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Assignment 7 Out line Solut ion

A7 – 1. This que s tion involves a χ 2 goodness -of-fit test of a probability model.

Data: The 62 obs ervation s (n ot actually giv en in the que s tion) on the edu cation a l leve l of each grand jur or.

Mo del: The empir ical probability model is giv en in the que s tion as the cou nty dis tributio n of edu cation a l leve ls by
perc ent age in fou r catego rie s (c lasses) .

Fr eq.: The obs erved frequ encie s are giv en
in the que s tion; the expected frequ en-
cie s are obtaine d fr om the cou nty
dist rib u tio n of edu cation a l leve ls.

Education a l leve l Elem e n tar y Se con d ary Some col lege Col lege deg ree

Obse rve d frequ enc y 1 10 16 35

Expect e d frequ enc y 17.608 30.070 7.378 6.944

51

14 .322

NO TE: It is a  ser iou s mist ake in this que s tion to conve rt the ob ser ved frequ encie s to percent age s and then
to use thes e and the cou nty perc ent age s give n in the que s tion as the basis of the calcula t ion s which
fo llow for the goodness -of-fit test. (Why?)

Dis. meas.: Σ
cl asses

(o b ser ved frequ enc y − ex pected frequ enc y)
2

ex pected frequ enc y
=

(1−17.608)2

17.608
+ . . . . . + (35 − 6.944)2

6.944

= 15.6648 +13.3956 +10 .0758 +11 3.3553 −∼ 152.49.

NO TE: Althou gh the re is poor agreement bet ween all the obs erved and expected frequ encie s in this prob-
le m, the maj or con tributio n to the value of the χ 2 st atis ti c co m e s fr om the last edu cation a l cl ass,
Colleg e degr e e; such people appear to be gre atly overrepre sent e d among the 62 jur ors.

D. f.: There are 4 frequ enc y cl asses and no model parameters estim ated from the data, so: df = 4 − 0 −1 =  3.

P-v alue: Pr [χ 2

3
≥152.49] −∼ 7.65 ×10

−33
.

Answer: Us ing a χ 2 goodness -of-fit test of a probability model , there is (ex tremely) hig hly statis ti c a l ly sig n ific a n t ev i-
denc e of lack of fit of the model (P −∼ 7.65 ×10−33); thu s , we choos e opt ion (b) fr om among the five pos si-
bilit ies giv en in the que s tion.

NO TE: If the last two frequ enc y cl asses are comb i ned, as indicated by the braces on the frequ enc y table
abov e, the value of the χ 2 st atis ti c is 122.49 and the P-v a lue is Pr[χ 2

2
≥122.49] −∼ 2. 52 ×10

−27
; thu s ,

the Answe r is not meaning ful ly alt e red .

A7 – 2. This que s tion involves a χ 2 goodness -of-fit test of a probability model.

Data: The obs ervation s (n ot actually giv en in the que s tion) on the outco m e s fr om the 360 rol ls of the die.

Mo del: Us ing a 36-poin t sample space for one roll of two
distinguis hable fair dice, we can use cou nting argu-
ments to find the probability dis tributio n fo r the 11
possib le outco m e s as shown at the rig ht.

Outcome 2 3 4 5 6  7  8 9 10 11 12

36 × Probability 1 2 3 4 5  6  5 4 3 2  1

Fr eq.: The obs erved frequ encie s are giv en in the que s-
tion, the expected frequ encie s co m e fr om mul t i-
plyi ng the probabilit ies in the model by 360, the
number of tim e s the dic e we re rol led; thu s , we hav e:

Outcome 2 3 4 5 6  7  8 9 10 11 12

Obse rve d frequ enc y 11 18 33 41 47 61 52 43 29 17 8

Expect e d frequ enc y 10 20 30 40 50 60 50 40 30 20 10.

Dis. meas.: Σ
cl asses

(o b ser ved frequ enc y − ex pected frequ enc y)
2

ex pected frequ enc y
=

(11−10)2

10
+ (18−20)2

20
+ . . . . . + (17 − 20)2

20
+ (8 −10)2

10

= 0.1+ 0. 2 + 0. 3 + 0.025 + 0.18 + 0.016
.

+ 0.08 + 0. 225 + 0.03
.

+ 0.45 + 0.4 = 2.01.

D. f.: There are 11 frequ enc y cl asses and no model parameters estim ated from the data, so: df = 11− 0 −1 = 10.

P-v alue: Pr [χ 2

10
≥ 2.01] = 0.996 263 −∼ 0.996

Answer: Us ing a χ 2 goodness -of-fit test of a probability model , there is no statis ti c a l ly sig n ific a n t ev idenc e of lack of
fit of the model (P −∼ 0.996); thu s , the dat a sugg est that the dice ar e fa i r.

