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Figure 16.3. SIMPLE LINEAR REGRESSION: I llustr ation 2

The biv ariat edata in this Fig ure refe r to a machin ing process in the manufacture of cranksh a fts, a maj or component of all
normal automobile eng ines; the fol low ing ter minol ogy and abbrev iation sare inv olved:

• jour nal – a cylin drical bearing on a cranksh a ft;

• mi crofinish– the microscopic smoot hness of the jou rnal sur face;

• nomi nal – the targe tvalue(in this inst anc e, for the jou rnal diameter);

• mi cron – a unit of lengt h: one mil l io nth of a met reor one thousandth of a mil l im etre;

• US L– upper speci fi cation lim it; • LSL – lowe rspecific ation lim it.

Example 16.3: In a jou rnal machin ing process, a final la ppi ng st ep improve sthe mic r ofin ish of the jou r-
nal sur face; the lap ping process slig htly decre ases the jou rnal diameter. The speci fi ca-
tion sfo r fin a l jour nal diameter (ex pre sse das dev iation from nominal) are 0± 3 mic r ons.
To con trol final jour nal diameter, the diameter of par ts coming into the lap ping pro -
cess must be con trolled . In an inv estig a t ion to det e rmine appro priat especific ation sfo r
the in coming par ts, 30 jou rnals are measure dbefo re (x) and after (y) lap ping; the data
are giv en in Table 16. 3.1(in order of decre asi ngin coming size) at the rig ht.

Enrich ment
fo r STAT 231

(a) Prepare a pro perly-label led scatt e rdiagram of thes edata and show on it the esti-
mated regre ssi on of Y− onX−.

(b) Giv e the ANOVA table, coefficie n tof det e rmination, cor relation coefficie n tand es-
timate of σ fo r thes edata .

(c) Assess how well the regre ssi on model fits the data; giv e your reason sco mplet ely
but con cis ely.

(d) Test the hypot hesis the lap ping process rem ove sa consta nt amou nt of mat e ria l re -
gardle ss of the incoming par tdiameter.

(e) Fin d a 99% confidence in ter val for the average fin a l diameter if the incoming dia -
meter is x−; indicate brief ly what this inter val sug ge s t sabou t the target value for
in coming dia m eter.

(f) Des cribe briefly con d ition sun d er whi c hit wou ld not be desir able to cent re the dia-
meters of the incoming par ts on the targe tvalue.

(g) Fin d a 99% pre diction in ter val for the final diameter of a  jou rnal for the two cases
where the incoming par t diameter is −1 mic r on and 4 microns; indicate brief ly the
infor mation thes etwo int e rvals conve y.

(h) Indicate where you wou ld place the speci fi cation sfo r inco m ing dia m eter; justify you ranswe r.

Ta ble 16.3.1
Diameter (m i crons)
Inco m ing Fin a l

2.8 0.7
2.6 0.5
2. 5 0.9
2. 3 0.6
2. 3 0.8

2. 2 0.7
2.1 0.9
2.0 0.1
2.0 0.4
1.9 0.3

1.4 −0.4
1. 3 −0. 3
1. 3 −0.8
1. 2 −0.6
1. 2 −0.8

1.1 −0.4
1.1 −0.9
0.9 −0.4
0.7 −0.7
0. 5 −1.1

0. 5 −1. 3
0. 2 −1.0
0.1 −1.1

−0. 3 −1.7
−0. 3 −2.1

−0.4 −1.9
−0.4 −2.1
−0.7 −2.1
−1.1 −2.9
−2. 2 −3. 3

Solution: (a) From the n= 30 obs ervation s(xj,
yj) giv en in the stat ement of the
qu estio n, we find the fol low ing :

Σxj = 28.8, Σxj
2 = 71.82;

Σyj = −20, Σyj
2 = 51.7 6;

Σxj yj = 20.93;

x− = 0.96, y− = −0.6
.
,

SSxy = 40.13 ,
SSx = 44.172,
SSy = 38.426

.
;

henc e, the es tim atesof β1 (the
sl ope) and β 0 (the int e rc ept) of
the regre ssi on of Y− onX− are:
β1̂ = 0.908 494 068,
β 0̂ = −1. 538 820 973,
so the equ ation of the
st r aight-lin emodel is:
regy− = −1. 5388+0.9085x

= −0.6
.
+ 0.9085(x − 0.96).
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Example 16.3: (a)
(c ont inued)

The scatt e r diagram of the data for the jou rnal diameters before and after lap ping, wit h the estim ated regre s-
si on of Y− onX− superimpos ed on it, is shown ove r leaf on page 16.11 at the lowe rright.

