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Figure 5.3. CONTIN UOUS RAN DOM VAR I ABL ES: Six Char acter ist ics

The Gau ssi an dis tributio n is a useful model (or idealiz ation) for the shape of dat asets for which the dist rib u tio n (e.g., as
sh own by an appro priat est emplo t or his t ogr am) has a cent r alpeak wit h a rou ghly sym met rical falling away on eit her sid e.
Befo re we learn about con tin uou sprobability model s fo r oth er dist rib u tio n sh apes, we dis cus ssi x charact e ris ti cs of all su ch
models: * Sh ape(p.d.f.) * Me a n * Probability

* No rma liz ation * St andard dev iation * Sh ape (c.d.f.).
The c.d.f. (cumulative dis tribution fun ction), like the p.d.f. (pr obabi lity den sity function), des cribes the shape of a dis tributio n
but is dis cus s ed la st in this Fig ure becau se it is the mos t diffic ult of the six charact e ris ti cs to manipula te; onc ethe c.d.f. is
un d erstood, its discus sio n woul d ge nerally fol low immediat ely after that of the p.d.f.

1. Shape:
(P. d.f.)

This charact e ris ti c is des cribed by the pr obabi lity
density fun ction (p.d.f.) of the random variable;
a p.d.f. can take only non -negative (i.e., zero or posi-
tive) value s. Fo r ex ample, the Gau ssia np.d.f. is as giv en in equ ation (5. 3.1) at the rig ht above; its graph is the
fa m ili ar ‘bell -shaped’ cur ve repre senting non -negative value sof f(y) ove r thewh ole re a laxis.

f(y) = 1 e− 1
2 ; −∞ < y < ∞

√2π σ
[ y −µ]2

σ -----(5. 3.1)

2. Normalization: The are aof a histogr amis 1(o r100%) and we use an appro priat e
p.d.f. to model the shape of a his t ogr am of dat a fo r a con tin uou s
variat e(e.g., mea s urements); henc e, the are aun d er a p.d.f. must also
be 1 (or 100%). Becau se are aun d er a cur ve is fou nd by int egr ation, the expre ssi on (5. 3.2) at the rig ht
abov emu s thold; it is called thenormalizing con dit i on [fo r the p.d.f. f(y)] .

∫
−∞

∞
f(y)dy = 1 -----(5. 3.2)

Sometimes, a p.d.f. is writt en as a fun ction whi c h involves a con stant (k, say); our task may then be to
us ethe nor malizing con d ition to find the value of k.

Example 5.3.1: If we write the Gau ssi an p.d.f. as: f(y) = ke−½[( y−µ)/σ]2

; −∞ < y < ∞,

then setting: ∫
−∞

∞
f(y)dy = k∫

−∞

∞
e−½[( y−µ)/σ]2

dy = 1  yields: k= 1/√2π σ.

Example 5.3.2: If the random variableV ha sthe p.d.f. shown at the
right, we can use the nor malizing con d ition (5. 3.2)
to find k= 2.

f(v) =
kv ; 0 < v ≤1

0 ; ot he rwise

3. Mean: This charact e ris ti c, a mea s ure of the location of a dis tributio n, is de-
fin ed in equ ation (5. 3.3) at the rig ht. We see from equ ation (5. 3.3)
[a n d(5. 3.2)] that the mean is the ce ntr oid of the dist rib u tio n and so
repre sents its poi nt of balanc e; for asymmer ica l dist rib u tio n, the mean is the cent re of sym met ry (or mid -poin t).
The usual not ation for the mean isµ (lowe rca s eGreek mu) or E(Y), the latt e rrefle cting the words expecta tion (o r
expected valu e) of the random variableY, whi c hare synonyms for ‘mean.’

µ ≡ E(Y) = ∫
−∞

∞
y.f(y)dy -----(5. 3.3)

Example 5.3.3: Fo r the Gau ssi an dis tributio n, G(µ,σ), the mean is:

E(Y) = ∫
−∞

∞
y.f(y)dy = 1 ∫

−∞

∞
y.e−½[( y−µ)/σ]2

dy = µ;

i.e., the mean of the Gaus sia ndist rib u tio n is its parameterµ.

√2π σ

NO TE: 1. We dis tinguis h two uses of the symbolµ:

• a parameter of the Gaus sia ndist rib u tio n, G(µ,σ), whi c hhappens to be its mean;

• a symbol for the mean of any dist rib u tio n – if the re is more than one random variable in a par ti-
cular con tex t, an added sub scr ipt avo ids amb iguity (e.g., µY is the mean of Y).

