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Figure 16.4. SIMPLE LINEAR REGRESSION: Illustration 3

Example 16.41: On Saturcay, March 22, 1997, The Gobe and Mil published o aticles (on pagesBl and B4) about negative
customelexperiencesvhen thuying a rew @r in Canadaand n the Lhited Sates; the aticlesalso deseibed
how the pocess d car buying is likely to charge urderthe influene of the intene. The £mndaricle, en-
titted Canadian deakrships ae bunpe to bunpe, gavethe following dataon the number d new ar deakrs
in Canadax) and the salesfdight vehcles(presumally cars ad vars) per ceakr (y) overa 6-yea period:

Enrichment
for STAT 231

Table 16.41: Yea

Sdution: @

03-0520

(b

1981 1982 D83 D84 D& 1986 D87 D88 D89 D90 BA 1992 D93 B94 B95 BI6
X | 4125 3707 3744 3869 3993 4,023 4,052,849 4,064 4014 3967 3930 3872 3856 3819 374
y | 277 242 283 323 3% 367 368 375 $H5 32 3A9 D7 3@ 320 296 316.

(d) Finda %% onfidene intewal for the slgpe of the stidy popuation regresian of ¥ onX.
(@ Find a %% confidence interval for the aveage saks fer deakr wren hee ae 3800 aakrs in Canada
(f) Find a %% predction internval for the sales d a randony-seleded ceakr wren hee ae 3800 ckakrs in

Canada

(@ Prepare a poperly-lakelled satterdiagam of thesedaa and $1ow on it the estnated egesian o ¥ onX.
(b) Give the ANOVA tale, codficientof detemindion, correlation oedficientand esimae d o for thesedda.

(c) Assas low wel the egesion model fits the dda; give your reasonsconpletdy but cndsdy.

(9) Investgak the dfed on the esmaed egesim of amitting one o both pantswith esimated esduds of

largest nagntude

From the n=16 dbseva-
tions (x;, y;) given in the
stagement @ the qiestdn,
we find the éllowing:

SX; = 62,798
SX¢ =246,735,82,
>y, = 5146,

SV =1677374
Xy, = 20,242,95,

X = 3,924.8B,

y = 321625,

SSy = 45,508 25,

S& = 26151175,

SS =22,2975

hence the estimatkesof g,
(the dope) and B, (the

intercgof) of the eges
sion o ¥ onX are:

.= 0174019905,
Bo=—36L381375,

so he gudion of he
straght-linemodd is:

ey = —36L38 +017402X

Canadian Deder Sales of New Light Vehicles, 19811996
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= 321.625+ 017402(X — 3924.875%,

The scaterdiagram of the daa for Ganadan dear sles d
new light vehcles,with the esimated egesion o ¥ onX sypeaimposel on t, is hiovn eove d the fight.

The ANOVA talde for thesedaa (16 dosevations is:

Number of deders in Canada

Table 16.4.2: SOURCE SUM of SQUARES Df MEAN SQUARE F-RATIO
Modd BSSy = 7919341 36 1| MSM = 7919341361 | MsM _ MSM [,
Edimaed esdud SSE = 14372.40864| 14 | MSE = 1026.60067 | MSE ~ 52 '
Total SS = 22,2975 5 € = 1486119 | = -

(continued wveled)
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Example 16.41: (b)
(continued)
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Also, the odficientof deteminaion, the orrelation @dficientand the eshae d o are:
r2=0.355 23 845, r = 0.596 035 943, 0 = VMSE = 32.040608 8B3

Threemdters provide an asessient d how wel the egesian model fits the daa:

o Visud ingection of the saterdiagam with the esimaed egesion o ¥ onX sypeaimposeal on it fhows
that B of the B points Ie reesmably dose to he Ine — those br 1981, 1982 and 085 show gppredahly
larger esimated esduds, epecidly 1981 (bdow the fittedline);

- the points gpea to be sdtered wihoutobviouspatem on both sides @ the fitedline;
- thee dbes ot gopea to be ay s/semadic chame in he nagntude d the estmated esduds with increas-
ing valuesof x, whichis mnsstent with the assumption of ongant o.

