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Assignment 8 Out line Solut ion

A8 –1. (a) From the n=10 obs erva-
tion s (xj, yj) give n in the
st atement of the que s tion,
we find the fol low ing :

Σxj = 232. 5,

Σxj
2 = 6,974. 25;

Σyj = 229,

Σyj
2 = 6,796.66;

Σxjyj = 6,884.65;

x− =23. 25,
y− = 22.9;

SSxy =1,560.4,
SSx =1,568.625,
SSy =1,552. 56;

henc e, thees tim atesof β1

(the slo pe) and β 0 (the in-
tercept) of the reg res sio n
of Y− onX− are:

b1 = 0.994 756 554,
b0 = −0. 228 089 888,

so the equ ation of the
st r aight-lin emodel is:

regy− = −0. 2281+0.9948 x.

The scatt e rdiag ram of the
the calci u manalys is calib r ation
data, wit h the estim ated reg res sio n of Y− onX− superimpos ed on it, is shown above at the rig ht.
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regy− = −0. 2281+0.9948x
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(b) The ANOVA table for thes edata is:
SOURCE SUM of SQUARES Df ME AN SQUARE F-RATIO

Model b1SSxy = 1, 552. 218 127 34 1 MSM = 1, 552. 218 127 34
Estimated residu al SSE = 0. 341 872 66 8 MSE = 0.042 734 08

To tal SSy = 1, 552. 56 9 (s2
y = 172. 506

.
) ----- .

MSM
MSE = MSM

σ̂ 2 −−∼ 36,322.7

Also, the coefficie n tof det e rmination, cor rela t ion coefficie n tand estim ate of σ fo r thes edata are:
r2 = 0.999 779801, r = 0.999 889 894, σ̂ = √MSE = 0.206 722 23514 .

(c ) Threematt e rs provi de an assessment of how well the straig ht-lin eregres sio n model fits the data:

• Vi sual inspectio n of the scatt e r diag ram wit h the estim ated reg res sio n of Y− onX− superimpos ed on it shows the
poin t sli e very cl ose to the lin e– the only estim ated residu al that is not very sm all is that of these ven t hpoin t ;
−− the poi nts appear to be scatt e red withou tobvious patt e rn on bot hsi des of the lin e;
−− there does not appear to be any sys tem ati c change in the mag n itude of the estim ated residu als wit h in cre as-

ing value sof x, whi c his con sis tent wit h the assump tion of con stant σ.

• The F-ratio (36,323) is extrem ely high and so provi des ver y highly statis ti c a l ly sig n ific a n tev idenc eag ain st the
hy pot hesis β1 = 0, indicating a meaning ful reg res sio n.

• The value of the coefficie n tof det e rmination shows that wel l ov er 99.9% of the variation of the yj’s about thei r
av erage has been accou nted for by the estim ated reg res sio n of Y− onX−.

Thes econsid eration sall show the straig ht-lin emodel is an excellen tfit to thes edata .

(d) We want a 95% confid e n ce int e rval (CI) fo r the in ter cep tβ 0, repre senting theaver ageof the respons evariat eY− when
the respondent (or study) popula t ion, speci fi ed by the exp lanato ry variat eX−, is an actual calci u mcont entof zero.
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Assignment 8 Out line Solut ion (continue d1)

A8 –1. (d)
(c o nt.)

We hav e: σ̂ = 0.206 722 23514 , b0 = −0. 228 089 888, Pr[−2. 30600≤ t8 ≤ 2. 30600] = 0.95,

so that: σ̂ x2

SSx
+ 1

n = σ̂ 23. 252

1, 568. 625+ 1
10

−−∼ 0.137 840 355;√ √
henc e, a 95% CI for β0 is: −0. 228 089 888± 0. 317 859 858 ==> (−0. 545 949 746, 0.089 769 970)

or about (−0. 55, 0.09) un its.
Be cau se zero lie swithin this 95% CI, the data are consis tent, at the 5% lev el, wit h the hypot hisis β0 = 0; i.e., it seems
that the respondent (or study) popula t ion reg res sio n of Y− onX− ca nbe con sid ere dto pass throu gh the origi n.

(e ) We want a 90%confidence in ter val (CI) fo r themeanµY(xj =23.25) repre senting regY
−−i(X− i), the respondent (or study)

popula t ion reg res sio n aver agecalci u mcont entgive nby the new procedure when the actual calci u mcont entis speci-
fie dby exp lanato ry variat eX− i = 23. 25 units.

We hav e: σ̂ = 0.206 722 23514 , µ̂Y(xj =23.25) = µ̂Y(xj = x−) = y− = 22.9, Pr[−1.85955 ≤ t8 ≤ 1.85955] = 0.90,

so that: σ̂ (xj −x)2

SSx
+ 1

n = σ̂ (23. 25− 23. 25)2

1, 568. 625 + 1
10

−−∼ 0.065 371 311 ;
√ √

henc e, a 90% CI for µY(xj =23.25) is: 22.9 ± 0.121 561 221 ==> (22.778 438 78, 23.021 561 22)
or about (22.8, 23.0) un its.

