 7 or ebaut 60 in total

f(y) = ﬁ%g%[%]z ; —o<y<o - (569

p=30 p-20 p-o p pto ut2o u+3c

Unde suitable condtions probabilities ae estmated by propations becaus proportions ae repeentedby bar areasin
hist@rans, and kaue we nodel datahistgrans by gobability distribuions, t is areaunde a pd.f. tha represents pobability.

2. Variates and Random Variables

A vaiate is a haracteistic as@datedwith each unit of a popuation — \ariates may be catgaical (ike wlour or sex @
maita status) kut aur cancen here is with variates (like lergth or weight) that take nunrerical values. In databasedinvest-
gatirg, variate valuesare uisudly measwedfor a sampleof unts sdeded fom an @propriatestudy popuation; if the sanple
contans n units, we derote these(respons) \anate valuesby subripted bwercase Rman kters y, v, Vs, ..., ¥, (Of more

compacty, y, j=1,2 ..... n.

When we wse a pobability distribution to model the digpe d the dstibuion of a \ariate the vaiale in the eudion of
the madd is called arandom vaiable; for exanple, y in the Gaissan p.df. (5.6.) aboveis (the value o) a Gausian random
variade. We ae famiiar with the term'varialle from dgebra and catuus the aldtion of he aljective rancdomfor a variabe
in a pobability distributon can &ne to iemind us ha, by the &t o modelling, we haveasseted trere is a pobability asci-
atedwith each value he vaialle takes m; theseprobabilties @me in part,from the mehad of ®leding the wits whichcom+
prisethe sanple and whichyield the déa. It is the Bk of the Plan for an nvesiigaton (proper sleding and proper measung,
etc) to provide a easnalle bags for regading varate valuesas \aluesof a mndom vaake.

As summarized n Tade 561 & the iight, the usid notaion @n- Table 56.1

venionis o use a §bscipted lower-caseitalic letery (ory;) for Data  romn | Model talic
the valug(9 of a random vaiabde and anuppe-caseitalic letterY
(orY) for the random vaade. When the random vealleY hasa
Gaussiardistibution with parameersy ando, we wite ymbdically
YOG(y, o), shown @ equdion (5.6.2 aboveat he iight. Leters for random vaiadesare wsudly chosen from nea the endof
the dphabée, aubjed to the caea, to asgst prodem sdving, of usingleters whose dentty is eay to remenbe — for instance
W for weight, L for lergth, T for time letters rea the beginning of the aphabet are sudly kept for events

Variatevalue yory | Random vaialle value y ory;
Random vaialde YorY

The characteistic of a andom vaiale commorly of inteest & aprobability; for insaince the pobability the random va-
abeY is geder than 4 {.e,, symbdically, Pr(Y >4}, or the pobability the random vdale Z tekesthe value z[i.e, Pr(Z=2).

popuation
wantAnswe(s to the Questn(s to gppy;

Sampt
* the study population: agraup d units avdlable to an nvestigaton;
* the sanple: the goup d units ®leded fom the stidy popuation and adually usedin an invesigaton.

3. Aitr ibutesand Model Paramete's: Estimating

The focus d Sedion 2 aloveis onindvidual unts and heir Target
variates, whose \alueswe nodel as the valiesof random vaales popuation
In this Sedion, we baus ; threegroups of units:

* thetarget population: the goup d units to whichthe investigabr(g

Sampt
(meauedvalue$
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A schama slowing hesehreegraups, nduding the dstnction between true and meauedvariatevalues,is gven at he bwer
right overkeaf (page 515); the \erical inein the midde o this £hema reninds us he sarple is asubsé of the stidy popuation.
[This <hema b repeded o the first &le (page 519 of the bllowing Fgure 57 and i is then atendedand algpted i three
moreversins o pagess. 21, 525, 527 and 530 — *e dsothe aImmaryon page &4]

Asdatedwith thesethreegroups of units are:
* attributes quantities déned as a findion of he epmse(@and perhaos explandory) variates over the group of units.
Famiiar (sinple) dtributes ae averaes proportions, meliars and sandad deviations. The importanceof attibutes is hat:
o Answel9 to Questbngg are wsudly phrasedn terns of dtributevalues,as ntroduced n Sedion 22 d the Gurse Notes
o error is defired n terns of dtributes, & dsaussd in Sedions3.2to 35 d the Gurse Notesand the dllowing Fgure 57

A (probabiity) madd paraméer is a ongant (Usualy derotedby aGreekletter) in a (probabiity) model tha repregntsa
study popuation attribute. Model-basedmethods of analysis in ddistics tse dtafrom a @nple © estimate valuesof model
paameers whichthen epreent easnalte valuesfor study popuation attibutes and, hence for Answver( to Questbn(s of
interest. We dstinguish:

