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Assignment 2 Out line Solut ion

A2 –1. This que s tion involves a k= 3  variable multin omial dist rib u tio n as a probability model.

(a) Pr(3G, 2R, 1U) = ( 6
3 21) (1

2
)3(1

3
)2(1

6
)1 = 5

36 = 0.1 38
.
.

(b) Pr(at lea ston eRand exactly oneU) =
Pr (4G, 1R, 1U) + Pr(3G, 2R, 1U) + Pr(2G, 3R, 1U) + Pr(1G, 4R, 1U) + Pr(0G, 5R, 1U)

= 5
48 + 5

36 + 5
54 + 5

162 + 1
243 = 2, 882

7, 776 −−∼ 0. 370 628.

Alter native ly: Pr(at lea ston eRand exactly oneU)

= Pr(1U) − Pr(5G, 0R, 1U) = (5
6)5 − (1

2)
5 = 5

5− 3
5

6
5 = 2, 882

7, 776 (a sbefo re) .

(c ) Pr (at lea ston eR) = 1− Pr (noR) = 1− (2
3)

6 = 665
729 −−∼ 0.91 2209.

(d) To be sure of satisfying the con d ition sof the eve n twhos eprobability is requi red here, we can lis t all 28 of the
relevant pos sib i lit ies for a tot alof 6 items, as fol low s :

G R U  G R U  G R U  G R U  G R U  G R U

6 0 0  5 1 0  4 2 0  4 1 1  3 2 1  3 3 0
0 6 0  1 5 0  2 4 0  1 4 1  2 3 1  3 0 3
0 0 6  0 5 1  0 4 2  1 1 4  1 3 2  0 3 3

0 1 5  0 2 4 1 2 3
5 0 1  4 0 2 3 1 2 2 2 2
1 0 5  2 0 4 2 1 3

He n ce: Pr(at lea ston eit em whi c his eit herRor U)
= Pr[(at lea ston eR) ∪ (a t le ast oneU)] = 1− Pr(6G) = 1− (1

2
)6 = 63

64 = 0.984 375.

A2 – 2. This que s tion als o involves the mul t i nomial dist rib u tio n as a probability model; the re is an implie d (fo urth) cat egor y
of 6-9 blackfli es in a tent, wit h a frequ enc y of 1. The probabilit ies of the k=5 outco m e sof this mul t i nomial dist ri-
butio n are obtaine dfr om an appro priat ePo i sso nmodel.

With an ave r age of 15 blackfli es per cub ic met reof air, we expect 9 blackfli es in a tent of volum e0.6 m3.

He n ce: Pr(y blackflie sin a tent of volum e0.6 m3) = 9ye−9

y! ; y = 0, 1, 2, 3, .... .

Thus, the probabilit ies of the five outco m e sfo r the mul t i nomial dist rib u tio n are:

Pr(0 blackfli es in a tent) = e−9 −−∼ 0.000 123 410 =π1, say ;

Pr(1 or 2 blackfli es in a tent) = Pr(1 blackfly) + Pr(2 blackfli es)

= 9e−9/1! + 92e−9/2! = 99
2 e−9 −−∼ 0.006 108 785 =π2, say ;

Pr(3, 4 or 5 blackfli es in a tent) = Pr(3 blackfli es) +Pr(4 blackfli es) +Pr(5 blackfli es)

= 93e−9/3! + 94e−9/(4! + 95e−9/5! = 17,739
20 e−9 −−∼ 0.109 458 325 =π3, say ;

Pr(6, 7, 8 or 9 blackfli es in a tent) = Pr(6 blackfli es +Pr(7 blackfli es) +Pr(8 blackfli es) +Pr(9 blackfli es)

= 96e−9/6! + 97e−9/7! + 98e−9/8! + 99e−9/9! = 1, 712 ,421
448 e−9 −−∼ 0.471717 723 =π4, say ;

Pr(10 or more blackfli es in a tent) = 1− π1 − π2 − π3 − π4 −−∼ 0.41 2591 755 =π5, say.

(a) Then, wit h the cat egor ies in the same order as in the que s tion and in the pre c e ding Poi sson calcula t ion s, and
using the usual not ation for the mul t i nomial dist rib u tio n :

Pr(6, 4, 3, 1, 6) = ( 20
6 4 3 1 6

)π1
6π2

4π3
3π4

1π5
6 −−∼ 4.892 901×10−28.