® The F-ratio (7.7) is ressmably high and povides satisticaly sgnificantevidence (P LI0.0141) agairst he
hypothess 3, = 0, indicding a meanngful regesion.

® The value of he odficientof deteminaion sows tha around33% of the vaiation of he ys éaut their
avaage tas ben aoourted for ly the estmated egesian o ¥ onX.

Thesecondderaionsshav the staght-line modd is only a madeaate fit to the déa.

We want a $% mnfidene inteval (Cl) for 3, represening the slgpe of the egesian o ¥ onX.
We have 0 = 32.040608 853, 4, = 0174019905 Pr[-214479 < t,, < 214479 = 0.95,

. Al A 1 .
so hat: a/§ = U/m E0.062 654 67;

hencea %% QA for g, is: 0174019905+ 0134 381 639 = (0.039 638 2660.30840L 544)
or &aut (0.040,0.308 veliclegdeaér

We want a $% confidence interval (CI) for the meanys, (x; = 3,800, repreening the aveage of the eponse
¥ when the sidy popuation, oecified by the eplandory variate X, numbers 3,800 eakrs.

We have 0 =32.040608 8B3  ji,(x;=3800 =299.894 265 Pr[-214479 <, < 214479 = 0.95,

so hat: 5/0—%)" |1 = 5/(3.800-324875° | 1 [117 p7 2329905;
’ SS n 26151175 16 ) !

hencea %% Q for z(x; =3800 is: 209.894 264+ 24.05 713 3 = (275.878 551, 323.909 97Y
or ebaut (276, 329 velicles

We want a $% predction interval (PI) for the randbm vaiable Y(x; =3,800, repreening the egpaonseY for
an individual randomy-seleded deakr wren the sidy popuation, specified by the eplandory varate X,
numbers 3800 ckakrs.

We have 0 =32.040608 8B3  [i(x;=3800 =299.894 265 Pr[-214479 <t,,< 214479 = 0.95,

—%)2 ~ _
so hat: a/(xisskx) + 141 = 5[@B00-8248T | 1,1 [133.940 80 888,

hencea %% R for Y(x; =3.800 is: 200.894 264+ 72795 918 = (227.098 352372.690 T6)
or ebaut (227 373 velicles

Lodking a the saterdiagam overkaf o page 15, we e tle point for 1981 has he estmated esdud of
largestmagnitude, omitting the daa for ths yea from the kast gjuaes calcdationsfor fitting the line, the
remaning B dosevationsyied:

5= 0.251 86 926, f,= —659295 070,
so he @udion of he staight-line modd is now:  «y = -65930 +0.2354x = 324.6+ 0.2854(x —391153.

The ANOVA tale for the 15 dbseavationsis:

Table 16.4.3: SOURCE SUM of SQUARES Df MEAN SQUARE F-RATIO

03-05-20

Modéd BSSy = 13843133484 | 1 | MSM = 138431334836 | pMsM _ MSM
Edimaed esdud | SSE = 6,32446636 | B | MSE = 486.4974243| MSE ~ 52

Total S§ = 201676 14 & = 1440.542% | -

El2g.45

Also, the odficientof detemination, the orrelation m«ficientand the eshae d o are:
r2 = 0.686 4@} 604, r = 0.828 495 38, 0 = VMSE = 22.056 686 &29.

(continued)
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Figure 16.4. SIMPLE LINEAR REGRESSION: |llustration 3 (continued 1)

Example 16.41: Proceedng in the same @y tut also omitting the daa for 1985, the wint on the aterdiagram with the est-
(cotinued)  mated lesdud of the seond-argestmagnitude @lthoudh that for 1982 & mmparlde), the emaning 14 cbse-
vaionsyield:

A~

B, =0.238 792090,  3,= —-611725 D3,
so he @udion of he staight-line modd is now:  «y = —61173+0.2387% = 320.9+ 0.2387¢x —390571).

