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University of Waterl®m
Assignment 2 Outline Solution

A2 —-1. This questdn in/olves a k=3 variable mutinomial distribution as a pobability model.
@ REG 2R W) =(;5) PG %= 2 =013
(0 Pr(at eastoneR and eactly oneU) =
PrégG, 1R 1U) + Pr(3G, 2R 1U) + Pr(2G, 3R 1U) + Pr(1G, 4R 1U) + Pr(0G, 5R 1U)
= mtmtoatint s oo 03088,
Alterratively. Pr(at lkeastoneR and e&actly one U)

= Pr(1U) - Pr(5G, OR 1U) = (9 - (3)° = 556‘535 = 2582 (asheore).

+

(© PrétkasioneR) =1-ProoR) =1- (§)°= 522 00912209,

() To be sire d satifying the ondtionsof the eentwhoseprobabilty is recuired here, we an Ist all 28 of the
rlevant psdbilities br a btal of 6 items as bllows:

G R U G R U G R U G R U G R U G R U
6 00 510 4 20 4 1 1 321 330
060 150 2 40 141 2 31 3 03
006 0 51 0 4 2 11 4 1.3 2 0 3 3
015 02 4 12 3
50 1 4 0 2 3.1 2 2 2 2
105 2 0 4 2 1 3

Hene: A (at leastoneitem whichis &ther R or U)
= Prf(at kastoneR) O (atleast meU)] = 1- Pr(6G) =1- 3)° = & = 0984 3B.

A2 —2. This questbn dso involves the raltinomial distibuion as a pobéability model; thee is an implied (fourth) categry
of 6-9 Hackflies in a ent, with a frequency of 1 The pobabilities d the k=5 autcomesof this multinomial distii-

buion are dtainedfrom an gpropriatePoisonmodd.
With an averaye of B Hackflies per abic metreof ar, we exped 9 Hackflies in a ent d volume0.6

Hene: R (y blackflesin a &nt d volume0.6 m®) = ? ;7 y=0123....

Thus, the pobabilities d the five autcomedor the rrultinomial distibution are:
Pr(0 backflies in a en) = €2 L 0.000 123 40 =7, say;

Pr(1 or 2 Hackflies in a &n) = Pr(1 backfly) + Pr(2 backflies)
=9e 1+ 9e Y21 = Le° H0.006 D8 B5 =7, say;

Pr(3, 4 a 5 Hackflies in a &n) = Pr(3 backflies) +Pr(4 backflies) +Pr(5 backflies)

= 9%e Y3l + o' Y4 + 9% Y51 = 1i%e0 O 0109 458 25 =17, say;

Pr(6, 7 8 or 9 Hackflies in a £n) = Pr(6 backflies +Pr(7 Hackflies) +Pr(8 Hackflies) +Pr(9 backflies)
= 9% 96l + 9'eY7! + ool + ool = LE28% e LI0ATLTIT 23 =, sy;

Pr(10 a more Hackflies in aen) = 1- 75 — ;, — ;, — m, H 0412591 755 =z, say

@ Then with the categries n the same wler & in the qiestbn ad in the peceihg Poisson calcuations and
usng the usid notdion for the multinomial distibuton:
PI(6,4,31,6 = (; 5, g e 04589290 %107

(b Condtionirg on $x tents heing no Hackflies as gentB in the déinition of F(A|B), we have

_ Pr(64,31 6) _Pr(64,316
Pr(4,31 6]6) = Pr(noblackflies ine tents) ~ (26?) -

—28
O %%@(10% 03,579 605%10°°
1.366883 03210

(continued aveled)
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A2 —3. This questbn in/olves the uag the CGentralLimit Theorem b justfy an asumed appoximate nomailty for the

A2 -4,

A2 -5,

distibuton of a sum of R0 dsaeterandom vaiabes
Lgt the random vidalle Yrepresaljt thg nmber d.typing ¥ ‘ 0 1 2 3 4 5 6
mistales o theith page we ae gven in the qiestbn ha
the probability fundion ofY is & sown & the iight.
@ Then E(Y) = 0x0.05+1x0. 25+..... +6x0.02= 2.3 mistakes  &s equired);
E(Y%) = 0°x0.05+ 12x0. 25+ ..... +6°x0. 02= 704 mistales
sohat:  sd(Y)=v704-(2.9° =viB H13229 nistakes  &s equired). oo
If the manuscipt contains 200 typel pages, the total nonber d mistakes & gven by: T:_Z\(,
sohat:  E(T) =460 nisiakes,  sd.(T) =v350 £187083 nristakes =1
alsq T hasappoximatdy a rormal distibuion as a onequene of the GentralLimit Theorem.

f(y) \ 005 025 031 022 010 005 Q02

() Wewantto fnd: R (T2500 Y Pr{N(460,v350) = 500—-% HPI{N(0, 3 > 4995~ 460)
OPN(, 1) = 2111 B4 D001737L v350

i.e, the pobability of at least500 nistakes h the nanusdipt is doout Q0L7 a abaut 17%

This questdn involves the Bissan dstributon (@ndits nomal appoximatior) as a pobability model.