* apoint estimae: asirglevalue br an esimae; AND

* aninterval esimae: an interval of valuesfor an estnae. Red World Imagnation
Fora sarrple of (respcnse valiate valuesw_he|e .the Gaissan distii- POSJB% ON e

bufon is an gppropriatemodd, the mean is esimaed ty the sam et sy

ple arergye yando is esimaed ty the sample gsandad deviation s — e,

theseare both pant estmaes. We @an tink graphically of the po- ! MODEL

cess @ esimaing i by yando by s & gproximating the histaggram
of a chtasd by the Gaissan p.d.f. tha has he samé&entre’ and he
samewidtH as the histaggram.

paamders ae
esimated fom
sanple dhata,

SAMPLE
All mahemadical modds are ideaizationsand all ae produds d
the intdled and the imagination It may ke helgful to think of the nodel as alink baween the sampleand he study pu
lation; a pictorial representdion of this icka & rowvn & the light above.

The mattes dsaussé in this Sdion @nd h the Apgendi on the bg sde of the Fgure, page 5.8 look eheadto the ue
of probability modelsin dtistics, whichis pursued sarting in Chepters 5 and 7 d the Gurse Notes our immaliate concen
in this Fgure is to bkecome aimiiar with properiesof continuousprobabilty models.

NOTE: 1 To maintan the dsinction ketween the real wdd (repreentedby the dég) and the nodel, we e df erent wads
— ‘aveage and ‘mean— for their meastes of locaion; unbrtunael, we do rot hare tis qotion for the wo
meastes of vairiation, which are both called standad deviatiori In the ealy stagesof learning gatistics, t is
hdpful to, & leastin our minds, ald he epectve adedivesdatd and ‘probabilistic to dstinguish the wo uses b
standed ceviation. This BF  rapje 5,6.2: Atribute | Red World Model
mindogy is simnarized

in Tate 56.2at the ight. Location | Averae _ Man .
Variation | (Data) sandad ceviation (Probabilistic) sandad deviation

4. Using the Gaussan Distribution
To be &le © use the Gausian dstribution, we reed tvo ills.

- 1 a2
* First, we lean o look up atabk of the sandad Gausian dstri- f@=7=€" | —o<z<o - (6.3
buton [derotedG(0, 1), whose pd.f. is gven as guaion (5.6.3
at the iight]; such a e furnishes us \ith areaswhich we wse Y-U 0c0,) (56.49
asprababilities (see page A. 1in Appendk B of the Gourse Mateials. o ' e

* Seond we kan éaut standrdizing so we
can ttain probabilities br the G(0, 1) distri- PrY>y) = Pr(% > %) = Pr[G(o, 1) > ¥] ..... (56.5
buton; if YUG(y, o), the esut (56.4 —in
which we sibtract the man anddivide by he sandard deviation — at he iight above tolds; we then can wite ejudion
(5.6.9, in whichwe havestandadized b corvert a probability for the G(y, o) distribution to the guivalent probability for
the G(0, 1) distiibuton. The kter Z is comnonly usedfor a random vaialde with the gandad Gausian distributon.

A numeical ilustrdion of egiion (5.6.9 is: if YLIG(8, 6) andZ LIG(0,2), then @
Pr(y>11) = Pr(Y; £ > 1-8) = pr{G(0,) >0.9 = Pr[z>0.5;

this probability is repreentedby the aeaunde the sandad Gausian p.d.f. to theright
of 0.5, showvn with olid shaling in the daglam athe ight. We learned n Figure 52
how to lodk up this grobability from the G(0, 1) table on @ge Ap. 1in Appendk B.

/G(O,J)

z

-3 -2 -1 2 3

OTl
0.5
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Figure 5.6. MODELL ING THE SHAPE OF DATA DISTRIBUTIONS (cortinued 1)

5. Benefts o Using a Gaussan Model
Three kendits acaue from usingthe Gausian dstribution.

e Firg, it provides adata sumnary — inseadof having © work with adata ®t, we @an onvey a runber (but wsudly not
all) of its esential chaacteistics by syirng merely tha the déa has aGaussiandistibution with a gecified neanand a
speified stadard deviation. This @n ke a fgynificantconvenience paricularly in the cae d lamge ditasds. [It is inder
stood, d coursg tha the Gaisg&nidty is only approximate; dso, the bcation and vaiation parameers of the Gaissan
distibution can ke on hdr valuesindepadenty — tha is, the vale of ore dbes not influene the valie of he ohel