(b) Con d ition ing on six tents havi ng no blackfli es as eve n tB in the defin ition of Pr(A|B), we hav e:

Pr(4, 3, 1, 6|6) =
Pr (6, 4, 3, 1, 6)

Pr (noblackflies in6 tents)
=

Pr (6, 4, 3, 1, 6)

−−∼ 4. 892900 986×10−28

1. 366883 032×10−19 −−∼ 3. 579 605×10−9.

(20
6
)π1

6(1− π1)
14
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Assignment 2 Out line Solut ion (continue d1)

A2 – 3. This que s tion involves the using the Cent r alLi mit Theorem to justify an assume d ap proxi mat e no rma lity for the
dist rib u tio n of a sum of 200 dis cret erandom variable s.

Let the random variable Yi repre sent the number of typing
mist akes on the ith pag e; we are giv en in the que s tion that
the probability fun ction ofYi is as shown at the rig ht.

(a) Then: E(Yi) = 0× 0. 05+ 1× 0. 25+ . . . . .+ 6× 0. 02= 2.3 mis takes (as requi red);

E(Yi
2) = 02× 0. 05+ 12× 0. 25+ . . . . .+ 62 × 0. 02= 7.0 4mist akes2,

so that: s. d.(Yi ) = 7.0 4− (2. 3)2 = √1. 75 −−∼ 1. 3229 mis takes (as requi red).

If the manus cript con tains 200 typed pag es, the total number of mis takes is giv en by: T =
200

i=1
ΣYi,

so that: E(T) = 460 mis takes, s.d.(T) = √350 −−∼ 18 .7083 mis takes;
also, T ha sap proxi mat ely a nor mal dist rib u tio n as a con seque n ce of the Cent r alLi mit Theorem .

(b) We want to find: Pr(T ≥ 500) −−∼ Pr[N(460,√350) ≥ 500− ½] −−∼ Pr[N(0, 1) ≥ 499.5− 460
√350

]
−−∼ Pr[N(0, 1) ≥ 2.111 364] −−∼ 0.01 7371;

i.e., the probability of at lea st500 mis takes in the manus cript is about 0.017 or about 1.7 %.

yi 0 1 2 3 4 5  6

f (yi) 0.05 0.25 0.31 0.22 0.1 0 0.05 0.02

√

A2 – 4. This que s tion involves the Poi sson dis tributio n (a n dit s no rma lap proxi mation) as a probability model.
Let the random variableY repre sent the number of calls arriv ing at the exc h a nge in a time int e rval of lengt h t;
we use the model Y∼ Po (λt) .
i.e., Pr(y calls reach the exc h a nge in time t) =

(λt)
ye−λ t

y! ; y = 0, 1, 2, 3, .... ,

where: λ = ave r age rat eat whi c hcalls reach the exc h a nge
= 225 per hou r= 3.7 5per min ute.

We know that the Poi sson dis tributio n ha smeanµ =λt = 225 calls and standard dev iation√µ =15 calls.
Also, to sim p lify the evaluation of the requi red Poi sson probabilit ies, we use the nor mal approxi mation to the Poi sson
dist rib u tio n ; with a mean as large as 225, we expect a ver ygood approxi mation.

(a) Then: Pr(Y ≥ 250) −−∼ Pr[N(225, 15) ≥ 250− ½] −−∼ Pr[N(0, 1) ≥ 249.5 − 225
15

]

−−∼ Pr[N(0, 1) ≥1.63
.
] −−∼ 0.051199;

i.e., the probability at lea st 250 calls arriv e at the exc h a nge in1 hou r is abou t0.051 or about 5.1%.

(b) Als o: Pr(Y= 250) −−∼ Pr[250− ½ ≤ N(225, 15) ≤ 250 +½] −−∼ Pr[ 249.5 − 225
15

≤ N(0, 1) ≤ 250.5 − 225
15

]

−−∼ Pr[1.63
.

≤ N(0, 1) ≤ 1.7] −−∼ 0.006 634;

i.e., the probability exactl y 250 calls arriv e at the exc h a nge in1 hou r is abou t0.0066 or about 0.7 %.

