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Figure 4.5. ANALYSIS STAGE: Correldion

This Fgure 45 descibes @rrelaton —wha it is, hav it works, hav to calcuate i, its properiesand hav to asses t.

1. What is Correlation?

A usdul way d looking at bivariate daa y y
is with a <ater diagam — Catesan axes
with dbts whose oardinaes ae the x and y
valuesof eacth bivariateobsevation The two
saitter diagams at he ight shov tha two
daa stswith rouchly the sameavaage and
samestandad deviation for x and for y @n
visudly differ from each ather — tle points in
the dagramon the Eft are mae tightly clus
tered than hose n the daglam am the ight.
‘Tightnessof dusering on a <dter diagam
is a @nvenent way D introduce orrelaton. X X

NOTES: 1 Themaynitudeof correlaton increasesvith ightnessof dusering and its valie mrgesfrom -1 to +L
e Tightnessof dusering impliesmostolvioudy clusering daut astaightline; thus,from the sart,we a&sdate
cordation with a straightline (or linea) relatonshipbeween two vaiates.
® The sign of correlatbn is ha of the slgpe of the staight-line reationshipbaween the two vaiates — ®rre-
lation is pogtive when tis dope is postive and regatire when t is negatve; correlaton is 2 if the $ope is
zeo exadly zeo is a mre ccaurrancein practice.

2. For univariatedda ®ts,the sim of he dosevationsand the sm of her squaesare famiiar initial numeical
daa simmairies,but the wo scaterdiagiams @ove imply tha four sud summaries— two for x and two bry —
arenot enouch for a livariatedaa t; afifth numeical ummaryis neeakd —t is the sum of poduds.

o We ean overkaf n Sedion 3 on pge410 tow thesefive numeiical immrariesof bivariatedaa —3 x;, 32,
Ty, Ty? andsxy, — ae invdved n calcdatingthe value of correlaton.

2. How Does Correlaion Work Numerically?

To wunderstandhe value of orrelaton @derotedr) and hav its sgn fol- _ .y
lows that of the $ope of the staight-line relationshipbeween the two vai- r= ﬁﬂu)(%) """ 4.5)
ates, we first lodk at equaion (4.51) at he light — correlatbn is he average

product d the n stand@rdizedx andy variate \alues. Forthe datase [num- X \ 1 3 5 7 4.59)
beed (4.52) of five variate obsevations given at te ight, the Blde in y|5 9 113 '
Exanple 451 kelow shavs how egudion (4.5]) yields a \alue of 04 for «. y
Forinterest a saterdiagam d thesedaa is dsoshavn & the bwerright. 121
Example 451 x vy e *s9CsN 121
1 5 -3/5 -2V20 6/10 = 06 101
3 9 -158 220 -210=-0.2 .
4 7 0vs  0/v20 0/10= 0 8]
5 1 Y5 -6/v20  -6/10=-06 .
7 B 345 620 1810= 18 1.
Aveage 4 7 IIMm 16+4=r=04 44
Standard deviation: v5 v20
2,
Next, we lodk at the two sdterdiaganms gven overkaf o page410,in whichthe al- 0 _ * .y

ditionalsds d dashedaxes hae ther origin at he mint of averayes(X, y) in both diagiams. 0 2 4 6 8

* In the Eft-hand daglam whee the pints duser aounda line with apositive slgpe, we
seethe points ie precdbminanly in the first andhird quadants d the ®t d dadedaxes the sandadized x and y valies
of mostof the mints will therefore dther both be pasitive (pantsin the first gadant) or both be negaive (pantsin the
third quadran), in ether @ase Yelding nainly paositive produds and hence a postive value of r

* In the ight-hand daglam whee the ints duser aounda line with anegaive slgpe, he mints ie precbminanly in the
seondand burth quadants d the &t d dahedaxes the sandadized x ad y valiesof mostof the ints will thele-
fore be ¢ oppaite sign €4, in the hird quadant, x is below its average while y is &ove is areraye, yielding mainly neg-
ative produds and hence a regatie \value of r

(continued wvaled)
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It follows from this dsausson that if the pints y y
of a sater diagam $owv no reationship be-
tween x and y (.e, the pints s1ovn no dovious
patem, smdimes eferred b as leing'random-
ly scatered), the mints will fall in rouchly equal
numbers in dl four quadrants & axeswith their
origin at he wints d averges(X, y), the aer |7
ageof the poduds d the sandadized x ad y )
valuesand hene the valie of r will then ke zero
or dos to t.

e
[

It is a wsdul stisticalskill to be dle to a&sess X X
the gproximatevalue of r fom looking at a sdter
diagam d bivariatedaa; to assst with acquiring this shil, Figures4.5a to 45¢c on pages 418to 4.23 show scdter diaganms
for a vaiiety of valuesof r. The aesin thesediagians ae kkelled u ad v instadof x and y to avoid implying the vaialde
on the haizontal axis is recessarily an explanaory variateand the vdalble o the \erical axis is a eponsevariate

3. Calculating Correlation in Practice

Equaion (4.5)) is uwsdul for uncergdandng comdation Loy (L (L
but is not a @nvenint way © calculate the value of r fom r= ;XM (EX’)(;M)/n _____ 4.53
daa; insead we wse gudion (4.53 givenat the iight. \/ S — (SIS y - (3y) :
= | 2= (Zy)h
Forthe catase [numbered(4.52) of five hivariateobseva- [le : (le ) ][le : (le i
tionsgivenoveleaf o page4.9, the valiesof the fire rumeical SSy
sunmariesare: yx; =20, ¥X=100, 3y =35 3Y=325 Ixy =156 = Jsxss 4.59

slbsttuted nto equdion (4.53), thesevaluesgive r=0.4. Equdion (4.53 can ao
be witten i the brm (4.54), whee S5,y =16 is the epresion in the nuneratorof equetion (4.53 and S$=20 and S$=
80 ar the epective expesians h guae krackds wnderthe sjuae oa in the delmingor of equaion (4.53.