Example 5.3.4: If the random variableV ha sthe p.d.f. shown at the rig ht,

the mean of V is: E(V) = ∫
−∞

∞
v.f(v)dv = ∫

0

1

v.2vdv = 2
3.

f(v) =
2v ; 0 < v ≤1

0 ; ot he rwise

As des cribed ove r leaf on page 5.6 in Section 4, an extension of the idea of expectation is involved in bot h calcu -
la t i ng and defin ing the standard dev iation of a dis tributio n – see als oNo te 7 ove r leaf on page 5.6.
Anot he rmea s ure of the location (or ‘cent re’ ) of a dis tributio n is its medi an; finding the median is dis cus s ed on the
thir d and fou rth sid e s(page s5.7 and 5.8) of this Fig ure in Exa mples 5.3.9 and 5.3.1 0of the topi c Prob ability.
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4. S.d.: This charact e ris ti c, a  mea s ure of variation fo r a dis tributio n, is
fo und as shown at the rig ht in equ ation s(5. 3.4) and(5. 3.5). [It
may be an aid to mem ory to think of the upper expre ssi on as:
th e square root of the mean squ are minus the squ are d mean;
the type of operation repre sent e dby thes eter ms is rem iniscent
of theca lcu lation fo rmu lae for the standard dev iation ofdata .]
The usual not ation for (probabilis ti c) standard dev iation isσ (lowe r ca s eGreek sig ma) or s.d.(o r on eof its equ iva -
le n t ssu ch as s.d. or SD) fol lowe dby the random variable in brack ets.

σ ≡ s. d.(Y) = E(Y2) − [E(Y)]2

where: E(Y2) = ∫
−∞

∞
y2.f(y)dy

-----(5. 3.4)

-----(5. 3.5)

√

Example 5.3.5: Fo r the Gau ssi an dis tributio n, G(µ,σ), we can find that:

E(Y2) = ∫
−∞

∞
y2.f(y)dy = 1 ∫

−∞

∞
y2.e−½[( y−µ)/σ]2

dy = σ 2 +µ2;

henc e: s. d.(Y) = E(Y2) − [E(Y)]2
= (σ 2 +µ2) − [µ]2 = σ ;

i.e., the standard dev ation of the Gaus sia ndist rib u tio n is its parameterσ.

√2π σ

√ √

NO TE: 2. As wit h the mean in Not e1 ove r leaf on page 5.5, we dis tinguis h two uses of the symbolσ :

• a parameter of the Gaus sia ndist rib u tio n, G(µ,σ), whi c hhappens to be its standard dev iation;

• a symbol for the standard dev ation of any dist rib u tio n – if the re is more than one random variable in
a par ticular con tex t, an added sub scr ipt avo ids amb iguity (e.g.,σY is the standard dev iation ofY).

Example 5.3.6: If the random variableV ha sthe p.d.f. shown at the rig ht:

E(V2) = ∫
−∞

∞
v2.f(v)dv = ∫

0

1

v2.2vdv = 1
2.

He n ce: s. d.(V) = E(V2) − [E(V)]2
= 1

2 − [2
3]

2 = 1
18 = 1 −−∼ 0. 2357.3√2

f(v) =
2v ; 0 < v ≤1

0 ; ot he rwise

√ √ √

NO TES: 3. It is strongl y re commende dthat the calcula t ion of standard dev iation be don ein threedis tin ct st eps:
(1) findE(Y); (2) findE(Y2); (3) finds. d.(Y).

Doing more than one step simul tan eou sly makes the processmuchmo repron eto mist akes.

4. As a mea s ure of variation, the standard dev iation is mos t us eful for symmetrica l dist rib u tio ns; for
unsy mmetr ical (or sk ewe d) dist rib u tio ns, a measure of variation like the int e rqu artile range (or IQR) is
us u ally more appro priat e.

5. For the Gau ssia ndist rib u tio n, one ‘in terpret ation’ of the standard dev iation is that the twopoin t sof in-
flect i on of the p.d.f. lie one standard dev iation eit her sid e of the mean; i.e., they lie at µ ±σ. How-
ev er, in gen eral, the re is no sim p le or ‘natural’ i nt e rpret ation of the value of a standard dev iation, such
as the value of1/3√2 fo r the p.d.f. in Exa mple 5.3.6 above, alt hou gh when we co mpare the standard
deviation sof two dist rib u tio ns, we can say that the dist rib u tio n with the larger st andard dev iation has
greater variation – its p.d.f.wil l (u sually) appear more disperse d(o r spre ad out).