Howeve r, we mig ht be con cer ned that the fit of the probability model is to o go od; i.e., the re may be some -
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Assignment 7 Out line Solut ion (continue d 1)

A7 – 2. Answe r:
(c o nt.)

thing suspi cious about how cl o se the agreement is bet ween the obs erved and expected frequ encie s – only
abou t 4 tim e s in 1,000 wou ld such good agreement be expected for a pair of fair dice. We migh t therefore
answe r that it wou ld not be a good idea to accep t an offer to play a game of chanc e with the person usi ng
thes e two dice.

NO TE: The secon d part of the Answe r fo r this que s tion is rem iniscent of the discus sio n in Progr am 24 of
Ag a inst All Odds: Inside Sta tis tics abou t Me n d el’s dat a sh owing suspi ciously good agreement wit h
his theor y.

A7 – 3. This que s tion involves a χ 2 goodness -of-fit test of a probability model.

Data: The obs ervation s (n ot actually giv en in the que s tion) on the resis tanc e to the brown pla n t ho pper of each of
the 374 lin es of ric e that were raise d in the inv estig a t ion.

Mo del: From the stat ement of the que s tion, the IRRI model , un d er an
assump tion of in dep enden ce, giv es the three probabilit ies at the
right.

Outcome Resis tant Mixed Sus c eptib le

Probability 0.25 0.5 0.25

Fr eq.: The obs erved frequ encie s are giv en in the que s tion, the
ex pec- ted frequ encie s co m e fr om mul t i p lyi ng the probabili-
ties inthe model by 374 , the number of lin es of ric e that were
rais ed; thu s , we obtain the frequ encie s sh own at the rig ht.

Outcome Resis tant Mixed Sus c eptib le

Obse rve d frequ enc y 97 184 93

Expect e d frequ enc y 93½ 187 93½

Dis. meas.: Σ
cl asses

(o b ser ved frequ enc y − ex pected frequ enc y)
2

ex pected frequ enc y
=

(97− 93. 5)2

93. 5
+ (184 −187)2

187
+ (93 − 93. 5)2

93. 5

= 0.1 301 + 0.0481 + 0.0027 = 0.18
. .

.

D. f.: There are 3 frequ enc y cl asses and no model parameters estim ated from the data, so: df = 3 − 0 −1 = 2.

P-v alue: Pr [χ 2

2
≥ 0.18

. .
] = 0.913 101 −∼ 0.9.

Answer: Us ing a χ 2 goodness -of-fit test of a probability model , there is no statis ti c a l ly sig n ific a n t ev idenc e of lack of
fit of the IRRI model (P −∼ 0.9); thu s , the dat a ar e consis tent wit h the assump tion of (probabilis ti c?) in d e-
pendenc e us ed in the IRRI gen eti c model.

A7 – 4. (a) This que s tion involves a χ 2 goodness -of-fit test of a probability model; becau se we can regard the V1 fly ing bomb hit s
as ou tco mes occur ring unpre dicta b ly (o n an individua l basi s) in (two-di m ensional) sp ace, we use a Po i sso n model.

Data: The obs ervation s (n ot actually giv en in the que s tion) on the number of hit s in each of the ¼-squ are -kilo-
metre are as.

Mo del: The Poi sson model is: Pr(y hits in a giv en ¼-squ are -kilo m etre are a) =
µ ye−µ

y!
, y = 0, 1, 2, ..... .

Withou t a value of the model parameter µ (t he mean or aver age rate of the Poi sson process) bei ng give n
in the que s tion, we must es tim ate it from the data as:

estim ate of µ = total number of hits
total number of areas

= 0 •229 +1•211+ . . . . . +7•1
576

= 537
576 −∼ 0.932 292.

Us ing this value of µ, the relev a n t Pois son probabilit ies are:

Number of hit s 0 1 2 3  4 5 6  7 ≥8

Probability 0.393 651 0.366 997 0.171074 0.053 164 0.012 391 0.002 310 0.000 359 0.000 048 0.000 006

Fr eq.: The obs erved frequ encie s are giv en in the table in the que s tion and the expected frequ encie s are obtaine d
by mul t i p lyi ng the Poi sson probabilit ies tab ula ted above by 576 , the number of ¼-squ are -kilo m etre are as;
thus, we obtain the
fo llowing frequ encie s:

Number of hit s 0 1 2 3 4 5  6 7 ≥8

Obse rve d frequ enc y 229 211 93 35 7 0 0  1 0

Expect e d frequ enc y 226.7 4 211. 39 98. 54 30.62 7.1 4 1. 33 0.21 0.03 0.00 .

The expected frequ encie s in the last fo ur cl asses are les s than 5 whi c h we take as the lowe r li mit for an

2005 -04 -20 (cont inued)



Un ive rsity of Wat e r loo STAT 221 – W. H. Che rry

#0.15c[INSTRUCTOR’ S VER SION – NOT TO BE GIVEN TO STUDE NTS]
____________________________________________________
____________________________________________________

Assignment 7 Out line Solut ion (continue d 2)

A7 – 4. (a) Fr eq.:
(c o nt.)

accep table approxi mation for the χ 2 dist rib u tio n
of the discrep anc y mea s ure; we the refore com -
bin e the cla s s es as in the table at the rig ht.

