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Figure 10.7. ASSOCI ATION AND CAU SATIO N IN STATISTICS: Reality and Illusion

1. Dat a Visual ization
A pre c ept of inv estig a t i ng rela t ion s hips in statis ti cs is lo oking at the data; that is,vi sua lizing the rela t ion s hip– for exa mple,

the cou rse STAT 442 has the tit le Da ta Vis ualization. A cav eat to this pre c ept is that decid ing how to vis u ali ze the data and
how to in terpre t the display(s) must be infor med by adequ ate statis ti c a l un d erstanding – seeing may be illusor y. In this Fig ure
10 .7, we deal in tur nwith the three main types of Que s tion whi c haris ewhen inv estig a t i ng statis ti c a lrela t ion s hips:

1. Is the re an asso cia tion of X− andY− and, if so, what is its fo rm and/or magn itudeand/or direc tion?
2. What is there aso nfo r an association –e.g., can wees t ablish that X− ca usesY−?
3. Ac cep ting a rela t ion s hipas cau s a l: what is its fo rm – e.g., what is theef fec tof X− on (the ave r age of) Y−?

which exp lanato ry variat eis themost impor tant caus eof (variation in) Y−?
This ‘natural’ order of such Que s tion smay differ appre ciably from the one in whi c hthey are dis cus s ed in an int roducto ry cou rse;
also, the empha sis in introducto ry dis cus sio n is usually on the
rela t ion s hipof on efocal variat e(X−) to on ere spons evariat e(Y−).

The main issue in our dis cus sio n of reality and illusio n
in dat a-base dinve s tig a t i ng of statis ti c a l rela t ion s hips is
the lim itation impos ed on Answe rs by comparison error
arising from confou nding by lur king variat e(s [e.g., Z−]. A fr ame -
wo rk for our pre sent discus sio n is shown in the schema at the
right; it starts wit h an obs erved association (e.g., of X− andY− in
the sim p lest case) [or with la ck of (ex pected) association]. The
fiv e causal structure sare from pag es 5.34 and 5.36 in Fig ure 5.7.
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Ca s e(1)2 Ca s e(1)q2. Questions of the First Type
One way to inv estig a te association is wit h a scatt er diagram,

– in its sim p lest for m, Cartesia n axes wit h dots (or other symbols), the coordin ates of whose cent re are theX− andY− value sof
each biv ariat eobs ervation. Howeve r, when exa m ining such diagr ams, it is easy to ove r look the lim itation on an Answe r abou t
the X−-Y− rela t ion s hipim pos ed by different poi nts on the scatt e r diag ram havi ng di ffering value sof a lur king variat e Z−. This
matt e ris illu s trated by the two versi ons of thesa m escatt e rdiag ram at the rig ht bel ow:

* in the left-hand versi on in whi c hZ− value sareig nored, we see an X−-Y− rela t ion s hipthat cou ld rea son ably be model led by a
st r aight lin ewith anega tivesl ope.

* in the rig ht-hand versi on, whe re different symbols for the poi nts denot efo ur different value sof some (non-focal) ex pla n a-
to ry variat eZ−, the straig ht-lin e X−-Y− rela t ion s hipcan have a slo pe whi c h is (cl ose to) zero (when Z− is 0), posit ive (when Z−
is 1 or 2) or negative (whenZ− is 3).
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NO TES: 1. When looking at a scatt e r diag ram of bi-
variat edata to assess an X−-Y− rela t ion s hip,
we recog n ize that exper ienc eou tsi de statis -
ti cs wit h diag rams inv olv ing Car tesia naxes
prov ides poor prep aration for statis ti cs – it
is diffic ult for lat e rst atis ti c a ltrain ing to ove r-
co m ea min dset (unconc e rne dwith lur king
variat es) that arises from more for mative
earlie r ex per ienc e with such diagr ams,
st arting in ele ment ary school , with on-go ing
ex pos urein the media, and con tin uing up to pos t-secon d ary lev el cou rses, inclu ding calculu sand algebra .

