
Un ive rsity of Wat e r loo STAT 231 – W. H. Che rry

#4.9

Figure 4.5. ANALY SIS STA GE: Cor relation

This Fig ure 4.5 des cribes cor rela t ion – what it is, how it wor ks, how to calcula te it, its pro per tie sand how to assess it.

1. What is Cor relation?
A useful way of lo oking at bivariat edata

is wit h a scatt e r diag ram – Cartesia n axes
with dots whose coordin ates are the x and y
value sof each biv ariat eobs ervation. The two
scatt e r diag rams at the rig ht show that two
data set s with rou ghly the sa m eav erage and
sa m est andard dev iation for x and for y can
visually di ffer fr om each other – the poi nts in
the diagr amon the left are more tig htl y clu s-
tere d than those in the diag ram on the rig ht.
‘Tig htnes sof clu s ter ing’ on a scatt e r diag ram
is a conve n ient way to int roduce cor rela t ion. x
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NO TES: 1. Themagn itudeof cor rela t ion increa s eswith tig htnes sof clu s ter ing and its value range sfr om −1 to +1.

• Tightnes sof clu s ter ing implie smos tobviou sly clu s ter ing about astraigh t li ne; thu s ,fr om the star t,we associat e
co rrela t ion wit h astraigh t-lin e (o r li near) rela t ion s hipbetween two variat es.

• The sign of cor rela t ion is that of the sl ope of the straig ht-lin e rela t ion s hipbetween the two variat es – cor re-
la t ion is posit ive when this slo pe is posit ive and negative when it is negative; cor rela t ion is zero if the slo pe is
zero (exactl y zero is a rare occur renc ein practic e).

2. For univariat edata set s ,the sum of the obs ervation sand the sum of their squ are sare famili ar initia l nume rical
data sum marie s ,but the two scatt e rdiag rams above imply that fou rsu ch sum marie s– two for x and two for y –
arenotenou gh for a biv ariat edata set ; afifth nume rical sum mar y is needed – it is thesum of pro ducts.

• We learn ove r leaf in Section 3 on pag e4.10 how thes efive nume rical sum marie sof bivariat edata –Σxj, Σxj
2,

Σyj, Σyj
2 andΣxjyj – are inv olved in calcula t i ngtheva lueof cor rela t ion.

2. How Does Cor relation Wor k Nu mer ically?
To unde rst andthe value of cor rela t ion (denot e dr) and how its sig n fo l-

lows that of the slo pe of the straig ht-lin e rela t ion s hipbetween the two vari-
at es, we first look at equ ation (4. 5.1) at the rig ht – cor rela t ion is the ‘average’
pr oduct of then sta n dar dizedx andy variate values. Fo r the dat aset [num-
bere d (4. 5.2)] of five biv ariat e obs ervation s give n at the rig ht, the table in
Example 4.5.1 bel ow sh ows how equ ation (4. 5.1) yi elds a value of 0.4 for r.
Fo r in terest, a scatt e rdiag ram of thes edata is als osh own at the lowe rright.

Example 4.5.1: x y

1 5 −3/√5 −2/√20 6/10 = 0.6
3 9 −1/√5 2/√20 −2/10 =−0. 2
4 7  0/√5 0/√20 0/10 = 0
5 1  1/√5 −6/√20 −6/10 =−0.6
7 13 3/√5 6/√20 18 /10 = 1.8

Av erage: 4 7  Sum: 1.6 ÷ 4 ===> r = 0.4
St andar d devi ation: √5 √20
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Next, we look at the two scatt e rdiag rams giv en ove r leaf on pag e4.10 ,in whi c hthe ad-
dition a lsets of dashe daxes have their origi n at the poi nt of ave r age s(x−, y−) in bot hdiag rams.

* In the left-hand diag ram whe re the poi nts clu s ter aroun da lin ewith aposi tivesl ope, we
se ethe poi nts lie pre dominantly in the first and thi rd qua drants of the set of dashe daxes; the standardized x and y value s
of mos tof the poi nts wil l therefore eit her bot h be posi tive (poin t s in the first qua drant) or bot h be nega tive (poin t s in the
thir d qu adrant), in eit her case yielding mainly posi tiveproducts and, henc e, a posit ive value of r.

* In the rig ht-hand diag ram whe re the poi nts clu s ter aroun da lin e with anega tive sl ope, the poi nts lie pre dominantly in the
se con dand fou rth qua drants of the set of dashe daxes; the standardized x and y value sof mos tof the poi nts wil l there-
fo re be of opp osi te sign (e.g., in the thi rd qua drant, x is bel ow it s av erage while y is above its ave r age), yielding mainly neg-
ativeproducts and, henc e, a negative value of r.
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It fol low s fr om this dis cus sio n that if the poi nts
of a scatt e r diag ram show no rela t ion s hip be -
tween x and y (i.e., the poi nts shown no obv iou s
patt e rn, sometimes refer red to as bei ng‘r andom -
ly scatt e red’), the poi nts wil l fa l l in rou ghly eq ual
numbers in all fou r qu adrants of axe swith thei r
or igi n at the poi nts of ave r age s(x−, y−); the ave r-
ag eof the produ cts of the standardized x and y
value s ,and hence the value of r, wil l then be zero
or clo se to it.

It is a useful statis ti c a lsk ill to be able to assess
the approxi mat evalue of r from lo okingat a scatt e r
diag ram of biv ariat edata; to assis t with acqui ring this skil l, Figure s4. 5a to 4.5c on pag es 4.1 8 to 4.23 show scatt e rdiag rams
fo r a varie ty of value sof r. The axe sin thes ediag rams are label led u and v, ins tea dof x and y, to avo id implyi ng the variable
on the horizont alaxis is necessarily an exp lanato ry variat eand the variable on the ver tical axi s is a respons evariat e.
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3. Calcul ating Cor relation in Pract ice
Equation (4. 5.1) is useful for under sta n ding co rrela t ion

but is not a conve n ient way to ca lcu late the value of r from
data; ins tea d, we use equ ation (4. 5.3) give nat the rig ht.
Fo r the dat aset [numbered(4. 5.2)] of five biv ariat eobs erva-
tion sgive nov erleaf on pag e4.9, the value sof the five num erical
summarie sare: Σxj = 20, Σxj

2 =100, Σyj = 35, Σyj
2 = 325, Σxj yj =156;

subs tituted into equ ation (4. 5.3), thes evalue sgive r= 0.4. Equ ation (4. 5.3) can also
be writ ten in the for m (4. 5.4), whe re SSxy =16 is the expre ssi on in the nume r ato rof equation (4. 5.3) and SSx = 20 and SSy =
80 are the respectiv e ex pre ssi ons in squ are brack ets unde rthe squ are root in the denominato r of equation (4. 5.3).
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-----(4. 5.3)

-----(4. 5.4)

√

√

NO TES: 3. Hav ing two for ms of the symboli c ex pre ssi on for r – equ ation (4. 5.1) to unde rst andthe idea and equ ation (4. 5.3)
to calcula te the value of r from dat a– is rem iniscent of (data) standard dev iation.