NOTES: 3. Having o forms of the ymbdic expresian for r — ejudion (4.51) to understandhe idea and guaion (4.53
to catuate the valie of r fom data— is remhiscent of (datg standard deviation
o Reall tha SS, also @aurs in the epression for calcuatingthe @ag standad deviation which esimaeso in
the eponsemodd:  Y=x+R, j=12..,n, RUG(,0), indpendent EPS

4. The diisorof n—1 in equaion (4.51), which prodices the aveage of the poduds d the sandadized x ad y
values,is abser from equaion (4.53); in fad, this dvisoris preent i equdion (4.51) only becausethis same
divisorocaurs Unde a sjuae oo in both s, ands,.

5. Wsingthe ymbds n, x, y and s h the bregoing dsaus$on derotesthe cmnext of a sample however if the
synmbds were chargedto N, %, ¥ andS and i nsteadof j usedas he nde of sgma sgns [for ingance in
equaions (4.51) and (4.53 and the da tle (4.52) ovaleaf m page4.9, the dsausson would appy to the
respadentpopulation, whose orrelaton we cerote R — see Appendk 4 on page4.16 or a rotgion simmary

6. R and r ae dsordferredto as crrelaton codficierts — we se aly ‘corrdatioriin this Fgure 45,

4. Properties d Correldion
In addtion © thinking d correlaton & quantifying tightnessof dustering daut the graight-linetrend d points an a cdter

diagam and theign of correlaton keing that of he fope of this draight line, equdion (4.51), which defines crrelaton &

the ‘avaage produd of the sandadized x ad y valies givesr the bllowing properies

* afthouch it can ke alcuated anly for quantitative (ot caegorical) variates, r i wnitless(or dimersianles

* the value of r whichlies in the inteval [1, 1, is unaffected ty the wnits in whichx and y ae expresed- tha is, the vale
of r is uraffeded ty thescding of x or y;

* the value of r isunaffeded f a condant is alded b or subtractedfrom dl valuesof x and/or y — eagniing this property
may be mportant when x and yra e samequantity meastedby diferent pocesses or at dfferent tmes

* when r 81 o -1 @ rare ccaurene in practice), the wints d the sdterdiagiam le exadly on a sraight line with, regpec-
tively, podtive a negatve dope;

* the expression for r is symnetical in X and y ® the valie of ©rrelatbn isunaffeded ly the defgnaion of ore variateas
the reponseand the dteras he eplanaory variate

* when r B podtive, it mears the vallesof x and y tend toncreas®r deaeae bgeher but when r § negatve, one \arate
tends to ncreasas he oher deeases.

(continued)
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Figure 4.5. ANALYSIS STAGE: Correlaion (ortinued 1)

5. Interpreting Correlaion Correcty: Influertial Observations, Qutliers and Non-linea Relaionships

The dsaus$on in Sedionsl-4is conerred with $arting with a <aterdiagiam and gantifying onechaacteistic of wha
we e ly calcuatingthe crrelaton. Difficulties nay aise when his pgrocess s reveredto try to ansvera Queston aloutthe
apeaanceof a sater diagam (.e, 1o ansver a Questbn alout an xy relatonship from the valie of he orrelaton; ore
value of rotein this legad is a orrelaton of 2 or dose to t. The potenial for a wrong answer is illusrated ty the tiree
diagiarms below dl of whichhave exactly) zero correlatbn kut show very different xy relatbnshigs. [The orresponding chta
sds and her five rumeical sImmariesare gven belowthe dagrans] We rotethat:

* the left-hand dagam,with no doviouspatem, is wha comes nostnauraly to mind when r 5 zero or dose to t, making
it eager to overbdk posdilities ike the ohertwo diagans;

* in the mdde dagram,the orrelaton for the first 9 points is r=0.999 B9, as we would anticipaie for points we seelie
almoston a draight line with postive sope — he arerd correlatbn of 0 is of course a ®nequene of the nfluential
obsevation at x=20, and tis overdl value of r=0 conveys little usdul information atout the gopeaance of the dter
diagiam o the xy relatbnshigs);

* the 17 pints in the iight-hand daglam le o the @rakola 4y = —x2+20x —32, reminding s tha correlaton quantifies
tightnessof dusering daut astaight line — the egective corrdationsfor the first and the &g 9 points in this dagramare
+0.962 B8.

y y y

18 18 18

16 . 16: o’ 16 . *te .

14 . . . 141 e ¢ “ o .

2], . . 1] L : 12 : :

10 * ) 10: ‘ . 10 : :

8- . ° . ‘ 8 8 . .

64 . . . 6 6

44 . . 4: 4 ‘ ‘

2 * 2: 2 . .

03 4 5 s b R u b Bt YT 4 s s u ik sar %03 4 5 5 L 1 1

x| 1 2 3 4 5 6 7 8 9 10 1 2 B ¥ 55 B T B 19 2 é;ijggg ;;ijz'gggoo%
Y | 1134 558 831 10.32 1374 384 8.64 14 1194 555 1.04 B15 K.37 1566 855 216 345 B17 537 1B ! ) ' ’

TX;Y; = 1962.45

X| 4 5 6 7 8 9 10 1 12 2
Yy |1078 1.38 1216 2.88 B60 U.24 1494 H66 .28 968

SX=92, ¥x{=1036 3V =13L6, XY =17743904 3X;y,=12072

X234 5 6 7 8 9 D 11 2 13 4 15 17 B

X =170, IX;=2]108, Y =187, >Yy’=254.5 XXy, =1870,
Y|14% 8 0% B 14% B 16% T 16% b 14% B 10% 8 4% 1

The same deasare illustraed ty the burdiagams below whee:

* I is ébout 0.66665for each dagam (ingead d 0 as in he hree dagrans &ove);

* the ®onddiagam B anather inseinceof correlaton providing lttle usdul information atout the gppreaanceof a sater
diaglam,becausethe value of r is @teminedlargely by the nfluentialobsevation at x=19;

* the ceviant dsevation in he hird dagrambdow at x=13 is an oufier, rather than aninfluential observation as n the
seonddiagam & x =19 or in the midde dagramabove at x=20 — the ©rrelaton for the othe 10 points in the hird da-
grambdow is r=0.999 607as we wuld againantidpate for points we seelie aimoston a draight line with postive dope.