2. Looking at mul t ivariat edata to try to det e ctpa tterns which answe rQuestio ns about rela t ion s hips can be aid ed by
st atis ti c a lsoftware that shows a poi nt cloud in three dim e nsi ons on a computer scre en wit h option sli ke:

• rotating the poi nt cloud in real tim e; • using col our to dis tinguis hsubs ets of the poi nts;

• li nking poi nts (e.g., by usi ngcolour) across scatt e r diag rams whi c h sh ow poi nt clouds for different sub set sof
the variat es –e.g., see Progr am10 ,Mu lti dimensional Data Analysi sin Ag a inst All Odds: Inside Sta tis tics.

3. The foregoi ng dis cus sio n and scatt e rdiag rams in this Fig ure 10.7 draw att entio n to the distin ction bet ween condi-
tioni ng on Z− andig nor ing Z− when inv estig a t i ng rela t ion s hips.

* Condition ing is subdividing, as dis cus s ed at the upper left of pag e11 . 13 in Section 2 of Fig ure 11.6.

* A marginal (probability) dis tributio n, refer red to in Section 6 on pag e11 . 14 of Fig ure 11.6 and illust r ated in
Ta ble s11 .6.10 to11.6.13, is an exa mple of ‘ ig nor ing’ the variat ewhich is abs ent from the margi nal dist rib u tio n –
fo r in stanc e, in Table 11.6.11 ,X−2 is absent, in Table 11.6.12, X−1 is absent, and in Table 11.6.13, Y− is absent.
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NO TES: 3.
(c o nt.)

The rig ht-hand scatt e r diag ram ove r leaf on pag e10 .13 shows the margi nal dist rib u tio n of X− andY− if we think of
the Z− direction as coming ver tically up from the pag e. Wit h the Z− value sas giv en at the upper rig ht of the rig ht-
hand versi on of the diag ram and thinking of the pag eas the pla ne Z− = 0, the first five poi nts of the cloud wou ld lie
on the pag e; the rem ain ing 14 poi nts woul d then lie progres siv ely fur the rabove the pag ein groups as one mov es
to the rig ht across the diag ram . This dis cus sio n reminds us that a margi nal dist rib u tio n is apr oje ction – we se e
the margi nal dist rib u tio n of X− andY− if we look ver tically do wn on the diag ram (i.e., we look along theZ− axis) to
proje ct the three -dimensi onal poi nt cloud on to the pla ne of the pag e.

• It is int e resting to specula te on the ext ent to whi c h the idea sof con d ition ing and margi nalizing (or proje cting)
prov ide a basis for unde rst anding the ways in whi c hmathem ati c a lmodels appr oximate re a lity, bearing in min d
the maxim of the lat eDr. George E.P. Box , a respect e dU. S. statis ti cia n: All model are wrong, som eare use ful .

4. Fig ure 11.6 on pag es11.11 to11.1 8abou tSi mpson’s Paradox and rela ted phen omenash ows how int e rpreting ta b ula-
te ddata and their vis u al repre sent ation must be infor med by adequ ate statis ti c a l un d erstanding , in clu ding for mula-
ting acle arQuestio n and the role of lur king variat es.

• Anscombe’s fou r regres sio n data set sin Fig ure 16. 5on pag es16. 21and 16. 22 illust r ate the statis ti c a lhazards of
wo rking wit h nume rical data sum marie swithou talso lo okingat the data .

3. Questions of the Secon d Ty pe
Fo r the secon dtype, we dis tinguis h fo ur rea son s(‘ca s es’) for asso cia tion of variat esX− andY− in the pre senc eof a pos sib le

confou nde r(o r lu rking variat e) Z−; the fou r relevant cases from pag e5. 34 of Fig -
ure 5.7 are show nsy mboli c a l ly at the rig ht, whe re an arrow den otes causation:

* X− caus esY− (in the pre senc eof confou nde rZ−);

* Y− caus esX−;

* Z− caus esX− andY− – that is,Z− is acom mon cau se of X− andY−;

* coin cid e n ce [which often means that bot hX− andY− are associat e dwith ti m e–
i.e., coi nci denc eis often case(9) in whi c hZ− is time (what eve r, if any thing, ‘causation’ by tim emeans)].