6. Alt hou gh standard dev iation sare usually calcula ted from the expre ssi ons(5. 3.4) and(5. 3.5) abov e(a s
il lust r ated in Exa mples 5.3.5 and 5.3.6 above), the analy-
ti c a l ly equ ivalent [se eExerci se 5 on the fifth sid e(page
5.9) of this Fig ure] definition (5. 3.6) of the standard
deviation of a random variable (Y, say) is th esquare root
of the expected squ are ddevi ation (or dif fer ence) of Y fro m
it s mean; symboli c ve rsi ons of this defi nit ion are giv en at the rig ht above, whe re E(Y) coul d be writ-
ten asµ or µY. Two expre ssi ons [viz. a defi nit ion (5. 3.6) and its calcula t ion a lequivalent(5. 3.4)] fo r the
st andard dev iation of ara n dom variable is the probabilisit ic analog ue of the situation for data .

• The dis cus sio n in this Section 4 is abou t‘probabilis ti c’ (not‘d ata’) standard dev iation – see Not e1
near the middle of page 5.16, the secon dsi de of Fig ure 5.6.

σ ≡ s. d.(Y) = E[Y−E(Y)]2

= ∫
−∞

∞
[y−E(Y)]2.f(y)dy

-----(5. 3.6)

-----(5. 3.7)

√

√

7. The defin ition of standard dev iation in Not e6 inv olves a
specia l ca s eof the res ult (5. 3.8) at the rig ht for the ex-
pect ation (or mean) of a function [h(Y), say] of a random
variable (Y). Equ ation (5. 3.8) enables us to establi sh two useful expre ssi ons for the mean and stan -
dard dev iation of ali near fun ction (a +bY, say, whe re a and b are cons tants) of the random variable:

E(a +bY) = a+bE(Y) ; s. d.(a +bY) = |b|s. d.(Y).

E[h(Y)] = ∫
−∞

∞
h(y).f(y)dy -----(5. 3.8)

-----(5. 3.9)

8. The squ are of the standard dev iation is theva rianc e; i.e., var (Y) = [s. d.(Y)]2
-----(5. 3.1 0)
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Figure 5.3. CONTIN UOUS RAN DOM VAR I ABL ES Six Char acter ist ics: (co ntinued 1)

5. Prob ability: In a his t ogr am ,propor tio n (o r rela t ive frequ enc y) is repre sent e dby areaand we use an appro priat ep.d.f. to
model the shape of a his t ogr amof con tin uou sdata (e.g., mea s urements); becau se probabilit ies are esti-
mated by obs erved pro por tio ns, it is area un d er a  p.d.f. that
repre sents probability. Thu s ,as shown at the rig ht in equ ation
(5. 3.11), probability for a con tin uou srandom variable (Y, say) is
fo und byin teg rating the p.d .f. of Y between appro priate limit s (a and b, say, whe re a< b).

Pr (a <Y≤ b) =∫
a

b

f(y)dy -----(5. 3.11)

Example 5.3.7: If the random variable Z ∼ G(0,1), so that: f(z) = 1 e− 1
2
z2

√2π ; −∞ < z< ∞,

then: Pr(a <Z ≤ b) =∫
a

b

f(z)dz= 1 ∫
a

b

e−½z2
dz.

√2π

This integr alcan only be evaluatednumer ica lly (e.g., usi ngSi mpson’s rule) for giv en value s
of a and b; thu s ,we now unde rst and:

• why we obtain probabilit ies for the standard Gau ssi an dis tributio n in pra ctice by table
look-up rat her than by int egr ation;

• how the value sare obtaine din a table of standard Gau ssi an probabilit ies(li ke page Ap.
1 in Appendix B of thes eCourse Mat e ria ls).