[The catasds for the points in thesefour diagrams, t@eherwith aher mattes they illustrae, are gven in Figure 1.5 of these
Caurse Materals]

y y y y
144 144 144 144
12 12 . 12 ° 12
10] ‘. 10] 10] 10]

. .

o N A O

.
o N A O
N2
N2

T T T X T T X T T T X T T T T T T T T T T
2 4 6 810 12 14 16 18 20 2 4 6 810 12 14 16 18 20 2 4 6 810 12 14 16 18 20 2 4 6 810 12 14 16 18 20
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6. Asessing Correlation Correcty: Number of Observations and Scaling

Anotheruseof correlaton is in wsudly comparing the ightnessof duskering d two @r nore) <dter diagians to ansver
for exanple, a Questbn atout which exhibits the sionge x-y relatonship As the dagians below illustrée, when naking
suh conpaisms,we nust ke arefu about the rumber of obsevations the £aing of the dagams and the &e of the mints.

y y y
80-] . . 80-] 80-]
72 . 72 72
641 .t .. 641 . 641
561 A 56 Loest 56

. v o . LRI
48 . . . 481 et TNy 481
40 e e s 40 O 40
. - o. o, . .
32 c . 32 A 32+
244 . ° I 24 . 24
6] ¢ .. . 16 16
8 8- 8
——————r————r—+—r+—r—*X Ot+—r—r——r——r—r——r—rrrrr=X Ot %X
0 8 16 24 32 40 48 56 64 72 80 0 8 16 24 32 40 48 56 64 72 80 0 8 16 24 32 40 48 56 64 72 80

The tree satterdiagams dove each conain 80 pints with corrdation Q7 kut, in the mdde and right-hand dagians, he
pant cloud had leen shrunk in both x and y diedionsby regective factars d 2 and 55 The méperception of increaing

tightnessof dustering across he tiree degrans is dovious,warning us tha scater diagiams reed 6 be of foughy) the same
size for reiable comparis of tightnessof dusering and orrelaton. [A redudng/erlarging photocoper can ke wséul in

adieving ompaability of 5ze]

The four satterdiagams immedatdy below each onfain 20 pints with cordation —0.25 and with the point doud d the
left-hand dagiam $irunk successvely in both x and y diedionsby fadors d 2, 3 and 4 n the tiree dagrans to ts right;

misperceotion of increaghg magniude d correlaton with degeasingcloud dze is aain apprent

y y y y
20 . 20-] 20-] 20-]
18] 18] 18] 18]
16 M 16 16 16

. . *

14| o o 14-] 14| 14-]
ol ° . o 124 124 12
10-] o o 10-] 10-] 10-]

8| ° o 8| 8| 8|

6], 6 6 6

° L] .
4 4 4 4
2] ° 2] 2] 2]
o
O+ X O+ X O+ X O N e e e e e e
0 2 4 6 81012 14 16 18 20 0 2 4 6 81012 14 16 18 20 0 2 4 6 810 12 14 16 18 20 0 2 4 6 81012 14 16 18 20

To illustrde row pant size impacts cloud size, hesefour diagrans ae stown agan below but with the samepant size in
each dagiam,ingead d the dereaig point Sze isedaaoss he dagians dove.

y y y y
20{ . 204 204 204
18 18 18 18
16 . 16 16 16
. . . .
14 o . 14 . 14 . 14
. oo g .
12 . . 129 o . 0" 2y e 2 o f
10 . . 10 RO 10 o® o 10 &
. . ° e o oo S ooy
8 8 e e e W 8 S 8
6], . 6 R 6 6
o .
4 4 4 4
24 ° 24 24 24
.
Ot X Ot X Ot *X = Ot
2 4 6 8101214 16 18 20 2 4 6 8101214 16 18 20 2 4 6 8101214 16 18 20 2 4 6 8101214 16 18 20

Visud perception of tightnessof duskering and, hence of the valie of ©rrelaton, can ato e dfeded ty the slgpe of the Ine
aboutwhich the mints ae dusered this matteris dsausse in Sedion 8 garting at he tq of page414 d this FHgure 45,

7. Assssing Correlaion Correcty: Scatter Diagrams o Averages

Scdter diaganms in whichthe points ae aveagestypically show tighter dustering than dagians whee te pints ae or
the erregponding indviduals — tha is, areraing usudly inaeases lhe nagritudeof correlaton. This phenomenon is ilusta-
ted n fifteen dagrans on he fadng page413

(continued)
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Figure 4.5. ANALYSIS STAGE: Correlaion (ortinued 2)

y r=-0.600 y r=-0719 y r=-0.885

(80 individud obsevation3 (40 aerayesof two dosevationg (10 aeraesof eght obsevationg
809 80 80
2., - 724 . 724
64a{ ° S . . 64- 64

. . . L

56 < . .. 56« , o . 56

. . . . . . .
48 . . . . 48 . 48 .
404, e S L 404 ¢ ° e 40 *
32- .' . T 32- . : 32- .

* . . . * . * . L4

24 . S, e 24 L 24 *
16 . e 16 ., . 16
8 8- 8
0

T T T T T T T T T X 0 T T T T T T T T T X 0 T T T T T T T T T X
0O 8 16 24 32 40 48 56 64 72 80 0O 8 16 24 32 40 48 56 64 72 80 0O 8 16 24 32 40 48 56 64 72 80
The left-hand dagam dove mniins & points with corrdation —0.6 and then the losevationsfor sucesdve sds d two and

of eéght points ae avergedto producethe mddle and right-hand daglams d 40 and D points, egectively; thesepant
clouds haveconrdationsof atout-072 ad —0.88.