A Que s tion abou t theactual re ason for an obs ervedX−-Y− association can be answe red by a process of el imi nation:
coin cid e n ce [ca s e(3)] requi re sex tra -st atis ti c a lknow ledge to rule it out;
−− in a univ erse wit h an almos tun cou ntable number of variat es changi ng in value ove r time, coi nci dent alassociation sare

li kely numer ousbut may largely go unnoti ced;
id e n tifyi ng cor rectly whi c his the respons eand whi c hthe exp lanato ry variat ecan rule out case (2);
the rem ain ing two rea son sare direct cau s ation [ca s e(1) = case (8)] and com mon cau se [ca s e(9)] – an
inve s tig a t ion wit h a comparative Pla n that yields accep table limitation on the Answe rim pos ed by com -
parison error (due to type 2b confou nding – see Fig ure 11.7) can then be use dto try to rule out case (9);
if successful, this leave s(d i rect) causation [ca s e(1)] as the(li kely) rea son for the association.
−− The Pla n that manage sconfou nding by a co mmon cau se for X− andY− [c ase (9)] wil l also manage

possib le confou nde r(s) Z− (o r Z− i) changi ng as focal variat eX− change s[c ase (8)] in a way that makes
acce pta b le the lim itation impos ed by comparison error (due to type 2a confou nding); the com mon
them eof managi ng type 2 confou nding [ca s es(9) and (8)] is hol d ing Z− fixedasX− change sin value.
++ Ca s e(8) is, of cou rse, case (1) wit h confou nde rZ− sh own exp licit ly – Y− is acom mon response to X− andZ−.

Fo rQuestio ns of the secon dtype, comparison error res ult s in an Answe r thatmisid e n tifie sthe cau se of Y− – for ins tanc e:

= (8)
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−− an Answe rwhich says X− is a cau se of Y− when(in reality) it is not [ca s e(9)] ,
−− an Answe rwhich says X− is nota cau se of Y− when(in reality) it is [ca s e(8)] .
Diag rams (4) to (8) on the facing pag eand on pag e10 .16 illust r ate thes ematt e rs in more det ail. A re a l-world exa mple occur red
in The Globe and Mai l on March 7, 201 5 ,page sM1andM5, in the article: $42 AN HOUR WHY CANADA’ S YO UNG
ACADEMICS ARE ON THE PICKET LINES.
The exc e rpt (fr om pag eM5) relevant to this dis cus sio n
is giv en at the rig ht. The three variat es are:
X−: pro por tio n of the Canadian popula t ion wit h a PhD,
Y−: Cana da’s lev el of produ ctivity and innov ation,
Z−: Cana da’s lev el of dev elo pment.
The assump tion isthat more gra dua te studen t seq ual
in cre ase dpr oduct ivity and innov ation. BUT:
It cou ld wel l be that cou ntr ies at hig h le vel sof devel op-
ment pro duce both innov ation and PhDs.
Thus, the re is a need to est ablis hwhet her the appli c able
causal structure is our case (1) [= case (8)] or case (9).
In addit ion to theca usa lQuestio n, the re are als ost atis ti-

(1) X− Y−

(8)
X−

Y−
Z−

(9)
X−

Z−
Y−

Do we hav e too many PhDs?
Ye t, if graduate progr ams hav egr own, it has been becau se gov ernments
have wav ed mon ey at unive rsity adm inist r ation s, operating unde rthe
assump tion that more graduate students equ al inc rea s ed produ ctivity
and innov ation.

In 2011, Ont ario annou nced that it wou ld fun dan addit ion a l6,000
ma ster’s and doct oral spots eve nas its unde rgr a duate per-student fun d-

ing, adj ust e dfo r inflation, has been decli ning for decades.
Tu rns out that the current ins tructio ns for buil d ing a

PhD student may not transla te into the economic gains
that gov ernments assume.

"I t is an open que s tion whether PhDs are necessar y to
produce innov ation and produ ctivity, or can you do that
with MAs ," said Daniel Munro, an analys t at the Confer-
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Figure 10.7. ASSOCI ATION AND CAU SATIO N IN STATISTICS: Reality and .... (continue d 1)

cally challengi ng matt e rs of measur inga cou ntr y’s produ ctivity
and innov ation (number of pat ents?) and lev el of dev elo pment.

enc eBo ard of Cana dawho wil l be relea sing a repor t he co-
au t hored on PhDs in the Canadian labou rmarket this spring .

