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Assignment 4 Out line Solut ion

A4 – 1. (a) From the data giv en in the stat ement of the que s-
tion, to prep are for the con str uction of the requi red
his t ogr ams we tab ula te the rela t ive frequ encie sand
bar heights as shown at the rig ht.
The his t ogr ams (sh own bel ow the table) for thes e
data bot hcove r the same int e rval of value s(1. 25 to
6. 25 tonnes of scr ap per day) and bot h are rou ghly
‘m oun d-shaped’; howeve r, the his t ogr amfo r Li ne 1
is skewed to the righ t, whe rea sthe one for Lin e 2
is skewed to the le ft..

Li ne 1  Line 2
Class Frequ ency Bar Frequ ency Bar

Interval No. % He i g ht No. % He i g ht

[1. 25, 1.7 5) 2 1.0 1.96 3 1. 5 3.02
[1.75, 2.25) 12 5.9 11.76 8 4.0 8.0 4
[2. 25, 2.7 5) 28 13.7 27.45 12 6.0 12.06
[2.75, 3.25) 44 21.6 43.14 16 8.0 16.08
[3. 25, 3.7 5) 39 19.1 38. 24 17 8.5 17.09

[3.75, 4.25) 27 13. 2 26.47 29 14.6 29.15
[4. 25, 4.7 5) 20 9.8 19.61 35 17.6 35.18
[4.75, 5.25) 19 9.3 18.63 50 25.1 50. 25
[5. 25, 5.75) 8 3.9 7.84 21 10.6 21.11
[5.75, 6.25) 5 2.5 4.90 8 4.0 8.0 4

20 4 100.0 199 99.9
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Li ne 2
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(b) In the table above at the rght, we take the sum of
the produ cts of each int e rval mid-poin t times the
co rre sponding frequ enc y, all divi ded by n, the sum
of the frequ encie sfo r the relev a n tLi ne; this giv es:
Li ne 1: 732. 5/20 4 −−∼ 3. 59 −−∼ 3.6 tonnes per day ;
Li ne 2: 845.0/199 −−∼ 4. 25 tonnes per day.

(c ) From (b) , abou t732 tonnes in a year for Lin e1;
abou t845 tonnes in a year for Lin e2.

i.., Line 2 produ c es more scr ap by about 113 tonnes.

(d) Rea son ing as in (b) ,we find ave r age sof:
Li ne 1, Par tA: about 415. 5/135 −−∼ 3.08 tonnes per day ;

Part B: about 317.0/69 −−∼ 4. 59 tonnes per day ;
Li ne 2, Par tA: about 162.0/55 −−∼ 2.95 tonnes per day ;

Part B: about 683.0/144 −−∼ 4.74 tonnes per day.

(e ) From thes efo ur scr ap tonnage rat es, we see that the
two lin es hav equ ite si mil ar rates for the two par ts
A and B consid ere d se p ara tel y (Li ne 2 is a lit tle
bett e r than Lin e1 for A, a lit tle worse for B); thu s ,
the unfav o urable vie w of Lin e 2 from (c) essentia l ly
disappear s un d er this stratifie d analys is of the scr ap
rates. Amo reprecis eco mparison requi re saddition a l
infor mation – the number of each par t produced by each lin e; the calcula t ion abov e of the fou r ap proxi mat e
av erage sassume dthat thes enumbers are pro por tio nal to the amou nt of scr ap, a rea son able assump tion in the
ci r c umstanc esbut probably not entirely cor rect.

A4 – 2. (a) The his t ogr am is shown at the rig ht; the int e rval
widt hof 0.05 cm is more appro priat ein this situation
than the othe rre asonable choic eof 0.06 cm.

(b) From the 120 dia m eters
ordered from sma l lest to
largest, we find:

av erage= 2.0505 cm
me dian= 2.05 cm
mode = 2.00 cm.

(c ) We als ofin d : rang e= 2. 22−1.83 = 0.39 cm
s.d. = 0.0764 cm
IQ R = 2.11−1.99 = 0.1 2cm.

(d) The box plo t sare shown and discus s ed ove r leaf on pag e0.12b.

(e ) The sampling shoul d be don eby cavity with eq ual sample sizes per cav ity.

(f) The data recording she ets shoul d ke ep the data by cavity and also retain the obs ervation sin the or der in whi c h
the O-rings are produ c e d; this wou ld assis t with identifyi ng and reducing sou rce(s) of variation.

O-ri ng Int ernal Diameters

P
e
r
c
e
n
t
p
e
r
c
m

0

100

200

300

400

500

1 2
4

25
24 24

28

10

2

1.80 1.90 2.00 2.10 2. 20 2. 30

Diameter (cm)
LSL US L

........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .....................................................................................................................