A8 – 2. (a) From the n= 8  obs erva-
tion s (xj, yj) give n in the
st atement of the que s tion,
we find the fol low ing :

Σxj = 36,

Σxj
2 = 20 4,

Σyj = 38.358,

Σyj
2 =189.0325,

Σxjyj =187. 16;

x− = 4.5,
y− = 4.79 475,

SSxy = 14. 549,
SSx = 42,
SSy = 5.115 4795;

henc e, thees tim atesof β1

(the slo pe) and β 0 (the in-
tercept) of the reg res sio n
of Y− onX− are:

b1 = 0.346 404 762,
b0 = 3.235 928 571,

so the equ ation of the
st r aight-lin emodel is:
regy− = 3.236+ 0. 3464 x.

The scatt e rdiag ram of
the growth of alg ae cel ls dat a,
with the estim ated reg res sio n of Y− onX− superimpos ed on it, is shown above at the rig ht.

Gr owth of Algae Cells Data
y

x

6

5

4

3

2

1

0

L
o
g
a
r
i
t
h
m
o
f
v
o
l
u
m
e
o
f
c
e
l
l
s

0 1 2 3 4 5 6 7 8
Day

•
•

•

• •

•
•

•

regy− = 3. 236+0. 3464x

(b) The ANOVA table for thes edata is:
SOURCE SUM of SQUARES Df ME AN SQUARE F-RATIO

Model b1SSxy = 5.039 842 881 1 MSM = 5.039 842 881
Estimated residu al SSE = 0.075 636 619 6 MSE = 0.01 2606 103 173

To tal SSy = 5.11 5479 5  7 (s2
y = 0.730 782 786) ----- .

MSM
MSE = MSM

σ̂ 2 −−∼ 399.79

2095 -04 -20
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Assignment 8 Out line Solut ion (continue d2)

A8 – 2. (b)
(c o nt.)

Also, the coefficie n tof det e rmination, the cor rela t ion coefficie n tand the estim ate of σ are:
r2 = 0.985 214 168, r =  0.992 579 553, σ̂ = √MSE = 0.112 276 9040.

(c ) Threematt e rs provi de an assessment of how well the straig ht-lin eregres sio n model fits the data:

• Vi sual inspectio n of the scatt e r diag ram wit h the estim ated reg res sio n of Y− onX− superimpos ed on it shows the
poin t s ge nerally lie clo se to the lin e(t he fo urth poin t ha sthe estim ated residu al of large s tmagnitude);
−− the poi nts appear to be scatt e red withou tobvious patt e rn on bot hsi des of the lin e;
−− there does not appear to be any sys tem ati c change in the mag n itude of the estim ated residu als wit h in cre as-

ing value sof x, whi c his con sis tent wit h the assump tion of con stant σ.

• TheF-ratio (400) is ver yhigh and so provi des hig hly statis ti c a l ly sig n ific a n tev idenc eag ain st the hypot hesis β1 = 0,
in d i c ating a meaning ful reg res sio n.

• The value of the coefficie n t of det e rmination shows that about 98½% of the variation of the yj’s about thei r
av erage has been accou nted for by the estim ated reg res sio n of Y− onX−.

Thes econsid eration sall show the straig ht-lin emodel is avery goo dfit to the data .

(d) We want a 99% confid e n ce int e rval (CI) fo r β1, repre senting thesl opeof the respondent (or study) popula t ion reg res -
si on of Y− onX−.

We hav e: σ̂ = 0.112 276 9040, b1 = 0.346 404 762, Pr[−3.70743 ≤ t6 ≤ 3.70743] = 0.99,

so that: σ̂ 1
SSx

= σ̂ 1
42

−−∼ 0.01 7324 7024;√ √

henc e, a 99% CI for β1 is: 0.346 404 762 ± 0.064 2301215 ==> (0. 282 174 64, 0.410 634 883)
or about (0. 282, 0.411) un its.

(e ) The la b els we att ach to the days can make no fun d a m e n tal differenc eto the nature of the reg res sio n ; number ing
the days 0, 1, .....,7, ins tea dof 1, 2, .....,8, wou ld leave the estim ate of the sl ope unchange dbut wou ld alt e r the
estim ate of the in ter cep t(t o abou t3. 5823).

A8 – 3. (a) From the n= 9  obs erva-
tion s (xj, yj) give n in the
st atement of the que s tion,
we find the fol low ing :

Σxj = 6,

Σxj
2 = 5.4375,

Σyj = 1,494,

Σyj
2 = 311, 558;

Σxjyj =1, 293.25;

x− = 0.6
.
,

y− = 166;

SSxy =297.25,
SSx =1.4375,
SSy =63, 554;

henc e, thees tim atesof β1

(the slo pe) and β 0 (the in-
tercept) of the reg res -
si on of Y− onX− are:

b1 = 206.7 82 6087,
b0 = 28.144 927 54,

so the equ ation of the
st r aight-lin emodel is:
regy− = 28.14 5+ 206.7 8x.

