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STATISTICS 230 – Tut oria l 1 Pro ble ms

T1 – 1. A bus wit h two passeng ers wil l be mak ing 5 sto ps. Each passeng er picks a stop at random , in d ependently of the
ot he r passeng er, and get s off. It is pos sib le that bot h passeng ers select the same stop.

(a) Des cribe a 25-poin t sample space for this situation.

(b) Assuming the sample poi nts to be equ ally probable, find the probabilit ies of the fol low ing eve n t s:

A: "no passeng ers get off at the first stop" ;
B: "no passeng ers get off at the first two sto ps" ;
C: "the passeng ers get off at di ffere nt sto ps" ;

(c ) Find the probabilit ies of eve n t s A, B and C if the re are 2 passeng ers and n stops (n ≥ 3).

(d) Fin d the probabilit ies of eve n t s A, B and C if the re are r passeng ers and n stops (n > r) .

T1 – 2. A clu b ha s a membership of 10 coup les. A com mitt e e of 5 people is picke d at random . Find the probability the com-
mitt e e ha s (e xactly) one coup le.

T1 – 3. From a set of 2n +1 con secutiv ely numbere d ti cke ts, three are selected at random wit hou t replacement. Fin d the prob-
ability that the numbers of the ticke ts for m an arithmeti c prog res sio n. [The or der in whi c h the ticke ts are selected
does not matt e r.]
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T2 – 1. Sh ow that : 1
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HINT: x2 = x(x −1) + x.

T2 – 2. Ba l ls numbered 1, 2, ....., 20 are placed in an urn and one ball is drawn at random . Sh ow each of the fol low ing
ev ents on a Venn diagr am and find their probabilit ies:

A: "the number on the ball is div isible by 2";

B: "the number on the ball is div isible by 5";

C: "the number on the ball is prime";

D: "the number on the ball is odd."

Then find the probability of each of the fol low ing eve n t s , which are co mbi nations of the previous fou r ev ents:

A∪ B; A∩ B
−

; A∪ D; A∩ D; (A∪ B)∩ (C∪ D); (A∩ B)∪ (C∩ D).

T2 – 3. When A and B play a game, the odds that A wins are 2 to 1. If they play two games and games are modelled as bei ng
probabilis ti c a l ly independent, what are the odds that A wins them bot h?
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T3 – 1. An ele ctr ical net w ork has switches conne cted as
sh own at the rig ht. Switches operate independently
and the probability a switch is clo sed is 0.8 for type
A and 0.6 for type B. What is the probability that
there is a complet e path throug h the net w ork?

A

A

B

B

B

B

T3 – 2. In a three -co rne red duel, A, B and C su ccessiv ely shoot
at any other combatant until only one rem ain s. The probability of ‘su ccess’ on any shot is 0.3 for A, 0.5 for B and 1 for
C, and shots can be model led as bei ng probabilis ti c a l ly independent. Each ‘playe r’ adopts the best sur viv a l st r ategy,
in clu ding pos sib ly an int entio nal miss. Fin d the probabilit ies of sur viv a l fo r A, B and C.

T3 – 3. There are two diag nos tic tests for a dis ease. Among people who have the disease, 10% giv e negative res ult s on the
first test and, independently of this , 5% giv e negative res ult s on the secon d test. Among those who do not have the
disease, 80% giv e negative res ult s on the first test and, independently, 70% giv e negative res ult s on the secon d test.
Tw enty per cent of those test e d have the disease.

(a) If bot h tests are nega tive, what is the probability that the person test e d ha s the dis ease?

(b) If bot h tests are posi tive, what is the probability that the person test e d ha s the dis ease?

(c ) If the first test giv es a posit ive res ult, what is the probability that the secon d test wil l also be posit ive?
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T4 – 1. Let random variable X have a Poi sson dis tributio n with mean µ. Fin d the probability that X is eve n.

HINT: Compare the ser ies exp ansio ns of eµ and e−µ.

T4 – 2. A bat ch of g good lig htbulbs has become mixe d up wit h a bat ch of b bad ones. Bulbs are randomly selected one at a
time wit hou t replacement and test e d un til all b bad ones hav e been fou nd. Fin d the probability fun ction of random
variable N, the total number of bul bs test e d.

