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Figure5.3. CONTINUOUS RANDOM VARIABLES Six Characteristics

The Gausian dstributon is a wsdul model (or idealzation) for the dhgpe d datasds for which the dstibuton (eg, &
shavn by an gpropriate stamplot or Hstayranm) has a entralpeak with a oughly symmetrical falling avay on ether sde.
Before we ban abaut mntinwus probability models for othe distibuton shaes, we dsausssix chaacteistics d all sud
modés: * Shape (p.d.f) * Mean * Probabilty

* Nomalzation * Standad deviation * Shae €df).
The c.d.f. cumulative dstribution fundion), like the pd.f. (prabability densty fundtion), descibes the shape of a dstribution
but s dsausse lag in this Fgure teaue it is the nostdifficult of the $ characterstics to manpuate; acethe cd.f.is
undestood, ts dsausson would gererdly follow immedatdy after that of he pd.f.

1. Shape This characteistic is descibed by the probability L
(Rdf) densty fundion (p.df) of the random wdale; fy) = €71 | —o<y<eo - (5.3
a pd.f can ake aly non-negative {.e,, zero or pos-
tive) values. For exanple, he Gaussiarmp.d.fis as gven in egudion (5.31) at the ight dbove; its gaph is the
famiiar ‘bdl -shgped’ curve repreeening non-negative \valuesof f(y) over the whde realaxs.

2. Normalization: The aeaof a hisogramis 1(or100% and ve use @ gppropriate %
p.d.f to model the $igpe d a histaggram of datafor a wntinwous lf(y)dyzl """ 5.32
variate(e g, meastement$, hence the aeaunde a pd.f. must ako
be 16r 100%. Becaus aeaunde a arwe is burd by integréion, the epresion (5.32) at the ight
abovemusthdd; it is called the normalizing eondtion [for the p.d.f. f(y).
Somdimes, a pl.f.is written as a éindion whichinvolves a ongant (k, say); our tak may then e ©
usethe normalizing condtion © find the vale of k

Example5.3.1 If we write the Gausian p.d.fas:  f(y) = ke Ay #ld" -+ _<y<o,
then ting: if(y)dy = ﬂe‘%[(y‘”)’”]éy =1 ydds: k=1/v2mo.

Example5.3.2: If the andom vaableV hasthe pd.f shown & the 0 = kv ; O<vgl
rlgk_t, We_can ug the rormalizing condtion (5.32) 10 . othemise
to find k=2.

3. Mean: This characteistic, ameaste d the bcation of a dstribuion, is de- o
fined in equaion (5.3 at he ight. We ®e fom equaion (5.33 1= E(Y) :iy-f(y)dy """ (5.33
[and (5.32) that the meansd the cenroid of the dstibuion and ®
repreents its pint of balance for asymnerical distiibution, the means the @nte of ymmetry (or mid-pant).

The wsud notaion Pr the mean § i (lower caseGreek mu) o E(Y), the bitterrefleding the wads expectaion (or
expeced vdug of the random udale Y, whichare g/nonyrrs for ‘mean

Example 5.3.3. Forthe Gausian dstribuion, G(y, o), the means:
E(Y) = iy.f(y)dy = ﬁ# y.e—vz[(y-u)/a]ay =y
i.e, the mean fithe Gaissandistibutionis its parameer ...

NOTE: 1 We dstingushtwo uses bthe ymbol u:
e a mramder d the Gaisgan distibution, G(y, o), whichhappes to be is mean

e a ymbd for the mean & ary distibuton — if thee is nore than me mandom vaabe in a fri-
cuar conext, an alded sibript avoids anbiguity (€4, 1 is the mean bY).

Example 5.3.4: If the random vaalle V hasthe p.d.f. shown & the iight, v - 0<ve<l
1 f(v) = { ’ =
O 1

the mean 6 Vis: E(V) = J:v-f(v)dv = J’v-2vdv =2 othemise

As descibed overkaf o page 56 in Sedion 4, @ extengon of the idea bexpectdion is irvolved in both cakcu-
lating and ddining the sandad dceviation of a dstribuion — see ds0 Note 7 verkaf o page 56.