The scatt e rdiag ram of the
st e el bol t sh e aring strengt hdata,
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Assignment 8 Out line Solut ion (continue d3)

A8 – 3. (a)
(c o nt.)

with the estim ated reg res sio n of Y− onX− superimpos ed on it, is shown at the lowe rright ove r leaf.

(b) The ANOVA table for thes edata is:
SOURCE SUM of SQUARES Df ME AN SQUARE F-RATIO

Model b1SSxy = 61,466.1 30 43 1 MSM = 61 ,466.1 30 43
Estimated residu al SSE = 2,087.869 57 7 MSE = 298.267 08074

To tal SSy = 63,554 8 (s2
y = 7,944.25) ----- .

MSM
MSE = MSM

σ̂ 2 −−∼ 206.08

Also, the coefficie n tof det e rmination, cor rela t ion coefficie n tand estim ate of σ fo r thes edata are:
r2 = 0.967 148 101, r =  0.983 436 882, σ̂ = √MSE =17. 270 410 555.

(c ) Threematt e rs provi de an assessment of how well the straig ht-lin eregres sio n model fits the data:

• Vi sual inspectio n of the scatt e r diag ram wit h the estim ated reg res sio n of Y− onX− superimpos ed on it shows the
poin t s ge nerally lie clo se to the lin e, alt hou gh the estim ated residu als are of noticably gre ater mag n itude for the
thre elargest bol ts (diameters of sev en-eig hths of an inch and greater);
−− the poi nts appear to be scatt e red withou tobvious patt e rn on bot hsi des of the lin e;
−− althou gh it is threeconsec utive poin t s that hav e larger estim ated residu als , this mig ht rea son ably occur by

chanc ein as few as 9 poi nts, so we are not unduly con cer ned about the assump tion of con stant σ.

• The F-ratio (206) is ver y high and so provi des hig hly statis ti c a l ly sig n ific a n tev idenc eag ain st the hypot hesis
β1 = 0, indicating a meaning ful reg res sio n.

• The value of the coefficie n t of det e rmination shows that nearly 97% of the variation of the yj’s about thei r
av erage has been accou nted for by the estim ated reg res sio n of Y− onX−.

Thes econsid eration sall show the straig ht-lin emodel is ago od fit to the data .

(d) We want to carry out a test of sig n ific a n ce for the in ter cep tβ 0, repre senting theaver age of the respons evariat eY−
when the respondent (or study) popula t ion, speci fi ed by the exp lanato ry variat eX−, is bol ts wit h diameterzero.

We hav e: σ̂ =17. 270 410 555, b0 = 28.144 927 54, B0−β 0

s.d.^ (B0)
∼ tn− 2;

then: s. d.ˆ (B0) = σ̂ x2

SSx
+ 1

n = σ̂ 0.6
.2

1. 4375 + 1
9

−−∼ 11 . 196 36674 ,√ √
so that, unde rH: β 0 = 0, the value of the discrep anc ymea s ure is: 28.144 927 54− 0

11 .196 366 75 −−∼ 2. 513 755 417,

and theP-v a lue is: Pr[ |t7| ≥ 2. 513 755] = 2× Pr[t7 ≥ 2. 513 755] −−∼ 2× 0.020 087 835−−∼ 0.040 176 −−∼ 0.040.

He n ce on the basis of a two -si dedt-test, the hypot hesis β 0 = 0  is margi nally rej ectedat the 5% lev el (P −−∼ 0.040);
thus, the data provi de margi nally statis ti c a l ly sig n ific a n tev idenc ethe int e rc ept of the reg res sio n of Y− onX− is notzero.

Alter native ly, as in Que s tionA8 –1(d), we can approach this matt e rusing a 95% confid e n ce int e rval (CI) fo r β 0.

We hav e: σ̂ =17. 270 410 555, b0 = 28.144 927 54, Pr[−2. 36462≤ t7 ≤ 2. 36462] = 0.95;

henc e, a 95% CI for β 0 is: 28.144 927 54± 26.475 152 72 ==> (1.669 774 82, 54.620 080 25)
or about (1.67, 54.6) un its.

Be cau se zero lie sju s tou tsi de this 95% CI, the data provi de margi nally statis ti c a l ly sig n ific a n tev idenc eag a inst the
hy pot hisis β 0 = 0; i.e., the reg res sio n model for the rela t ion s hipbetween Y− andX− doesnot ap pear to hav ezero
ie e e e e c ept [as we previously con clu ded from the (equivalent) test of sig n ific a n ce] .

(e ) We want a 95%confidence (CI) in ter val for themeanµY(xj =1¼) repre senting regY
−−i(X− i), the respondent (or study) pop -

ulation reg res sio n aver agesh e aring strengt hof bol ts wit h diameter speci fi ed by exp lanato ry variat eX− i =1¼ inches.