Dr. Munro says it is true that cou ntr ies wit h a hig her per-
cent age of PhDs hav ehigher lev el of produ ctivity and in-
novation, and tend to produ c emo repatents. Howeve r, the
rela t ion s hipbetween ver y advanc e deducation and inno-
vation is uncer tain. It cou ld wel l be that cou ntr ies at hig h
leve ls of dev elo pment produ c eboth innov ation and PhDs.

4. Questions of the Third Type
Fo r the thi rd type of Que s tion, provi ded that theX−-Y− rela t ion -

ship is causal [ca s e(1) on the facing pag e10 .14], accep table limita -
tion impos ed by comparison error (due to type 2a confou nding)
can usually be achieve d by a comparative exper iment al(but not
an obs ervation a l) Plan deve loped and exe cuted as previously
discus s ed at lengt h in Fig ure 5.7. The schema
at the rig ht, from the upper rig ht of pag e5. 37
in Fig ure 5.7, rem inds us of Pla n co mponents
av a ila ble to inv estig a tors to manage pos sib le confou nding by
know nand by unknow nand unm e asure dnon-focal exp lanato ry variat es.

Questio n aspect

des criptiv e

causative

ex per iment alPlan

obs ervation a lPlan

bl ock ed

unbl ock ed

matche d
unmatche d

probability assig n ing

adequate repli c ating

Fo r Questio ns of the secon dand thi rd types, whi c h involve an inferenc efr om association to cau s ation, the lim itation im-
pose dby comparison error (due to type 2 confou nding – see Fig ure 11.7) on Answe rs can be sum marized in two pre c epts:

* Partial or complete false posit ive : when coi nci den ce can be ruled out as a rea son, an X−-Y− asso cia tion in d i c atesca us-
ation of Y− but not nec ess a rily (o nly or eve nin par t) by X−.

* Fa lse negat ive: association ofX− andY− may beabse nt ev en when they hav eaca usa l rela t ion s hip.
Thes eprecepts for malize the idea sin Not e30 on pag e5. 35 in Fig ure 5.7 and are illust r ated in more det ail in eig ht diagr ams
below and ove r leaf on pag e10 .16 ,which show how theaver age of Y− change swith X− in the pre senc eof a (bin ary) confou nde r
Z−; exc ept for diagr am(4) [ca s e(9) on the facing pag e11 . 14], the causal conne ction sare those in case (8). In thes eeight diagr ams:

• the circle s( ) repre sent respons evariat eav erage sthat do not occur unde rthe Pla nbecaus ethes eav erage swoul d requ ire the
un its’ Z− value sto bedi ffere nt fr om their actual value s(c oun ter factuals – recall the middle of pag e5. 50 in Fig ure 5.7).

• the dots (•) repre sent respons evariat eav erage sfo r un its whoseZ− value smean that thes eav erage sareobs erved (data),

• the soli d li nes are theunobs erved ‘re a lity’, • the dashe dli nes are the obs erved ‘il lusio n’;

• the hor izont alaxis has aqu ant ita tivescale, rat her than showingX− as an indicato r variat ewith value sof 0 and 1.

In the left-hand diag ram (1) bel ow, the (posit ive) effect of X− on (the ave r age of) Y− is repre sent e dby the two braces to the
righ t of theY−-axi s ; howeve r, if the re is confou nding (Z− changi ng fr om 0 to 1 as X− change s), the effect of X− onY− woul d be
ob ser vedas the brace to the le ft of the axi s . Thus, in diagr am(1):
−− the dashe dli ne inv olv ing comparison error yields awr o ng (exag ger ate d) magn itudefo r the effect of X− onY−.
−− the slo pe of the soli d li nes showing the rela t ion s hipof X− to the ave r age ofY− areunaffe cted by the value ofZ− – that is,

there is no in ter act i on of X− andZ−.

Diag ram (2) is
li ke diagr am(1)
except the re is
in teractio n of X−
andZ− – the soli d
li nes havedi ffer-
en tsl opes.
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0
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•

•
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+

+

+
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•

•
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+

(3)Av erage
re spons e

0
X−0

•
•

Z− = 0

Z− =1

+

−
+

(4)Av erage
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0
X−0

•

•

Z− =1

Z− = 0

+

0

0

−− Diag rams (1)
and (2) illust r ate par tia l fa lse posit ive s; association of X− andY− do es co rre spond to causation of Y− byX− but confou nding
by Z− disto rts reality (creates illusio n).