(b) The ANOVA table for thes edata is:
SOURCE SUM of SQUARES Df ME AN SQUARE F-RATIO

Model β1̂SSxy = 36.457 866 975 1 MSM = 36.457 866 975
Estimated residu al SSE = 1.968 799 692 28 MSE = 0.070 314 275

To tal SSy = 38.426
.

29 (s2
y = 1. 325 057 471) ----- .

MSM
MSE = MSM

σ̂ 2 −−∼ 518 .5

Ta ble 16.3.2:

Also, the coefficie n tof det e rmination, the cor relation coefficie n tand the estim ate of σ are:
r2 = 0.948 764 754, r = 0.974 045 560, σ̂ = √MSE = 0.265 168 389 364.

(c) Threematt e rs provide an assessment of how well the regre ssi on model fits the data:

• Vi sual inspectio n of the scatt e rdiagram wit h the estim ated regre ssi on of Y− onX− superimpos ed on it shows
all the poi nts lie reasonably clo se to the lin e – the large s testim ated residu al is for the jou rnal wit h an
in coming dia m eter of 2.1 mic r ons;
−− the poi nts appear to be scatt e red withou tobviou spatt e rn on bot hsi des of the lin e;
−− there does not appear to be any sys tem ati c change in the mag n itude of the estim ated residu als wit h

in cre asi ngvalue sof x, whi c his con sis tent wit h the assumption of con stantσ.

• TheF-ratio (518 .5) is ver yhigh and so provides hig hly statis ti c a l ly sig n ific a n tev idenc eaga inst the hypot hesis
β1 = 0, indicating a meaning ful regre ssi on.

• The value of the coefficie n tof det e rmination shows that nearly 95% of the variation of the yjs about thei r
av erage has been accou nted for by the estim ated regre ssi on of Y− onX−.

Thes econsid eration sall show the straig ht-lin emodel is a good fit to the data .

(d) We want to deter min ewhet her thedi ffere ncebetween the final and incoming dia m eters is consta nt;
i.e., we want to check if: Y− − X− = con stant or: Y− = con stant +X−;
henc e, we want to test the hypot hesis: β1 =1,
so the relev a n tdiscrepanc ymeasure is: D = β1

~ − β1

s.d.^ (β1
~ )

∼ tn− 2.

We hav e: σ̂ = 0.265 168 389 364, β1̂ = 0.908 494 068, Pr[−2.0 4841 ≤ t28 ≤ 2.0 4841] = 0.95,

so that: s. d.ˆ (β 1̃) = σ̂ 1
SSx

= σ̂ 1
44.172

−−∼ 0.039 897 733;√ √
henc e, unde rH: β1 =1, the value of the test statis ti cis: 0.908 494−1

0.039 898 −−∼ −2. 293512,

so theP-v a lue is: Pr[ |t28| ≤ −2. 29351 2] = 2× Pr[t28 ≥ 2. 29351 2] −−∼ 2× 0.014 766 −−∼ 0.029 532−−∼ 0.03.

We thu sfin d that the data provide statis ti c a l ly sig n ific a n tev idenc eaga inst H: β1 =1 and so con clu de the lap -
pi ng process doesnot remove a con stant amou nt of mat e ria l regardle ss of incoming par tdiameter.

NO TE: 1. A 95% CI for β1 is: 0.908 494± 0.081726 915 ==> (0.826 767, 0.990 221)
or about (0.827, 0.990) mic r ons after/mic r ons before;

in agre ement wit h the res ult of the test of sig n ific a n ce, the valueβ1 =1 lie sou tsi de this CI.

(e) We want a 99% confidence in ter val (CI) fo r the meanµY(xj =0.96), repre senting the average of the respons e
variat eY− when the study popula t ion, speci fi ed by the exp lanato ry variat e X−, is jou rnals wit h an incoming
diameter of x− = 0.96 mic r ons above targe t.