Number of hit s 0 1 2 3 ≥4

Obse rve d frequ enc y 229 211 93 35 8

Expect e d frequ enc y 226.7 4 211. 39 98. 54 30.62 8.7 1

Dis. meas.: Σ
cl asses

(o b ser ved frequ enc y − ex pected frequ enc y)
2

ex pected frequ enc y
=

(229 − 226.74)2

226.74
+ . . . . . + (8 − 8.71)2

8.71

= 0.02253 + 0.00072 + 0. 311 46 + 0.62653 + 0.05788 −∼1.01 91 2.

D. f.: There are 5 frequ enc y cl asses and 1 model parameter estim ated from the data, so: df = 5 −1−1 =  3.

P-v alue: Pr [χ 2

3
≥1.01 91 2] −∼ 0.796 626 −∼ 0.8.

Answer: Us ing a χ 2 goodness -of-fit test of a probability model , there is no statis ti c a l ly sig n ific a n t ev idenc e of lack
of fit of the model (P −∼ 0.8); thu s , the dis tributio n of the numbers of hit s ov er the 576 ¼-squ are -kilo -
metre are as appears to be clo sely in accordanc e with a Poi sson model wit h a mean of about 0.932.

(b) As Fel ler (Vo lum e 1, pag e 161) ha s poin ted out, mos t people at the tim e beli eve d in the tendenc y of the poi nts of
im pact of the V1s to clu s ter; if this were true, the re wou ld be a hig her frequ enc y in the data of are as wit h ma ny
hits or no hit s and a deficie n cy in the int e rme diat e cl asses. Becaus e of the clo se fit of a Poi son model , the dat a in
fact indicate essentia l ly complet e unpredictability (almos t ‘per fect random n es s’) and homog eneity ove r the whole
regio n co mpris ed of the 576 ¼-squ are -kilo m etre are as; this rem inds us that unpredictability (‘r andom n es s’) may
be (wrongly) unde rstood to imply an abse nce of clu s ter ing and that the prese nce of clu s ter ing can then be (wrong-
ly) taken as evi denc e of pre dictability. (Of cou rse, a suffici ent degree of clu s ter ing do es prov ide such evi denc e.)

A7 – 5. This que s tion involves a χ 2 goodness -of-fit test in a 2 × 4 continge n cy table.

Hyp.: Hair col our and sex can be model led as pr obabi lis tically indep enden t in chil dre n.

Data The obs ervation s (i.e., each chil d’s hair col our and sex) for all the chil dre n in the nve s tiagtio n – thes e data are
not actually giv en in the stat ement of the que s tion.

Fr eq.: The ob ser ved frequ encie s (o btain ed from the data) are giv en in the table in the stat ement of the que s tion.

The expected frequ encie s are calcula ted (assuming
the hypot hesis of probabilis ti c in d ependenc e is
tr ue) from the row and colum n tot als in the table of
obs erved frequ encie s , using the res ult :

expected freq uen cy for the cel l in row
i and column j of a con tinge ncy table =

ri•cj

n ;

they are show n in the table at the rig ht.

HAIR COLOUR
SEX Fa i r Re d Me dium Dark

Bo ys 63.00 12.16 84. 55 50. 29 210

Girls 51.00 9.84 68.45 40.71 170

11 4 22 153 91 380

Dis. meas.: Σ
cells

(o b ser ved frequ enc y − ex pected frequ enc y)
2

ex pected frequ enc y
=

(60 − 63.00)2

63.00
+ (12 −12.16)2

12.16
+ . . . . . + (68 − 68. 45)2

68. 45
+ (38 − 40.71)2

40.71

= 0.1 4286 + 0.00211 + 0.00240 + 0.1460 4
+ 0.17 647 + 0.00260 + 0.00296 + 0.18040 −∼ 0.65582.

D. f.: Fo r a 2 × 4 table: df = (2 −1)(4 −1) = 3.

P-v alue: Pr [χ 2

3
≥ 0.65582] = 0.883 542 −∼ 0.9.

Answer: Us ing a χ 2 goodness -of-fit test 2 × 4 continge n cy table, the hypot hesis of probabilis ti c in d ependenc e is not re -
je cted at the 5% (or eve n at the 75%) leve l (P −∼ 0.9); thu s , the dat a prov ide no statis ti c a l ly sig n ific a n t ev idenc e
of an association bet ween chil dre n’s sex and their hair col our.

A7 – 6. This que s tion involves a χ2 goodness - of-fit test in a 3 × 4 continge n cy table.

(a) Hyp.: Students’ smoking habits can be model led as pr obabi lis tically indep enden t of their parents’ smoking habits.

Data The obs ervation s (i.e., each student’s smoking habits and those of their parents) for all the students in the
inve s tig a t ion – thes e data are not actually giv en in the stat ement of the que s tion.
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Assignment 7 Out line Solut ion (continue d 3)

A7 – 6. (a) Fr eq.:
(c o nt.)

The ob ser ved frequ encie s (o btain ed from the data) are giv en in the table in the stat ement of the que s tion.