• Re call that SSy also occurs in the expre ssi on for calcula t i ngthe (data) standard dev iation whi c hestim atesσ in
the respons emodel: Yj = µ +Rj, j =1, 2, ....,n, Rj ∼ G(0,σ), independent, EPS.

4. The diviso rof n−1 in equation (4. 5.1), whi c hproduces the ‘av erage’ of the produ cts of the standardized x and y
value s ,is abse nt fr om equ ation (4. 5.3); in fact, this div iso r is pre sent in equ ation (4. 5.1) on ly becaus ethis same
diviso roccurs (un d er a squ are root) in bot hsx andsy.

5. Usi ng the symbols n, x, y and s in the foregoi ng dis cus sio n denot esthe con tex t of a sa m p le; howeve r, if the
sy mbols were change dto −N, X−, Y− andS− and i ins tea dof j use das the index of sig ma sig ns [fo r in stanc e, in
equation s(4. 5.1) and(4. 5.3) and the data table (4. 5.2) ov erleaf on pag e4.9], the discus sio n woul d ap ply to the
resp onden tpopu lation, whose cor rela t ion we denot e−R – see Appendix 4 on pag e4.16 for a not ation sum mar y.

6. −R and r are als orefe rre dto as cor rela t ionco effici ents – we use only ‘co rrela t ion’ i n this Fig ure 4.5.

4. Properties of Cor relation
In addit ion to thinking of cor rela t ion as quantifyi ng tig htnes sof clu s ter ing about the straig ht-lin e trend of poi nts on a scatt e r

diag ram and the sig n of cor rela t ion bei ng that of the slo pe of this straig ht lin e, equ ation (4. 5.1), whi c h defin es cor rela t ion as
the ‘av erage’ produ ct of the standardized x and y value s ,give sr the fol low ing pro per tie s:

* althou gh it can be calcula ted only for qu ant ita tive (not catego rical) variat es, r is unitles s(o r dimensi onles s);

* the value of r, whi c hli es in the int e rval [−1, 1], is unaffe cted by the units in whi c hx and y are expre sse d– that is, the value
of r is unaffe cted by thesc ali ng of x or y;

* the value of r isunaffe cted if a con stant is added to or subtract e dfr om all value sof x and/or y – recog n izi ng this pro per ty
may be impor tant when x and y are thesa m equ antity mea s ure dby different processes or at different tim e s;

* when r is 1  or −1 (a rare occure n ce in practic e), the poi nts of the scatt e rdiag ram lie exactl y on a straig ht lin e with , re spec-
tive ly, posit ive or negative slo pe;

* the expre ssi on for r is symmetrica l in x and y so the value of cor rela t ion isunaffe cted by the desig n ation of one variat eas
the respons eand the othe ras the exp lanato ry variat e;

* when r is posit ive, it means the value sof x and y tend to inc rea s eor decre ase tog ether but, when r is negative, one variat e
tends to inc rea s eas the othe r de cre ases.
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Figure 4.5. ANALY SIS STA GE: Cor relation (co ntinued 1)

5. Int erpret ing Cor relation Cor rectly: Influential Obser vat ions, Out l iers and Non-line ar Relationships
The dis cus sio n in Section s1- 4 is con cer ned with starting wit h a scatt e rdiag ram and quantifyi ng on echaract e ris ti c of what

we see by calcula t i ngthe cor rela t ion. Diffic ulties may arise when this process is re ver sed to try to answe ra Que s tion abou t the
ap pearanc eof a scatt e r diag ram (i.e., to answe r a Que s tion abou t an x-y rela t ion s hip) from the value of the cor rela t ion; one
value of not e in this regard is a cor rela t ion of zero or clo se to it. The pot entia l fo r a wrong answe r is illu s trated by the three
diag rams bel ow, all of whi c hhave (ex actly) zero cor rela t ion but show ver ydifferent x-y rela t ion s hips. [The cor responding dat a
sets and their five num erical sum marie sare giv en bel owthe diagr ams.] We not ethat :

* the left-hand diag ram ,with no obv iou spatt e rn, is what comes mos tnaturally to min d when r is zero or clo se to it, mak ing
it easie r to ove r look pos sib i lit ies like the othe rtwo diag rams;

* in the middle diagr am ,the cor rela t ion for the first 9 poi nts is r=0.999 769, as we wou ld anticip ate for poi nts we se eli e
almos ton a straig ht lin e with posit ive slo pe – the ove r all cor rela t ion of 0 is, of cou rse, a  con seque n ce of the influe n tia l
obs ervation at x=20, and this ove r all value of r=0 conv eys little useful infor mation abou t the appearanc eof the scatt e r
diag ram or the x-y rela t ion s hip(s);

* the 17 poi nts in the rig ht-hand diag ram lie on the parabol a: 4y = −x2 + 20x − 32, rem inding us that cor rela t ion quantifie s
tightnes sof clu s ter ing about astraigh t li ne – the respectiv e co rrela t ion sfo r the first and the last 9 poi nts in this diagr amare
±0.962 158.
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x 1 2 3 4  5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
y 11 .34 5.58 8.31 10. 32 13.74 3.84 8.64 7.1 4 11 .94 5.55 11.04 15.15 14. 37 15.66 8.55 2.1 6 3.45 13.17 5.37 11. 58

x 4 5  6 7 8  9 10 11 12 20
y 10 .78 11. 38 12.16 12.88 13.60 14. 24 14.94 15.66 16. 28 9.68

x 2 3 4  5 6 7 8 9  10 11 12 13 14 15 16 17 18
y 1 4¾ 8 10¾ 13 14¾ 16 16¾ 17 16¾ 16 14¾ 13 10¾ 8 4¾ 1

Σxj = 210, Σxj
2 = 2,870,

Σyj = 186.9, Σyj
2 = 2,067.0084,

Σxj yj = 1,962.45;

Σxj = 92, Σxj
2 =1,036, Σyj =131.6, Σyj

2 =1, 774 .390 4, Σxj yj =1, 210 .72;

Σxj =17 0, Σxj
2 = 2,108, Σyj =187, Σyj

2 = 2, 541. 5, Σxj yj =1,870.