1095 -04 -20 (cont inued overleaf )



Un ive rsity of Wat e r loo STAT 221 – W. H. Che rry

#0.12b[INSTRUCTOR’ S VER SION – NOT TO BE GIVEN TO STUDE NTS]
____________________________________________________
____________________________________________________

Assignment 4 Out line Solut ion (continue d1)

A4 – 2. (d)
(c o nt.) Thes eboxp l ots show sev eral indica -

tion sof poor process per for manc e:
−− cavities 1, 2, 4 and 5 need to be

adju s ted to get them on targe t;
−− cavities 3 and 6 are reason ably

wel l on targe t but show too
mu ch variation.

The aim wou ld be to hav e ea ch
cavity on targe tand wit h a variation
li ke that of cav ity 4 or, prefe r ably,
cavity 5.

O-ri ng Int ernal Diameters
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A4 – 3. From the data giv en in the que s tion,
we tab ula te the rela t ive frequ encie s
and bar heights as giv en bel ow; we
then con str uct the requi red his t o-
gr amsh own at the rig ht.

Class Frequ ency Bar
Interval No. % He i g ht

[ 90, 94) 5 15 3.7 50
[ 94, 98) 11 27½ 6.875
[ 98, 102) 11 27½ 6.875
[102, 106) 9 22½ 5.625
[106, 110) 3 7½ 1.875
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We see from the his t ogr amthat the
dist rib u tio n of output vol tag es is
so m ewhat uniform with rather
ab rup t edge s; a more normal
dist rib u tio n might be expected . If
volt age is a criti c a l charact e ris ti c in
the operation of the powe rsuppli es,
this shape for the dis tributio n may
in d i c ate that the re is a problem wit h
the manufactur ing process of the
powe rsuppli es.

A4 – 4. A process is in con trol (o r it is asta b le pro ces s) when its patt e rn of variation, assesse dby measurement of suitable
proces scharact e ris ti c(s), is thesa m eover time.

• We can assess process stability by exa m ining his t ogr ams of the measurements of the process output(s) for succes-
sive tim eperiods; each per iod shoul d be long enoug hto provi de suf fi cie n tdata to giv e a reliable his t ogr am .
−− Fo r a stable process, the shape, cent re, and sprea dof the his t ogr ams do not change appreciably from one tim e

period to the nex t.
−− A stable process (i.e., a process in con trol) is pre dicta b le in that the agg regat echaract e ris ti c(s) of its output

rema in thesa m eov er tim e.

• NO: aproces sthat is usi ngonly a rela t ive ly sm all f ractio n of its tole r anc ecoul d be out of con trol but stil l producing
100% confor ming produ ct – recall theJa panese Con trol Chart vi deo des cribed in Fig ure 11. 25 of the Cou rse
Ma ter ials. Fur the r, a process that is in con trol but wel l off targe tmight be produ cing noconfor ming produ ct.

A4 – 5. When a con trol chart is to be use dfo r proces sadju stmen t, the cent re lin e and con trol lim its are base don specific a-
‘t ion s(o r st andards) .
He n ce: cent re lin e is 25oC;

cont rol limits are ± 3 σ
√n = 3× 0. 40

√5
= 0.537oC so

UCL = 25. 54oC;
LCL = 24.46oC.

A4 – 6. When a con trol chart is to be use d fo r pr ocess improve men t, obs ervation s which are cle arly atypi c a l sh oul d be
remove d befo re the dat aare use dto calcu ate con trol lim its. For the obs ervation s give n [w hich are aver ages of 3
(ho pef ully independent) bre a king strengt h mea s urements], the 13th value (viz. 7.59 p.s.i.) is suf fi cie n tly different (on
the lo w si de) from the othe rs to be rem ove d.

He n ce, base don the othe r14 ave r age s: y−− = Σ yi

14 = 169. 87
14 = 12.134 p.s.i.;

also, base don the his t orical standard dev iation of1. 2p.s.i. and the sample size of 3:
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Assignment 4 Out line Solut ion (continue d 2)

A4 - 6. (a)
(c o nt.)

cont rol limits are ± 3 σ
√n = 3×1. 2

√3
= 2.08 p.s.i. so UCL = 14. 21 p.s.i.;

LCL = 10.06 p.s.i.

We see from the con trol chart bel ow that bat ch #13 wa sou t of con trol, and so we are co rre ctin excluding it from
the calcula t ion ofy−− and the con trol lim its.

NO TE: The standard dev iation of the 14 ave r age s(excluding #13) is 0.7 067, whi c hestim ates σ/√3; thu s ,the 14 ave r age s
give an estim ate of σ of √3 × 0.7067 =1. 224 p.s.i., in good agreement wit h the his t orical value of1. 2p.s.i.

