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Assignment 1 Out line Solut ion

A1 –1. This que s tion involves the bin omial and negative bin omial dist rib u tio ns as probability model s .

(a) Let the random variableY repre sent the number of ins tant aneous recov eries in a group of n patients;
we use the model Y ∼ Bi (n,0.1).
Then: Pr(y patients in n recov er) = (ny)(0.1)n(0.9)n−y y =1, 2, ...., n,

so that: Pr(at lea st1 patient in n recov ers) = 1 − Pr(0 patients in n recov er) .

... 1− (n0)(0.1)0(0.9)n = 0.5 so that: n= ln (0.5)

ln (0.9)
−−∼ 6. 579 −−∼ 7; i.e., about 7 patients are requ ire d.

(b) Pr(7th patient is 1st re cove ry) = Pr(no recov eries in 6 patients) × Pr (re cove ry)

= (6
0
)(0.1)0(0.9)6× 0.1 =(0.9)0(0.1)1 −−∼ 0.0531 4;

(c ) Pr(10th patient is 2nd re cove ry) = Pr(1 recov ery in 9 patients) × Pr (re cove ry)

= (9
1)(0.1)1(0.9)8× 0.1 =(0.1)2(0.9)0 −−∼ 0.03874.

A1 –2. This que s tion involves the negative bin omial dist rib u tio n as a probability model.

(a) Pr(ex actly 8 appli c a n t shave to be int e rvie wed for 5 posit ion s)

= Pr(4 successful appli c a n t sin 7 inter vie w s) × Pr (su ccessful appli c a n t)

= (7
4) (23)4(1

3)3 × (2
3) = 1, 120

6, 561 −−∼ 0.17 07;

(b) Pr(8 or fewer appli c a n t shave to be int e rvie wed for 5 posit ion s)

= Pr(8 or 7 or 6 or 5 appli c a n t shave to be int e rvie wed for 5 posit ion s)

=
8

y=5
ΣPr (y ap plicants have to be int e rvie wed for 5 posit ion s)

= (2
3
)5[1+ 5

3 + 15
9 + 35

27] = 4, 864
6, 561 −−∼ 0.7414 ; [r eason ing as in (a) for each probability] .

A1 –3. This que s tion involves the Poi sson dis tributio n as a probability model.
Let the random variable Y repre sent the number of calls reaching the switchboard in a tim e in ter val of lengt h t
– we use the model Y ∼ Po(λt);

i.e., Pr(y calls reach switchboard in tim et) =
(λ t)

y
e−λ t

y! ; y = 0, 1, 2, 3, .... ,

where: λ = ave r age rat eat whi c hcalls reach the switchboard
= 600 per hou r= 10 per min ute = 5/3 per ten secon ds.

(a) Pr(sw itchboard is ove rtaxe ddu ring a giv en min ute)

= Pr(21 or more calls reach the switchboard in the minu t e)

= 1− Pr(20 or fewer calls reach the switchboard in the minu t e)

=
20

y=0
ΣPr (y calls reach the switchboard in the minu t e)

=
20

y=0
Σ (10)y

e−10

y!
−−∼ 0.001 588;

NO TE: In this qu estio n, fou r signific a n tfig ure sfo r the final probability (surprisingly) can be obtaine dby sum ming
fe wer ter ms by avo iding use of the complem e n t.

(b) Pr (no calls in 10 secon ds) =
(5/3)0e−5/3

0! = e−5/3 −−∼ 0.1889;

A1 –4. This que s tion involves the Poi sson dis tributio n as a probability model.
Let the random variable Y repre sent the number of blackfli es in a volum eof v m3 – we use the model Y ∼ Po(15v) ;

i.e., Pr(y blackflie sin volum ev m3) =
(15v)

ye−15v

y! ; y = 0, 1, 2, 3, .... ,

(a) In 1.2 m3, we expect18 blackfli es;
... Pr (ex actly 3 blackfli es in a tent of volum e1. 2m3) =

(18)3e−18

3! −−∼ 0.000 014 804.