Anothermeaste d the bcation ©r ‘centre) of a dstribuion is its median; finding he melian 5 dsausse on he
third and burth sdes(pages57 and 58) of this Agure in Exanples 539 and 53100f the tgic Probability.
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4. Sd.. This characteistic, a measte d variation for a dstribuion, is - .
found @ sown & the iight in equaions(5.34) and (5.35). [It o=s.dY) = VE(Y?) - [E(Y)" - (5.39
may be a dd to memay to think of the wpper epresion &s: N
the scuare root d the mean quae ninus the guaed mean whee:  E(Y’) :J:yz-f(y)dy ----- (5.39

the type of qpeation repesentedby theseterns is iemniscent
of the calculation formulae br the gandad ceviation of data]

The wua notaion for (probabilistic) standard deviation iso (lower caseGreek sgma) a sd. (or oneof its euiva-
lentssud as <. or SD) followedby the random w@able in brackds.

Example 5.3.5. Forthe Gausian dstribution, G(y, 0), we @n find hat:
E(Y) = [y-f0)dy = g5 [ye A0y = o7y
hence  s.d(Y) = JE(Y) -[EY) = [(o°+) - [’ = o
i.e, the shndad devdion of he Gaisgandistiibuton is its parameer o.

NOTE: 2. As with the mean h Notel overkaf o page 5.5, w dstingushtwo uses bthe ymbol o:
e a pramder d the Gaissan distibution, G(y, o), whichhappes to be is sandad deviation;

e a ymbd for the sandard devdion of ary distibution — if thee is nore than me andom vaabe in
a parfcular context, an alded sibsript avoids anbiguity (g, ov is the sandad deviation of Y).

Example 5.3.6:. If the random vidale V hasthe p.d.f showvn & the tight: 0 {2\/ © O<vgl
9] 1 =

E(V?) = - [vf(Wdv = J’VZ-Zvdv = 1. 0 ;

Hene:  s.dV)=JE(V) -[EV) = [F-[2 =[5 = & D0.2357

othewise

NOTES 3. Itisstrongly recanmendedhat the catuation of $andard deviation ke conein threedisind steps:
@ find E(Y); @ find E(Y?); (® finds.d(Y).
Daing more than me $ep smultaneoudy makes the pocessmuch moreproneto mistales

4. As a measte d varation, the sandad deviation is nost usdul for symnetical distibuions; for
unsynmerical or skaved distibuions, a mesure d vaiiation ke the ntequatile rarge 6r IQR) is
usualy more gpropriate

5. For the Gaussiardistibuton, one intempretaion of the sandad deviation is ha the twopants of in-
flection of the pd.f. lie acne $andad deviation éther sde of the mean i.e, they lie & y+o. How-
eva, in gened, thee is no gnple a ‘naurd’ i nteppretdion of he valie of a tandad deviation, such
as he valie of1/3v2 for the p.d.f.in Exanple 53.6 &ove, dthouch when ve conpare the gandad
devitionsof two distributions, we @an s§ tha the dstributon with the larger standad deviation has
greder varation — ts pd.f.will (usudly) gopea more dspersed(or spreal auf).

6. Althouch gandad ceviationsare wsudly calcuated fom the expressions (5.34) and(5.35) akove (as
illustraed n Exanples 535 and 53.6 abee), the anal-

ticaly equivalent beeExercise 5 on he ffth sde (page o=s.dY) = JEY-E(Y)]* - (5.36)
5.9) of this Fgurg defiition (5.36) of the sandad -

devition of a andom vaabe (Y, say) is thescquare root = [ Jo[y—E(Y)]z-f(y)dy _____ (5.37)
of the epeced gluaed deviation @©r dfference) d Y from

its mean symbdic versians d this cefinition ae gven at he ight above, whee E(Y) cauld be wit-

ten aspu or i, Two expressions iz, a definition (5.36) and its caluational ecuivalent(5.34)] for the

standad ceviation of arancom vaiableis the pobabilisitic analogie of the studion for data.

® The dsaus$on in this Sdion 4 is abut‘probabilistic (not'datd) standad deviation — e Notel
near he mdde o page 3.6, the ondside of Hgure 56.