We hav e: σ̂ =19. 270 410 555, µ̂Y(xj =1¼) =  286.623 1884, Pr[−2. 36462≤ t7 ≤ 2. 36462] = 0.95,

so that: σ̂ (xj −x)2

SSx
+ 1

n = σ̂ (1. 25 − 0.6
.
)2

1. 4375 + 1
9

−−∼ 10 .18 5532 46;√ √
henc e, a 95% CI for µY(xj =1¼) is: 286.623 1884 ± 24.084 9138 ==> (262. 538 2746, 310 .7081022)

or about (262. 5, 310 .7) un its.

(f) We want a 95% pre diction in ter val (PI) fo r the ra n dom variable Y(xj =1¼) repre senting regY−i(X− i), the respondent
(o r study) popula t ion reg res sio n sh e aring strengt hof an equ iprobably-selectedin dividua l bolt wit h diameter speci-
fie dby exp lanato ry variat eX− i =1¼ inches.
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Assignment 8 Out line Solut ion (continue d4)

A8 – 3. (f)
(c o nt.)

We hav e: σ̂ =17. 270 410 555, µ̂Y(xj =1¼) =  286.623 1884, Pr[−2. 36462≤ t7 ≤ 2. 36462] = 0.95,

so that: σ̂ (xj −x)2

SSx
+ 1

n +1 = σ̂ (1. 25 − 0.6
.
)2

1. 4375 + 1
9 +1 −−∼ 20.050 24070;

√ √
henc e, a 95% PI for Y(xj =1¼) is: 286.623 1884 ± 47.411 200 17 ==> (239.211 9882, 334.034 3886)

or about (239.2, 334.0) un its

(g) The solutio n of theBONUS part of que s tionA8 - 3 is giv en at the end of this solutio n, statr ing on pag e0.12h.

A8 – 4. (a) From the n= 8  obs erva-
tion s (xj, yj) give n in the
st atement of the que s tion,
we find the fol low ing :

Σxj = 900,

Σxj
2 =126, 550,

Σyj = 638,

Σyj
2 = 51,236;

Σxjyj = 74 ,445;

x− = 112.5,
y− = 79.75,

SSxy = 2,670,
SSx = 25, 300,
SSy = 355.5;

henc e, thees tim atesof β1

(the slo pe) and β 0 (the in-
tercept) of the reg res sio n
of Y− onX− are:

b1 = 0.1 05 533 5968,
b0 = 67.877 470 36,

so the equ ation of the
st r aight-lin emodel is:

regy− = 67.88+ 0.1055 x.

The scatt e rdiag ram of the
fa m ily expenditure and city
si ze dat a, wit h the estim ated reg res sio n of Y− onX− superimpos ed on it, is shown above at the rig ht.
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regy− = 67.88+0.1055x

(b) The ANOVA table for thes edata is:
SOURCE SUM of SQUARES Df ME AN SQUARE F-RATIO

Model b1SSxy = 281.774 7036 1 MSM = 281.774 7036
Estimated residu al SSE = 73.725 2964 6 MSE = 12.287 549407

To tal SSy = 355.5 7 (s2
y = 50.7 85 714) ----- .

MSM
MSE = MSM

σ̂ 2 −−∼ 22.93

Also, the coefficie n tof det e rmination, cor rela t ion coefficie n tand estim ate of σ fo r thes edata are:
r2 = 0.792 615 200, r =  0.890 289 391, σ̂ = √MSE = 3.505 360 0966.

(c ) Threematt e rs provi de an assessment of how well the straig ht-lin eregres sio n model fits the data:

• Vi sual inspectio n of the scatt e r diag ram wit h the estim ated reg res sio n of Y− onX− superimpos ed on it shows the
poin t s ge nerally lie fair ly clo se to the lin e(t hefir st poin t ha sthe estim ated residu al of large s tmagnitude);
−− the poi nts appear to be scatt e red on bot h si des of the lin e but there may be apa ttern in the value sof the

estim ated residu als;
−− there does not appear to be any sys tem ati c change in the mag n itude of the estim ated residu als wit h in cre as-

2005 -04 -20 (cont inued overleaf )



Un ive rsity of Wat e r loo STAT 221 – W. H. Che rry

#0.12f[INSTRUCTOR’ S VER SION – NOT TO BE GIVEN TO STUDE NTS]
_______________________________________________
_______________________________________________

Assignment 8 Out line Solut ion (continue d5)

A8 – 4. (c )
(c o nt.)

ing value sof x, whi c his con sis tent wit h the assump tion of con stant σ.

• TheF-ratio (23) is high and so provi des statis ti c a l ly sig n ific a n tev idenc eag ain st the hypot hesis β1 = 0, indicating
a meaning ful reg res sio n.

• The value of the coefficie n t of det e rmination shows that just ove r 79% of the variation of the yj’s about thei r
av erage has been accou nted for by the estim ated reg res sio n of Y− onX−.

Thes econsid eration sall show the straig ht-lin emodel is a fair fit to the data; howeve r, the patt e rn in the value sof the
estim ated residu als sugge s t sanextension of the straig ht-lin emodel (e.g., acu bic poly nomial) woul d be abetter fit.