The ANOVA talde for the 4 dbsevationsis:

Table 16.4.4: SOURCE SUM of SQUARES Df MEAN SQUARE F-RATIO
Mo.dd . @SSQ, = 12,070.394338 1| MSM = 12,070.394338 MSM _ M/%M 02750
Edimaed esdud SSE = 5,266.84233 | 12 MSE = 438877 %28 | MSE a?
Total S§ = 17336.92857 | 13 & = 1333609892 | = -

Also, the odficientof detemination, the orrelation o«ficientand the eshae d o are:
r2=0.696 224 495, r= 0.834400680, o =+yMSE=20.949 417529,

We dso exanine he dfed of omitting the dda for 1982 insteadof 1985; the elevantl4 dosevationsyield:

B=0.212 ©5565, §,=-503002 17
so he guadion of he staight-linemodd is now:  «y = —503.00+0.21230x = 330.5+ 0.21230(X —392614).

The ANOVA tale for thesel4 doseavationsis:

Table 16.4.5: SOURCE SUM of SQUARES Df MEAN SQUARE F-RATIO
Mo_dd . &S&y = 78407123596 1| MSM = 7,8407123596 MSM _ Nll\ﬂ Ois7s
Edimaed esdud SSE = 50167876404 | 12 MSE = 4180656367 | MSE o?
Total S§ = 128575 B (£ = 989038485 | = -

Also, the odficientof detemination, the orrelation @dficientand the eshae d o are:
r2=0.609 86 244, r= 078 907 32, 0 = YMSE = 20.446 63 4352.

We ompae the eslts from fitting a draight-line modd to the aiginal dda and to sibsetsof then in Tabe

16.4.7 below: R R
Table 16.47: Daa o Bo X y r2 r
16 dosevationsfor all the yeas 01740 -36L4 3925 326 03553 0.5960
15 dysevationsomitting the D8l data 0.285 -6593 3912 P46 0.6864 0.8285

14 dbsevationsomitting the D8l and 985 data | 0.2388 -6117 3906 320.9 0.6962 0.8344

14 dosevationsomitting the B8l and 082 chta | 0.223 -5030 3926 3305 0.6098 (7809

A graphical conpaiison of the bur cases is gven overkaf ;m page 618 — n the tree dagrams br sibsets
of the dda, the pint(s) anittedare $rown & a‘+ sign and the stight-line modd for dl 16 dosevationsis
induded & adashal line. We rotethe fllowing nattes:

e ther is a noderde overd postive asdation between number of new \ehiclessdd per deakr and the
number d deakrs in Canadabut with roticeble scater of the daa;

e the drergth of the &odation is apredady enhancedvhen the de for the first of the sxteen years (1981,
the point with the esimated esdud of largestmagnitude is omitted suggestig tha this yea is somewhat
differert from the oherl5 eas;

- if a follow-up sudy of the déa were to be mdetaken it might be of nteest to nvesigae in wha
way(s) B8l was dfferent fom the oherl5 yeas in the period;

e althoudh 1982 and 085 dso have sibgantial esimaed esduds, their omisson doesnot gredly influene
the fit of the staight-line modd, suggestig tha, degite thar appredable esimated esduds, theseyeas
are ot esentally different fom the &t d 15 yeas whichincludes ham but excludes B8L

Example 16.4.2: The Aobe and Mil aricle dtedin Exanple 16.41 o the first &le (page $15) of the Fgure dsogae he B
yeas d corregpanding U S dataon rumbe of new ar ceakrs () and the salesqy deakr (y) as follows:

Table 16.47: Yea| 1981 1982 D83 B84 D& 1986 1987 988 B89 B0 DA 1992 DBI93 D94 D95 D96
X | 2789 27095 2628l 25490 24724 24,823 235 24938 24913 24724 24272 23361 2,856 2,461 2,426 22288
y | 365 379 438 560 628 650 593 622 584 562 H1 %3 a0 673 657 677.