The expected frequ encie s are calcula ted (as -
suming the hypot hesis of independenc e is true)
fr om the row and colum n tot als in the table
of obs erved frequ encie s , using the res ult :

expected freq uen cy for the cel l in row
i and column j of a con tinge ncy table =

ri•cj

n ;

they are show n in the table at the rig ht.

ST UDE NTS’ PA RENTS’ HABITS
HABITS Neit her Fat her Mot he r Bo th

No n-smoke r 102.08 64.38 38.86 26.68 232

Ca s u al 51.0 4 32.19 19.43 13. 34 116

Re gular 22.88 14 .43 8.7 1 5.98 52

17 6 111 67 46 380

Dis. meas.: Σ
cells

(o b ser ved frequ enc y − ex pected frequ enc y)
2

ex pected frequ enc y
=

(11 5 −102.08)2

102.08
+ (70 − 64. 38)2

64. 38
+ . . . . . + (10 − 8.71)2

8.71
+ (11− 5.98)2

5.98

= 1.6353 + 0.4906 + 2. 5018 + 2.8239 +1.9750 + 0.1490 + 3.7800
+ 1.00 42 + 0. 3625 + 0.81 53 + 0.1911 + 4. 2141 −∼ 19.9426.

D. f.: Fo r a 3 × 4 table: df = (3 −1)(4 −1) = 6.

P-v alue: Pr [χ 2

6
≥19.9426] = 0.002 835 −∼ 0.003.

Answer: Us ing a χ 2 goodness -of-fit test 3 × 4 continge n cy table, the hypot hesis of probabilis ti c in d ependenc e is
reje cted at the 1% lev el (P −∼ 0.003); thu s , the dat a prov ide hig hly statis ti c a l ly sig n ific a n t ev idenc e of an
association bet ween students’ smoking habits and those of their parents.

To inv estig a te the fo rm of the association bet ween the stu-
dents’ and their parents’ smoking habits, we find the obs erved
frequ enc y in each cel l as a percen t age of its column tot al, as
sh own at the rig ht. We see that the percent age s decrea s e
across the fir st row and gen erally increa s e across the se con d
and third rows; this indicates that chil dre n of non-smoking
pare n t s are less li kely, and those of smoking parents are more
li kely, to smoke. The percent age s also show a dose res pon se in that the int e rme diat e catego rie s (viz. stu -
dents who are ca sua l sm oke rs, only on e sm oking parent) usually show percent age s betwee n the value s
of the more ext rem e catego rie s on eit her sid e.

ST UDE NTS’ PA RENTS’ HABITS
HABITS Ne Fa Mo Bo

No n-smoke r 65 63 43 39

Ca s u al 23 27 42 37

Re gular 11 10 15 24

(b) Despi te the association fou nd in (a) and the rea son able nes s of its for m with respect to what mig ht be expected, the
data cannot be use d to establi sh that chil dre n tend to fol low their parents’ smoking habits in a ca usa l sens e; the
re ason is that the Pla n fo r this inve s tig a t ion is ob ser vational rather than experimenta l with eq uiprobable assig ning.
As Progr am 11 of Ag a inst All Odds: Inside Sta tis tics reminde d us, it is diffic ult to est ablis h causation for the health
and othe r cons equ enc es of tobacco use becau se, in inv estig a t ion s with hum an par ticip ants, it is bot h infea sib le and
un ethical to assig n sm oking habits probabilis ti c a l ly; rat her, such habits are se lf-sel e cte d.

A7 – 7. This que s tion involves a χ 2 goodness -of-fit test in a 4 × 3 continge n cy table.

Hyp.: Leve l of alc ohol con sump tion and lev el of nicotin e cons ump tion during pregnanc y can be model led as pr oba-
bi lis tically indep enden t of each other.

Data The obs ervation s (i.e., each pregnant woman’s lev el of alc ohol con sump tion and nicotin e cons ump tion) for all
the women in the inv estiagtio n – thes e data are not actually giv en in the stat ement of the que s tion.

Fr eq.: The ob ser ved frequ encie s (o btain ed from the data) are
give n in the table in the stat ement of the que s tion.

The expected frequ encie s are calcula ted (assuming the
hy pot hesis of probabilis ti c in d ependenc e is true) from
the row and colum n tot als in the table of obs erved fre -
qu encie s , using the res ult :

expected freq uen cy for the cel l in row
i and column j of a con tinge ncy table =

ri•cj

n ;

they are show n in the table at the rig ht.

ALCOHOL NICOTINE (mg/day)
(oz/day) No ne 1-15 ≥16

No ne 82.73 17.69 22.59 123

.01-.1 0 51.1 2 10 .93 13.96 76

.11-.99 109.63 23.44 29.93 163

≥1.00 60.53 12.94 16. 53 90

30 4 22 65 452

Dis. meas.: Σ
cells

(o b ser ved frequ enc y − ex pected frequ enc y)
2

ex pected frequ enc y
=

(105 − 82.73)2

82.73
+ (7 −17.69)2

17.69
+ . . . . . + (16 −12.94)2

12.94
+ (17 −16.53)2

16.53

= 5.9948 + 6.4599 + 5.9464 + 0.9259 + 3. 2173 + 0.0660 +

5.9919 + 7.8444 + 4.8675 + 0. 2059 + 0.7236 + 0.01 34 −∼ 42. 2571.