(d) We want apoin t estim ate of each of the random variable sY(xj =125) andY(xj =10); thes eare obtaine dby sub -
stituting the relev a n tvalue of x in the equ ation of the lin e: regy− = 67.88+ 0.1055x. The res ult s are:
µ̂Y(xj =125) =  $81.069 or about $81,000;

• this pre diction shoul d be fair ly clo se to the true value becau se it is base don a model that is a fair fit to the data
and the value of x is wit hin (actually aroun dthece ntre) of the range of the obs erved value sof x.

µ̂Y(xj =10) =  $68.932 or about $69,000;

• this pre diction maynotbe clo se to the true value becau se the value of x is appreciably ou tsi de the range of the ob-
se rve dvalue s; in addit ion, the data strongly sugge s tthestraigh t-lin emodel is irrelev a n tfo r value sof x aroun d10 .

NO TE: Althou gh not aske dfo r in the que s tion, the cor res -
ponding 95% pre diction in ter vals (in $000) are:

fo r x =125: (71.946, 90.192) or about (72, 90);
fo r x =10: (58. 286, 79. 577) or about (58, 80).

A8 – 5. (a) From the n=10 obs erva-
tion s (t j, wj) giv en in the
st atement of the que s tion,
we find the fol low ing :

Σ t j = 20,
Σ t j

2 = 60,

Σwj =1, 294,

Σwj
2= 429,1 91,

Σ t jwj = 4,466;

t− = 2,
w− = 124.9,

SStw = 1,968,
SSt = 20,
SSw = 273,1 90.9;

henc e, thees tim atesof β1

(the slo pe) and β 0 (the in-
tercept) of the reg res sio n
of W− onT− are:

b1 = 98.4,
b0 = −71.9,

so the equ ation of the
st r aight-lin emodel is:

regw− = −71.9 + 98.4 t.

The scatt e rdiag ram of the
rat weight los sdata, wit h the estim ated reg res sio n of W− onT− superimpos ed on it, is shown above at the rig ht.
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regw− = −71.9 + 98.4t

(b) The ANOVA table for thes edata is:
SOURCE SUM of SQUARES Df ME AN SQUARE F-RATIO

Model b1SStw = 193,651. 2 1 MSM = 193,651. 2
Estimated residu al SSE = 79,539.7 8 MSE = 9,942.4625

To tal SSw = 273,1 90.9 9  (s2
w = 30,354.54

.
) ----- .

MSM
MSE = MSM

σ̂ 2 −−∼ 19.48
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Assignment 8 Out line Solut ion (continue d6)

A8 – 5. (b)
(c o nt.)

Also, the coefficie n tof det e rmination, cor rela t ion coefficie n tand estim ate of σ fo r thes edata are:
r2 = 0.7 08 849 380, r =  0.841 931 933, σ̂ = √MSE = 99.711 897 485.

(c ) Threematt e rs provi de an assessment of how well the straig ht-lin eregres sio n model fits the data:

• Vi sual inspectio n of the scatt e rdiag ram wit h the estim ated reg res sio n of W− onT− superimpos ed on it shows that,
except for 1 day fum igation time, the rem ain ing eig ht poi nts devi a te subs t ant iall y fr om the lin e; in fact, the data
sugg est weight los sin cre ases rou ghly exponent iall y (n ot li nearly) wit h gr ain fum igation time.
−− althou gh the poi nts are fall on bot hsi des of the fitt e dli ne, the re is a patt e rn in the estim ated residu als whi c h

refle cts the curvelin ear rela t ion s hipbetween weight los sand fum igation time.

• The F-ratio (19.5) is high and so provi des statis ti c a l ly sig n ific a n tev idenc eag ain st the hypot hesis β1 = 0, indi-
cating a meaning ful reg res sio n.

• The value of the coefficie n t of det e rmination shows that nearly 71% of the variation of the wj’s about thei r
av erage has been accou nted for by the estim ated reg res sio n of W− onT−.

Thes econsid eration ssh ow the re is a cle ar li near tend in the data ove r the range of the obs erved value sof t, but
the for m of the dependenc eof w on t iscur vili near and so a tra n sfo rmation of the straig ht-lin e model (e.g.,
ln regw− = β 0 +β1t) wou ld be abetter fit [se e(e )below] .

(d) We want apoin t estim ate of each of the random variable sW(t j = 2½) andW(t j =10); thes eare obtaine dby sub -
stituting the relev a n tvalue of t in the equ ation of the fitt e dli ne: ln regw− = −71.9+98.4 t. The res ult s are:
µ̂W(t j = 2½) =174 .1 or about 174 units of weight los s;

• this pre diction maynotbe clo se to the true value, alt hou gh it may be of the cor rect or der of mag nitude, becau se
it is in about thece ntreof the range of obs erved value sof t and the model shows rough co rre spondenc ewith the
data aroun dsu ch value sof t.