03-0520 (continued wvaled)
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Example 16.41:

(continued)

Canadian Deder Sales o
y New Light Vehicles, 19811996
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Canadian Deder Sales d
New Light Vehicles, 19821996
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Example 16.4.2: Compare and ®ntast staight-line modeling of thesedaa with thosefor Canadan Exanple 16.41
mp
(continued)
Sdution: From the n=16 dbsevations(x;, ) given in U.S Deder Sales o
the datament d the qieston, we Jf'nd the 6l- y NewLight Vehicles, 19811996
lowing: H 700 N
¥X = 393,678 Ty, = 9082 b \\
X =972708,548, Iy’ = 5,294,484 , 650
f °s
TXY, = 221,484,420 .
- SSy = -1977,05475 § 000 I’
?: 2460487, SS = 40,68756775 (:: 550 .
y = 567625 SS = 13931375 g .
s 500
hence the estimaks of g, (the dope) and g, ? _ _ /’
(the intercet) of the egesion o ¥ onX are: g 450 oy = 1'—'6372 0.04%9K .
/.= -0.048591 126, : (Jj
fo=1763.203 59, g 400 |+ 1003
a
so he gudion of he staght-line modd is: L 350
«J = 17320 - 0.04%91x '
= 567.62— 0.04%91 (x— 24,609. | | | | | | Loy
22 23 24 25 26 27 28
03.0520 Number of deders in U.S (000s)

(continued)
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Figure 16.4. SIMPLE LINEAR REGRESSION: Illustration 3 (cantinued 2)

Example 16.4.2: The sdterdiagam of the daa for tre US deakr sales é new ight vehicles,with the esimaed egesion of

(continued)

03-0520

¥ onX syeimposa on t, is diovn & the ottom right of the fidng page $18. We rote the following
matters of intelest fom conpating this dagram with the me br the Canadan daéa o, the first sde (page
1615 of the Agure:

e the <ater of the wints daut the ine is dealy less for the 6 U.S obsevationsthan br the full sd of
Canadin dda, meanng a $raght-line modd is a keter fit to the US than to the Carban d#a — ths is
guantified by the hgher valuesof the F-ratio (3110vs 779 and odficient of deteminaion (0.6896vs
0.35%) givenbdow.

o the trendove timeis dramatically different — sales gr deakr in Canadaend toincrease with the rumber
of deakrs in Canadavheress thee is a tear decrease n sales fer ceakr with the rumber of deakrs in the
u.S;

@ saks per ceakr tend to ke higherin the US than n Canada- the eective aveagesare dout 568 and
322 \ehtlesove the B-yea period; a the sameirne, the @atio of the number d deakrs is smder than
the goproximatedy 10-to-1 ratio of the two ourtriespopuations— the epective aveage rumbers @ deakrs
ove the B yeas were dbaut 24,605 and 3925 (aourd 6-to-1).

The ANOVA tale for thesedda is:

Table 16.4.8: SOURCE SUM of SQUARES Df MEAN SQUARE F-RATIO

Modéd 5SSy = 96,0673738 | 1 | MSM
Edimated esdud | SSE = 43246.43262| 14 | MSE

Total SS = 139,3375 (3 &

96,067317 B1 | MSM _ MSM
3,089030 90 MSE ~ 5?2

9%57583) | 0 -

L3110

Alsq, the odficientof detemindion, the orrelation o€fficientand the eshae d o are:
r2=0.689 5B 274, r = -0.830 406 692, o =yMSE = 55.579 050 927