The three &ft-hand dagams kelow contain 20 points with regpective cordationsof 01, Q4 and Q7, and then sccessve sds d

two, fourand fie points ae areragedto producethe points in the ohersds d three dagrans with 10,5 and 4 irnts; these
have regective corrdationsof atout 014,016 and Q47 in the ypper %t d diagrans, 051, 069 ad 088 in the mdde wt, and

077 084 ad Q95 n the ttom wt Theseare paricular insences for cordationsof 01, Q4 and Q7 for the individual

obsevations of the ncreasén correlaton magntude (.e., increasén tightnessof dustering) produced ly averajing.

In sodology and elaed uman scienes, he emlogical fallacy refers o usinginappopriatdy an exaggerded orrelaton based
on aeragesto arswera Questdn of irterest

r=0.100 r=0.140 r=0.161 r=0.467
y (20 individud obsevation y (10 aver@yesof two dosevationg y (5 averaesof four obsevation y (4 averaesof five dosevation3y
20 . 20 20 20
. .
184 . 184 184 184
16] . * . 16] . 16] 16]
14+ 14+ o . 14+ . 14+
124 . . 124 . . 124 124 °
o® . . . .
104 104 . . 104 104 °
L4 .
8- . . 8- . 8- 8-
R .
6 o . 6 6 6
4 . . 4 . 4 4
2 ., 2 2 2
Ot 1> X Ot —*>X Ot —*>X Ot —*>X
0 2 4 6 81012 14 16 18 20 0 2 4 6 81012 14 16 18 20 0 2 4 6 81012 14 16 18 20 0 2 4 6 81012 14 16 18 20
r=0.400 r=0.511 r=0.687 r=0.877
y (20 individud obsevation y (10 averayesof two dosevation y (5 averagesof four obsevation y (4 averaesof five dosevationy
20 ., 20 20 20
.
184 . 184 . 184 o 184
16 . 16 16 16+
144, ° 14+ 14+ 14+ .
124 « ° 124 . ¢ 124 124
10 104 . 104 . 104 .
. . o
8- . 8- 8- R 8-
. o ® o .
6 o R 6 6 [
4] o 4 R 4 4
i .
8 o . . 2 . 2 2
T T =X Ot —*=X Ot =X Ot =X
2 4 6 810 12 14 16 18 20 2 4 6 810 12 14 16 18 20 2 4 6 810 12 14 16 18 20 2 4 6 810 12 14 16 18 20
r=0.700 r=0.767 r=0.841 r=0.953
y (20 individud obsevation$ y (10 arerayesof two dosevationg y (5 averayesof four obsevationg y (4 arerayesof five hsevationy
20 . 20 20 20
184 . 184 . . 184 184
164 o . 164 164 . 164
.
14+ 14+ . 14+ 14+ .
. . .
124 124 . 124 124 .
10 LR 10 ° 10 . 10 o
8] . o 8] . . 8] * 8]
. .
64 o . 6 . 6 64 o
4 4 = 4
8]e, 24 2 2
RS S e e e e s e ) 4 0 RS L S S e e e s e ) 4 0 AL L B L S L s L 0 T
2 4 6 810 12 14 16 18 20 2 4 6 810 12 14 16 18 20 2 4 6 810 12 14 16 18 20

T T T T T T T T T T
2 4 6 810 12 14 16 18 20
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8. Assssing Correlation Correcty: Cor elation and Sope

STAT 231 —WH. Chery

Carrelaton is tghtnessof dustering daut a sraight line so méters which involve rrelatbn often dso involve tis ine —
the line of ‘bestfit to bivariatedaa — which can le dsplayedby superimposng it on the orregponding saterdiagam.

y
80
72
64
56
48
40 .
32
244 &7
64 * °
8{ ..

0 T

y
80
72
64
56
48
40
32
244 /./
164 L

8 .

y
80
724
64+
56+
48+
40-
324
24+
161

8

T T T T T T T 1%X
0O 8 16 24 32 40 48 56 64 72 80

0 T T T T T T —1%X
0O 8 16 24 32 40 48 56 64 72 80

0
0

T T T T T T T T =X
16 24 32 40 48 56 64 72 80

The three satterdiaganms dove each contain 80 ints with cordation Q7 hut, in the mdde and right-hand dagians, he
pant cloud has een shrunk in the x diedion by repective factas d 2 and 55, the sames true of the hree satterdia-
grans immedatdy below except the mint doud has keen shrunk in the y diedion in e mdde and light-hand dagans.
Thus, hesesix satterdiagams sowv the samepaint cloud — tte difference is the $ope of the Ine of ‘bestfit to the mints,
wr)llich is dovn & a cadhedline in each dagr)gm. Thesemdters ae ilustraed aainby I)i)e €antinued o the Biang page415)

80
72
64
56
48
40 .
32
244 <7

164 * °

72
64
56

48+ .

324"

80

404 .-

244 . °°

164

8

80
72
64
56

48+

32
24

164

40 225

T T T T T T —1%X
0 8 16 24 32 40 48 56 64 72 80

0 T T T T T T %X
0O 8 16 24 32 40 48 56 64 72 80

0
0

T T T T T =X
40 48 56 64 72 80
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Figure 4.5. ANALYSIS STAGE: Correlaion ortinued 3

se/enversins d the 2 -pant cloud in the two stsof four smdler satterdiagiams on he bwerhaf of the fidng page414.
The dargesfrom the higerupper dagrans ae ha the orrelaton is—0.25 (ingead d 0.7) and the krinkage fdors in the x
diredion and the y diedion in he hree ight-hand dagiams of each st are 23 and 4 epectively (ingead d 2 and 55).