NO TE: It is of int e rest to compare the res ult obtaine drela t ive ly ea sily by means of the nor mal ap proxi ma- tio n
in (b) to the more troub lesome calcula t ion of theexact Pois son probability:

Pr (exactl y 250 calls in 1 hou r) =
(225)250e−225

250! −−∼ 2. 134868 355×10490

3. 232860 761×10492 −−∼ 0.006 603 651;

i.e., the nor mal approxi mation is accur ate to about 1 par t in 200 or about 0.5% in this situation.

A2 – 5. Let the random variableYi repre sent the number of people in the
ith car crossing the bridge; we are giv en that the probability
function ofYi is as shown at the rig ht.

Then: E(Yi) = 1× 0.05 + 2× 0.43 +..... +6 × 0.04 = 2.89 people per car;
so that: E(Yi −1) = 2.89−1 =1.89 passeng ers per car.
He n ce, the fol low ing amoun t sare raise dby the three option sgive n:

• at $1.00 per car, raise $1.00 per veh icle;

• at $0.40 per person, raise $0.40× 2.89 = $1.1 56 per veh icle;

• at $0.75 per car and drive rand $0.15 per passeng er, raise $0.75 +$0.1 5×1.89 = $1.0335 per veh icle.
Thus, these con doption raises the mos tmoney.

yi 1 2  3 4 5  6

f (yi) 0.05 0.43 0.27 0.1 2 0.09 0.0 4
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Assignment 2 Out line Solut ion (continue d 2)

A2 – 6. (a) Let the random variable Y repre sent the number of blood tests requi red for a group of k people;
Y ha stwo pos sib le value s: 1 and k+1.

Also: Pr(Y=1) = Pr(poole dtest is negative)
= Pr(none of the k people is infected) = (1− π)k

(a s s uming that the res ult s of tests on different people in the group are independent);

Pr (Y= k+1) = 1− Pr(Y=1) = 1− (1− π)k.
Thus, the probability fun ction ofY is as shown at the rig ht,
so that: E(Y) =

y
Σy⋅f (y) = 1× (1− π)k + (k +1) × [1− (1− π)k]

= (k +1) − k(1− π)k,
which is the expre ssi on giv en for the ave r age number of tests requi red for a group of k people.

(b) E(Y) is the expected number of tests whi c h will have to be made for a group of k people; henc e, the number
ex pected for n/k groups of k people is:

n
k

× E(Y) = n
k

[(k +1) − k(1− π)k] [u sing (a)].

(c ) If π is sma l l, (1− π)k −−∼ 1− kπ (u sing the bin omial theorem) so that, from the res ult in (b) , the expected number of
tests is giv en by:

T −−∼ n
k

[(k +1) − k(1− kπ)] = n
k

[k2π +1] = n(kπ + k−1), as requi red.

Then: dT
dk −−∼ nπ − n

k2 , whi c his zero when: k2 = 1
π or: k −−∼ 1/√π, as requi red;

also: d2T
dk2 −−∼ 2n

k3 which is posit ive becau se n and k are posit ive, as requi red for ami nimum.

Il lu str ation: If π = 0.01, we takek = 1/√0. 01 =10, so T −−∼ n ×10× 0.01+ n/10 = 0. 2n;
i.e., on ave r age, only about on e-fifth as many tests are needed in the grouped procedure as wou ld be

ne e ded if n people were test e din d ivi d ually, whenπ is 0.01 or 1%.

yi 1 k+1

f (yi) (1−π)k 1− (1−π)k

A2 – 7. The random variableY is th e number of prizes
awar ded . To tab ula te its probability fun ction, we
ne e dto find the value sY can take on and the
probabilit ies of thes evalue s; we can set out the
relevant infor mation as shown in the table at the
right.
Us ing this infor mation and rem embering that
there are 10,000 ticke ts in the lotter y, we can
tabula te the probability fun ction of Y as fol low s :

y 1 4  6 12 24

f (y) 0.001 0.036 0.027 0.432 0.504
, so that: E(Y) = 1× 0. 001+ 4 × 0. 036+ . . . . .+ 24× 0. 504

= 17. 587.

TYPE OF TICK ET NUMBER NUMBER OF TICK ETS PRIZES

4 dig its the same = 10 1

3 dig its the same = 360 4

2 pairs of dig its the same = 270 6

2 dig its the same = 4, 320 12

all digits different = 5,040 24

(10

1
)4!

4!

(10

1
)(9

1
) 4!

3! 1!

(10

2
) 4!

2! 2!