(b) In 0.0 4m3, we expect 0.6 blackfli es;
... Pr (at lea st1 blackfly in a box of volum e0.04 m3) = 1− Pr (no blackfli es in the box) = 1− e−0.6 −−∼ 0.4512.

1095 -04 -20 (cont inued overleaf )



Un ive rsity of Wat e r loo STAT 221 – W. H. Che rry

#0.9b[INSTRUCTOR’ S VER SION – NOT TO BE GIVEN TO STUDE NTS]
____________________________________________________
____________________________________________________

Assignment 1 Out line Solut ion (continue d1)

A1 – 4. (c )(i)
(c o nt.)

Re g arding the three tents as a tot alvolu me of 3.6 m3, we expect 54 blackfli es in them;

... Pr (ex actly 40 blackfli es in the three tents) =
(54)40e−54

40!
−−∼ 0.008 555;

(c )(i i) We use the probability from (a) [π, say] in a bin omial dist rib u tio n with n=3;
... Pr (ex actly 2 tents con tain exactly 3 blackfli es each) = (3

2) π 2(1− π)1 −−∼ 6. 574×10−10.

A1 –5. (a) The hy per geom e tric dist rib u tio n can be use dto model the process of selecting a
sample of n balls at random wit hou t replacement from an urn con taining a tot al of
−N balls of whi c h−R are red (and−N−−R are black). If the random variableR repre -
sents the number of red balls in the sample, its probability fun ction is as giv en at
the rig ht (‘ur n’ here cor responds to ‘popula t ion’ i n statis ti cs) .

f (r) =

r = 0, 1, 2, ....,n.

(
−R
r)(

−N−−R
n−r )

(−N
n)

,

When−N =10, −R=6 and n=6, we can tab ula te and graph f (r) as fol low s :

r f (r)

0 0
1 0

2 0.0714

3 0.3810

4 0.4286

5 0.1143

6 0.00 48

15
210 −−∼

80
210 −−∼

90
210 −−∼

24
210 −−∼

1
210 −−∼

A Hyper geom e tric
Prob ability Functionf (r)

r
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(b) Thebinomial dist rib u tio n can be use dto model a process called a Ber nou lli trial, whi c hha sthe fol low ing (re s tric-
ted) chract e ris ti cs:

• a Ber nou lli trial has two ou tco m e s(ge ner ically called ‘su ccess’ and ‘fa ilu r e’) ;

• un d er repetit ion, the outco m e sof Bernou lli trials (‘s ucces s’ and ‘fa ilu r e’) are pr obabi lis tically indep enten t ev ents;

• un d er repetit ion, the probability of ‘su ccess’ (and, henc e, the probability of ‘ fa ilu r e’) is consta nt [π, say, and1−π].
an exa mple of Ber nou lli trials is selecting from an urn of red and black balls with replacement[to be con trast e d
with the hyper geometr ic dis tributio n fo r sele cting wit hou t replacement in (a) above]; a mo refa m ili ar exa mple of a
Be nou lli trial is tos sing a coi n.
The bin oma lprobability fun ction (fo r the random variableY) is:

Pr (y ‘s ucces s es’ i n n trials) = (ny )π y(1−π)n−y; y = 0, 1, 2, .... ,n.

When n=10 and π su ccessiv ely takes the value s0. 2, 0.5 and 0.9, the probability fun ction s[ f (w), f (y), f (z)] of the
re spectiv e random variable sW, Y andZ are tab ula ted and graphe das shown on pag e0.9d.

(c ) Thene gative binomial dist rib u tio n is als ous ed to model repetit ion of Bernou lli trials, but it differs from the bin o-
mial dist rib u tio n in its con cer nwith the probability that the rth ‘s ucces s’ occurs on the nth tr ial or, equ ivalently, that
v ‘fa ilu r es’ occur before the rth ‘s ucces s.’ The negative bin omial probability fun ction (fo r random variable V) is:

Pr (v ‘fa ilu r es’ before the rth ‘s ucces s es’) = (r+v −1
r --1 )π r(1−π)v ; v = 0, 1, 2, 3, .... .

When r=2 andπ =0.4, the probability fun ction f (v) of V is tab ula ted and graphe don pag e9c. [Te rms of the infin ite
set of value sof f (v) are evaluated up to V =15, to show the beh aviour of the rig ht tail of this dis tributio n.]