7. The déinition of dandad deviation in Note 6 invdves a w
spedal caseof the esut (5.38 at the ight for the e- E[h(Y) = lh(y)-f(y)dy ————— (5.38
pectaion @r mear) of afundion [h(Y), say] of a random
varialde (Y). Equdion (5.38) endles us to eatlish two usful expresians br the mean and sin-
dard deviation of alinea fundion (a +bY, say whee a ad b ae caosant$ of the random vaalle:
E(a +bY) = a+bE(Y) : s.d@+by) =pbls.dly). (5.39

8. The gluae d the sandad deviation is hevariance; i.e, var(Y) = [s.d(Y)]2 ----- (5.310
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Figure5.3. CONTINUOUS RANDOM VARIABLES Six Characteristics (continued 1)

5. Probability: In a histayram,proportion (or relative frequency) is reprentecby areaand ve wse a gopropriatep.d.f to
modd the $igpe d a histaqgram of continbusdda €g, meastementy;, becaue pobadilities ae est-
maed ty obseved poportons, t is areaunde a pd.f. tha b
repreents pobebility. Thus,as $iowvn & the iight in equaion Pra<Y<h) = Jf(y)dy ..... (5.310)
(5.311), probability for a @ntinubusrandom vaialde (Y, say) is
found byintegiating the pdf. of Y between gopropriate imits (a and b say whee a<b).

2

Example5.37 If the random waalde Z [JG(0,1), so hat: (3 = %e—%z C —o<z<w,
b b
then Pr@a<zZs<hb) = J’f(z)dzz ﬁ% J'e-vzzzdz_

This integral can aly be evaluaed nunerically (eg, using Simpsors rule) or gven values

of aad by thus,we now understand:

e why we dbtain probabilities br the dandad Gausien dstribuion in practice by talde
look-up ratrer than by ntegréon;

e how the valiesare dtainedin a e o standard Gausian probabilities(like page Ap.
1 in Appendk B of theseCaurse Materals.

Example 5.3.8: If the random vidalle V hasthe p.d.f shown & the tight: 0 = {2\/ : O<vsl
06 06 - 0 ; othewise
Pr(0.3<V<0.9 :Jf(v)dv:J'ZVdv: 0.27, 2[\0
3 3
0.6 0.6 T T \"
Pr-1<V<0.6 :J’f(v)dv:JZVdv: 0.36; ‘1 f?/) !
2
the dagrars at he ight show the pd.f. with y

shaledareasrepresning the two pobabilities i) A T

NOTES 9. The ®ond probabilty calcuation in BExanple 53.8 eminds s tha only those pat(9 of a
p.d.f whee the fundion takespasitive valuescontributeto a pobability; thus,for the pd.f.
in Exanple 53.8, the pobability for the intewal from —1to 0.6 cmesonly from the sib-
interval 0 to 0.6, whee this p.d.f is non-zero.

10. We know, from knowledge of irtegraion, tha as he Imits d integréion @ and B gpproach
eah oher the aeaunde a gven p.d.f. getssmder; in the Imit, when a=b, the aeais
za@o. Hence for arny continuousrandom vaialde, the pobability it takes m any particular
value iszeo. [Thinking d this anather way a ntinwbusrandom vaialde can ke on @
infinite number d valuesso tie pobability of any oneof thesevaluesis zero]

There ae hree ommentsaboutthis property of continubusrandom vaiales

® \We ae ramindedthat nmatremadical modds of the real wdd are aly approximations —
valuesof mary quantties we nodel by continuousrandom vaiales (sich & nmeasuee-
ment$ havenonzero probabilities ¢ ocaurrence

® There is zao probabilty asodatedwith dther endpant of an intewval, © tha when ve
find the probability a @ntinwusrandom vaialde lies n an ntewval from a to b With
a<h), for any continuousrandom vaialle we have

Pra<Ysb)=R(as<Y<b)=R(@<Y<b)=R@sYs<sb. - (5.312

® The zero probability of any particular value of ay continuousrandom vaialle is why the
word densty is part of the namevz. probability densty fundion) of the fundion tha
descibes the $igpe d a continwousdistiibuton; similary, the £ak on he \erical axis of
a histggramis adensty sale, propartion per unit or pecentpe unit, the ‘unit’ being that
of the vaiateon the haizontal axs.