(10

1
)(9

2
) 4!

2! 1!1!

(10

4
) 4!

1! 1! 1! 1!

With ticke ts cos ting $1 and each prize being $500, the lotter yoperato r’s profit is: W= $10 ,000− $500×Y

... E(W) = $10 ,000− $500× E(Y) = $10 ,000 − $500×17.587 = $1, 206.50,
which is the requi red lotter yoperato r’s expectedprofit.

A2 – 8. This que s tion involves the use of the Cent r alLi mit Theorem to justify an assume dap proxi mat eno rma lity for the
dist rib u tio n of a sum of 400 dis cret erandom variable s.

Let the random variable Yi repre sent the number of sli ces of pickle on the ith
hamburger; from the infor mation giv en in the stat ement of the que s tion, we can
obtain the probability fun ction ofYi as shown at the rig ht.

Then: E(Yi) = 0× 0. 2 + 1× 0. 4+ . . . . .+ 3× 0. 1= 1.3 sli ces;

E(Yi
2) = 02× 0. 2+ 12× 0. 4+ . . . . .+ 32× 0. 1= 2.5 sli ces2,

so that: s. d.(Yi) =  2.5 − (1.3)2 = 0.9 sli ces;

yi 0 1 2 3

f (yi) 0. 2 0.4 0.3 0.1

√
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Assignment 2 Out line Solut ion (continue d 3)

A2 – 8.
(c o nt.)

If 400 hamburgers are to be sol d, the total number of sli ces of pickle is giv en by: T =
400

i=1
ΣYi,

so that: E(T) = 520 sli ces, s.d.(T) = √324= 18 sli ces;
also, T ha sap proxi mat ely a nor mal dist rib u tio n as a con seque n ce of the Cent r alLi mit Theorem .

We want to find the value oft su ch that: Pr(T ≤ t) = 0.99 or: Pr(T > t) = 0.01.

He n ce: Pr(T > t) −−∼ Pr[N(520, 18) > t +½] −−∼ Pr[N(0, 1) > t + ½ − 520
18

] −−∼ 0.01;

... t − 519. 5
18 −−∼ 2. 3263 [fr om theN(0, 1) table] so that: t −−∼ 561. 37 −−∼ 562 (slic es).

i.e., about 562 sli ces of pickle need to be on hand to be 99% sure of meeting the dema n d.

*A2 – 9. This que s tion involves finding the mean of a negative bin omial (re a l ly age o metric) dis tributio n, for which the parameter
π is obtaine dfr om an appro priat ePo i sso nmodel.
Let the random variable Y repre sent the number of mis takes on an equ iprobably-selected pag e;

we use the model Y∼ Po (2), so that: Pr(y mist akes on the pag e) = 2
ye−2

y! ; y = 0, 1, 2, 3, .... ,

He n ce, for an equ iprobably-selected pag e: Pr(pag eis accep table) = Pr(page has 2 or fewer mis takes)
= Pr(no mis takes) + Pr (1mist ake) +Pr (2 mist akes)

= 20e−2/0! + 21e−2/1! + 22e−2/2!

= 5e−2 −−∼ 0.676 676 =π, say ;

Pr ( pag eis unaccep table) = 1− Pr (page is accep table)
= 1− 5e−2 = 1− π.

Then, if the random variable R repre sents the number of tim e sa pag emu s tbe typed before it is accep table:

Pr (type a pag er times) ≡ f (r) = (1− π)r −1 ×π ; r = 1, 2, 3, .... .

He n ce: E(R) =
r
Σ r⋅f (r) =

∞

r=1
Σr ⋅(1 −π)r −1×π = π

∞

r=1
Σ− d

dπ
(1−π)r

= π d
dπ

∞

r=1
Σ−(1−π)r

= π d
dπ (π − 1

π )

= 1
π = e2/5 −−∼ 1.477 811 ;

thus, the secret ary can expect to type 100 × 1.477 811 −−∼ 148 pag es.

NO TE: Three poi nts in int e rest in the final calcula t ion ofE(R) are:

• re cognition that r⋅(1− π)r −1 is the derivative wit h re spect to π of (1− π)r .

• in terchange of the order of sum mation and differentiation, whi c his per mit ted becau se the two operation s
involvedi ffere nt variable s(r and π re spectiv ely);

• the res ult for the sum of an infin ite geometr ic ser ies.
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