µ̂W(t j =10) = 91 2.1 or about 900 units of weight los s;

• this pre diction is essentia l ly meaningl ess becaus ethe value of t is sub stantia l ly ou tsi de the range of the obs erved
value s ,and the data sugge s tthestraigh t-lin emodel wil l be irrelev a n tfo r su ch value sof t.

(e ) The transfo rme ddata (with the log arithms to 4 sig n ific a n tfig ure s) are giv en at the top of the pag eov erleaf.
From thes en =10 obs er-
vation s(t j, wj) we find the
fo llowing, whe re l = lnw:

Σ t j = 20,
Σ t j

2 = 60,

Σ l j = 35.1 391,
Σ l j

2 = 163.003 451 61,

Σ t j l j = 97.809;

t− = 2,
l
−

= 3.513 91,

SStl = 27. 5308,
SSt = 20,
SSl = 39. 527 816 729;

henc e, thees tim atesof β1

(the slo pe) and β 0 (the in-
tercept) of the reg res sio n
of lnW− onT− are:

b1 = 1.376 54,
b0 = 0.7 60 83,

so the equ ation of the
st r aight-lin emodel is:

ln regw− = 0.7 609+1. 3765t.
The scatt e rdiag ram of the
rat log weight los sdata, wit h
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ln regw− = 0.7609+1. 3765t
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Assignment 8 Out line Solut ion (continue d7)

A8 – 5. (e )
(c o nt.)

the (transfo rme d) estim ated reg res sio n of lnW− onT− superimpos ed on it, is shown at the lowe rright ove r leaf.

Fumigation time (t) 0 0 1 1 2 2 3 3 4 4

Log weight los s(ln w) 0 0.6931 2.1 97 2.639 3.892 4.1 43 4.477 4.920 6.1 84 5.994 .

The ANOVA table for thes edata is:
SOURCE SUM of SQUARES Df ME AN SQUARE F-RATIO

Model b1SStl = 37.897 247 432 1 MSM = 37.897 247 432
Estimated residu al SSE = 1.630 569 297 8 MSE = 0. 203 821162 125

To tal SSl = 39.527 816 73 9  (s2
l = 4. 391 979 637) ----- .

MSM
MSE = MSM

σ̂ 2 −−∼ 18 5.9

Also, the coefficie n tof det e rmination, cor rela t ion coefficie n tand estim ate of σ fo r thes edata are:
r2 = 0.958 748 815, r =  0.979 157 196, σ̂ = √MSE = 0.451 465 571 362.

Threematt e rs provi de an assessment of how well the straig ht-lin eregres sio n model fits the transfo rme ddata:

• Vi sual inspectio n of the scatt e r diag ram wit h the estim ated reg res sio n of lnW− onT− superimpos ed on it shows
the poi nts gen erally lie clo se, or rea son ably clo se, to the lin e;
−− the poi nts appear to be scatt e red on bot h si des of the lin e, alt hou gh the re is some sugge s tion of apa ttern in

that the two obs ervation sfo r the same fum igation time tend to lie on thesa m esi de of the lin e;
−− there does not appear to be any sys tem ati c change in the mag n itude of the estim ated residu als wit h in cre as-

ing value sof t, whi c his con sis tent wit h the assump tion of con stant σ.

• TheF-ratio (186, compare dwith 19. 5prev i ously) is ver y high and so provi deshigh ly st atis ti c a l ly sig n ific a n tev i-
denc eag ain st the hypot hesis β1 = 0, indicating a meaning ful reg res sio n.

• The value of the coefficie n tof det e rmination shows that 95.9% (co mpare dwith 70.9% previously) of the varia-
tion of the lj’s about thei r av erage has been accou nted for by the estim ated reg res sio n of lnW− onT−.

Thes econsid eration sall show the straig ht-lin e model is a good fit to the tra n sfo rmed data, cle arly a better fit than
in (a) and (b) befo re transfo rmation.

(f) We want apoin t estim ate of each of the random variable s ln W(t j = 2½) and ln W(t j = 10); thes eare obtaine dby
subs tituting the relev a n tvalue of t in the equ ation of the transfo rme dfit ted lin e: ln regw− = 0.7609+1. 3765t.
The res ult s are:
lnµ̂W(t j = 2½) = 4.2022 so that µ̂W(t j = 2½) = 66.83 or about 67 units of weight los s;

• this pre diction shoul d be clo se to the true value becau se it is base don a model that is a good fit to the data and
it is for a value of t that is in about thece ntreof the range of the obs erved value sof t.

lnµ̂W(t j =10) =14 .53 so that µ̂W(t j =10) = 2,035,455 or about 2millio n un its of weight los s;

• this pre diction is, as before, essentia l ly meaningl ess becaus ethe value of t is sub stantia l ly ou tsi de the range of
the obs erved value sof t, and we hav eno infor mation abou twhet her the transfo rme dstraigh t-lin emodel appli es
fo r su ch value sof t; one reflection of this meaningles sness is that a weight los sas hig h as this is not realiz able
in practic e.