The same idea sare illust r ated by the fou rdiag rams bel ow, whe re:

* r is about 0.66665fo r each diag ram(in stead of 0 as in the three diagr ams above);

* the secon ddiag ram is another ins tanc eof cor rela t ion providing lit tle useful infor mation abou t the appre aranc eof a scatt e r
diag ram ,becaus ethe value of r is det e rmine dlargely by the influe n tia lobs ervation at x=19;

* the dev iant obs ervation in the thi rd diagr ambelow at x=13 is an ou tli er, rat her than anin fluent ial obser vation as in the
se con ddiag ram at x =19 or in the middle diagr amabov eat x=20 – the cor rela t ion for the oth er 10 poi nts in the thi rd dia -
gr ambelow is r=0.999 607, as we wou ld aga inanticip ate for poi nts wese eli e almos tona straig ht lin ewith posit ive slo pe.

[The dat asets for the poi nts in thes efo ur diagr ams, toge the rwith other matt e rs they illust r ate, are giv en in Fig ure 16. 5of thes e
Course Mat e ria ls.]

x

y
14

12

10

8

6

4

2

0
0 2 4 6 8 10 12 14 16 18 20

•
•

•

•
•

• • •

•

•

•

x

y
14

12

10

8

6

4

2

0
0 2 4 6 8 10 12 14 16 18 20

•
•

•
••
•
••

•
•

•

x

y
14

12

10

8

6

4

2

0
0 2 4 6 8 10 12 14 16 18 20

• • • • • • • • •

•

•

x

y
14

12

10

8

6

4

2

0
0 2 4 6 8 10 12 14 16 18 20

•
•

•
• • • • • • • •

200 4-04-20 (cont inued overleaf )



Un ive rsity of Wat e r loo STAT 231 – W. H. Che rry

#4.12

6. Assessing Cor relation Cor rectly: Nu mber of Obser vat ions and Scaling
Anot he rus eof cor rela t ion is in vis u ally comparing the tig htnes sof clu s ter ing of two (or more) scatt e rdiag rams to answe r,

fo r ex ample, a Que s tion abou t which exhibits the strong er x-y rela t ion s hip. As the diag rams bel ow il lust r ate, when mak ing
su ch comparisons ,we must be caref ul about the number of obs ervation s, the scaling of the diag rams and the size of the poi nts.
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The three scatt e rdiag rams above each con tain 80 poi nts wit h co rrela t ion 0.7 but, in the middle and rig ht-hand diag rams, the
poin t cl oud had been shr unk in bot h x and y direction sby respectiv e fact ors of 2 and 5.5. The misperceptio n of increa sing
tightnes sof clu s ter ing across the three diagr ams is obv iou s ,warning us that scatt e rdiag rams need to be of (roug hly) thesa m e
si ze for reliable comparison of tig htnes sof clu s ter ing and cor rela t ion. [A reducing/enlarging photoco pie r can be useful in
achiev ing comparability of size.]
The fou r scatt e rdiag rams immediat ely bel ow each con tain 20 poi nts wit h co rrela t ion −0. 25 and wit h the poi nt cloud of the
le ft-hand diag ram shr unk successiv ely in bot h x and y direction sby facto rs of 2, 3 and 4 in the three diagr ams to its rig ht;
misperceptio n of increa sing mag n itude of cor rela t ion wit h de cre asi ngcl oud size is aga in ap parent.
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To illust r ate how poin t si ze imp act s cl oud si ze, thes efo ur diagr ams are show n ag ain bel ow but with the sa m epoin t si ze in
each diag ram ,in stead of the decrea sing poi nt size use dacross the diag rams above.

x

y
20

18

16

14

12

10

8

6

4

2

0
0 2 4 6 8 10 12 14 16 18 20

•

•

•

•

•

•

•
•

•

•

•

•
•

•

•

•
•
•

•
•

x

y
20

18

16

14

12

10

8

6

4

2

0
0 2 4 6 8 10 12 14 16 18 20

•

•

•

•

•

•

•
•

•
•

•

•
•

•

•

••
•

••

x

y
20

18

16

14

12

10

8

6

4

2

0
0 2 4 6 8 10 12 14 16 18 20

•
•
•
•
•
•
••
•
•

•
••
•

•

••
•

••

x

y
20

18

16

14

12

10

8

6

4

2

0
0 2 4 6 8 10 12 14 16 18 20

•
•
•
•
•
•
••
••
•
••
•
•

•••
••

Vi sual perceptio n of tightnes sof clu s ter ing and, henc e, of the value of cor rela t ion, can also be affected by thesl opeof the lin e
abou twhich the poi nts are clu s tered; this matt e ris dis cus s ed in Section 8, starting at the top of pag e4.14 of this Fig ure 4.5.