Contro l Chart for Ave rage Bre aking Str e ngth of Cer amic Insul ators (n = 3)
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(b) Theon epoin t ou tsignal identifie sbatch #13 as indicating that the process
is out of con trol, as not e dabov ein (a) ; there is nosignal for arun of nin e.
The action re commende dis to wor k with the process at the tim e of bat ch #13 to try to identify one or more
sp eci al cau ses. The longe rthe tim ethat is allowe dto ela pse sin ce the out-of-cont rol sig n a loccur red, thehard er it
us u ally is to identify its caus e(s).

(c ) We assume that ins ula tor break ing strengt h in this situation, repre sent e dby the random variable B, can be model led
by a nor mal dist rib u tio n ; we estim ate the parameters of this model by the relev a n tproces scharact e ris ti cs:
i.e., estim ate µ by y−− = 12.134 p.s.i. andσ by the his t orical s.d. of 1.2 p.s.i.,so that: B ∼.. N(12.1 34, 1.2).

Then: Pr(B <10) = Pr[N(0, 1) < 10− 12.134
1. 2 ] = Pr[N(0, 1) < −1.7780]

= 1− 0.962 296 = 0.037 704 −−∼ 3.8% ;

i.e., a little unde r4% of the ins ula tors do not meet the bre a king strengt hspecific ation.
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Assignment 4 Out line Solut ion (continue d 3)

A4 –7. (a) Wecalcula te the fol low ing num erical sum marie sof the three dat asets:

DATA y−− LCL UCL
SET

A 231.651 2,683.4575 11. 5826 0.1 35 369 0.406 107 11.1 77 11.989
B 230.328 2,652.7206 11. 5164 0.094 943 0. 284 830 11 .232 11.801
C 232.072 2,693.3874 11.6036 0.1 64 905 0.494 715 11.1 09 12.098 .

Σyi
− Σyi

−2 sy− 3sy−

We see(in thefifth colu mn of the table) that the standard dev iation sof the three (data set sof) ave r age sdo have
the value sgive nin the stat ement of the que s tion.

NO TE: Becau se the 15 value sin each dat aset are all aver agesof n= 4  obs ervation s, their standard dev iation
(sy−) estim ates direc tly σ/√n; henc e, the con trol lim its in the table above are calcula ted as y−− ± 3sy−.

(b) The three con trol charts for ave r age sare shown on the facing pag e0.12e.

(c ) Looking at the charts, we see the fol low ing :

• no in dividua l poin t is out of con trol in any of the three dat asets (but see the Not ebelow) ;

• in A, starting wit h the11th obs ervation, the re is a run of10 poi nts above the cent re lin e, indicating los sof con trol
by the19th obs ervation, the nint hcons ecu tiv e poin t abov ethe cent re lin e.

• in C, the chart starts wit h a run of11 poi nts belo w the cent re lin e, indicating los sof con trol by the9th obs ervation;
−− it is likely that thene xt (i.e., the21st) obs ervation inC will be these ven t hpoin t in a run cur rently comprising

si x cons ecu tiv e poin t sabove the cent re lin e, sugge s ting that the process may again be goi ng out of con trol but
in theopp osi tedirection from the initia l situation.

In summar y: B is in con trol;
A sh ows a sudden upward shift (at obs ervation 11 or 12);
C sh ows a gradual drift upwards.

NO TE: Becau se neit her A no r C ap pears to be in con trol, they are not suit able dat asets from whi c h to calcu -
la te the cent re lin eand con trol lim its for a con trol chart.
The problems wit h thes etwo data set sare app are n t fr om change sin their ave r age sand/or standard
devi a t io ns when the obs ervation sare con sid ere dse p ara tel y fo r each half (i.e., the fir st 10 vs the la st 10
obs ervation s) of each dat aset, as fol low s :

DATA FIR ST HALF SECON D HALF BOTH HALVES
SET y−− y−− y−−

A 11 .4811 0.091 220 11.6840 0.086 583 11. 58 0.1 35
C 11 .4910 0.069 674 11.7162 0.1 56 152 11.60 0.1 65 .

sy− sy− sy−

Thus, for A, each half of the data set is lessvariable than the ove r all data set ; the hig her ove r all stan -
dard dev iation is a con seque n ce of the inc rea s ein ave r age for the secon dhalf of the data . Fo r C, the
se con dhalf of the data set has a hig her ave r ageandgreater variation than the first half.
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Assignmentt 4 Out line Solut ion (continue d 4)

A4 –7. (b)
(c o nt.)

Contro l Chart for Ave rage Har dne ss of Table ts (n = 4)
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Contro l Chart for Ave rage Har dne ss of Table ts (n = 4)
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Contro l Chart for Ave rage Har dne ss of Table ts (n = 4)
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