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University of Waterl®m STAT 221 —WH. Chery
Assignment 1 Outline Solution

Al-1. This questbn involves the momial and egatire inomial distibutions as pobability models.

@ Let the random wadale Y repreent the nmber d instintaraus emveies h a goup d n patients
we wse he nodel YOBI(n, 0J).

Then Pr(y paients i n recove) = ({',)(0:])”(0.9)”_y y=12 ..n,
so ha: Pr(at keastl patient n n recovay =1 - Pr(0 patients h n reove).
1- ()(02°09"=05 otha: n= 83 D6.57907 i, dout 7 patients ze reyuired

(0 Pr(7th patient & X recarery) = Pr(no eoveaies n 6 patient$ x Pr fecarely)
= (S)(OJ)O (09°%01=(09°(01)" H0.05314

© Pr(10th patient 5 2nd recarery) = Pr(1 recvey in 9 patient$ x Pr (ecovery)
= ($)(02'(09°% 01=(02°(0.9° H0.0387.

Al-2. This questn involves the rgatire bnomial distibuion as a pobability model.
@ PEexaty 8 gpicantshare © be ntewviewed for 5 stion$
= Pr(4 successul applicantsin 7 interniewg % Prgucesgul applicant)
120
= () @'Q’*() = 5o Howr,
(b Pr(8 or fewer ppicantshase b be nteviewed for 5 stions

= Pr(8 or 7 or 6 or 5 pplicantshae © be nteviewed for 5 pstion$
8
= > Pr(y appicants hee D be nteviewed for 5 pstions
y=5

=@+ 3+ 2+ = 22‘1‘ Do7414;  [reaonirg as in §) or each probability].

Al-3. This questdn involves the Bissan dstribution as a jpobability model.
Let the random vaalle Y repreent the nmber d calls reacling the svitchboard in a imeintenal o lergtht
—we se he nodel YO Po@t);
(At)y A

i.e, Pr(ycalls reach svitchboard in tmet) =

y=0,123..
whee: A= a/erage mteat whichcalls reech the witchboard
= 600 pe hour= 10 per nminute = 53 per ter :onds.
@ Pr(switchboad is orertaxedduting a gven minute
= Pr(21 a more alls reach the witchboard in the mhute
= 1 Pr(20 a fewer alls reech the witchboard in the miute

= ZPr(y calls reach the witchboard in the mhuté

f 9°¢™ 001 s88:

y=o Y

NOTE: In this quesion, four significantfiguresfor the final probability (surprisingly) can ke dtainedby sumrming
fener terns by aoiding wse d the @mplement

(5/3) e

(b) Pro alls in 10 seonds) = = e®*[01889;

Al-4. This questdn involves the Bissan dstributon as a jpobability model.
Let the random vaalle Y repreent the nmber d blackflies in a wlumeof v m? — we wse he nodel YO Po(5v);

Y
i.e, Pr(yblackfiesin volumev me) = WTM; y=012,3...,

@ In 12 n?we eped 18 backlies; s
Prexactly 3 Hackflies in a £nt d volumel.2m3) = (]83? £0.000 a4 904

(b In 004m?3we exped 0.6 Hackilies;
. Prét keastl bHackfly in a box o volume0.04 n?) = 1- Prfio Hackflies in the X = 1- €°° 04512
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A(\l —;1. ©)() Regading the tree taits & a btal vaume of 36 e we exped 54 Hackflies in them;
cort.

_ _ (549%™ O
Prexactly 40 backflies in the hree tet9g = 201 0.008 555%

©)ii) We wse he pobability from @) [;7 sy in a kinomial distiibuton with n=3;
Prexatly 2 tents ontain exactly 3 backflies eadh) = (g’) 72— 7yt H6.574%107%

Al-5. @ Thehypergeometric distibuion can ke wsedto nodel the pocess d seleding a

sanple of n kalls at andom vithout redacement fom an un wntaining a btal of (R)(N—R)
N bdls of whichR are red GandN-R are HacK). If the random vaale R repre- f(r) = =17
sents the nmber d red talls in the samle, ts probability fundion is & gven & (ﬂ)

the right (urn here rregponds o ‘popuatior i n getistics). r=0,12 ..n.

WhenN =10, R=6 and n=6, we @n gbuate and giaph f(r) as bllows:

A Hypergeometric
(1) Probability Function

bl

fn)

o 0 04 |
1 0

2 | 2= Uoons 0s.
3| £ Hasso

4 | 2% Hoase 0.2
5 | 2 Hona

01+

6 | 515 = o048

0 1 2 3 4 5 6

(b Thebinomial distibuion can ke tsedto model a pocess @lled a Berrouli trial, whichhasthe following festic-
ted chracteistics:
e a Berrouli trial has two outtomeggererically called Ssucessand failure);
o unde repeition, the autcomef Bernouli trials (sucoessand failuré) are probabilistically indepentent events
e unde repettion, the gobability of ‘sucess(and hencethe pobability of ‘failure) i s constant [77say and1- 7.
an eanple d Berrouli trials is ®leding from an un o red and Hack halls with redacement[to be mntasted
with the typergeameric dstributon for sdeding without redacement n @) éovd; a morefamiiar exanple of a
Berouli trial is tbsing a min
The dnomal probability fundion (for the random vaialdeY) is:

Pr(y‘successesn n frials) = (';)ny(l—zb”‘y; y=0,12,...,n

When =10 and rrsucessdvely takes the vales0.2, 0.5 and Q9, the gobability fundions[ f(w), f(y), f(Z)] of the
regpective random vaiallesW 'Y andZ are tabuated and gaphedas $iovn an page0.9d.