7. Assessing Cor relation Cor rectly: Scatt er Diagrams of Av erages
Scatt e r diag rams in whi c h the poi nts are average stypi c a l ly show tig hter clu s ter ing than diag rams whe re the poi nts are for

the cor responding in dividua ls – that is, ave r agi ng usually in cre ases the mag nitudeof cor rela t ion. This phenomenon is illu s tra -
ted in fifteen diagr ams on the facing pag e4.13.
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Figure 4.5. ANALY SIS STA GE: Cor relation (co ntinued 2)
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The left-hand diag ram above con tains 80 poi nts wit h co rrela t ion −0.6 and then the obs ervation sfo r su ccessiv e sets of two and
of eig ht poi nts are ave r age d to produ c ethe middle and rig ht-hand diag rams of 40 and 10 poi nts, respectiv ely ; thes epoin t
cl ouds hav eco rrela t ion sof abou t−0.72 and −0.88.
The three left-hand diag rams bel owcont ain 20 poi nts wit h re spectiv e co rrela t ion sof 0.1, 0.4 and 0.7, and then successiv e sets of
two, fou r and five poi nts are ave r age dto produ c ethe poi nts in the othe rsets of three diagr ams wit h 10 ,5 and 4 poi nts; thes e
have respectiv e co rrela t ion sof abou t0.14 ,0.16 and 0.47 in the upper set of diagr ams, 0.51, 0.69 and 0.88 in the middle set, and
0.77, 0.84 and 0.95 in the bottom set. Thes eare par ticular ins tanc es,fo r co rrela t ion sof 0.1, 0.4 and 0.7 for the in dividua l
obs ervation s, of the inc rea s ein cor rela t ion mag n itude (i.e., inc rea s ein tightnes sof clu s ter ing) produced by ave r agi ng.
In sociology and rela ted hum an scie n ces, theecological fallacy refe rs to usi ngin ap pro priat ely an exaggerated cor rela t ion base d
on ave r age sto answe ra Que s tion of interest.
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8. Assessing Cor relation Cor rectly: Corr elation and Slope
Correla t ion is tightnes sof clu s ter ing about a straig ht lin e so matt e rs whi c h involve cor rela t ion often als o involve this lin e –

the lin eof ‘best’fi t to biv ariat edata – which can be displaye dby super imposing it on the cor responding scatt e rdiag ram .
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The three scatt e rdiag rams above each con tain 80 poi nts wit h co rrela t ion 0.7 but, in the middle and rig ht-hand diag rams, the
poin t cl oud has been shr unk in the x direction by respectiv e fact ors of 2 and 5.5; the same is true of the three scatt e rdia-
gr ams immediat ely bel ow, exc ept the poi nt cloud has been shr unk in the y direction in the middle and rig ht-hand diag rams.
Thus, thes esi x scatt e rdiag rams show the sa m epoin t cl oud – the di ffere nce is the slo pe of the lin e of ‘best’fi t to the poi nts,
which is shown as a dashe dli ne in each diagr am . Thes ematt e rs are illust r ated aga inby the (cont inued on the facing pag e4.15)
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Figure 4.5. ANALY SIS STA GE: Cor relation (co ntinued 3)

seve nve rsi ons of the 20-poin t cl oud in the two set sof fou r sm aller scatt e rdiag rams on the lowe rhalf of the facing pag e4.14 .
The change sfr om the large rup per diagr ams are that the cor rela t ion is−0. 25 (in stead of 0.7) and the shrinkage facto rs in the x
direction and the y direction in the three rig ht-hand diag rams of each set are 2, 3 and 4 respectiv ely (in stead of 2 and 5.5).

The fou rteen diagr ams on the facing pag e4.14 war nus that vis u al assessment of the tig htnes sof clu s ter ing of a poi nt cloud is
affe cted by di ffering dimensions of the cloud (i.e., di ffering amounts of var iation) in the x and y direction s, whi c h disto rts its
‘t rue’ slo pe – as the differenc ein dim e nsi ons (or variation) inc rea s es,it becomes easi er to ove restim ate the mag n itude of the
co rrela t ion. Accur ate assessment is easie s twhen the variation in x and in y occupy asi mil ar dist anc eon each axi s .

An exp lanation of this matt e ris that (the estim ate of) the slo pe of the lin eof ‘best’
fit (he re denot e dβ1̂, whi c his roughl y what the eye int e rpret sas the ‘sl ope’ of the
poin t cl oud), is rela ted to the cor rela t ion (r) as in equ ation (4. 5.5) at the rig ht; that
is , the rela t ion s hipbetween slo pe and cor rela t ion involves the quotient of the stan -
dard dev iation sof y and x as a mul t i p licative facto r. Vis u al assessment of a scatt e r diag ram is more straig ht-for ward if this
ratio is clo se to one; we can accomplis h this state of affairs by mak ing the variation in x and the variation in y occupy similar
dist anc eson their respectiv e axes of the scatt e rdiag ram . When we look at such a diagr am ,where equ ation (4. 5.6) ap plie s ,the
ex tremes of what we may see are:

• a poi nt cloud that is rou ghly squ are and the eye sees lit tle evidenc eof clu s ter ing (i.e., a cor rela t ion clo se to zero) bet ween x
and y, rei n forced by an approxi mat ely hor izont al (im agi ned) li ne of ‘best’ fi t to the poi nts; OR

• a poi nt cloud that shows strong clu s ter ing about an (im agi ned) li ne of ‘best’ fi t wit h a slo pe of approaching one (eit her po-
sit ive or negative, depending on whether the upper left and lowe rright, or the upper rig ht and lowe rle ft, regio ns of the scat-
ter diagr amhave no poi nts) and the eye sees cle ar evidenc eof strong cor rela t ion bet ween x and y.

Mo st cases we encou nter in practic e li e between thes eex tremes.

NO TE: 7. A matt e r of inci dent al in terest is that, when estim ating from sa m p ledata, eq uiprobable sele cting is needed for
co rrela t ion but dat aconc ent r ated at theen ds of the int e rval of x value s in cre ase pre cisio n fo r estim ating slo pe.