® Seond we @n eadly conbine Gaussan distibuions; the random vdale repreentedby ary linea combination of
Gausgan random vaialdes hasa Gaussiardistibuton, providedthe compaonent random vaialdes are prababilistically in-
depadent The Inear mmbinatbnsof gredest elevane to gatistical methods of dataanaysis ae sums diffeeencesand
avaages— reall Figure 54 o pagess11 and 512

e Third, the dstibution of a inear @mbinaton Sud as a em a an aerag of non-Gausian random vaialdestends to a
Gaussandistiibution. If thee is an infinite number d components, the dstibution of the @mbinatbn isexadly Gaussan,
a theoreical resit known & the Central Limit Theorem— reaall the peviousFigure 5. In practice thee ae aly finite
conbinatons whase dstribuions theefore exhibit only approximae Gaussanidty (uness the @mponents hemsehves hae
a Gausian dstribution). How clase he goproximation is b exad Gausganidty depends on oth the rumber of components
in the Inear mmbinaton and an the $igpe d thar distibution(g — the nore symnetical it is, the maller the rumbe of
conponants reeckd for easnalle gproximateGaussanidty.

It is inteesing to pecuate on he easn(9 behird the mattemadical and pactical bendits that accrue from Gausian
modelling. It may be aly coincicencethat the mattemadics of Gausian theory works © corvenenty in mary insancegand
nat only in ddistics). Alterratively, e= 27188 18284 ....is a quantity tha, in a £rsg natue brings to ar dtention as for
exanple, hie Imit as n— o, of (1+1/n)] It is theefre possble tha the wide apptability of Gausian dstribuion theay is a
refledion of he hamory tha resuts when the nathemdics we enploy correponds properly with someagpect(9 of the under
lying drudure d the physcal wald. The natteris highighted n a quatation from Galriel Lippmam, the Frenchl908 Nobel
Laurede in physcs: Eveybady kelieves n the [Gaussiarapproximation], the expei menters becawse hey think it is a mathe:
maical theorem the nmathenaticians becawse hey think it is an eperimental fact Paracbxically, bath bediefs ae cared,
which reminds us of dher feningly contradctory aspeds d experience like the waveparicle dudity of dedromagreic
radation such as ight. [The source d the Gériel Lippmam quddtion is he extby Freednan D., Psanj R. and R Purves
Staistics First Edition, W, W. Norton & Company, New York, 1980, age Z5]

6. Using Random Variables in Probability
We use random vaiadesto desribe 6r madd) quantities ha take on dfferent valiesacording to chance one citerion

we se b dedde which probability model is gopropriatein a maricular studion is he dgree d agreament ketween the shape
of the pd.f. of the nodel and the bBgpe d the ditibuton of the déa @s assesedfrom a histagram,for exanple). The
stochastic behaviour of reponsevariates in aur madds aises beaue o equprobable (or random) seleting of urits from the
rdlevant ppuation. Someinformal desciptions of what is meant by theerm'random vaialde (or its valig are:

* a quantity whichtakeson dff erent real valesacordng to dhance

* arumeical autcomeof a sochast phenomenon;

* a characteistic (ike a \anatevalu@ which charmgesfrom unit to wnit in a anple dtainedby eguiprobalde sleding.

In addtion © aur carcen with distibuton shape in choodng an g@propriate probability model, we wsudly aso needto take
acourt of:

- the meanof the dstibution (or of the random vaalle, Y sa), deroteds, or E(Y);

- the standird deviation of the dstibution, denotedo, or s.d(Y).
Fomall, arandom variableis a undion which asfgns a eal nunber © each point of the sarple pace (9; i.e., a andom
varialde is a undion with doman S and rarge R — it is a mappng from the samle ace b the real nmbers.

7. Distributions Other Than the Gaussan Distribu tion
Althouch the Gaissan distibuion is widdy usedas a model for datadistributons, oherusdul modelsare:

e the uniform dstibuion (which represents the cse d equiprobalde values,as h equiprobalde sleding, and tushasa
p.d.f. whichis recargular);

e the expanential distribution (whosep.d f. is like an eponential decs, and is usedto model falure tme3;

e the log Gaussiandistibution (where the logarithm of the random vdalde has a Gusian dstributon; it is uisedto model
biologcal chaacterstics which have a bwercutoff at zero but whch ae rot, at keastin theory limited n the high values
they @an ake m).

(continued weled)
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In paticular methods of dataanaysis, & well as he Gaissan distibution, we lateruseof the t, K andx? distibutons — ®e
Sedions12.3 and 13.22 d the urse Notesand Appendik 3 on paged314 © 1316 d Figure B1 of theseCaurse Materals.