The fourteen dagrans on he fadng page4l14 warnus ha visud assessient d the tghtnessof duskering d a point doud is
affeded ty differing dmengons of the doud {.e, differing anaunts d variation) in the x and y didions which distotts is
trué slope — as he dfferencein dimersions 6r varation) increasest bemmes esie to overestimae the magntude d the
comdation. Acaurge assessient 5 easestwhen the vaation in x and in y occupy asinilar distanceon each axis.

An explangion of this natteris tha (the esimae d) the dope of the ine of ‘best B=Tx s 4.55)
fit (hee cerotedp, whichis rouchly what he e intepretsas he Slopé of the ! S '
pant cloud), is relaed b the orrelatbn () as in euaion (4.55) at he ight; that rbg when s s, - @.56)
is, the relatbnshipbeweean dope and @rrelaton involves the gatient d the san-

dard deviationsof y and x & a multiplicative fador. Visud assessient d a scater diagiam & nore graight-forward if this
ratio is dose to e we @an a&onmplishthis date d affairs by naking he vaiation in x and the vaiation in y accoupy smilar
distance®n ter repective axes d the sadterdiagam. When we lodk at 2uch a dagram,whee equdion (4.56) apples,the
exremes d wha we may ®e ae:

e a point doud that is buchly squae and the ge ®es little evidenceof dustkring {.e, a @rrelatbn dose to z2r) between x
and yreinbrced ly an gproximatdy horizontal (imagined line o ‘ bestfit to the mints; OR

e a point doud that $1ovs drong dusering @aut an (imagined line o ‘ best fit with a dope of gproacing one gither o-
sitive a negatve, dependng an whether the wpper left and lowerright, or the wpper right and lowerleft, regons of the sa-
ter dagramhave ro pointy and the ge e dea evidenceof srong correlaton ketween x and y

Mog cases we ecourter in practice lie beween theseextremes

NOTE: 7. A madter of incidentalinterest & tha, when esinaing from sampledaa, equprobable sdeding is reedd br
cordation kut dataconcentrged @ theends of the ntewal o x values incease pedsion for estmating dope.

9. Appendix I Secions 6 ad 8 Data Sets

The wo dda ®tsusel to omngrud the dter diagans in Sedion 6 (on pge412 d this Fgure 45) and Setion 8 (©n
page 414, are gven belowalthoudh, in the dagiams, the yaxs lakelshae been rescatd and r ha chargedsign.

x/1 2 3 4 5 6 7 8 9 10 1 12 13 14 B B I B 19 20 2A 2 283 24 5 26 271 28 20 N
Y | 199 271 198 2.35 U8 215 154 263 2.32 2.06 2.61 198 154 198 155 241 162 124 157 240 2.05181 244 163 29 118 2.40 150 215 210
X3 2 B #A B 3B I 3B P 4 a4 42 B8 4 45 46 47 48 49 50 5§ 52 8B 54 5 5% 5 8B 59 &
Y |22511412 144 216 106 2.0 096 11 152 198 170 1.5 170 091 097 167 106 .30 118 185 130 130 167 114 150 102 194 143 .5

SXj = 3,240, SX} =173880, SSy =-693.83
X| 61 @ 63 84 65 66 6/ 68 69 O A T2 73 W B ® 77 B T 8 Ty =124, SY?= 2152298 SS = 42,660
Yy | 080 131 133 153 Q91 109 0.80 24 099 046 156 073 055 141 133 137 052 099 0.64 D9 TXjY;=4,2817 =-0699999  SS =230298

SXj = 210, sx¢=2,87Q SSy =1714,

X1 2 3 4 5 6 7 8 9 1 1 B W B B 7 B 1B 20 Sy=3224  Sy'=5003782 SS, =665
Y 121133 046 1086 Bl 104 1666 1392 2.22 856 087 17 1428 2.256 18 2712.88 2.266 202 1016  5xy =35566 r=0.25003, SS, =7066 632

10. Appendix 22 Secion 7 Data Sets

The four daa ®tsuseal to cmngrud the aterdiagans in Sedion 7 (on pges 412 and 413 of this Fgure 45) are gven
bdow dthoudh, in the dagians, the yaxs labelshave been rescatd and r ha chargedsign.

Xx,1 2 3 4 5 6 7 8 9 1O 1N 2 B X4 1B B I7 B 9 20 2A 2 283 24 5 26 271 28 20 D
Y | 165 Q73 076 046 Q87 171 176 150 Q70 144 190 0.60 ¥5 199 180 134 088 0.62 02 168 083 129 168 0.94 20 112 1.3 170 077 159
X3 2 B A4 B HB F7 3B P 40 4 42 L8 M4 H 46 4 48 49 0 §H 52 8B 54 5 5% 57 B 509 60
Y| 120 148 151 093 167 177 151 213 176 152 156 128 150 174 142 110 2.43 I77 100 2.48 2.09 2.09 254251 219 183 2.22 122 247 2.23
SXj = 3,240, SX}= 173880, SSy =59523,
X| 6l & 63 64 65 66 67 68 69 M A 72 B MK B ® 77 W 19 & Ty =130, TY?=2343%,  SS=42,660
Yy |23 249 123 215148 178 157 241 238 212 165 181 207 271 223 189 156 182 2.06 BO TXjY; =586023, = 0600002 SS =23.0698
SXj = 210, sx¢=2,87Q SSy =-8.9,

x| 1 2 3 4 5 6 7 8 9 10 1L 2 B M B B ¥ B B 0 sy=aus S=506964  SS=665
Y| 2.07 151 148 0.88 D6 046 2.44 142 2.63 ® 271 0.% 083 193 (64 140 2.23 (65 & 245 SXy =388,  r=-010004,  SS =11086B.