2005 -04 -20

(cont inued)



Un ive rsity of Wat e r loo STAT 221 – W. H. Che rry

#0.15e[INSTRUCTOR’ S VER SION – NOT TO BE GIVEN TO STUDE NTS]
____________________________________________________
____________________________________________________

Assignment 7 Out line Solut ion (continue d 4)

A7 – 7. D.f.:
(c o nt.)

Fo r a 3 × 4 table: df = (3 − 1)(4 − 1) = 6.

P-v alue: Pr [χ 2

6
≥ 42. 2571] = 0.000 000163 587 −∼ 2 ×10

−7
.

Answer: Us ing a χ 2 goodness -of-fit test in a 3 × 4 continge n cy table, the hypot hesis of probabilis ti c in d ependenc e is
reje cted at the 1% (and eve n at the 0.01%) leve l (P −∼ 2 ×10−7); thu s , the dat a prov ide ver y highly statis ti c a l ly
signific a n t ev idenc e of an association bet ween lev els of alc ohol con sump tion and nicotin e cons ump tion
among pregnant women.

To inv estig a te the fo rm of the association bet ween the womens’
leve ls of alc ohol and nicotin e cons ump tion, we find the obs erved
frequ enc y in each cel l as a percen t age of its column tot al and of its
ro w tot al, as shown in the two table s at the rig ht. The gen erally de-
crea sing percent age s in the first two row s of the upper table and in-
crea sing percent age s in its last two row s in d i c ate that the re is a ten -
denc y towards gre ater alc ohol con sump tion for women wit h higher
nicotin e cons ump tion. The gen erally decrea sing percent age s down
the first colum n of the lo wer table and increa sing percent age s down
the secon d and thi rd colum ns indicate a tendenc y towards gre ater
nicotin e cons ump tion for women wit h higher alc ohol con sump tion.
Thus, both tables show that the lev els of con sump tion of alc ohol and
nicotin e by pregnant women have a posi tive association – they tend
to be low tog ether and hig h toge the r.

An in formal assessment of the stre ngt h of the association is that
it is of modera te st rengt h; while the tre n ds in the percent age s in the
tables at the rig ht are cle ar, we see that they are usually not monotonic.
Su ch ‘non-id e a l’ beh aviour is typical of real data set s.

Pe rcentage s of colu m n to tals

ALCOHOL NICOTINE (mg/day)
(oz/day) No ne 1-15 ≥16

No ne 35 11 13

.01-.1 0 19 8 16

.11-.99 28 57 51

≥1.00 19 25 20

Pe rcentage s of row tot als

ALCOHOL NICOTINE (mg/day)
(oz/day) No ne 1-15 ≥16

No ne 85 6 9

.01-.1 0 76 7 17

.11-.99 52 23 26

≥1.00 63 18 19

Despit e the association fou nd by exa m ining the two table s of percent age s give n abov e at the rig ht, the data
cannot be use d to establi sh that con sump tion of one of the two sub stanc es ca uses the con sump tion of the
ot he r, becau se thes e data come from an ob ser vational Plan, rat her than from an exper iment al Plan inv olv ing
eq uiprobable assig ning. As Progr am 11 of Ag a inst All Odds: Inside Sta tis tics reminde d us, it is diffic ult to
demons trate cau s ation in situation s li ke this one whe re it wou ld be infea sib le and unethical to assig n the lev el
of eit her alc ohol or nicotin e cons ump tion unde r equiprobable assig n ing ; rather, such lev els are se lf-sel e cte d.

A7 – 8. (a) This que s tion involves a χ2 goodness - of-fit test in a 3 × 3 continge n cy table.

Hyp.: The shape and col our cla s sific ation s fo r the seeds can be model led as pr obabi lis tically indep enden t.

Data The obs ervation s (i.e., each seed’s shape and col our) for all the
se e ds in the inv estig a t ion – thes e data are not actually giv en in
the statement of the que s tion.

Fr eq.: The ob ser ved frequ encie s (o btain ed from the data) are giv en in
the statement of the que s tion; we can set them out in a 3 × 3

continge n cy table as shown at the upper rig ht, usi ng the
abbrev iation s R ≡ round and W ≡ wr inkle d fo r se e d shape,
and Y ≡ yello w and G ≡ gr e en fo r se e d colour.

The expected frequ encie s are calcula ted (assuming the hy-
pothesis of independenc e is true) from the row and colum n
tot als in the table of obs erved frequ encie s , using the res ult :

expected freq uen cy for the cel l in row
i and column j of a con tinge ncy table =

ri•cj

n ;

they are show n in the lowe r table at the rig ht.