Let the random vaale Y repreeent the nmber d calls ariving d the echaige in a tme ntewal o lergtht;
we wse he nodel Y OPogt).

Y5 At
i.e, Pr(ycalls reach the gchage in tme ) = M;

y=0,123....,

whee: A= a/er@e ateat whichcalls reech the gchaige
= 225 pe hour= 375pe minute

We know tha the Poissmn distribuion hasmeanu =1t = 225 alls and sandad deviationvi =15 calls.

Alsq to smpiify the ealuaion of he required Poissmn probabilities, ve use he rormal goproximation © the Rissm
distibuton; with a nean a large & 225 we eped a \ery good gproximation

@ Then Pr(Y = 250) HPr{N(225 15) = 250- %4 HPAN(Q, ) > %;225]
D PN, 3 2163 H0.051199;
i.e, the pobability at leasg 250 alls arive at the echawge inl houris alput0.05L or dbout 51%.

(b Also Pr(Y=250) HPr{250- %2 < N(225 15) < 250 +4 D] 24252222 < N(0, 1) < 2205 229]
OpPr1.63<N(0, 1) <17 £ 0.006 634;
i.e, the pobability exadly 250 @lls arive at he exchaige inl houris alout0.0066 @ abaut 07%

NOTE: Itis of inteest to ompare the st obtainedrdatively eadly by mears of the rormal g proxima- fon
in (b) to the nore froublesome catuation of heexad Pdsson probability:

; _ (22977 1 5.134868 35510°° _
Prexadly 250 alls in 1 houn) = 550 3 232860 765 1079 0.006 603 65

i.e, the rormal gproximation is aaurae b ebout 1 partin 200 a about Q5% in this stuation.

Let the random wdalde Y repreent the nmber d pele in the

1 2 3 4 5 6
ith car qosing the bridge we ae gven tha the paobability % ‘
fundion of Y is & sown & the fight. f(y) [ 005 043 @ a1z 009 004
Then E(Y) = 1x0.05 +2x 043 +..... +6x0.04 = 289 peple per ar;

so hat: E(Y-1) = 2.89-1 =189 msseges pe car.
Hene, he bllowing anauntsare raisedby the hree ofionsgiven
e at $.00 pe car raise .00 pe vehile;
o at $0.40 pe persa, raise H40%2.89 = 415 per \ehicle;
e at 3075 per ar and diverand 915 per mssege, raise 75 +$015%1.89 = 4.0335 pe vehicle
Thus, he seondoption raises the mostmaoney.
(continued)
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A2 —6.

A2 -1

A2 -8.

@ Let the random vdalde Y represent the nmber d blood tests equired for a goup d k peqle;
Y hastwo posdble values: 1 and k+1

Alsa Pr(Y=1) = Pr(podedtest is regatie)
= Pr(none d the k eole is nfected = (L- )X
(assming ha the eslts of tests a dfferent pegole in the goup ae indgoendeny;
Pr(y=k+)=1-Priy=)=1-(1-n*

Thus, the pobability fundion ofY is as own & the iight, ¥ | 1 k+1
sohat:  E(Y)=Yy[f(y =1xa- "+ (k+) x[1- @~ "] fy [ a-n* 1-e-nf
y
= (k+1) —k@- ¥

which is the expresian gven for the average numbe of tests equired for a goup d k pele.

(o) E(Y) is the expeded rumber of tests vhich will have © be nade for a goup d k pele; rence the number
expeded for rk groups of k pegole is:

PEY) = Dlk+1) —k(@- "] [using @)

© If ris small (1— 7% H1-km(usng the bnomial theoren) so ha, from the esilt in (b), the expeded rurber of
tests 5 gven by:
TH E [(k+1) —k@-kn) = E[k2n+]] = n(kr+ k™), a6 required.