β1̂= r × sy

sx

r −−∼ β1̂ when sx −−∼ sy

-----(4. 5.5)

-----(4. 5.6)

9. Appendix 1: Se c tions 6 and 8 Dat a Sets
The two data set sus ed to con str uct the scatt e r diag rams in Section 6 (on pag e4.12 of this Fig ure 4.5) and Sectio n 8 (on

page 4.14), are giv en bel owalthou gh, in the diag rams, the y-axis label shave been res caled and r has change dsign.

x 1 2 3 4 5 6 7 8  9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
y 1.99 2.71 1.98 2.35 1.48 2.15 1.54 2.63 2.32 2.06 2.61 1.98 1.54 1.98 1.55 2.41 1.62 1.24 1.57 2.40 2.051.81 2.44 1.63 2.29 1.1 8 2.40 1.50 2.1 5 2.10

x 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60
y 2. 25 1.1 4 1. 26 1.44 2.16 1.06 2.01 0.96 1.11 1.52 1.98 1.7 0 1. 56 1.7 0 0.91 0.97 1.67 1.06 1.30 1.1 8 1.85 1.30 1.30 1.67 1.1 4 1. 59 1.02 1.94 1.43 1.51

x 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80
y 0.80 1.31 1.33 1.53 0.91 1.09 0.80 1.24 0.99 0.46 1.56 0.73 0.55 1.41 1.33 1.37 0.52 0.99 0.64 1.09

Σxj = 3, 240,
Σyj =124,
Σxj yj = 4, 328.1 7,

Σxj
2 =173,880,

Σyj
2 = 21 5 .2298,

r = −0.699 999,

SSxy = −693.83,
SSx = 42,660,
SSy = 23.0298;

x 1 2  3 4 5  6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
y 2.1 1.33 0.46 1.086 1.81 1.0 4 1.666 1.392 2.22 1.856 0.878 1.7 1.428 2.256 1.1 86 2.7 1 2. 538 2.266 1.202 1.016

Σxj = 210,
Σyj = 32. 24,
Σxj yj = 355.66,

Σxj
2 = 2,870,

Σyj
2 = 59.037 512,

r = 0. 250 031,

SSxy =17.1 4,
SSx = 665,
SSy = 7.066 632.

10. Appendix 2: Se c tion 7 Dat a Sets
The fou r data set sus ed to con str uct the scatt e rdiag rams in Section 7 (on pag es 4.1 2and 4.1 3of this Fig ure 4.5) are giv en

below alt hou gh, in the diag rams, the y-axis label shave been res caled and r has change dsign.

x 1 2 3 4  5 6 7  8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
y 1.65 0.73 0.7 6 0.46 0.87 1.7 1 1.76 1.50 0.7 0 1.44 1.90 0.60 1.7 5 1.99 1.80 1.34 0.88 0.62 0.72 1.68 0.83 1.29 1.68 0.94 1.20 1.1 2 1. 34 1.7 0 0.77 1.59

x 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60
y 1. 20 1.48 1.51 0.93 1.67 1.77 1.51 2.1 3 1.76 1.52 1.56 1.28 1.50 1.7 4 1.42 1.1 0 2.43 1.77 1.00 2.48 2.09 2.09 2.45 2.51 2.1 9 1.83 2.22 1.22 2.47 2.23

x 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80
y 2. 31 2.49 1.23 2.1 5 1.48 1.7 8 1. 57 2.41 2.38 2.1 2 1.65 1.81 2.07 2.71 2.23 1.89 1.56 1.82 2.06 1.90

Σxj = 3, 240,
Σyj =130,
Σxj yj = 5,860.23,

Σxj
2= 173,880,

Σyj
2 = 234.3198,

r = 0.600 002,

SSxy = 595.23,
SSx = 42,660,
SSy = 23.0698;

x 1 2 3 4 5 6 7 8  9 10 11 12 13 14 15 16 17 18 19 20
y 2.07 1.51 1.48 0.88 1.96 0.46 2.44 1.42 2.63 2.19 2.7 1 0. 55 0.83 1.93 0.64 1.40 2.23 0.55 0.85 2.45

Σxj = 210,
Σyj = 31.1 8,
Σxj yj = 31 8.8,

Σxj
2 = 2,870,

Σyj
2 = 59.6964,

r = −0.100 041,

SSxy = −8. 59,
SSx = 665,
SSy =11 .086 78.

x 1 2  3  4  5 6 7  8 9 10 11 12 13 14 15 16 17 18 19 20
y 1. 22 2.34 2.64 2.20 2.49 0.77 1.45 1.93 2.71 1.37 2.22 1.7 8 0. 58 2.02 2.52 2.68 1.1 0 0.46 0.51 0.93

Σxj = 210,
Σyj = 33.92,
Σxj yj = 320.92,

Σxj
2 = 2,870,

Σyj
2 = 69.208,

r = −0. 399 862,

SSxy = −35.24,
SSx = 665,
SSy =11 .679 68.

x 1 2 3 4  5 6 7  8 9 10 11 12 13 14 15 16 17 18 19 20
y 2.63 2.71 2.1 2 2.18 1.30 1.60 1.7 0 2.00 2.07 1.05 1.82 2.22 1.00 1.34 0.7 0 0.76 1.84 1.7 8 0.92 0.46

Σxj = 210,
Σyj = 32. 2,
Σxj yj = 287.34,

Σxj
2 = 2,870,

Σyj
2 = 59.7 512,

r = −0.699 914,

SSxy = −50.7 6,
SSx = 665,
SSy = 7.9092.
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11 . Ap pendix 3: Corr elation in Pro bab ility Theory
As wit h st andard dev iation, learning the idea scan be easie r if we dis tinguis h data co rrela t ion, the topi c of the foregoi ng

discus sio n in this Fig ure 4.5, andpr obabi lis tic co rrela t ion (discus s ed in STAT 230); an ove rview of the latt e rfo llows.

The(probabilis ti c) cor rela t ion (he re denot e dcor but pos sib ly ρ el sew here)
of the random variable sU andV is giv en by equ ation (4. 5.7) at the rig ht;
the three probabilis ti c mea s ure s of variation on the rig ht-hand sid e of
this equation are defi ned in ter ms of probabilis ti c ex pectation in equation s
(4. 5.8) to (4. 5.1 0). [Expec t ation is the ave r age of the value sof a random
variable, each value bei ng weighted by its probability in calcula t i ng the
av erage; this operation is denot e dE he re. This ave r age is called themean
of the random variable.]