SEED SEED COLOUR

SH APE Y YG G

R 38 65 35 138

RW 60 138 67 265

W 28 68 30 126

126 271 132 529

SEED SEED COLOUR
SH APE Y YG G

R 32.87 70.70 34.43 138

RW 63.1 2 135.76 66.12 265

W 30.01 64. 55 31.44 126

126 271 132 529

Dis. meas.: Σ
cells

(o b ser ved frequ enc y − ex pected frequ enc y)
2

ex pected frequ enc y
=

(38 − 32. 87)2

32. 87
+ (65 −70.70)2

70.70
+ . . . . . + (68 − 64.55)2

64. 55
+ (30 − 31.44)2

31. 44

= 0.80064 + 0.45955 + 0.00944 + 0.15422 + 0.03696
+ 0.01171 + 0.13463 + 0.18439 + 0.06596 −∼1.85748.

D.f.: Fo r a 3 × 3 table: df = (3 −1)(3 −1) = 4.
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Assignment 7 Out line Solut ion (continue d 5)

A7 – 8. (a) P-v alue:
(c o nt.)

Pr [χ 2

4
≥1.85748] = 0.7 61950 −∼ 0.76 .

Answer: Us ing a χ 2 goodness -of-fit test 3 × 4 continge n cy table, the hypot hesis of probabilis ti c in d ependenc e is
not rej ect e d at the 1% (or eve n at the 50%) leve l (P −∼ 0.76); thu s , the dat a prov ide no statis ti c a l ly sig n ifi-
cant evi denc e of an association bet ween the col our and shape cla s sific ation s of the seeds.

(b) This que s tion involves a χ 2 goodness -of-fit test of a probability model.

Data: The obs ervation s (n ot actually giv en in the que s tion) on the col our (ye llow, yel low and green, gre en) of
the 529 seeds studied in Mendel’s exper iment.

Mo del: The model provi ded by Mendel’s theor y of heredity pre dicts that the
thre e se e d colours shoul d occur in the ratio 1:2:1, as stated in the que s-
tion; this cor responds to the three probabilit ies shown at the rig ht.

Outcome Y YG G

Probability 0.25 0.5 0.25

Fr eq.: The obs erved frequ encie s are the column tota ls in
the table of obs erved frequ encie s in (a) and the
ex pected frequ encie s are obtaine d by mul t i p lyi ng
the probabilit ies in the model by 529, the number
of seeds exa m ine d in the inv estig a t ion; thu s , we obtain the frequ encie s sh own above at the rig ht.

Outcome Y YG G To tal

Obse rve d frequ enc y 126 271 132 529

Expect e d frequ enc y 132. 25 264.5 132. 25 529

Dis. meas.: Σ
cl asses

(o b ser ved frequ enc y − ex pected frequ enc y)
2

ex pected frequ enc y
=

(126 −132. 25)2

132. 25
+ (271− 264. 5)2

264. 5
+ (132 −132. 25)2

132. 25

= 0.29537 + 0.15974 + 0.000 47 −∼ 0.455 5765.

D. f.: There are 3 frequ enc y cl asses and no model parameters estim ated from the data, so: df = 3 − 0 −1 =  2.

P-v alue: Pr [χ 2

2
≥ 0.455 5765] = 0.796 293 −∼ 0.8.

Answer: Us ing a χ 2 goodness -of-fit test of a probability model , there is no statis ti c a l ly sig n ific a n t ev idenc e of lack
of fit of the model for seed col our base d on Mendel’s theor y of heredity (P −∼ 0.8); thu s , the dat a are
consis tent wit h Me n d el’s theor y.

A7 – 9. (a) The descr iptio n (in the que s tion) of the data bei ng obtain ed from re cor ds in 34 maj or hospi tals makes it cle ar this
inve s tig a t ion had an ob ser vational Plan – it fou nd what hap pen ed to people unde r the con d ition s prev a ili ng at the
different hospit als , almos t cer tainly wit hou t equiprobable assig n ing in the choic e of anest heti c (o r blin d ing of the
people who col lect e d the dat a). Thu s , the dat a in the que s tion show asso cia tion between anest heti c and the pro -
portio n of deaths among people to whom it is adm inist e red, but the ob ser vational nature of the Pla n means we
cannot le git imately infer ca usa tion fo r any of the anest heti cs and, speci fi cally, we ca nnot infer that anest heti c C is
ca usi ng a hig her pro por tio n of deaths than A, B or D.

(b) Ot her ex pla n ation s, than anest heti c C bei ng mo re dange rou s , are pos sib le for its association wit h a hig her death
rate; for exa mple, C may hav e been used in hig her-risk operation s. To inv estig a te this matt e r, addit ion a l infor ma-
tion that shoul d be sou ght from the hospit al records inclu des:

• the type of operation per for med on each person and its associat e d risk of death;

• patient charact e ris ti cs such as sex , ag e and stat e of health prior to sur ger y;

• so m e mea s ure of hospi tal size and death rate in sur ger y ca s es.