T4 – 3. Digits are chosen at random wit h replacement from 0, 1, ...., 9. If random variable N is the number of dig its that must
be chosen in order to obtain at lea st on e 0 and at lea st on e 1, find the probability fun ction of N.
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T5 – 1. Flaw s in the pla t i ng of standard -si zed she ets of met al occur at random ove r the entire are a being pla ted, and 67% of
the she ets produ c e d have no flaw s .

(a) Ten she ets are taken from the assemb ly lin e; what is the probability that exactly 3 of them con tain flaw s?

(b) She ets are taken from the assemb ly lin e un til 7 wit hou t flaws hav e been obtaine d; what is the probability that ex-
actly 10 she ets wil l be selected?

(c ) What percent age of the she ets pla ted will have more than one flaw?

T5 – 2. Sup pos e that the number of col ds a person get s per year can be model led by a Poi sson dis tributio n with an ave r age of
3. For two -thir ds of the popula t ion, tak ing one gram of vit amin C daily reduces this ave r age number of col ds to 2,
while for the other one -thir d of the popula t ion, vit amin C ha s no effect. What is the probability a person who takes 1
gr am of vit amin C daily and get s on e cold in a year is someon e who actually ben efit s fr om vit amin C?

T5 – 3. Sup pos e that the number of egg s la id by a fem ale robin can be model led by a Poi sson dis tributio n with mean µ, and
that each egg has probability p of hat ching, independently of other egg s. Fin d the probability dis tributio n of the num-
ber of offspring.
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T6 – 1. Fo rty perc ent of the egg s produced by a flock of hens are cla s sifie d as sm all, 40% are medium, and 20% are large.
Eggs are chosen at random from a large bat ch of the egg s un til k large eggs have been obtaine d. If random variable
X is the number of sma l l, and random variable Y the number of medium , eggs obtaine d, find the joi nt probability
function f(x, y).

T6 – 2. Let X and Y be dis cret e random variable s defin ed on the same
sample space, wit h join t probability fun ction as shown at the rig ht.

(a) Der ive the p.f. of the total T ≡ X+Y.

(b) Fin d the probability of the eve n t X =Y.

(c ) Find the con d ition a l p.f. of X give n that T= 4.

f(x, y) = p x + y(1− p)
2

fo r x = 0, 1, 2, ...

y = 0, 1, 2, ...

T6 – 3. An urn con tains −N balls numbere d 1, 2, ....., −N. A random sample of n balls is chosen with replacement. If variat es
X and Y repre sent the large s t and sma l lest numbers drawn, giv e an expre ssi on for each of the fol low ing probabilit ies:

Pr(X ≤ x); Pr(Y >y); Pr(X ≤ x, Y >y).

He n ce, obtain the margi nal p.f.s of X and Y and their joi nt p.f.
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T7 – 1. Let X and Y be probabilis ti c a l ly independent random variable s with finite means and varianc es.

(a) Show that X+Y and X−Y are uncor rela ted if and only if var(X) = var(Y).

(b) Show that cov(X, XY) = var(X) •E(Y).

T7 – 2. A machin e wo rks for a tim e X1 un til it bre a k s down; it is then rep aired, whi c h take s time Y1. It then works for a fur-

ther tim e X2 un til it bre a k s down aga in; the new rep air tim e is Y2, and so on. The Xjs can be model led as probabilis ti-
cally independent random variable s with com mon mean µ and com mon varia n ce σ 2. The value of Yj depends on how
‘o ld’ the machin e is , where age is mea s ure d in ter ms of the tim e it has been wor king : X1 + X2 + ..... + Xj. It may be
assume d that Yj can be model led as shown at the rig ht, wit h β > 0 and variation
neglig ible compare d with σ 2. When the machin e breaks down for the nth time,
it is scr apped immediat ely. Fin d the mean and varianc e of the tim e between the ins tallation of a new machin e and its
scrapping.

Yj = α + β (X1 + X2 + ..... + Xj)

1989 -09 -20



Un ive rsity of Wat e r loo STAT 230 – W. H. Che rry

#0. 30

STATISTICS 230 – Tut oria l 8 Pro ble ms

T8 – 1. In a row of n+1 poin t s , any poi nt has probability p of bei ng black and probability q=1−p of bei ng whit e; col our is
deter min ed independently for each poi nt. Show that, among the n pairs of adj acent poi nts, the number in whi c h the
two poi nts are of di ffere nt colours has mean 2npq and varianc e 2(2n−1)pq − 4(3n− 2)p2q2.