If the random variable sU andV arepr obabi lis tically indep enden t, cor (U,V) is zero becaus ecov(U,V) = 0; the conve rse is not
tr ue – zero cor rela t ion doesnot im p ly probabilis ti c in d ependenc e. This dis tin ction is often giv en prominenc ein introducto ry
probability teaching; the idea beh i nd it is illust r ated by the first and thi rd large rscatt e rdiag rams in Section 5 near the middle
of the thi rd sid e (page 4.11) of this Fig ure 4.5: r = 0 can mean no rela t ion s hipor a non -li near rela t ion s hip. To rem ind us of the
distin ction, when all we know is cor (U,V) = 0, we refer to the random variable sasun cor rel ate d, a (mu ch) we aker ter mthan pro -
babilis ti c a l ly independent.

cor (U,V) =
cov(U,V)

s.d.(U)× s.d.(V)

cov(U,V) = E(UV) −E(U)E(V)

s. d.(U) = E[U−E(U)]2

s. d.(V) = E[V−E(V)]2

-----(4. 5.7)

-----(4. 5.8)

-----(4. 5.9)

----(4. 5.1 0)

√

√

12. Appendix 4: No tat ion Summary
Fo r thos eusing this Fig ure 4.5 on a stand -alon ebasi s, a summar y

of not ation is giv en in Table 4.5.1 at the rig ht; the fol low ing conve n tio ns
are inv olved alt hou gh only the first and thi rd occur in the table:

• lowe r-case roma nle tters for sample quantit ies and data;

• lowe r-caseit ali c le tters for value sof random variable s;

• up per-casebold le tters for respondent popula t ion quantit ies; the lin e
(c a l led ‘cross’) throu gh thes esy mbols is to dis tinguis h them(in hand -
writ i ng) fr om:

• up per-caseit ali c le tters for random variable s(s ee Appendix 3 above).

SYMBOL DESCR IPTION

Po pul ation

r −R (Data) cor rela t ion (coef fi cie n t)
n −N Number of units (or ‘si ze’ )
y Y− Re spons evariat e
x X− Explanato ry variat e

x−, y− X−−, Y−− Av erage (sum ÷ number)
s,σ̂ S− (Data) standard dev iation

j i Sum mation index
β1̂

−B1 Sl ope of lin eof ‘best’ fi t to poi nts

Ta ble 4.5.1

Samp l eRe spondent

NO TE: 8. It is unfor tun ate the symbol r is now wid ely use dfo r (d ata) cor rela -
tion; cwoul d have been a more evocative choic eor igi nally and woul d have left r for a ratio (e.g., in sur vey sampling).

13. Appendix 5: Exer cising the Ide as
The rea de rcan work on the fol low ing problems as par t of the process of learning about cor rela t ion; the data set s in

Appendix 1 and Appendix 2 giv en ove r leaf on pag e4.15 can be use dto practis eca lcu lating r value s.

Ex. 4.5.1: (a) The cor rela t ion bet ween the age sof husbands and wiv es in Cana dain 2002 was:
ex actly --1 ;  clo se to --1 ;  aroun d−0. 5 ; clo se to 0  ; arou nd +0. 5 ; clo se to +1 ;  exactly +1.

Ci r clethe cor rect optio n and brief ly justify you rchoic e.
(b) If menalways marrie dwomen who were three years you ng er, what wou ld the cor rela t ion be bet ween the age s

of husbands and wiv es? Exp lain brief ly.

Ex. 4.5.2: Sup pos ea psychologi st speak ing at a meeting of the Canadian Association of Unive rsity Teache rs said: "The evi-
denc esuggests the re is nearly zero cor rela t ion bet ween teaching ability of a facul ty member and her or his res earch
productivity". A student newsp aper repor tedthis statement as: "Profes sor McDaniel said good teache rs tend to be
poor res earche rs and good res earche rs tend to be poor teache rs." Exp lain whether you con sid er the newsp aper re-
port to be accur ate; if not, write a succi nct versi on of an accur ate repor t, usi ngla ng uag esuit able for a newsp aper.

Ex. 4.5.3: If the respons evariat e take son value sthat are usually sma l ler than those of the exp lanato ry variat e, the cor re-
la t ion of the two variat es ove ra large dat aset wil l tend to be negative. True or False? Exp lain brief ly.

Ex. 4.5.4: If the cor rela t ion bet ween the value sof a respons evariat eand an exp lanato ry variat eis −0.8, bel ow-ave r age value s
of the respons evariat etend to be associat e dwith above -av erage value sof the exp lanato ry variat e. True or False?
Explain brief ly.

Ex. 4.5.5: Fo r the popula t ion of Nor thAmer ican automobiles, woul d the cor rela t ion bet ween veh icle weight and fuel con sump -
tion be posit ive or negative if fuel con sumption is mea s ure din: km per lit re ;  lit res per 100 km?
Explain brief ly in each case.

Ex. 4.5.6: Give the likely order of inc rea sing mag n itude of the three cor rela t ion scalcula ted from large dat asets col lect e don:
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Figure 4.5. ANALY SIS STA GE: Cor relation (co ntinued 4)

Ex. 4.5.6:
(c ont.)

un ive rsity student cumu lative ave r age sin first and secon dye ars;
un ive rsity student cumu lative ave r age sin first and fou rth years;
le ngt hand weight of off-cuts from two -by-fou r lu mber.

Ex. 4.5.7: Fo r data col lect e dfr om a large group of people of the same sex , which of the two cor rela t ion sis likely to be of
greater mag n itude in each of the fol low ing three cases? Justify each answe rbriefly.
(a) Height at age 4 and age 18, height at age 16 and age 18.
(b) Height at age 4 and age 18, weight at age 4 and age 18.
(c ) Heig ht and weight at age 4, height and weight at age 18.
Wo uld your answe rs be alt e red if the group of people were rou ghly half fem ale sand half males? Exp lain brief ly.

Ex. 4.5.8: Fo r a large group of mar rie d coup les, arrange in increa sing order the likely mag n itude of the husband -wife cor re-
la t ion sfo r the fol low ing fou r fact ors. Justify you rorder brief ly.

Heig ht ;  income ; obesity ;  weight.

Ex. 4.5.9: Over a large group of homes heated by natur al gas, gas con sumption and outsi de tem perature are correla ted; this
co rrela t ion isposi tive when outsi de tem perature is quantifie d in ter ms of ‘degree days .’ Sup pos edata on thes etwo
variat es are availa ble for the eig ht mon ths of a win ter heating sea son for homes in Toron t o; what wou ld hap pen to
the cor rela t ion (sign and mag n itude) as the data are aggregat e dprog res siv ely from daily to weekly to for tnightly to
mont hly? Exp lain briefly.