A7 – 10. (a) The scatt e r diag ram of the Indianapoli s winning speed dat a, wit h thre e estim ated reg res sio ns of Y− on X− superim-
pose d on it, is shown on the facing pag e 0.15g.

(b) From the five num erical sum marie s of the 55 dat a poin t s give n in the que s tion, we can calcula te the fol low ing :

x− = 1,948.327
. .

,

SSxy = 21, 514 .775,
y− = 124.314 18

. .
,

SSx = 17,018 .11 , SSy = 28,001. 357 95;

henc e, the estim ates of β1 (t he slo pe) and β 0 (the int e rc ept) of the (model) regres sio n of Y− on X− are:

b1 = 1.264 228 225, b0 = −2, 338.816 148,

so the equ ation of the straig ht-lin e model is: regy− = −2, 338.8 +1. 2642 x;

also, the coefficie n t of det e rmination and the cor rela t ion coefficie n t are:

r2 = 0.971366 669, r = 0.985 579.
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Assignment 7 Out line Solut ion (continue d 6)

A7 – 10. (a)
(c o nt.)

Indian apolis 500 Aut o Ra c e Winning Speed Dat ay
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regy− = − 2, 338.8 +1. 2642x
regy− = − 2, 335.1+1. 2626x

regy−= − 2,702. 2 +1.4492x

(1919 -1941)

(1946 -1977)

(c ) We see from the scatt e r diag ram , with the estim ated reg res sio n of Y− on X− superimpos ed on it, that the slo pe of the
poin t s (r e pre senting the aver age rate of incre ase of the winning speed of the race) is gr eater after the War years
than before them. We cou ld the refore improve the fit of a straigh t li ne model usi ng se p ara te li nes for the pre - and
post-war years (1919 -1941 and 1946 -1977 respectiv ely).

NO TE: Fo r in terest, we can estim ate the two se p ara te st r aight-lin e regres sio ns of Y− on X− as fol low s :

Fo r 23 poin t s:
(1919 -1941)

Σxi = 44,390

Σxi
2 = 85,673,7 12

x− = 1,930,

SSxy = 1,277.79,

b1 = 1.262 638 340,

r2 = 0.909 683 481,

Σyi = 2, 342. 29

Σyi
2 = 240,313.2057

y− = 101.838 6957,

SSx = 1,012,

b0 = −2, 335.053 30,

r = 0.953 773.

Σxiyi = 4, 521,897.49

n = 23;

SSy = 1,777.447 27;

i.e.: regy− = −2, 335.1+1. 2626 x;

Fo r 32 poin t s:
(1946 -1977)

Σxi = 62,768

Σxi
2 = 123,122,160

x− = 1,961. 5,

SSxy = 3,953.495,

b1 = 1.449 228 372,

r2 = 0.916 019 320,

Bo th estim ated reg res sio ns are show n da she d on the scatt e r diag ram above.

Σyi = 4,494.99

Σyi
2 = 637,659.0213

y− = 140.468 4375,

SSx = 2,728,

b0 = −2,702.19318,

r = 0.957 089.

Σxiyi = 8,820,876. 38

n = 32;

SSy = 6,254.799 43;

i.e.: regy− = −2,702. 2+1.4492x;
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Assignment 7 Out line Solut ion (continue d 7)

A7 – 10. (d)
(c o nt.)

We want a poi nt estim ate of the random variable s Y(x =1983) and Y(x = 2001); thes e are obtaine d by sub stituting
the relev a n t value of x in the equ ation of the estim ated reg res sio n li ne: regy− = −2, 338.8 +1. 2642x. The res ult s are:

µ̂Y (x =1983) = 168.1 48 mph or about 168 mph;

• this pre diction shoul d be fair ly reliable becau se it is base d on a model that is a fair fit to the data and the value
of x is not too far outsi de the range of the obs erved value s of x.

µ̂Y (x = 2001) = 190.90 4 mph or about 191 mph;

• this pre diction is much les s reli a ble becau se the value of x is appreciably ou tsi de the range of the obs erved val-
ue s of x, and we hav e no infor mation on whether the straig ht-lin e model appli es for value s of x aroun d 2000.

A7 – 11. (a) The scatt e r diag ram of the tre e-ring dating dat a, wit h the estim ated reg res sio ns of Y− on X− and X− on Y− superim-
pose d on it, is:

Indian Artifac t Tr ee-ring and Radio carbon Dat ing Dat ay
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regx− = − 4.4812 +1.0095y

regy− = 48.1 39 + 0.91 2 31x

[regy− = 4.4391 +0.990 61x]

(b) From the five num erical sum marie s of the 30 dat a poin t s give n in the que s tion, we can calcula te the fol low ing :

x− = 558.1,

SSxy = 1,110 ,301.1,

y− = 557.3,

SSx = 1,217,020.7, SSy = 1,099,878. 3;

henc e, the estim ates of β1 (the slo pe) and β 0 (the int e rc ept) of the (model) regres sio n of Y− on X− are:

b1 = 0.912 310 776 , b0 = 48.139 355 56,

so the estim ated reg res sio n of Y− on X− is: regy− = 48.1394 + 0.91 2 311x;
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Assignment 7 Out line Solut ion (continue d 8)

A7 – 11. (b)
(c o nt.)

also, the estim ates of γ
1 (the slo pe) and γ

0 (the int e rc ept) of the (model) regres sio n of X− on Y− are:

g
1
=1.009 476 321, g

0
= −4.481153 69, [1/g1 = 0.990 612 636],

so the estim ated reg res sio n of X− on Y− is: regx− = −4.4811 5 +1.009 48y,

which is equ ivalent to: regy− = 4.439 09 + 0.990 613x.