8. Appendix: Regons Models

Ecuation (5.6.2 shavs e usid notaion in probability for stding the YOG(y,0)  -—--- (56.2
distibution of a andom vaale, Y in this irstance In staistics the equi
vakent exgesion (5.6.6) at he iight, called aregpone nodel, is nore Y=u+R, RUG(,0), EPS - (56.9

convenient. Its form swggests ve think of two conponents nmaking up
the random vaialeY which, unde an gpropriatePlan br an investigaton jnduding equiprobalbe sleding (as EPSat the end
of the nodel gatament(5.6.6) reminds 8], is Lsedto model the valiesof a eponsevariateof a urit:

* astuctual conponentwhich (in generd) modds the dfed on the eponsevariateof spedfic explandory variatgS;

- in the cae d equdion (5.6.6), whichis the simplst reponsemoded, the stucturd component is merely a ongant (1)
and ontains ro explicit explandory varnates;

* asicasticconpanentwhich modelsvariation atputthe grudurd component;

- in equdtion (5.6.6), the vaiation ofY albout the srudurd companent o the nodel (¢ in this instanckis modelled ty a
Gaussiardistibuion with mean 0 and ahdad deviationo.

Using the eponsemodd (5.6.6) to find aninterval estmae for edh of the nodel parameers ¢z ando, reprening the stidy
popuation aveage reponse¥ and epose(dad) standird deviation S, is pursted n Chapters 22 and B3 of the Gurse Notes
and n FHgure 131 of theseCaurse Materals.

NOTES: 2. The foregoing dsaus$on useshe word ‘modd’ i n two serses:
e the dvisin of Yintoa grudura compaonent and a stchast component;
e the Gausian model for the dochastc component.
Only the seondof thesemodds involves pobability.

3. The ug of aprobability distibuion (hee, he Gaussiandistibuton) to model the stehast component of a
reponsemodd illustraes ae easn why probability is usdul in statistics.

O o e Y=u*R, j=12..n, ROGO,0), indpendent EPS (567
(5.6.7 at the iight, to model reponsevariatevaluesfrom asanple of n wits sleded euiprobaldy from a gudy
popuation; ke the equirement br equiprobalde sleding, the nodelling assumption of probabilistic indepa-
dence of theYs has mpilicationsfor Plan @mponents which addresshow the déa ae o be ollected

5. Theformd ddfinitionsof the ymbds in eqiaion (5.6.7) are:
Y is a andom vaialde whose dstribution rereents the psible valuesof the meauredreponsevariate()
for the jth wnit in the sarple of n wits sleded euiprobally from the stidy popuation of N units
(usudly n<N), if the ®leding and meauing processes were to be epeded aerand aer

4 is a nodel parameer (Called the mean whichrepreents he aveage (¥) of the meauedreposevariate
(%) of the wits d the stidy popuation.

R is a mndom vaialde (called the resdual) whosedistibuion repreents the psible differences
from the stucturd component o the nodel, of the meauedvalue of he eponsevariate
for the jth wnit in the sarple of n wits eleded euiprobally from the stidy popuation,
if the ®leding and meauing processe were to be epeded aerand aer

o the (probabilistic standrd deviation of the Gaisgan modd for the dstribution of the lesdud, is a
modd parameer which represents thedaa) standird deviation (S) of the meauedrepaonsevariate(¥)
of the wits d the stidy popuation; this @aa) standard deviation @nd hence o) quantifiesthe variation
of the meauedreponsevariateof the wits d the stidy popuation — & this variation increases,
so des the stidy popuation @aa) standard deviation @nd hence so eso).

In theseddinitions (andelsswtere in this Fgure 56), ‘study popuatiori shauld actially be ‘regpondent mpua-
tion, as dsaussd darting in Sedion 5 on page 34 in the bllowing Hgure 57 —seealso Fgure 59 m pages
597 and 598. [This refinrementin terninology is absert from the STAT 231 Course Notesbut, for consstency
in theseCaurse Mateials,is usal dter Fgure 57 €4, in Fgures5.8 and B3J).

6. Anaher way d writing the epansemodd (5.6.6) is eaia-

tion (5.6.9, whee the nodel for Ris now standrd Gaussan. Y=p+oR RLGOY), EPS - (56.8

The lateDr. Geage EP Box, a repectedU. S datistician coined thre maxim: All modelsare wong, smeare wsefil. Give
an &plandion, which cauld be indestood by an ntdligent but non-technical audence, d wha Dr. Box meant.
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