A8 – 3. (g) BONUS: The analys is (which star ts on the facing pag e0.12i) of the bol t sh e aring strengt h data, omitting the
obs ervation for a bol t of dia m eter 1½ inches, illust r ates five matt e rs of statis ti c a l in terest:

• We can pro perly dis card obs ervation sfr om a dat aset on ly fo r adequate rea son(s) – lack of fit to our model is
not, in its elf, an adequ ate rea son. To justify the omissio n he re, we wou ld need to dis cus sthe appli c ability of the
theory ove r varying bol t diameters wit h a person wit h subj ect matt e r know ledge. Wepursue the analys is for
pedagogi c re asons.

• We see aga in the impor tanc eof vi sua l assessment of the fit of a reg res sio n model; in this inst anc e, the more
technical criter ia of the inc rea s esin the value sof r2 and theF-ratio are les sco mpelling than the cle ar improve -
ment of fit app are n tfr om the scatt e rdiag ram .

• Comp aring the fitt e dregres sio n li nes for the ful l and truncated dat asets on the scatt e r diag ram on the facing
page 0.1 2i, we see that the obs ervation at x=1½ in c h e sis an in fluent ial obs ervation – recall Dat a Set 3 of
Anscombe’s fou r regres sio n data set s ,pres ented on the last two sid e sof Fig ure 13. 5.

• The test of sig n ific a n ce in (d) on the la st si de (page 0.1 2j) of this Outli ne Solutio n sh ows that, for the trun cated
data set, the reg res sio n of Y− onX− ca n be con sid ere d to pass throu gh the origi n, a di ffere nt Answe r fr om that
base don thefull data set.
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Assignment 8 Out line Solut ion (continue d8)

A8 – 3. (g) •(c o nt.)
The 95% CI for µY(xj =1¼) differs sub stantia l ly bet ween the
two model s, wit h the int e rval base don the trun cated data
being hig her and narrowe r; the differenc ebetween the two
PI’s for Y(xj =1¼) is somewhat les sst riking becau se of the
greater widt hs of the int e rvals.

Mo del Int erval
qu ant ity n = 9  n = 8

µY(xj =1¼) (262. 5, 310 .7) (302. 3, 331.4)

Y(xj =1¼) (239.2, 334.0) (295.4, 338.3)
48.2 29.1

94.8 42.9

From the first n= 8  obs er-
vation s(xj, yj) give n in the
st atement of the que s tion,
we find the fol low ing :

Σxj = 4. 5,

Σxj
2 = 3.1875,

Σyj = 1, 183,

Σyj
2 = 21 4.837;

Σxjyj = 826.7 5;

x− = 0.5625,
y− = 147.875,

SSxy = 161.3125,
SSx = 0.65625,
SSy = 39,900.875;

henc e, thees tim atesof β1

(the slo pe) and β 0 (the in-
tercept) of the reg res sio n
of Y− onX− are:

b1 = 245.809 5238,
b0 = 9.607 142 857,

so the equ ation of the
st r aight-lin emodel is:

regy− = 9.6071+245.81x.

The scatt e rdiag ram of the
trun catedst e el bol t sh e aring
st rengt h data, wit h the estim ated reg res sio n of Y− onX− superimpos ed on it, is shown above as the so lid li ne; the
longe rli ne in sh ort da shes is the estim ated reg res sio n of Y− onX− base don the full data set of 9 obs ervation s. (The
obs ervation omitt e dfr om the truncated dat aset is theci rcle at the upper rig ht of the scatt e rdiag ram ,fo r a bol t of
diameter 1½ inches)
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regy− = 9.6071+245.81x

regy− = 28.1 45+206.7 8x

BONUS (b) The ANOVA table for thes etr uncated dat ais:
SOURCE SUM of SQUARES Df ME AN SQUARE F-RATIO

Model b1SSxy = 39,652.148 809 1 MSM = 39,652.148 809
Estimated residu al SSE = 248.726 191 6 MSE = 41.454 3651

To tal SSy = 39,900.875 7 (s2
y = 5,700.107 143) ----- .

MSM
MSE = MSM

σ̂ 2 −−∼ 956.5

Also, the coefficie n tof det e rmination, cor rela t ion coefficie n tand estim ate of σ fo r thes edata are:
r2 = 0.993 766 397, r =  0.996 878 326, σ̂ = √MSE = 6.438 506 433 95.

BONUS (c ) Threematt e rs provi de an assessment of how well the straig ht-lin eregres sio n model fits the truncated dat a:

• Vi sual inspectio n of the scatt e r diag ram wit h the estim ated reg res sio n of Y− onX− superimpos ed on it shows the
poin t s ge nereally lie clo se to the lin e.
−− the poi nts appear to be scatt e red withou tobvious patt e rn on bot hsi des of the lin e;
−− there does not appear to be any sys tem ati c change in the mag n itude of the estim ated residu als wit h in cre as-

ing value sof x, whi c his con sis tent wit h the assump tion of con stant σ.
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Assignment 8 Out line Solut ion (continue d9)

A8 – 3. (c ) •(c o nt.)
The F-ratio (956, compare dwith 206 prev i ously) is ver y high and so provi des more hig hly statis ti c a l ly sig n ifi-
cant evi denc eag ain st the hypot hesis β1 = 0, indicating a meaning ful reg res sio n.