(d) ThePo isson dist rib u tio n is use dto model processes inv olv ing ‘ou tco m e soccur ring unpredictably (on an in dividua l
basi s) in space or tim e’; the more com mon sho rter des criptio n of model ling ra n dom eve nts in spa ce or time ha s
the disadvant age of usi ng‘r andom’ and ‘ev ent’ i n their col loquial (not thei r probabilis ti c) sense.
The der ivation of the Poi sson probability fun ction involves three assump tion s:
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Assignment 1 Out line Solut ion (continue d 2)

A1 – 5. (d • in dep enden ce:
(c o nt.)

ev ents (which are number s of outco mes in an inter val) arepr obabi lis tically indep enden t fo r non-
ov erlap ping (sp atial or tem poral) in ter vals; the sho rter versi on of this assump tion – thenumber s
of outco m e s co mprising eve n t sin non -ov erlap ping int e rvals are independent – risk s conf usi ng
probabilis ti c in d ependenc eof eve n t swith independenc eof numbers.

• in dividua lity: outco m e soccur singly, not in groups; i.e., the probability of more than one outco m ein a suf fi cie n tly
sm all int e rval is neglig ible;

• homoge nei ty: outco m e soccur at a unifo rm rat eov er the entire int e rval unde rconsid eration so that, in a (sub-)int e r-
val of lengt h t, the expected number of outco m e sis λt, where thein ten sity para m eter λ is theaver age
ra te of outco mes over the ent ire inter val.
This math ematical assump tion has troub lesome real-world implication s– auniform un d erlyi ng pro -
cess exhibiting unpre dicta b le actual indivi d ual outco m e s.

The Poi sson probability fun ction (fo r the random variableS) is:

Pr (s ou tco m e sin an int e rval of lengt h t) =
(λt)se−λt

s!
=

µ se−µ

s! s = 0, 1, 2, 3, .... .

In con trast to Ber nou lli trials whe re a per son is usually inv olved in repetit ion (e.g., in coi n tossing), a Poi sson process
often repeats wit hou t hu man int e rve n tio n and the ‘repetit ion s’ arise from the (sp atial or tem poral) in ter vals imposed
on the outco m e s.
Whenµ take sthe two value s1 and 10, the probability fun ction s[ f (s), f (t)] of the two random variable sS andT are
tabula ted and graphe das shown on the pag e9e. [Te rms of the infin ite set sof value sof f (s) and f (t) and are evalu-
at e dou t to S =10 and T=20, respectiv ely, to show the beh aviour of the rig ht tails of thes edist rib u tio ns.]

*A1 – 6. From the data giv en, we can find value s ,fo r good and for bad drive rs, of the pro por tio n of 2-car accid e n t sinvolving
th e resp ect ive typ es of drivers in whi c hthey are at fau lt; thes epropor tio ns can be use das value sof the cor responding
probabilit ies. That is:

fo r good drive rs: Pr(at fau lt) −−∼ 5, 000+ 15, 000
5, 000+ 5, 000+ 15, 000 + 25, 000

= 2
5 = 0.4;

fo r bad drive rs: Pr(at fau lt) −−∼ 25, 000+ 55, 000
15, 000+ 25, 000+ 55, 000+ 55, 000

= 8
15 = 0. 53

.
.

Then: Pr(li cense rev oke dim mediat ely after 5th accid e n t) =
Pr (drive rat fau lt in 2 of their first 4 accid e n t sand in their 5th accid e n t) =  (42)π 3(1−π)2.

Us ing the ‘at fau lt’ value sabov efo r π, we obtain: probability lic ense rev oke dfo r good drive rs: 0.1 38 24;
probability lic ense rev oke dfo r bad drive rs: 0.1 98 226.

• The accid e n tdata in the stat ement of this que s tion indicate asubs t ant ial differenc ebetween the accid e n tre co r dsof
good and bad drive rs, yet thes etwo final probabilit ies are rela t ive ly cl ose in value. Exp lain brief ly why this is so.

A1 – 5. (c )
(c o nt.)