Ex. 4.5.10 : In 1910 ,Hi ram Johnson ent e red the Califor nia gubnato ria l prim aries. For each cou nty, dat aare availa ble on the
perc ent age of native -born Ame ricans in the cou nty and the percent age of the vot efo r Jo hnson. If thes edata show
a cor rela t ion of 0.5 ove r the cou nties of Califor nia, is this value a fair measure of the ext ent to whi c h Johnso n
re ce ive dnative ,as opp ose dto immig rant, support? Exp lain brief ly.

Ex. 4.5.11: Me asuring inaccur acy occurs when a measuring process yields value sthat differ from the true value by a con -
st antamou nt. In a calibration inve s tig a t ion, 10 samples are mea s ure dby each of two measuring processes and a
co rrela t ion of 0.996 is fou nd bet ween the two set sof mea s urements. Exp lain brief ly what infor mation the hig h
posit ive cor rela t ion provides about inaccur acy in eit her or bot hof the measuring processes.

Ex. 4.5.12: On a mul t i p le-choic e ex amination wit h 100 que s tion swrit ten by a large cla s sof students, the ave r age number of
right answe rs was 69 and the standard dev iation was 12; for wrong answe rs, the ave r age number was 31 and the
st andard dev iation was 12. The cor rela t ion bet ween rig ht and wrong answe rs ove r the cla s sof students was:

−1 ; −0.69 ; −0. 31 ;  0 ; +0. 31 ; +0.69 ; +1 ; can’t tel l withou t the dat a.
Ci r clethe cor rect optio n and brief ly justify you rchoic e.

Ex. 4.5.13: Particip ants in Cycle II of the U.S. Health Exa m ination Sur vey were chil dre nag ed 6 to11years. For ea ch of thes e
si x ye ars of age, the cor rela t ion bet ween height and weight was aroun d0. 5. For all the chil dre nco mbi ned across
the six years of age, the cor rela t ion bet ween height and weight wou ld hav ebeen:

qu ite a bit bel ow0. 5 ; aroun d0. 5 ; quite a bit above 0.5.
Ci r clethe cor rect optio n and brief ly justify you rchoic e.

Ex. 4.5.14 : There is a hig h posi tive co rrela t ion bet ween years of edu cation and income for enonomists who work in busin ess;
in par ticular, economists wit h doct orates ear n subs tantia l ly more than economists wit h baccalau r eat es. The re is
also a hig h co rrela t ion bet ween years of edu cation and income for economists who work in pos t-secon d ary edu -
cation. Howeve r, whenall su ch economists are consid ere dtoge the r, the re is anega tive co rrela t ion bet ween years of
education and income. The exp lanation is that busin ess tends to pay hig her salarie s and emplo ys mainly econ-
omists wit h baccalau r eat es whe rea spost-secon d ary edu cation tends to pay lowe rsalarie sand emplo ys economists
with docto r ates. Ske tch a scatt e rdiag ram wit h ap pro priat ela bel swhich illust r ates thes ematt e rs.

SOURCES: Freedma n, D., Pis a n i, R. and R. Pur ves: St atist i cs. First Edition, W. W. Nor ton & Company, New Yor k, 1980,
page s130-133 and 143.
Moore, D.S. and G.P. McCabe: Intro duction to the Pra ctice of Sta tis tics. Secon d Edit ion, W. H. Fre ema n and
Comp any, New Yor k, 1993, pag es 175 and 183.

The diagr ams in the fol low ing Fig ure s4. 5a to 4.5c on pag es 4.1 8to 4.23 hav eaxes wit h scale div isi ons but no numer ica l la b els.

• Indicate brief ly the purpose(s) ser ved by the in clu sionof the scale div isi ons.

• Indicate briefly the rea son(s) for the omis sion of num erical label s ; your exp lanation shoul d in clu de exp licit dis cus sio n of
the fo rm of the relev a n talgebraic expre ssi on for r.
−− Outlin eany pr act i cal advant age(s) or dis advant age(s) that are a cons equ enc eof this pro per ty of cor rela t ion.

1
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Figure 4.5a. CORRELATI ON: Scatt er Diagrams (n = 80) fo r Positive r-value s
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Figure 4.5a. CORRELATI ON: Scatt er Diagrams (n = 80) fo r Positive r-v alues (co ntinued)
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Figure 4.5b. CORRELATI ON: Scatt er Diagrams (n = 20) fo r Ne gat ive r-value s
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Figure 4.5b. CORRELATI ON: Scatt er Diagrams (n = 20) fo r Positive r-value s (c ont inued)
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Figure 4.5c. CORRELATI ON: Scatt er Diagrams (n = 80) fo r Ne gat ive r-value s
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Figure 4.5c. CORRELATI ON: Scatt er Diagrams (n = 80) fo r Ne gat ive r-v alues (co ntinued)
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EM9024: The Globe and Mail, Mar ch 6, 1990, page A8

St atistics: t ime to updat eour brains
CALGARY_________

OUR BRAINS aren’t desig ned for life
in the moder n wo r ld. They sup por t

thou ght processes that were appro priat efo r
ou r anc esto rs in the prehis t oric forest, when
the impor tant infor mation was viv id and par-
ti c ular, such as a  sabre -toot he dtige r abou t
to pou nce. But they go wonky when faced
with statis ti cs.

Some years ago, Mau de Barlow, then
specia l adviso rto prime minist e rPier re Tru -
deau on por nog rapy poli cy, gav ethe fol low-
ing argum e n t to show that por nog raphy
caus essexu al crimes: "It’s no accid e n t that
48 per cent of rapis t s and 14 per cent of
chil d mole s ters are por nog raphy fans."

The argum e n tse ems impre ssive. But if
we’r e persua ded by it we’re persua ded by
so m ething that doesn’t do half the work it
ha sto.

To prove that por nog raphy cau ses sex ual
cr imes, you first hav eto show that the per-
cent age of por nog raphy fans who com mit
sexu al crimes is hig her than the percent age
of non -fa ns who do. By this comparison
you est ablis h a cor rela t ion bet ween sex ual
cr imes and por nog raphy. Then you hav eto
rule out the other pos sib le exp lanation s of
this cor rela t ion: that sex ual crimes caus ethe
view ing of por nog raphy (unli kely) or that
so m ethir d fact or like upbringi ng cau ses bot h.