We hav e: σ̂ = 0.265 168 389 364, µ̂Y(xj =0.96) = −0.6
.
, Pr[−2.76326 ≤ t28 ≤ 2.76326] = 0.99,

so that: σ̂ (xj −x)2

SSx
+ 1

n = σ̂ (0.96− 0.96)2

44.172 + 1
30

−−∼ 0.0 4841 2903;√ √
henc e, a 99% CI for µY(xj =0.96) is: −0.6

.
± 0.133 777 438 ==> (−0.800 444,−0. 532 889)

or about (−0.800,−0. 533) mic r ons(below targe t).
Be cau se this CI cov ers only value s ap pre ciably belo w zero, it indicates that the process is cent redbelo w target
fo r fin a l jour nal diameter.

NO TE: 2. µ̂Y(xj =x−) = y− and the for mof the CI is actually: y− ± αt*n−2 ×s. d.ˆ (Y−) = y− ± αt*n−2 ×σ̂ 1
n√
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Figure 16.3 SIMPLE LINEAR REGRESSION: I llustr ation 2 (c ont inued 1)

Example 16.3: (f)
(c ont inued)

Condition sun d er whi c h it wou ld not be desir able to cent re the diameters of the incoming par ts on the targe t
value are when the process that produ c es the jou rnals is not ca pa b le of meeting the speci fi cation s. It wou ld
then be better to cent re the process somewhat abov e the targe t, becau se jou rnals abov e the USL can be
la pped a secon d time to make them sma l ler (and wit hin specific ation s) whe reas jou rnals belo w the LSL can
only be dis carde das scr ap. The latt e r is the gr eater of thes etwo cos t sof poor quali ty – the much better
alter native, of cou rse, is to hav ea process capable of produ cing an acceptably hig h propor tio n of jour nals
within specific ation safteron ela ppi ng operation.

(g) We want 99% pre diction in ter vals (PIs) for the ra n dom variables Y(xj = −1) and Y(xj = 4), repre senting the
re spons evariat eY− fo r an in dividua l randomly-selected jou rnal when the study popula t ion s, speci fi ed by the
ex pla n ato ry variat eX−, are jou rnals wit h in coming dia m eters of −1 mic r on and of 4 mic r ons.

We hav e: σ̂ = 0.265 168 389 364, µ̂Y(xj = −1) = −2.447 315 041, Pr[−2.76326 ≤ t28 ≤ 2.76326] = 0.99,

so that: σ̂ (xj −x)2

SSx
+ 1

n +1 = σ̂ (−1− 0.96)2

44.172 + 1
30 +1 −−∼ 0. 280665 734;√ √

henc e, a 99% PI for Y(xj = −1) is: −2.447 315 041 ± 0.775 552 398 ==> (−3. 222 867,−1.671 763)
or about (−3. 22, −1.67) mic r ons.

[This PI, toget her with the one from ove r leaf on page 16.14 and the CI from (e) on the facing page 16.12, are
sh own on the diagram bel ow.]
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Example 16.3: (g)
(c ont inued)

And: σ̂ = 0.265 168 389 364, µ̂Y(xj = 4) = 2.095 155 299, Pr[−2.76326 ≤ t28 ≤ 2.76326] = 0.99,

so that: σ̂ (xj −x)2

SSx
+ 1

n +1 = σ̂ (4− 0.96)2

44.172 + 1
30 +1 −−∼ 0. 295582 698;√ √

henc e, a 99% PI for Y(xj = 4) is: 2.095 155 299± 0.816 771 847 ==> (1. 278 383, 2.911 927)
or about (1. 28, 2.91) mic r ons.

NO TE: 3. Two facto rs make the PIs in (g) so much wider than the CI in (e) :

• a PI is an int e rval estim ate for a random variable repre senting the respons eof an in dividua l,
whereas a CI is an int e rval estim ate for ameanrepre senting a study popula t ionaverage;

• in this Example, the CI is for xj = x− in thece ntre of the data (where Answe rs are most pre c ise),
whereas the two PIs are for value sof xj towards or at the en ds of the int e rval of obs ervation
(w here Answe rs are le ss precis e).