HINT: Defi ne indicato r variable Xj = 1  if poi nts j and j+1 have different col ours (j =1, 2, ..... n).

T8 – 2. A mul t i p le choic e ex amination has 100 que s tion s, each wit h 5 pos sib le answe rs; one mark is awarded for a cor rect an-
swe r, and one -qu arter mark is deducted for an incor rect answe r. A particular student has probability pj of knowing
the cor rect pi of knowing the cor rect answe r to the jth que s tion, independently of other que s tion s.

(a) Sup pos e that on que s tion s where he or she does not know the answe r, they gue ss randomly among the five pos sib le
answe rs. Show that the student’s tot al mark on the exa m ination has mean Σpj and varianc e Σpj (1−pj) + (100 −Σpj)/4.

(b) What wou ld be the mean and standard dev iation of the student’s tot al mark if he or she re f rai ned from guess-
ing when they did not know an answe r?
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T9 – 1. My neighbour and I have identical floodla mps whose lifetim e s are expon entia l ly dis tributed with mean θ = 300 hou rs;
each of us bur ns ou r floodla mp for six hou rs per nig ht. Find the probability that:

(a) my floodla mp lasts longe r than 60 nig hts;

(b) bot h floodla mps last longe r than 60 nig hts;

(c ) both floodla mps bur n ou t on the same night.

T9 – 2. Let X1, X2, ..... , Xn be probabilis ti c a l ly independent random variable s each havi ng
the p.d.f. giv en at the rig ht. Let random variable M be the mi nimum of X1,
X2, ..... , Xn; find the p.d.f. of M.

f(x) = e−(x −β) fo r x >β > 0

T9 – 3. Acco r ding to the Maxwel l-Bol tzmann Law, the vel ocity V of a gas mole cule is a
contin uou s random variable wit h p. d.f. as giv en at the rig ht, whe re k and β are
posit ive con stants. The kin eti c en ergy of a mole cule of mass m is Y ≡ ½mV

2
.

(a) Show that k = 4β 3/2/√π = 4β 3/2/Γ(½).

(b) Fin d the p.d.f. and expected value of Y.

f(v) = kv2e−β v 2

fo r v > 0
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T10 – 1. Sup pos e that the lifetim e s of telev isi on picture tubes can be model led by a nor mal dist rib u tio n ; an inv estig a t ion of
tubes produ c e d by one manufacture r sh ows that 15% of tubes fail before 2 years and 5% last longe r than 6 years.

(a) Fin d the mean and standard dev iation of the lifetim e dist rib u tio n of thes e tubes.

(b) Fin d the probability that the total lifetim e of two randomly chosen tubes exc e e ds 10 years.

T10 – 2. In a clu b of n voting members, a block of s members vot es un a n imously on any issue; the othe r t = n −s members
vo te at random (p = ½). All n members alw ays vot e and t is fair ly large. How large must s be (in ter ms of t) so that
there wil l be an 84.1% chanc e that the block of s vo ters wil l carry any issue for which it vot es?

T10 – 3. The dis tributio n of bag weights in large shipments of pot atoes can be model led by a N(µ, 4) dist rib u tio n, whe re µ is
unknow n. To decid e whet her to accep t a shipment, an inspect or is allowe d to weigh 10 randomly chosen bag s; ide-
ally, she woul d li ke to accep t only shipments wit h µ ≥100 and rej ect all those wit h µ <100. Three accep tanc e rule s
fo r shipments are consid ere d:

I: accep t if at lea st 7 of the ten bag s weigh more than 99 pou nds;

II: accep t if the sma l lest of the ten bag s weighs more than 96.6 pou nds;

III: accep t if the ave r age of the ten bag weights is more than 99.8 pou nds.

Fo r each rule, det e rmine the accep tanc e probability as a fun ction of µ, and plo t the three fun ction s fo r 98 ≤ µ ≤102.
Which rule is the best? Exp lain briefly
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