In diagr am(3) wit h adi ffere nt (n egative) Z−-Y− rela t ion s hip, comparison error is wr o ng direc tion fo r the effect of X− onY−.
−− An Answe rwhich , due to comparison error, is a wrong direc tion fo r an X−-Y− rela t ion s hipis als o a case of wrong va lue

(a n d, usually, wrong magn itude) but, as in Sim pson’s Paradox (se eFigure 11.6 on pag es11.11 to11.1 8), the more dramati c
(d i rection a l) ma n ife s tation of comparison error is usually empha sized .

The rig ht-hand diag ram (4) illust r ates (withou t in teractio n) a (co mplet e) fa lse posit ive Answe r – the re is X−-Y− asso cia tion
withou tX−-Y− ca usa tion; this is the situation whenZ− is a com mon cau se of X− andY− [c ase (9) on the facing pag e10 .14].
−− The two lin es in diagr am(4) hav ezero sl ope so we say X− andY− arein dep enden tcondit i onal on Z− – for (un it) change inX−,

there is nochange in(the ave r age of) Y− pr ovi dedZ− is (held) fixed – see als oNo tes 8 and7 on pag e11 . 18 in Fig ure 11.6.
. A false negative Answe r, as in diagr am(5) ove r leaf, can occur in other ways ; in diagr am(6), such an Answe r ag ain arises

fr om confou nding wit hou t in teractio n, and in diagr ams (7) and (8) [as in diagr am(5)] from both confou ndingand in teractio n.
−− In diagr ams (2), (5) and (7), int e r actio n of X− andZ− is in ciden t al to the manife s tation of comparison error when quantifyi ng

the mag n itude and/or direction of the effect of X− onY−; only in diagr am(8) is the int e r actio n es sent ial to this manife s tation.
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++ (Complet e)
fa lse negative s
involve the
specia l ca s eof
exact canc el-
la t ion of the
ef fects of X−
andZ− onY−.

The foregoi ng dis cus sio n of diagr ams (1) to (8), inv olv ing type 2
confou nding ,is sum marized in Table 10.7. 1at the rig ht.

(5)Av erage
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0
X−0

• •

Z− = 0

Z− =1

+

+
0

(6)Av erage
re spons e

0
X−0

•• Z− =1

Z− = 0

−

−
0

(7)Av erage
re spons e

0
X−0

•• Z− =1

Z− = 0

−

−
0

(8)Av erage
re spons e

0
X−0

• • Z− =1

Z− = 0

+−

0

Ta ble 10.7. 1
X−-Ave rage response RELATIO NSHIPS IN EIGHT DIAGRAMS

Diag ram Relationship Int eraction Comparison error

(1) Posit ive Non e Wr ong mag n itude – exagg erated
(2) Posit ive Incid e n tal Wrong mag n itude – exagg erated
(3) Posit ive Non e Wr ong direction: wrong value
(4) No ne Non e Wr ong value: false posit ive
(5) Posit ive Incid e n tal Wrong value: false negative
(6) Ne g a t ive Non e Wr ong value: false negative
(7) Ne g a t ive Incid e n tal Wrong value: false negative
(8) Mi xed Essentia l Wr ong value: false negative

NO TES: 5. For Questio ns of the thi rd type, con cer ned with quan-
tifyi ng the effect of X− on Y−, the eig ht X−-Ave r age re-
spon se diagr ams ove r leaf on pag e10 .15 and above are
only ill ustra tiveof comparison error becau se its par tic-
cular manife s tation depends on the int e rplay of sev eral
matt e rs affecting diagr amap pearanc e, inclu ding:

• the mag n itude(s) and direction(s) of the slo pe(s) of theX−-Y− rela t ion s hips;

• the mag n itude of theZ−-Y− rela t ion s hip, reflected in thevertical separa tion of the soli d li nes;

• the abs enc eor pre senc eof interactio n (o f X− andZ− in their effects onY−);

• the fo rmsof theX−-Y− andZ−-Y− rela t ion s hips (e.g., linear ornonli near) .