SXj = 210, sx¢=2,87Q SSy =-3524,
X|'1 2 3 4 5 6 7 8 9 1 U 2 B X4 B B 7 B 189 20 5y =392 Sy = 60208, SS. = 665,

Y |12 234 264 2.20 2.49 077 145 193 271 137 222 178 0.8 202 252 2.68110 046 05l 093 XY =32002 r=-030862  SS =1167968

SXj = 210, sx¢=2,87Q SSy =-5076,
X| 1 2 3 4 5 6 7 8 9 1 U1 2 B U B B 7 18 9 20 sy =322 SyP = 5a732, SS. = 665,

Y263 271 212218 130 160 70200 2.07 D5 182 222 100.34 070 076 184 I/8092 046 sxyy=25784, r=-069994,  SS =79002

20040420 (continued wveled)
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11. Appendix 3: Corr elation in Probability Theory

As with standad deviation, leaning the deascan ke eager if we dstinguish data comrdation, the tgic of the breging
disasson in this Agure 45, and probabilistic corrdation ¢isausse in STAT 230); an overview of he btterfollows.

The (probabilstig correlatbn (hele cerotedcar but possbly p eleewtere) covu,V)

of the random vaallesU andV is gven by equaion (4.57) at the ight; ca,V) = sdU)xsdv) (4.57)
the three pobabilistic meastes of vatriation on he fight-hand #le of

this equation ae defined i terns of probabilistic expectdion in egiaions cov(U,V) = EUV)-EV)E(V) - (4.58
(4.59 to (4.510. [Expectdion is the aerae of he valiesof a mndom _ _ z
variable, each value teing weighted ly its robability in calcuating the s.dV) = JEU-EU] @.59
aveage this eadion is erotedE hee. Ths averge is alled the mean s.dV) = JElV-E(V)° ----(4.510

of the random vaalle]

If the random vdadesU andV are probabilistically indepedent car (U, V) is zeo becausecov(U,V) =0; the onverse & not
true — 20 oorrelatbn desnotimply probabilistic indgpendence This dstindion is ofen gven prominencein introductory
probability teacling; the idea khird it is illustraed ly the first andhird lager satterdiagans in Sdion 5 rea the midde
of the tird sde (page 417 of this Agure 45 r =0 can mean @ relatonshipor a rondinea relatonship To remid us dthe
distinction, when all ve know is car (U, V) =0, we rfer b the random vaadesasunarrelaed a (nud) weke termthan po-
babilisticaly indgpendent

12. Appendix 4 Notation Summary Table 45.1
For thoseusng this Fgure 45 m a ¢and-alonebasis a sunmary SYMBOL DESCRIPTION
of notation is gven in Tae 451 & the iight; the bllowing mnventons Sample Respondert

are invdved dthouch only the first andtird ocaur in the tilde: Population

e lowercase ronanleters for sanple quantities and da; ;
o lowercaseitalic leters for valuesof random vaalles y
e uppercasebold letters for repondent ppuation quantities the ine X

(calkd tros§ through thesesynbds is b dstinguishthem (in hand-

R (Dag correlatbn ¢oeffideny

N Number of units or ‘size’)

¥ Reponsevariate

X Explandory variate
X

S

i

B

All X,y Average 6um + number)
writing) from: s,0 (Dag gtandad ceviation
e uprercaseitalic leters for random vaiabes(see Appendk 3 above. I} Summation index
B 1 Slope d line of ‘best fit to points

NOTE: 8. Itis unfortunae the ymbd r is now widdy usedfor (&g correla-
tion; cwould have been a nore evocdive dace originally and wauld have Eft r for a rdio g, in urvey anpling).

13. Appendix 5. Exerdsing the Ideas

The readercan wak on the bllowing problems as fart of the gocess d leaning abaut crrelaton; he déa etsin
Appendk 1 and Appendk 2 gven overkaf ; page415 @n ke wsedto practisecalculating r values.

Ex. 451 (@ The orrelaton between the gesof hushands and wives in Canadan 2002 was
exaty -1 ; doset-1 ; aound-0.5; doseO ; amurd+0.5 ; doset+l ; eacty +L
Circlethe corred option and biefly jusify your chdce.
(b If menalways married women who wre three yeas younge wha would the orrelaton ke between the gjes
of husbhands and wives? Explan briefly.

Ex. 4.5.2: Supmsea psychdogig speaking a a meding of the Candian Asdation of Lhiversity Teaches said: "The evi-
dencesuygests lhee is realy zer correlaton ketween teacling ability of a faaulty menbe and he or his reseach
produdivity" A student rewspapr reportedthis gatanent &: "Profes®r McDaniel said good taches tend to le
poa reseeches and gpod eseaches tend to I poor teaches. Explan wheher you onsder the rewspagr re-
port to be aaurde; if not, write a siccinct versioan of an @aurde report, usinglanguagestuitable for a rewspagpr

Ex. 4.5.3: If the epmsevariatetakeson valuesthat ae wsudly snaler than hose d the eplanaory varate the ©rre-
lation of he two vaiates overa large datase will tend to ke regatve. True or Fals€@ Explan briefly.

Ex. 4.5.4: If the orrelaton ketween the valiesof a eponsevariateand an eplanaory varnateis —0.8, below-averaje \alues
of the epmsevariatetend to ke ssodatedwith ebove-avaage \aluesof the eplanaory vaiiate True or FRals&@
Explain briefly.

Ex. 4.5.5: Forthe popuation of North American aitomohiles, waild the @rrelatbn ketween vehile weight and fud consaimp-
tion ke postive a negatie if fud consumption is neaseedin: km per ftre ; ftres gr DO km?
Explain briefly in each case

Ex. 4.5.6: Give he Ikely order d increaikg magntude d the tree orrelatonscalcuated fom large datasds mllectedon:

20040420 (continued)
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Figure 4.5. ANALYSIS STAGE: Correlaion (ortinued 4)

Ex. 4.5.6: university sudent cimulatve arerayesin first and £ondyeas;
(cont) university student cinulative averayesin first and ourth yeas;
length and veight of off-cuts from two-by-four lumber.