Looking d the saterdiagram for the dataat the ot U.S Deder Sales d
tom right of the fadng page 518, it seens ha the y NewLight Vehicles, 1981-1996
daa dvide into two goups — hose br 1981-0 N .
and hose br 1991-1996; te sdter diagam a g 7o N
the right shows te two staight-line modds for ? §
the groups d 10 and 6 dsevations— the aiginal o °°
modéd for dl 16 dosevationsis shown dashed ' 600 )
NOTE: Without spedalist knowvledge of he 6
data, this £paration ino two goups is f 550 . R
largely arbitrary, dthough the ®nea- s .
tive yeas within the goups provide § 500 K
somejustificaton. If further invesiga- ! \
ting of the US datawere to be mder p 450 .
taken it would be d inteest to se f r
the sparation siggestd ty the sater g 400 @@
diagam has ay idenffiable bass in T o
fact. F 350
The alcuations for the draight-line modds for L/
the wo groups within the US dataare: e
Number of deders in U.S (000s)
for the n=10 dbsevations(x;, ;) for 1981-1990: for the n=6 disevations(x;, y) for 1991-1996:
$X, = 256,035 Sy, =540}, TX =137,643, Ty =368l
X = 6,566,59897, 2y = 3012547, X = 3160,48815L, Ty =2,28,937,
ZXJyj =137,24,964 SS(y - _9895395, zxjyi =84189,456 SS(y = —2545245,
X = 25,6035, SS =11,205,2745, X =22,940.5 SS = 2,888,90%,
y = 540%, SS = 95,466.9; y = 6135 SS = 23,6435,
hence the esimaiesof g, (the dope) and 3, hence the esimaiesof g, (the dope) and 3,
(the interc@t) of the egesian o ¥ onX are: (the interc@t) of the egesian o ¥ onX are:

(continued weled)
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Example 16.4.2: 4,=-0.088 30 B2, B,=—0.088 D4 (06,
(continued) 2 — 5 81148 905, fo= 2,634.649 96,
so he gudion of he staght-line modd is: so he gudion of he staght-line modd is:
gy = 2,80L.15— 0.08830x ey = 2,634.65- 0.08804x
= 540.1-0.08830k - 25,609. = 6135—0.08804(x — 22,940.
The ANOVA tale for the 1981-1990 dita(10 dosevations is:
Table 16.4.9: SOURCE SUM of SQUARES Df MEAN SQUARE F-RATIO
Mo'dd . &SSQ, = 87,386.384159 1 MSM = 87386.384159 | MsMm - MAﬂ Os6.52
Edimaed esdud SSE = 8,080.35 &1 8 MSE = 1010064480 | MSE o?
Total SS = 95466.9 9 (€ = 1060743 | = -
Alsq, the odficientof detemination, the orrelation @dficientand the eshae d o are:
r2=0.915 H7 932, r=-0.956 743 399, 0 =yMSE = 31781 511 6094.
The ANOVA tale for the 19911996 chta(6 dosevations is:
Table 16.410: SOURCE SUM of SQUARES Df MEAN SQUARE F-RATIO
Mo.dd . @SSQ, = 22,424628082 | 1 MSM = 22,424628 082 MSM _ I\/I/\ﬂ 07359
Edimaed esdud SSE = 1,28871 918 4 MSE = 304717 9795 MSE o?
Total S§ = 23,6435 5 (= 47287) | -

Alsq, the odficientof detemindion, the orrelation o€ficientand the eshae d o are:
r2 = 0.948447 907, r=-0.973882902, o =MSE =17456 173 D58.

Looking d the sdterdiagiam overkaf o page 619 with the superimposeal esimated egesim lines for the
two groups within the US data or at he two gtsof calcuationswhich begn belowthe saterdiagram and
coninueahove, we e that:
o ther is driking sinilarity in the slapes of the two fitedlines, athoudh this may be mly coincicence
- the mahenatical interpretdion of this @ralleism is tha the rate of deaease ¢ sales fer deakr s the
sameove the two ime periods cegite the differencein the nagntudes & the numbers of deakrs in the
U.S in thesewo tme peiods;

e the fit of the model within eat group B better than br dl 16 dbsevationstaken togetter — the points
gererdly lie clo®r to the elevantiine, ¢ is over 90% for both lines and bth F-ratios povide gopredahly
morehighly stetisticaly sgnificantevidenceagairst the lypothegsgs, = 0;

- the point with the esimated iesdud of largestmagnitude & for 1990, he yea of subdivision of the B
obsevationsinto two groups.

03-0520