Quit e ap art from not att empting the
se con dtask, Ms. Barlow’s argum e n tdoesn’t
co mplet ethe first.

Ta ke her first statis ti c: that 48 per cent of
rapi sts are por nog raphy fans. On its own this
st atis ti c is usele ss. We hav eto know how the
fig ure for rapi sts compare swith that for non -
rapi sts, and we are n’t giv en the secon dfig ure.

This poi nt is eve n cle are r fo r the secon d
st atis ti c: that 14 per cent of chil d mole s ters
are por nog raphy fans.

If por nog raphy cau sed chil d mole s ting, the
co mparable figure for non -chil d mole s ters
woul d have to be lowe r than 14 per cent.

Bu t this is implau sible. Pornog raphy is a bil -
li on-dollar indust ry, its produ cts con sum ed
by millio ns of men. Surely, more than 14
per cent of men cou nt as por nog raphy fans.
If so, chil d mole s ters as a  group vie w le ss
pornog raphy, and, if any thing, por nog raphy
may reduce chil d mole s ting.

What’s goi ng on? Why are we persua ded
by statis ti cs that are incomplet e or eve n
suppor t an oppos ed con clu sio n?

Our brain sev olved in a sim p ler world and
le ad us con stantly ast r ay when we rea son
abou t st atis ti cs. This is shown by the many
psyc h ologi c a l ex per iments sum marized in
Human Infer ence Stra teg ies and Shortco ming s
of Socia l Judg ement by Richard Nisbett and
Lee Ros s.

Ju s ton ething we’re bad at is judgi ng cor-
rela t ion s. Deci ding whether B is cor rela ted
with A requi re s co mparing the percent age
of As that are B wit h the percent age of
non-As that are B. But we con clu de the re’s
a cor rela t ion on the basis just of non -co m-
parative infor mation abou t so m eAs that are
B, for exa mple, some chil d mole s ters who
view por nog raphy. We reach a statis ti c a l
conclu sio n using les sthan all the evidenc e.

There are many other exa mples.

We’v e all seen the athle te, int e rviewed on
TV after his game -winning home run, who
says he dre a m ed of hit t i ng it the night before.

He evidently thinks such dre a ms are sig n i-
fic a n t ; so probably does the int e rviewer. But
they’r e de cid ing on incomplet eev idenc e. We
ne e dto know not only how many playe rs
dream of home run sand hit them, but how
ma ny dre a mof them and don’t, how many
don’t dre a mof them and do, and eve nhow
ma ny don’t dre a mand don’t hit.

(We rarely get this ext r a ev idenc e. Slu g-
ge rs don’t say, "Fe rgy, it’s amazi ng , I didn’t
dream of hit t i ng a home run last nig ht." And
people who don’t get hit s aren’t int e rviewed .)

Our weakness als ocont rib u t es, more alarm -
ingly, to the persi stenc e of false racia l and
ge n d er stereotypes.

St e reotypes are really cla ims about cor re-
la t ion. If you believe that redhea ds are hot-
tempered, you don’t believe that all redhea ds
are hot-tem pered, nor do you believe that
only redhea ds are hot-tem pered . Bu t you
beli eve the percent age of hot tem pers among
re dhea ds is hig her than among blon d e s ,
br unett es, and so on.

Imag ine that this stereotype is false, and
your evidenc esh ows it is false. You may stil l
beli eve it becau se you att end more to the
ev idenc ein its fav o ur than to what ref utes it.

When you see a redhea dge tting ang ry,
you’re reminde dof the stereotype and take
it to be confi rme d. ("A not he rhot-tem pered
re dhea d.") Bu t when you see one bei ngpla-
ci d you don’t take this as evidenc eag ain st it.
Why rem ember a stereotype about hot tem -
per when no one’s showing tem per? Likew ise
when you see a blon d ethrowing a fit. Why
connect that to any idea sabou t re dhea ds?
By att ending more to evidenc eabou tAs that
are Byou keep believing As are speci fi cally
B when they’re not.

St e reotypes about redhea ds may be harm-
le ss, but ones like "Je w sare cla nnish" and
"w o m e nare emo tio nal" are not. If they per-
si st par tly becau se of fallacious statis ti c a l
re asoning ,we shoul d be wor rie d.

As statis ti c a l infor mation becomes more
im por tant, you wou ld expect basic train ing
abou t it to become more com mon, and eve n
to be seen as par t of essentia l li teracy. But
who is giv ing this train ing, eit her in our
school s or, outsi de speci ali st cou rses, in uni-
ve rsity? Who is trying to bring our brain s
in t o the moder nwo r ld?

Pr of. Hur ka tea ches philosophy at the
Un iversity of Calgar y.

THO MAS HURKA

Questio ns of Principle

In the first colum nof the article, Prof. Hur ka poi nts out two logi cal in accur acie sassociat e dwith Ms. Barlow’s int e rpret a-
tion of percent age sof 48 and 14. Indicate brief ly oth er type(s) of inaccur acie sthat may be inv olved in thes etwo value s.

2

Sup pos ethe two addit ion a lperc ent age sfo r ‘non -fa ns’ of por nog raphy, dis cus s ed by Prof. Hur ka in the first colum nof the
ar ticle, were availa ble and that they were ap pre ciably lowe r than 48 and 14 respectiv ely. Wou ld the Answe r(in the secon d
paragr aph) that por nog raphy ca usessexu al crimes then be justifie d? Exp lain brief ly.

• Explain brief ly what additional li ne(s) of evidenc ewoul d be needed to re d uce the limit ationson the Answe rof a cau s a l
connection bet ween por nog raphy and sex ual crimes?

3

Comment brief ly on the plau sibility of the argum e n t, at the top of the middle colum nof the article, that the percent age of
‘non -chil d mole s ters’ who are ‘pornog raphy fans’ is gr eater than 14 per cent.

4

In the last parag raph of the middle colum n, Profe sso rHu rka des cribesfo ur propor tio ns inv olv ing dre a ms and home run s.
Describe the equ ivalent fou rpropor tio ns in the con tex tof assessing the usef uln ess of a medical diag nos tic test for a dis ease.

5
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