Then %—I g nn—% ., whichis zeo when k*= % o kHiNT  &srequired;
alsa T g2n which is postive kecau® n and k ae postive as equired for aminimum.

dK K

Ilustration: If 7= 0.01, we take k = 1/v0.a1 =10, © T Hnx10% 001+ n/10=0.2n;
i.e, o aerge only abaut onefifth as nary tests e reead n the gouped pocedire & would be
neeed f n pele were estedndiidually, when rzis Q0L or Pab.

The random vaaleY is the numker o prizes TYPE OF TICKET NUMBER | NUMBER OF TICKETS PRIZES
awarded. To tabdate its probability fundion, we _ 10va!
needto find the valesY can ake on ad he 4 dgits the same (10)4—; = 10 1
probabiities & thesevalues; we @n ®t ait the , 10y ,9y 41 _
rdevant nformation & sown in the e & the 8 dgits the same (f)(l)ﬁ = 360 4
right. 2 pairs of dgits the same (120)% = 20 6
Using tis inbrmaton and emenbeing tha 000 4
thee ae D,000 fckes in the bttery we an 2 dgits the same (f)(z)m = 4,20 D
tabuate the pobability fundion of Y as bllows: 100 4

all digits diferent () = 5040 24

y [t 4 8 2 A gigar E(Y)=1x0.00+4x0,036+ ... .+ 24x0.504
f(y) | ooo. 0036 0027 0432 .604 = 1787

With tickess msing $L and each pze béng $50Q the bttery operdors profitis: W= $10000- $500% Y
". E(W) = $10000 - $500% E(Y) = $10000 - $500%17587 = §, 206.50,
which is the ecuired lottery operaors expectedprofit.

This queston involves the us of the GentralLimit Theorem b jusify an asumed appoximate nomailty for the
distibuion of a sum of 80 dsaeterandom vaialdes

Let the random vaalde Y repreeent the nmber d slices & pickle on te ith y ‘ o 1 2 3
hanburger; from the nformation gven in the satement d the questbn, we @n '
obtain the pobeébility fundion of Y as fiovn & the ight.

Then E(Y)=0x0.2 +1x0.4+ ..... +3x0.1=13 dices
E(Y?) = 0°x 0.2+ 1°x0.4+ ..... + 3%x0.1= 2.5 diceg
so hat: sd(Y) =v25-(13)’ = 09 dices

f(y) | 02 04 03 @

(continued avaled)
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400

A2 - 8. If 400 harrburgers ae © be ®ld, the total nmber d slices d pickle is gven by: T:_Z\(,
o) gohat  E(T) =520 dices,  sd(T) =v3Z=18 dices =1
alsg T hasappoximatdy a rormal distibuion as a onsquene of the GentralLimit Theorem.
We want to find the vak oft sud tha: Pr(T<t)=099 or: R(T>t) =
Hene:  R(T>t OPAN(20 18 >t+4 OpiNe, 3 > 12529 Doog
%58395 02.3263 [from theN(0, J table] lhat. t U56L.37 0562 6ices.
i.e, ebaut 562 dices @ pickle reed b be on land to l@ 9% sure d meding the denand

*A2 — 9. This quesidn involves fhding he mean ba negatve kinomial (ealy ageonetric) distributon, for which the @rameer
mris dbtainedfrom an gpropriate Poissonmode.

Let the random vaale Y repreeent the nmber d mistakes m an euiprobally-seleded mge

Ya-2
we se he nodel YOPoQ), 0 that:  Pr(y mistales o the agé = 2 e 7 ¥y=0,12,3...

Hene, br an equiprobally-seleded mpge  Pr(pageis accepide) = Pr(page has 2 o fewer nistake}
= Pr(no nistake} + Pr{ mistale) +Pr@ mistale9
=2%?/01 + 2e?11 + e 2!
=5e2 H067 676 =7y,

Pr(mageis unaceptle) = 1 - Pr(page is @ceptille)

=1-5€?’=1-n

Then if the random vaale R repreents the nanber d timesa pagemustbe typel before it is acceptle:

Prtype apger time$=f(N=@1-n""1xm ; r=123...

Hene: E(R :Zrm(r) = %r [@-n 7= nr%—%(l—n)’
= g 0o

_ . d 71
”ﬁ(rf)

= &5 H1477 811;
thus, the saetay can eped to type 100 x 1.477 811 H148 pages.
NOTE: Three wirts in inteest n the final catuation of E(R) are:
e recgnition ha r[(}- 7"t is the deivative with repect o rof (1-7)".

e intercharge of he ader d sumnation and difereniation, whichis permitted keaue the two @eations
involve differert variades (r and rrepectively);

o the resut for the 2im of an infinite geamdric series
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