Example 5.3.8: If the random variableV ha sthe p.d.f. shown at the rig ht:

Pr(0. 3<V ≤ 0.6) = ∫
0. 3

0.6

f(v)dv= ∫
0. 3

0.6

2vdv = 0.27;

Pr(−1<V ≤ 0.6) = ∫
−1

0.6

f(v)dv= ∫
0

0.6

2vdv = 0.36;

the diag rams at the rig ht show the p.d.f. wit h
sh ade darea srepre senting the two probabilit ies.

f(v) =
2v ; 0 < v ≤1

0 ; ot he rwise

−1 0 1

2

v

f(v)

−1 0 1

2

v

f(v)

NO TES: 9. The secon d probability calcula t ion in Example 5.3.8 rem inds us that only those part(s) of a
p.d.f. whe re the fun ction takesposi tive value scont rib u t eto a probability; thu s ,fo r the p.d.f.
in Example 5.3.8, the probability for the int e rval from −1 to 0.6 comeson ly fr om the sub -
in ter val 0 to 0.6, whe re this p.d.f. is non -zero.

10. We know, from knowledge of integr ation, that as the lim its of int egr ation (a and b) approach
each othe r, the are aun d er a giv en p.d.f. get ssm aller; in the lim it, when a= b, the are a is
zero. Henc e, for any contin uou srandom variable, the probability it takes on any particular
value iszero. [Thinking of this another way, a con tin uou srandom variable can take on an
in finitenumber of value sso the probability of any on eof thes evalue sis zero.]
There are three com mentsabou t this pro per ty of con tin uou srandom variable s.

• We are reminde dthat mat hem ati c a l models of the real world are only appr oximations –
value sof many quantit ies we model by con tin uou s random variable s (s uch as mea s ure -
ments) hav enon-zero probabilit ies of occur renc e.

• There is zero probability associat e dwith eit her end -poin t of an int e rval, so that when we
fin d the probability a con tin uou s random variable lies in an int e rval from a to b (with
a < b), for any contin uou srandom variable we hav e:

Pr (a<Y≤ b) = Pr(a≤Y< b) = Pr(a<Y< b) = Pr(a≤Y≤ b) . -----(5. 3.1 2)

• The zero probability of any particular value of any con tin uou srandom variable is why the
wo r d density is par t of the name (viz. probability density function) of the fun ction that
des cribes the shape of a con tin uou sdist rib u tio n ; si milarly, the scale on the ver tical axi s of
a his t ogr amis adensity scale, pr oportion per unit or percen tper unit, the ‘un it’ bei ngthat
of the variat eon the horizont alaxis.

Example 5.3.9: Themedi an of a dis tributio n is the value of the random variable that div ides the are aun -
de r the p.d.f. in half. Becau se the Gaus sia n dist rib u tio n is symmetrica l, its median is
equa l to it s mean,µ.

Example 5.3.10 : If the random variableV ha sthe p.d.f. shown at the rig ht,
the media n(m, say) of V is giv en by: f(v) =

2v ; 0 < v ≤1

0 ; ot he rwise
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Example 5.3.10 :
(c ont inued)

0. 5= ∫
−∞

m

f(v)dv = ∫
0

m

2vdv, whi c hyi elds: m = 1 −−∼ 0.7071;

we see that, for this dis tributio n, the median is
a lit tle large rthan the mean of 2

3 = 0.6
.

−−∼ 0.6667
(r ecall Exa mple 5.3.4 on the first sid eof this Fig ure).

√2

−1 0 1m

2

µ
v

f (v)

6. Shape:
(C. d.f.)

Inst ea dof des cribing a con tin uou sprobability dis tributio n by its probability density fun ction, an equ ivalent alter-
native is to giv e it s cumulative (dis tribution) fun ction [t he word
dis tribution is optio nal in the name], abbrev iat e dc.f. or c.d.f.;
the defi nit ion of this fun ction (fo r the random variableY) is giv en
as equ ation (5. 3.1 3) at the rig ht. [This defi nit ion uses a(d u mmy) variable of int egr ation (t) to dis tinguis h it from y,
the argum e n tof the c.d.f. and the upper lim it of int egr ation.]

F(y) = Pr(Y≤ y) = ∫
−∞

y

f(t)dt -----(5. 3.1 3)

Example 5.3.11: If the random variable Z ∼ G(0,1), so that: f(z) = 1 e− 1
2
z2

√2π ; −∞ < z< ∞,

the c.d.f. of Z is:: F(z) = Pr(Z ≤ z) = ∫
−∞

z

f(t)dt = 1 ∫
−∞

z

e−½t2
dt.