• The value of the coefficie n tof det e rmination shows that 99.4% (co mpare dwith 96.7% previously) of the varia-
tion of the yj’s about thei r av erage has been accou nted for by the estim ated reg res sio n of Y− onX−.

Thes econsid eration sall show the straig ht-lin emodel is a very goo dfit to the truncated dat a, an appre ciably better
fit than previously.

NO TE: An addit ion a l in d i c ation of the improve dfit is the estim ate of residu al variability about the reg res sio n li ne
of σ̂ = √MSE = 6.439 for the trun cated data set of 8 obs ervation sis rou ghly 2.7 tim e ssm aller than the
estim ate σ̂ = √MSE = 17. 270 base don thefull data set of 9 obs ervation s.

BONUS (d) We want to carry out a test of sig n ific a n ce for the in ter cep tβ 0, repre senting theaver age of the respons evariat eY−
when the respondent (or study) popula t ion, speci fi ed by the exp lanato ry variat eX−, is bol ts wit h diameterzero.

We hav e: σ̂ = 6.438 506 433 95, b0 = 9.607 142 857, B0−β 0

s.d.^ (B0)
∼ tn− 2;

then: s. d.ˆ (B0) = σ̂ x2

SSx
+ 1

n = σ̂ 0. 56252

0.65625+ 1
8

−−∼ 5.016 843 795,√ √

so that, unde rH: β 0 = 0, the value of the discrep anc ymea s ure is: 9. 607 142 857− 0
5.016 843 82 −−∼ 1.91 4977 474 ,

and theP-v a lue is: Pr[ |t6| ≥1.91 4977] = 2× Pr[t6 ≥1.91 4977] −−∼ 2× 0.051 993 887−−∼ 0.10 4.

He n ce on the basis of a two -si dedt-test, the hypot hesis β 0 = 0  is not reje cted at the 5% lev el (P −−∼ 0.10 4);
thus, the data sugge s tthe int e rc ept of the reg res sio n of Y− onX− ca nbe con sid ere dto be zero.

Alter native ly, as in Que s tionA8 –1(d), we can approach this matt e rusing a 95% confid e n ce int e rval (CI) fo r β 0.

We hav e: σ̂ = 6.438 506 433 95, b0 = 9.607 142 857, Pr[−2.44691≤ t6 ≤ 2.44691] = 0.95;

henc e, a 95% CI for β 0 is: 9.607 142 857± 12.275 765 252 ==> (−2.668 622 394, 21.882 90811)
or about (−2.66, 21.9) un its.

Be cau se zero lie s insi de this 95% CI, the data provi de no statis ti c a l ly sig n ific a n tev idenc eag a inst the hypot hisis
β 0 = 0; i.e., the reg res sio n model for the rela t ion s hipbetween Y− andX− ca nbe con sid ere dto have zero int e rc ept
[a swe previously con clu ded from the (equivalent) test of sig n ific a n ce] .

BONUS (e ) We want a 95% confidence (CI) fo r the meanµY(xj =1¼) repre senting regY
−−i(X− i), the respondent (or study) popula -

tion reg res sio n aver agesh e aring strengt hof bol ts wit h diameter speci fi ed by yex pla n ato ry variat eX− i =1¼ inches.

We hav e: σ̂ = 6.438 506 433 95, µ̂Y(xj =1¼) = 316 .869 0476, Pr[−2.44691≤ t6 ≤ 2.44691] = 0.95,

so that: σ̂ (xj −x)2

SSx
+ 1

n = σ̂ (1. 25 − 0.5625)2

0.65625 + 1
8

−−∼ 5.91 9358 799;√ √
henc e, a 95% CI for µY(xj =1¼) is: 316 .869 047 62 ± 14 .484 138 24 ==> (302. 3849094, 331.353 1859)

or about (302. 3, 331.4) un its.

BONUS (f) We want a 95% pre diction in ter val (PI) fo r the ra n dom variable Y(xj =1¼) repre senting regY−i(X− i), the respondent
(o r study) popula t ion reg res sio n sh e aring strengt h of an equ iprobably-selectedin dividua l bolt wit h diameter speci-
fie dby exp lanato ry variat eX− i =1¼ inches.

We hav e: σ̂ = 6.438 506 433 95, µ̂Y(xj =1¼) = 316 .869 0476, Pr[−2.44691≤ t6 ≤ 2.44691] = 0.95,

so that: σ̂ (xj −x)2

SSx
+ 1

n +1 = σ̂ (1. 25 − 0.5625)2

0.65625 + 1
8 +1 −−∼ 8.746 037 600;√ √

henc e, a 95% PI for Y(xj =1¼) is: 316 .869 047 62 ± 21.400 766 86 ==> (295.468 2808, 338.269 814 5)
or about (295.4, 338.3) un its.
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