6. Thetwodes criptio ns in the last colum nof Table 10.7. 1abov efo r diag rams (4) to (8) ove r leaf on pag e10 .15 and above
remind us that, for quantit ative variat es, comparison error is [despi te the secon d (m ore dramati c) des criptio ns] a
wr o ng value (a n d, usually, a wrong magn itude) for the effect of X− on (the ave r age of) Y−. As a con seque n ce, dia -
gr ams (4) to (8) illust r ate the occur renc eof comparison error for Questio ns of both the secon dand thi rd type.

• Si milarly, Sim pson’s Paradox (discus s ed in Fig ure 11.6 on pag es11.11 to11.1 8) is , un d er subdivi sio non an addit ion a l
ex pla n ato ry variat e, achange in valuefo r a ‘treatment’ effect, res ulting in a (dramati c) change of direction of the
‘e ffe ct’ [analog o us to diagr am(3) ove r leaf on pag e10 .15.]

7. For the (un attainable) ideal [cr iter ion (1) near the top of pag e5. 32 in Fig ure 5.7] of all non-focal exp lanato ry variat es
rema ining fixe dwhenX− change sto make app are n tit s rela t ion s hiptoY−, the Answe rha sno li mit ation impos ed by com -
parison error but, when a pos sib le confou nde rZ− doesnot rema in fixe d, comparison error do es im pos ea lim itation
on the Answe rabou t the X−-Y− rela t ion s hip. Thes eli mit ation s, from the foregoi ng dis cus sio n in this Fig ure 10.7, are
summarized in Table 10.7. 2below; it rem inds us that the nature of the lim itation depends on the Que s tion con tex t.

Question conte xt Que stion Comparison error type Other name
Comp aring pro por tio ns DoesY− in cre ase or decre ase wit h X−? Wrong direction for an X−-Y− association 3 Si mpson’s Paradox
Establis hing cau s ation Is X− the (or a) ca useof Y−? Wrong cau se identifie d fo rY− 2b Common cau se
Quantifyi ng a tre atment effect What is the effect of X− onY−? Wrong mag n itude for effect of X− onY− 2a Confou nding

Wr ong direction for effect of X− onY− 2a Confou nding
Improv ing a process Is X− themost impor tant caus eof Y−? Wrong main cau se identifie d fo rY− 2a Confou nding
Mo re than one focal variat e What is the effect of eachX− i onY−? Wrong effe ct of one or more X− i onY− 1, 2a -----

Ta ble 10.7.2 Con founding

• If Sim pson’s Paradox (in the first lin eof Table 10.7. 2) is obs erved in asa m p lebut the Que s tion involves the cor-
re spondingpopu lation, lim itation is impos ed on the Answe rby sa m p leer ror as wel l as by co mpariso ner ror.
−− Re g ardle ss of whether the inv estig a t ion involves a (re spondent) popula t ion census or sample, study, non -re -

spon se and measurement error als o li kely need to be manage din the Pla n– e.g., see pag e5.84 in Fig ure 5.7.

• The secon d-last lin eof Table 10.7. 2deals wit h process imp rovement – prior itizing the exp lanato ry variat es re-
spon sib le for variation inY−; the relev a n tcausal conne ction scan then be thoug ht of as case
(1)2 [r e peated at the rig ht from pag e5. 36 in Fig ure 5.7]. Prior itizing a set of m exp lanato ry
variat es X− l (l = 1, 2, .....,m) can be achieve dby successiv ely prior itizing pair s of variat es X− i

andX− j. The effects of confou nding are the sa m eas for qu ant ifying the effect of X− onY−
and the manife s tation of comparison error is identifyi ng thewrong main cause of (variation in) Y−.
−− Be cau se prior itizing exp lanato ry variat es inv olvestwo or more focal variat es, the Pla nsh oul d ma ke provi sio n

fo r estim ating in ter act i on ef fect(s) .
++ [‘P erfect or type 1 confou nding’among some tre atment effects arisi ng fr om usi ng a fractional fact orial

treatment structure may be accep table in the Que s tion con tex t – recall Not e47 onpage 5.45 in Fig ure
5.7 and see the dis cus sio n of type 1 confou nding on pag es11.1 9and 11. 20 inFig ure 11.7.]

• In the la st li ne of Table 10.7. 2, aga in involv ing estim ating tre atment effects for two or more focal variat es, the
Plan shoul d prov ide for estim ating bot hma in and in teractio n ef fects.

(1)2

X− i Y−
X− j
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