√2π 1

−3 −2 −1 0 1 2 3
z

F(z)

This integr al can only be evaluated numer ica lly (e.g.,
using Sim pson’s rule) for a giv en value ofz; henc e:

• this integr alex pre ssi on is the symboli c fo rm of the
st andard Gau ssi an cumulative dis tributio n function;

• value sof 0.5 and greater of this fun ction are giv en in the lowe r right-hand section of the
first sid e(page Ap. 1) of Appendix B of thes eCourse Mat e ria ls [o nly the value sfo r theupper
half of the fun ction are giv en in this table becau se F(−z) =1− F(z)] ; it s gr aph is shown
abov eat the rig ht – the fun ction only re ach es 0 on the left at −∞ and 1 on the rig ht at +∞.

Example 5.3.12: If the random variableV ha sthe p.d.f. shown at the rig ht,
the c.d.f. of V is:

fo r −∞ < v ≤ 0:

fo r 0 < v ≤1:

fo r 1< z< ∞:

F(v) = Pr(V ≤ v) = ∫
−∞

v

f(t)dt = ∫
−∞

v

0dt = 0;

F(v) = Pr(V ≤ v) = ∫
−∞

v

f(t)dt = ∫
−∞

0

0dt + ∫
0

v

2tdt = v2;

F(v) = Pr(V ≤ v) = ∫
−∞

v

f(t)dt = ∫
−∞

0

0dt + ∫
0

1

2tdt + ∫
1

v

0dt = 1;

f(v) =
2v ; 0 < v ≤1

0 ; ot he rwise

F(v) =
0 ; v ≤ 0

v2 ; 0 < v ≤1

1 ; v >1

1

−1 0 1
v

F(v)

The diag ram at the rig ht shows the c.d.f. of V.

NO TES: 11 . A probability can be fou nd as thedi ffere ncebetween value s
of a c.d.f.; for exa mple, for the random variableYand giv en con stants a and b:

Pr(a<Y≤ b) = ∫
a

b

f(y)dy= ∫
−∞

b

f(y)dy − ∫
−∞

a

f(y)dy= F(b) −F(a);

as an illust r ation, the c.d.f. in Exa mple 5.3.1 2yi elds: Pr(0. 3<V ≤ 0.6) = F(0.6) −F(0. 3) = 0.27,
as is als oobtain ed by int egr ating the cor responding p.d.f. in Exa mple 5.3.8 ove r leaf on page 5.7.

-----(5. 3.1 4)

12. At themedi an (m, say) of a dis tributio n, F(m) = 0.5. -----(5. 3.1 5)

13 . The fol low ing Table 5.3.1 sum marizes some pro per tie sof p.d.f.s and c.d.f.s:
Ta ble
5.3.1:

Property P.d.f. C.d.f.:

Doma in and range (−∞,∞) ; f(y) ≥ 0 (−∞,∞) ; 0 ≤F(y) ≤1

Va lue sat infinity f(−∞) =0 ; f(∞) = 0 F(−∞) = 0  ; F(∞) =1

Relation s hips f(y) F(y)

Probability Area unde rf(y): Differenc ein value sof F(y):

Pr(a<Y≤ b) Pr(a<Y≤ b) = F(b) −F(a)

All c.d.f.s arenon-decre asi ng function s; we can justify this statement in two ways :

• becaus eF(y) = Pr(Y≤ y) and probabilit ies are non -negative;

• becaus ef(y) is thesl opeof the c.d.f. and f(y) is non -negative.

= d
dyF(y) = ∫

−∞

y

f(t)dt = Pr(Y≤ y)

= ∫
a

b

f(y)dy
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Figure 5.3. CONTIN UOUS RAN DOM VAR I ABL ES: Six Char acter ist ics (co ntinued 2)

7. Appendix: The Gamma Funct ion, ΓΓΓ(α)

Thega mma fun ction of α is defi ned as: Γ(α) =∫
0

∞
xα −1e−xdx.

Three pro per tie sor value sof the gam ma fun ction are of int e rest in the pre sent con tex t:

• Γ(α) = (α −1)Γ(α −1).

• Γ(α) = (α −1)! if α is a posit ive int ege r; e.g., Γ(6) = ∫
0

∞
x5e−xdx = 5! =120.

• Γ(½) = √π ; i.e., ∫
0

∞
x−½e−xdx = √π ; as a con seque n ce: ∫

−∞

∞
e−½z2

dz = √2π.