Example 5.3.9; The malian of a dstributon is the valie of he random vaalle tha divides the gaun-
derthe pd.f in half Beaue the Gasgn distibuion is symnetical its melian 5
equal to its mean w.

Example 5.3.10: If the random vaaleV hasthe p.d.f. shown & the ight, i) = {2\/ © 0<vsl
o

the medan (m, say) of Vis gven by: othewise
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Example 5.3.10: O.5=J;f(v)dv =J‘2vdv, whichyieds: m= 7% Hozorz
(continued) N
we e that, for ths dstribution, the melian B T
a little largerthan the meanfcé = 0.6 £10.6667 | " v
(recall Exanple 534 m the first &le of this FHgure). 1 0 ho1

6. Shape
(C.df)

2004-06-20

Insteadof descibing a mntinwusprobabilty distribuion by its probability dersity fundion, an euivalent ater
native is to gve its cumulative @istibution) fundion [the word v

distibuton is ogptional in the namp abbreviated cf. or c.df; F(y) =Pr(Y<y) = lf(t)dt ..... (5.313
the definition of this findion (for the random vaialdeY) is gven

as guaion (5.313 at the ight. [This definition Lses a(dunmy) varalde o integréion ) to dstinguishit from vy,
the agumentof the cd.f and the pper imit of integréion]

Example 5.3.11: If the random vaade Z [1G(0,1), so hat: f(@ = v;,Te 2 _w<z<o,

thecdfof Zis:  F@=PriZ<2=[f()dt= @:e“’ztat.

This integral can aly be evaluaed nunerically (eg,

usng Smpsm’s rule) or a gven value ofz, hence

e this integral expresion is the ymbdic form of the ‘
standad Gausian currulative dstribution fundion; 3

e valuesof 0.5 and geder d this fundion ae dven in the bwerright-hand ®dion of he
first sde (page Ap. ) of Appendk B of theseCaurse Materals [only the valiesfor the upper
half of the fundion ae gven in this ade becaue F(-2 =1-F(F); its grgph s $omvn
aboveat the iight — the fundion orly reaches 0 on he Eft & —« and 1 @ the iight at +co.

™~Z

Example 5.3.12: If the random wvaalle V hasthe pd.f. shown & the ight, 2v ; 0<v<l
the cd.f of Vis: fV) = { _ _
v v othewise
for—o<v<0:  FW=Pr(V=v) =JLf(t)dt =J;0dt= 0;
v 0 v 0 ; v=o0
for o<v<li FM=Pr(V<y) :Jlf(t)dt:lodHJ'tht:vz; FM=<v ; o<vsi
v 0 1 v ;ov>l
for 1<z<ew: FW=Pr(V<y) :J;f(t)dt :lOdt +J’2tdt +J’Odt =1
The dagram a the iight shaws the cd.f of \/ o
T T T \
NOTES. 11. A probability can ke fourd as he difference between values 1 0 1
of a cdf,; for e<arrp|e br the random vaiadeYand gven condants a and b
Prla<ysb) = Jf(y)dy J;f(y)dy J:f(Y)dy FlO-F@ (5.319

as a illustrdion, the cd.f. in Exanple 5312yidds: R(0.3<V<0.6 =F(0.9 -F(0.3 = 0.27,
as b dsoobtained by integrdéing the orregponding pd.f.in Exanple 53.8 orerkaf ; page 5.

12. At themalian (m, say) of a dstibuion, F( =05 - (5.319
13. The following Tale 531 summarizes some periesof p.d.f.s ad cd.f.s:
'I;_)agle. Property Pd.f. C.df.
" Domanandrarge | (-«,0) ; f(y)=0 (o,09 ; O0=<F(y=<1
Valuesat infirity f(ce)=0 ; f(9=0 F(c9)=0 ; F(9=1
y
Rehtionshifs f(y) = diylz(y) F@y) = if(t)dt =Pr(Ysy)
Probability Area underf(y): Differencein valuesof F(y):
Pria<Y<h) :J'f(y)dy Prla<Y<b) =F(b)-F@

All c.d.f.s arenon-ceaeasirg fundions; we @n psffy this gatement n two ways:
@ becauseF(y) = Pr(Y<y) and pobabilities ae ron-negative;