Ex.4.57: Fordaa ollectedfrom alarge goup d peqle of the same ex, which o the two orrelatonsis likely to be d
greder magntude n each of the bllowing three @asa? distfy each answer briefly.
@ Height at aye 4 ad gye B, height at @ge B and qye B.
(b Height at aye 4 ad aye B, weght at aye 4 ad aje B.
(©) Heght and weight at age 4, leight and weight at age B.
Woud your answers be &ered f the goup d pele were rouchly half femdesand hdimale® Explan briefly.

Ex. 4.5.8: Fora large goup d mariied cauples, ararge in ircreasg order tre ikely magntude d the husband-wife corre-
lationsfor the following furfactars. usify yourorder kriefly.
Height ; inoome ; obesty ; weigh.

Ex. 4.5.9: Over a &ge goup d homes hegd ly naturd gas gas onaumpton and aitsice emperdure are caelaed this
cordation is positive when autsice temperaure is quantified in terns d ‘degee dys. Supposedaa m thesetwo
variates ae available for the éght monts d a winter heding seasn for homes m Torontg wha would hapgen to
the correlaton 6ign and ragniude as he déa ae aygregatedprogresively from daily to weekly to fortnightly to
monthy? Explain briefly.

Ex. 4.510: In 1910,Hiram &hnsa enteed tre Californa gubnaorial primaries For each oourty, dataare availade an the
pecentge of rative-born Ameiicars in the ourty and te percentage of he wtefor Jomsm. If thesedaa diov
a orrelaton of Q5 over the mourties ¢ Californa, is this value a &ir meaue d the etent to which Johnson
recevednative,as @paedto immgrant, uppat? Explan briefly.

Ex. 4511 Measuing inacauracy ocaurs when a mesuing pocess Yelds valuesthat dffer from the tue value ty a @n-
stantarmourt. In a @libration invesigatbn, 10 sanples ae measwed by each btwo meauing pocesses and a
cordation of 0996 s fourd between the two stsof measwements Explan briefly wha information the hgh
positive @rrelaton provides daut inacauracy in ather or oth of the meauing processes.

Ex. 4512 On a nultiple-chdce exaninaion with 100 questbnswritten by a érge dassof gudents, the &@rae rumbe of
right ansvers was ® and the sindad ceviation was 2; for wrong answers, the geraje umber was 3 and he
standed ceviation was 2. The crrelaton between right and wrong answers overthe dassof sudents vas

-1 ; -069 ; -0& ; O ; +03& ; +069 ; +1 ; carttellwithoutthe cata
Circlethe corred option and biefly jusify your chdce.

Ex. 4.513 Paticipants h Gyde Il of the US Heath Examhaion Survey wae dildrenagel 6 o 11yeas For ead of these
six yeas d age the orrelaton ketween height and weight was aioound 0.5 For dl the children conbined aadoss
the 9x yeas d age, the orrelaton between height and weight would havebeen

quite a lit below0.5 ; aound0.5 ; quite a lit above Q5
Circlethe corred option and biefly jusify your chdce.

Ex. 4.514: There is a ligh positive cordation between yeas d eduation and income br enonamists who waek in busness
in parfcular, economists wth doctarates earn substinially more than eonamists with bacalaurates. Thee is
also a ligh conmdation ketween yeas d eduation axd ncome br emnomists who wek in postsecmnday edu-
caion. However whenall sud econamists ae candderedtogether thee is anegaive comdation btetween yeas d
eduation and income The eplanaion is ha busness ends to @y hHgher slaries and enploys mainly econ-
omists with bac@laurates wheeaspost-seonday edution ends to pay lower sahriesand enploys economists
with docdtoraes. %etch a sdterdiagiam with apgopriatelabelswhich illustraes thesematers.

SOURCES: Freednan D, Fisanj R. axd R Purwes Stdistics First Edition, W. W, Norton & Company, New York, 1980,
pagesl30-133 and 43.

Moore, DS and GP McCake: Introduction to the Ractice of Satisics Seond Edtion, W H. Freaman and
Company, New York, 1993 pages 175 and B3.

The dagrans in the bllowing Fgures4.5a o 4.5¢c on @ages 418to 4.23 haveaxes with sale dvisions tut no nunerical labds.
o Indicae kriefly the purpose9 sened Ly theindusion of the £ak dvisions

o Indicae lriefly the easn(9 for the omisson of numeical lakels; your explanaion $auld indude explicit disaus$on of
the form of the elevantalgebraic expresion for .

- Outline ary practical advantgyg(9 or dsadvantge tha are a coseuenceof this property of correlaton.
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Figure 4.5a. CCRRELATI ON: Scater Diagrams (=80) for Positive r-values
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Figure 4.5a. CCRRELATI ON: Scater Diagrams (1= 80) for Positive rvalues ¢ortinued)
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Figure 4.5b. CORRELATI ON: Scater Diagrams (= 20) for Negtive r-values
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Figure 4.5b. CORRELATI ON: Scater Diagrams f1=20) for Positive r-values (cantinued)
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Figure 4.5c. CCRRELATI ON: Scater Diagrams (=80) for Negptive r-values
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Figure 4.5c. CCRRELATI ON: Scater Diagrams (=80) for Negative rvaues ¢ortinued)
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Stafistics time to ypdate our brains

CALGARY

R BRAINS aert desgned for Ife

in the modern world. They support
thought processes thet were gpropriate for
our ancesta in the pehistaic forest when
the important information was Wwid and par-
ticdar, uch as a slre-toothedtiger about
to pource But they go vonky when ficed
with datistics.

Some gas &ayo Mauck Barow, then
spedal advisorto prime mhisterPiere Tu-
deas on prnograpy policy, gavethe follow-
ing agumentto show tha pornography
causessexud crimes "lts no acddentthat
48 pe cent d rapstsand ¥ per cat o
child mdesers ae pornography fars!