The two estim ated reg res sio n li nes are not the same becau se the estim ated reg res sio n of Y− on X− is base d on min i-
mizi ng the squ are d vertical dist anc es of the poi nts from the lin e, whe rea s the estim ated reg res sio n of X− on Y− is

base d on min imizi ng the squ are d horizonta l dist anc es.

(c ) The coefficie n t of det e rmination and the cor rela t ion coefficie n t are:

r2 = 0.920 956126, r = 0.959 665.

• The value of the coefficie n t of det e rmination shows that a lit tle ove r 92% of the variation of the yi’s about thei r
av erage has been accou nted for by each estim ated reg res sio n of Y− on X−;

• the value of the cor rela t ion coefficie n t, bei ng posi tive, shows the re is a posit ive association bet ween x and y
and, becau se the value is fair ly clo se to its maximum pos sib le value of 1, the poi nts are fair ly tig htly clu s tered
abou t each estim ated reg res sio n li ne.

(d) The good fit of both the straig ht-lin e models to the data [as seen from vis u al inspectio n of the scatt e r diag ram wit h
the super impos ed lin es, and also as reflected by the hig h value s of the coefficie n t of det e rmination and the cor rela -
tion coefficie n t in (c)] show that the two methods of dating are gen erally con sis tent wit h each othe r; howeve r, we
also see that the re are appre ciable dis crep ancie s in a few indivi d ual cases – for ins tanc e, the fou r poin t s marked on
the scatt e r diag ram by horizont al ar row s, cor responding to the first, fifth, twe n tie th and last obs ervation s.

A7 – 12. (a) The scatt e r diag ram of the U.K. radio receiv er lic ense dat a is shown bel ow; for int e rest, the estim ated reg res sio n
of Y− on X− is als o sh own dashe d on the diag ram , base d on the nume rical quantit ies giv en bel ow at the left.

Σxi = 65.262,

Σxi
2 = 385.193 966,

Σyi = 208,

Σyi
2 = 3,490,

Σxiyi = 11 48.08;

x− = 4.661571 429,

y− = 14.857142
. .  . . .  .

,

SSxy = 178.473142,

SSx = 80.970 491 4,

SSy = 399.7 14 285;

henc e, the es tim ates of β1

(the slo pe) and β 0 (the in-
tercept) of the (model)

regres sio n of Y− on X− are:

b1 = 2.204 175 122,

b0 = 4.582 223 083,

so that the equ ation is:

regy− = 4.5822 + 2. 2042 x.

(b) The cor rela t ion coefficie n t
(a n d, for int e rest, the coef-
ficie n t of det e rmination) are:

r = 0.992 052 483,

r2 = 0.984 168 130.

U. K. Radio License s an d Inst itution alization Dat a
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regy− = 4. 5822 +2. 2042x

(c ) The basis of the cla im is the strong asso cia tion the dat a sh ow bet ween the two variable s – the poi nts on the scat-
ter diagr am all lie rea son ably clo se to the estim ated reg res sio n li ne, and the value of the cor rela t ion coefficie n t in

2005 -04 -20 (cont inued overleaf )



Un ive rsity of Wat e r loo STAT 221 – W. H. Che rry

#0.15 j[INSTRUCTOR’ S VER SION – NOT TO BE GIVEN TO STUDE NTS]
____________________________________________________
____________________________________________________

Assignment 7 Out line Solut ion (continue d 9)

A7 – 12. (c )
(c o nt.)

(b) is posit ive and is clo se to its maximum pos sib le value of 1. The sta tis tical is s ue of impor tanc e is the implication
of the cla im that lis tening to the radio ca uses il lness whi c h may res ult in confin ement to an ins titutio n ; i.e., the cla im
im p lie s that the re aso n fo r the association is that one variable (he re, lis tening to the radio) ca uses the other variable.

We know that association bet ween two variable s can arise for one of th ree re asons:

• a ca usa l connec tion between the two variable s;

• a thi rd variable whi c h is a co mmon cau se of the two variable s; • coi nci den ce.

Be cau se this inve s tig a t ion has an ob ser vational Plan, its data do not permit us to giv e the fir st re ason rat her than
on e of the othe r two, so that cla im is not ju s tified. In fact, it is more likely change s in the two variable s are a
co mmon respons e to the nume rou s ot he r socie tal change s in the U.K. ove r the per iod from 1924 to 1937.
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