A negative bin omial dist rib u tio n probability fun ction (r=2, π =0.4):

v f (v)

0 0.1 6
1 0.1 92
2 0.1 72 8
3 0.1 38 24
4 0.1 03 68

5 0.074 649 6
6 0.052 254 72
7 0.035 831 808
8 0.024 186 470
9 0.016 124 314

10 0.010 642 047
11 0.006 965 703
12 0.00 4527 707
13 0.002 925 595
14 0.001 880 740
15 0.001 203 674

.

. (0.997 912 378)

A Negat ive Binomial Pro bab ility Function
v fa ilu r es before the 2nd su ccess, Pr(su ccess) = 0.4

f (v)

v

0.4

0. 3

0. 2

0.1

0
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A1 – 5. (b)
(c o nt.) w f (w)

0 0.1 07 374 182
1 0.268 435 456
2 0.301 989 888
3 0.201 326 592
4 0.088 080 384

5 0.026 424 115
6 0.005 505 024
7 0.000 786 432
8 0.000 073 728
9 0.000 004 096

10 0.000 000 102

(1. )

Bi(10 ,0. 2) Prob ability Function
f (w)

w

0.4

0. 3

0. 2

0.1

0
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y f (y)

0 0.000 976 563
1 0.009 765 625
2 0.0 43945 313
3 0.117 187 500
4 0.205 078 125

5 0.246 093 750
6 0.205 078 125
7 0.117 187 500
8 0.0 43945 313
9 0.009 765 625

10 0.000 976 563

(1. )

Bi(10 ,0. 5) Prob ability Function
f (y)

y
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z f (z)

0 0.000 000 000
1 0.000 000 009
2 0.000 000 365
3 0.000 008 748
4 0.000 137 781

5 0.001 488 035
6 0.011 160 261
7 0.057 395 628
8 0.1 93 710 245
9 0.387 420 489

10 0.348 678 440

(1. )

Bi(10 ,0.9) Prob ability Function
f (z)

z
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We see that, in each case, the mos tprobable value of the random variable, cor responding to thehigh est bar of each his t o-
gr am ,is giv en by the produ ct, n×π, of the bin omial dist rib u tio n parameters; this is (of cou rse) themean of the dist rib u tio n.
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A1 – 5. (c )
(c o nt.)

s f (s)

0 0.367 879 441
1 0.367 879 441
2 0.1 83 939 721
3 0.061 313 240
4 0.015 328 310

5 0.003 065 662
6 0.000 510 944
7 0.000 072 992
8 0.000 009 124
9 0.000 001 014

10 0.000 000 101
.
. (0.999 999 990)

Po(1) Prob ability Function
f (s)

s

0.4
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0
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t f (t)

0 0.000 045 400
1 0.000 453 999
2 0.002 269 996
3 0.007 566 655
4 0.018 916 637

5 0.037 833 275
6 0.063 055 458
7 0.090 079 226
8 0.112 599 032
9 0.1 25 110 036

10 0.1 25 110 036
11 0.113 736 396
12 0.094 780 330
13 0.072 907 946
14 0.052 077 104

15 0.034 718 070
16 0.021 698 794
17 0.012 763 996
18 0.007 091 109
19 0.003 732 163
20 0.001 866 081

.

. (0.998 411 739)

Po(10) Prob ability Function
f (t)

t

0.4

0. 3
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0
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We see that, in bot hca s es,the mos tprobable value of the random variable, cor res -
ponding to thehigh est bar of each his t ogr am ,is the int ege rpart of the value of the
parameter (he re, the mean) µ; if this value is an int ege r, then the bar immediat ely to
the le ft of this tallest bar is als oof the same heig ht (i.e., the re are two mos tprobable
value sof the random variable if the mean of the Poi sson dis tributio n is an int ege r).

NO TE: The Po(1) dist ribti ion is highly asy mmetr ic, the Po(10) dist rib u tio n is rela t ive ly symmetrica l and‘b ell-shaped’,
reminding us of thenormal ap proxi mation for finding value sfo r (s ums of) Pois son probabilit ies whenµ is
large (say 20 or more) .
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