-----(5. 3.1 6)

-----(5. 3.1 7)

-----(5. 3.1 8)

-----(5. 3.1 9)

8. Exe rcise s
In Exa mple 5.3.1 on page 5.5 of this Fig ure, show how the int egr alarising from usi ng the nor malizing con d ition (5. 3.2)
yi elds the value of 1/√2π σ fo r k.

1

In Exa mple 5.3.2 on page 5.5 of this Fig ure, show how usi ngthe nor malizing con d ition (5. 3.2) le ads to the value k= 2.2

In Exa mple 5.3.3 on page 5.5 of this Fig ure, show how the int egr ation lea ds toµ fo r the mean of the Gaus sia ndist rib u tio n.3

In Exa mple 5.3.5 on page 5.6 of this Fig ure, show how the int egr ation lea ds to the value ofσ 2 +µ2 fo r E(Y2).4

Establis h the equ ivalenc eof thedefinition of the standard dev iation of a random variable [equation (5. 3.6) in Not e6 on page
5.6 of this Fig ure] and theca lcu lational ex pre ssi on [equation (5. 3.4)] at the top rig ht of the same page.

5

Sh owwhy, in Exa mple 5.3.6 on page 5.6 of this Fig ure, the first int egr ation ove r (−∞,∞) becomes int egr ation ove r (0, 1] in
the secon d in teg ral.

6

Establis h the two res ult s (5. 3.9) give nin Not e7 near the bottom of page 5.6 of the Fig ure for the mean and standard dev ia-
tion of the lin ear function (a +bY) of the random variableY.

7

If E(Y) = µ ands. d.(Y) = σ, show that thesta n dar dizedvariable Z = (Y− µ)/σ ha sa mean of 0 and a standard dev iation of1.

• Comb i ned with the fact that if Y ha sa Gau ssi an dis tributio n, Z also is Gau ssi an, thes ere sul ts are the basis of the process of
sta n dar dizing fo r obtain ing probabilit ies for G(µ,σ) random variable sfr om theG(0,1) table on page Ap. 1in Appendix B.

8

Give a cle ar and con cis est atement of the (co mmon) meaning of the two phrases:

• th e sta n dar d devi ation of a random variable and: • th e sta n dar d devi ation of a dis tribution.
9

Ju s tify the stat ement in Exa mple 5.3.11 on page 5.8 of this Fig ure that, for the standard Gau ssi an c.d.f.: F(−z) =1− F(z).10

On the diag ram of the c.d.f. in Exa mple 5.3.1 2 on page 5.8 of this Fig ure, show the two probabilit ies calcula ted for this
dist rib u tio n in Example 5.3.8 on page 5.7 of the Fig ure.

11

The ter m‘o the rwise’ per mit s mo reco mpa ct pres entation of the equ ation sof some p.d.f.s, as illust r ated in Exa mples 5.3.2,
5. 3.4, 5.3.6, 5.3.8, 5.3.1 0and 5.3.1 2. Write the p.d.f. in thes eExamples wit hou tusing ‘ot he rwise.’

• Explain brief ly why ‘ot he rwise’ i s notsi milarly useful for c.d.f.s.

12

Us ing the res ult giv en in Not e12 near the bottom of page 5.8 of this Fig ure, find the median of the dist rib u tio n in Example
5. 3.1 2; che ck that you ranswe rag rees wit h that obtaine dby int egr ation of thep.d.f. of this dis tributio n in Example 5.3.1 0at
the top of page 5.8.

13

Us ing int egr ation by par ts, ver ify the first pro per ty (5. 3.1 7) give nabov efo r the gam ma fun ction.14

Us ing mat hem ati c a l in ductio n, prove the secon dproper ty (5. 3.1 8) give nabov efo r the gam ma fun ction.15

If you hav ean adequ ate calculu sbackgroun d, ver ify as fol low sthe res ult giv en above in equ ation (5. 3.1 9): ∫
−∞

∞
e−½z2

dz = √2π.
−− writ e the int egr alin ter ms of x andag a in in ter ms of y;
−− writ e thepr oductof the two (si ng le) int egr als as adoub le in teg ral;
−− change from Car tesia nto pla ne pol ar coordin ates, rem embering that dx dybeco m e srdrdθ ;
−− ev a luate the res ulting doub le int egr al.
Then show, by the change of variable v =x½, that: Γ(½) = √π.

16

Us ing an appro priat echange of variable, find the relation s hipbetween: ∫
0

∞
xne−xdx and: ∫

−∞

0

xnexdx.17
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