The agumentseens mpresive. But if
were persiaced ty it were persuaed ty
somehing tha doesrt do half the wak it
hasto.

To prove tha pornography caues &xual
crimes, ya firs haveto shaw tha the per
centgge of rrnography fars who ommi
sexud crimes § hgher than the prcentage
of non{fars who do By this @mpaism
you estdlish a orrelaton between sxual
crimes and prnography. Then yai haveto
rue aut the aher psdble eplanaions of
this rrelatbn: ha sexwual aimes casethe
viewirg of pornography (Unikely) or tha
somethird factar like ypbringing caues oth.

Qute apat from not dtempting the
seondtask, Ms. Balows argumentdoesit
conpletethe first.

Take ter frg datistic. tha 48 per cant of
rapigs ae pornography fars. On its avn this
stdisticis usdess. W\e haveto know how the
figure for rapigds @mpareswith that or non-
rapigs, and v aert given the ondfigure.

This poirt is even cleaer for the ond
stdistic. tha 14 per ceat o child mdesers
are pornography fars.

If pornography caugd dild mdesing, the
conpaable figue for nonchld mdesers
would hare © be lower than ¥ per cent.

In the first olumn of the aticle, Prof.

THomas HurkA
Questons of Arinaple

Butthis is mplausble. Paonography is a hil -
lion-dollar industry, its poduds mnsimel
by milions of men Surdy, more than #
pe cent d men ourt as prnography fars.
If so, child mdesers & a goup Jvew les
pornography; and, if anything, pornography
may redlce tild mdesing.

What going on? Why ae we persuaed
by sttistic tha are inconplete or een
sypport an gposel condusor?

Ou brains evdved n a smpler world and
lead us ondantly astryy when ve reasn
about stdistics. This is $iown by the mary
ps/chdogical experiments smmarized n
Human Inference Srategies and $rartcomings
of Sdal Judgenent by Richard Nisbet and
Lee Ross

Justonething were bad 4 is judging cor-
relations. Deciding whether B 5 rrelatd
with A requires corparing the percentaye
of As tha are B with the percentage of
non-As tha are B But we mndude thees
a orrelaton on he kass just d non-com
paatve information atbut someAs tha are
B, for exanple, ®me clid mdesers who
view pornography We reech a sttistical
conduson usng lessthan all the eidence

There ae may aher exanples

Weve all e the dhlete, nteviened m
TV dfter hs ganewinning home un, who
sa/s e deamd of hitting it the nght before.

He evidenty thinks sich dreans ae sgni-
ficant; so pobably does the nterviewer But
theyre deading on inconpleteevidence We
needto know not anly how mary players
dream & home unsand lit tham, but low
mary dreamof them and dat, how mary
dont dreamof them and dg and even how
mary dorit dreamand dat hit.

STAT 231 —WH. Chery

(We rarely get his etra evidence Sug-
ges it say "Fegy, it's anazing, | didnt
dream ¢ hitting a ome n lag night! And
peqle who dant get fits arert i nteviewed)

Ou wealness #so contributes, nore darm-
ingly, to the persigence of false mdal and
gendedereotypes.

Steeotype ae rally daims daut orre-
lation. If you telieve ha rechead ae hot-
tempered you corit believe ha al rechead
are ot-tempered nor do you bkeleve ha
ony rechead ae Iot-tempered. But you
bdieve the rcentage of ot tempers anong
rechead is hgher tran anong Hondes,
brunetes, and s on.

Imaghe ha this gereotype b falsg and
your evidenceshaws it is false You may dill
bdieve t becau you dtend nore to he
evidencein its favou than to vhet refutes it.

When ya se a echeadgettig angry,
youre remindedof the sereotype and ke
it to be confimed (Anotherhottempered
rechead) Butwhen ya s2e me keingpla-
cid you dorit take tis & evidenceagdnd it.
Why remenber a gereotype dout hot tem-
pe when o onés showing emper? Likewise
when yar e a bpndethrowing a fit Why
conred tha to any ideasabout rechead?
By atending nore to eidencealoutAs tha
are Byou kee believing As ae pecifically
B when hey're rot.

Steeotype eaut rechead may ke ham-
less, hut ones like 'Jewsare damish' and
"womenare enofonal’ are rot. If they per
sig party beau® of falladous sétistical
reaming, we $rauld be worried

As gdistical information becomes nore
important, you would exped basc training
aboutit to become nore @mnon, and even
to be e as @rt of essential literacy But
who is gving tis faning, éther in aur
schools or, autsice Pecidist courses, in wni-
versity? Who s trying to kring ou brains
into the nodernworld?

Prof Hurka teates philosophy & the
Univesity of Calgary

Hurka points aut two logical inacauraciesas®@datedwith Ms. Balows intepreta
tion of percentagyesof 48 and 4. Indicde Lriefly othe type) d inacauraciesthat may ke invdved n thesetwo vales.

Supmsethe wo aldtional pecentgesfor ‘non{fars’ of pornography, disausse by Prof. Hurka in te first olumn of the

aricle, were availade and tha they wae appgedably lowerthan 8 and ¥ repectively. Would the Arswer(in the £wond

paragraph) tha pornography cawsessexud crimes then b jusffied? Explan briefly.

® Explain briefly wha additional line@) d evidencewould be reedkd b rediwce he Imitations on the Arswerof a @usal
conredion ketween pornography and €xwal aime®

‘non-child mdesers' who ae ‘pornography fars' is greater than X4 per cent.

Comment briefly on the gausbility of the agument at the t@ of the mdde lumnof the aticle, tha the percentage of

In the bg paragiaph of the mdde mlumn Professor Hurka desceibesfour proportons invdving deans and home uns.

Desaibe he guivalent bur proportons in the onextof assessg the ugfuness ¢ a medcal diagrosic test br a dsease
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