(h) The speci fi cation sfo r in coming dia m eter shoul d be such that an appro priat ely hig h perc ent age of the (in d ivi-
du al) jour nals after la ppi ng are wit hin the speci fi cation sof 0± 3 mic r ons dev iation from nominal;

• at the le ft of the scatt e r diagram ove r leaf on page 16.13 , this means we want a PI whose lo wer li mit is as
cl ose as pos sib le to the LSL of −3 mic r ons;

• at therigh tof the diagram, we want a PI whoseupper li mit is as clo se as pos sib le to the USL of 3 mic r ons.
Fo r99% wit hin specific ation sfo r jour nals wit h in coming dia m eters at the lowe rand upper lim its, by trial and
er ror we find the relev a n tPIs are those for X− = −0.76 mic r ons andX− = 4.09 mic r ons:

lowe r: σ̂ = 0.265 168 389 364, µ̂Y(xj = −0.76) = −2. 229276 465, Pr[−2.76326 ≤ t28 ≤ 2.76326] = 0.99,

so that: σ̂ (xj −x)2

SSx
+ 1

n +1 = σ̂ (−0.76− 0.96)2

44.172 + 1
30 +1 −−∼ 0. 278 149 872;

√ √
henc e, a 99% PI for Y(xj = −0.76) is: −2. 229276 465 ± 0.768 600 414 ==> (−2.997 877,−1.460 676)

or about (−3.00, −1.46) mic r ons;

up per: σ̂ = 0.265 168 389 364, µ̂Y(xj = 4.09) = 2.1 76 919 765, Pr[−2.76326 ≤ t28 ≤ 2.76326] = 0.99,

so that: σ̂ (xj −x)2

SSx
+ 1

n +1 = σ̂ (4.09− 0.96)2

44.172 + 1
30 +1 −−∼ 0. 297074 190;

√ √
henc e, a 99% PI for Y(xj = 4.09) is: 2.1 76 919 765 ± 0.820 893 226==> (1. 356 027, 2.997 813)

or about (1. 36, 3.00) mic r ons.

NO TE: 4. If we requi rea probability lev el high erthan 99% wit hin specific ation sfo r jour nals at the lowe rand
up per lim its, we cou ld use 99.9% or 99.99%, for whi c h:

Pr[−3.67391≤ t28 ≤ 3.67391] = 0.999, Pr[−4. 53047 ≤ t28 ≤ 4. 53047] = 0.9999.
The res ult s of trial and error calcula t ion sfo r the relev a n t99.9% and 99.99% PIs are as shown in
the fol low ing table, whi c halso cont ains the res ult s fo r the 99% PIs giv en above:
Ta ble 16.3.3: Prob abili ty Inc o ming Dia m e t er L ow er Predic tion Int erval Upper Predic tion Int erval

Leve l Lowe r Up per Dif fe rence Endpoints Width End points Width

99% −0.76 4.09 4.85 (−3.00, −1.46) 1. 54 (1. 36, 3.00) 1.64
99.9% −0.49 3.81 4.30 (−3.00,−0.97) 2.03 (0.85, 3.00) 2.15
99.99% −0. 24 3. 56 3.81 (−3.00,−0. 52) 2.48 (0. 39, 3.00) 2.61 .

We not ethre ematt e rs from the infor mation in the table:

• ev en the lo wes tprobability lev el (99%) is high erthan theov era ll propor tio n (ca. 96.7%) of jour-
nals in the sample wit hin specific ation s; [Why?]

• as the probability lev el increases, we requi reanarrower rang eof inco m ing jou rnal diameters;

• as the probability lev el increases, the PIs beco m ewider, rem inding us that, for the fixed infor-
mation con tent of a giv en set of dat a, an inc rease dprobability (or confid e n ce) lev el is obtaine d
only at the cos tof awider in ter val.

NO TE: 5. Of par ticular int e rest in the con tex tof this Example are:

• the int e rpret ation of thesl opeof the regre ssi on lin eand the test of sig n ific a n ce [in (d) on the secon d
si de (page 16.12) of the Fig ure];

• the use of pre diction inter vals in (h) in managi ng the lap ping process to make it meet speci fi cation s.
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