® becausd(y) is the slgpe of the cd.f. and f(y) is non-negative.
(continued)
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Figure5.3. CONTINUOUS RANDOM VARIABLES Sx Characterigtics (continued 2)

7. Appendix: The Gamma Function, I(a) .

Thegamma fundion of a is defined a: o) = J’x“*le'xdx. ————— (5.319
Three poperiesor valuesof the gamna fundion ae d inteest n the peent onext
®r@)=@-IrE-u. L (5.317)
® [(a)=(@-1 if ais a pstive integer; eg,re= ste‘xdx =5=120. e (5.318
erW=ym ; ie, J’x‘%e‘xdx =y7T ; & aonegene: J:e‘%zzdz =2 e (5.319
8. Exercises

N

(]

(=l

(o]

(=l

In Exanple 531 m page 55 of this Fgure, show how the ihtegralarising from using the rormalizing condtion (5.32)
yields the valie of ¥v2ro for k.

In Exanple 53.2 an page 56 of this Fgure, show how wsingthe normalizing condtion (5.32) leads b the valie k= 2.
In Exanple 53.3 m page 55 of this Fgure, show how the ntegréion kead o . for the mean & the Gais$an distibuton.
In Exanple 53.5 o page 56 of this Fgure, show how the ntegréion lkead to he valie of o2+ 2 for E(Y?).

Egablish the egquivalenceof the defiition of the sandad deviation of a andom vaialde [ecuaion (5.36) in Note6 on mage
5.6 of this Fgurg and te calkculational expression [ecuation (5.34)] at the tg right of the same age

Showwhy, in Exanple 53.6 a page 56 of this Fgure, the first ntegréion over (-, ) becmes mtegréion over (0,1 in
the ond integal.

Egablish the o restts (5.39) givenin Note7 nea the ottom o page 56 of the Fgure or the mean and sindad devia-
tion of hie Inear fundion @ +bY) of the random vdalde Y.

If E(Y) =u ands.d(Y) =g, show tha the standhrdized varialde Z = (Y- )/o hasa mean ¢ 0 and a sandad deviation ofl.
e Combired with the fad tha if Y hasa Gausian dstributon, Z also 5 Gausian, theseresllts ae the tass of the pocess ¢
standhrdizing for obtaining probabilities br G(y, o) random vaialdesfrom the G(0, 1) table on @ge Ap. lin Appendk B.

Give a tea and mndsestdaement d the €ommaon) meanihg d the two rases:
o the standrd deviation of a mndbm vaiable and: e the standrd deviation of a dstribution.

Jusify the satament h Exanple 5311 on page 58 of this Agure ha, for the sandad Gausian cd.f. F(-2 =1-F(2.

On te dagam d the cd.f.in Exanple 5312 on page B of this Fgure, show the two pobabilities catuated for ths
distibuton in Exanple 53.8 mn page & o the Fgure.

The term'othemwisépermnits moreconpad preserdtion of he eudionsof some pd.f.§ as llustréed n Exanples 53.2,
5.34,5.36, 538 5.310and 5312 Write tre p.d.f.in theseExanples withoutusng ‘othemwise
® Explain briefly why ‘othewiséis not similay usdul forc.d.f.s.

Using the esllt given in Notel2 rea the ottom d page 58 of this Agure, find the mdian d the dstibuion in Exanple
5.312 ched tha your arsweragess with that dtainedby integréion of he p.d.f. of this dstribuion in Exanple 5310at
the top d page 8.

Using integrdion by pars, erify the first goperty (5.317) givenakovefor the gamna fundion.
Using matremadical induction, prove the ®mndproperty (5.318 givenabovefor the gamma fundion.

If you havean alegude alcuus backgound verify as followsthe resut given bove in equdion (5.319: J;e“/zzélz =2
- write the integralin terms d x andagan in terns d

= write the productof the two §ingE) integrad as edaubke integal,

- chamge fom Caresanto gare polar coordinates, emenbering tha dxdybecomesdrdg;

- evaude the resiting doubk integral

Then $iow, by the chage of \ariable v=x* that: (%) =v7&

9] 0
Using an gopropriatecharge of \ariakle, find the elationshipbeween: J‘ X"eXdx and: J:x“exdx.
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