(© Thenegdive hinomial distibution is dso usel to nodel repettion of Bernouli trials, kut it differs from the bno-
mial distibution in its @nernwith the probability that the tth‘successocaurs on he rth trial o, equivalenty, tha
vfailures’ ocaur before the tth‘succes$ The regatie knomial probéebility fundion (for random vaialde V) is:

Pr¢ failures before the th'successep= (" ) 7@-n" ; v=0123....

When r=2 and =04, the pobability fundion f(\) of V is tabuated and giaphedon ge9c. [Tems d the finite
sd of valuesof f(\) are evaluaed p to V=15, b show the kehaiour d the fight tail of this dstribution]

(d) ThePoison distiibuion is usedto model processes invdving ‘outtomescaurring unpredctably (on an individual
basig in gpace or ime the nore mmnon dorter ceseiption of modelling random events in gpace or time has
the disadvantae of wsingrandomand ‘event in ther colloquial (ot their probabilistiq serse
The cerivation of he Rissan probability fundion involves hree @sunptions:

(continued)
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Al -5 (d e independence: events (vhich ae numbers of outcomes in an interval) are probabilistically independent for non-

(cort)

ovelappng (patidor tempord) intenals; the $orter \ersion of this asumption — he numbe's
of outcomes coiprising eventsin non-ovelappng intevals ae ndgendent — isks canfusing
probabilistic indgendenceof eventswith indgoendenceof numbers.

e individuality: outcomesocaur sngly, not in groups; i.e, the probability of more than me aitcomein a sufficently

smdl intewval is redigible;

® homogendty: outcomesocaur & a wniform rateove the enre inteval indercondderation ® thd, in a §b)inter
val d lergtht, the expeded runber of outcomess At, where the intensity parameter A is the average

rate of outcomes over the entire interval.

This mathematical assunption has toublkesome eatworld implications— a uniform undelying pro-

cess ehibiting unpredictable actual individual autcomes

The Poissm probability fundion (for the random vaiade S) is:
et _ pseH

4 = 4
In contrast to Berroulii trials whee a pason is usudly invdved n repeition gg., in oointoss';ngg, a Roissm process
often repeds without hurman nterenion and he repeitionsarise fom the gpatid or tempord) intervals imposed
on the aitcomes
Whenu takesthe wo valiesl and D, the pobability fundions] f(9, f(t)] of the two random véaldesSandT are
tabuated and gaphedas fiown m the @mge9e. [Tems d the nfinite etsof valuesof f(9 and f(t) and ae ealu-
atedoutto S=10 and T=20, repectively, to show the kehaiour o the light tails of thesedistibutions]

Pr&outtomesn an inteval o lergtht) = $=0,12,3.....

*Al -6 From the d&a gven, we @n find valies,for good and for bad divers, d the poportion of 2-car ac@entsinvolving

the repective types of drivers in whichthey ae d faut; theseproportions an ke wsedas \aluesof the orregponding
probabiities Tha is:

o 5,000+ 15,000 2 _ag
for good divers:  Rr(atfaul) 5 o552 000 15 w07 25000 = 5 = 04

N 25, 000+ 55, 000 _ 8 _n
for bad drivers: R (at faut) & T 000+ 25000+ 220007 55 000 — 15 = 05

Then Pr(licerse evckedimmedatdy after 5th acdden) =
Pr@riverat faut in 2 of ther first 4 asddentsand in their 5th acddenj = (g)na(l— 0’

Using te at faut valuesatovefor 7z we dtain:  probability licerse evdkedfor good divers: Q138 24;
probability licerse evdkedfor bad drivers: Q198 226.

® The acddentdaa in the shtament d this questdn indicae asubstantial differencebaween the addentrecordwof
good and kad divers, yet hesetwo final probabilities ae rdatively close n value Explain briefly why this is ®.

Al -5 (c) A negatire inomial distribution probabiity fundion ¢=2, 77=0.4):

(co

)

fy) f()
Q16 A Negative Bnomial Probability Function
v failures before the 2hd sucess Pr(suces3 =04

012 044
01728

0138 24

0108 68

0074 649 6
0052 254 72
0035 83 808
0024 186 40
0016 24 34

0010 42 047
0006 965 03
0004527 07
0002 925 595
Q0QL 880 40
0001 203 64
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(continued overleaf )
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~5 (b
A(\Clongt()

fiw)

Boo~vwou pwNnko|S

0107 374 B2
0268 435 56
0.301 B9 888
0201 26 592
0088 080 384

0026 42415
0005 505 024
0000 786 432
0000073728
0.000 06 096
0000 000 @2

@ )

f(y)

Bom\lmmbwwpo~<

N

0000 95 563
0009 765 625
0043945 313
0117 B7 500
020508 125

0246 093 BO
020508 125
0117 B7 500
0043945 313
Q009 765 625
Q0000 95 563

@ )

f@

© 0o ~NOO” O M WNPEFO

=
o

0000 000 000
0000 000 009
0000 000 365
0000008 %8
0000 137 81

0001 488 035
0011 60 24
Q0057 395 628
0193 710 245
0387 420 489
0348 68 440

@ )

fw)

044

0.3+

0.2+

014

f(y)

04+

0.3+

0.2+

01+

Bi(10,0.2 Probability Function

Bi(10,0.5 Probability Function

We e that, in eadh case the nostprobalde value of he random vaalle, correponding © the highest bar d eadh histo-
gram,is gven by the godud, nx 77 of the bnomial distibuion parameters; tis is (of oursg the mean of the dstribuion
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Al-5 (0
(cort) O

f© Po(1) Probability Function
036787944 044
036787944
0183939 74
006l 313 240
0015 28 30

0003 065 662
Q000 30 A4
Q000072992
Q0000 009 24
0000 0a a4
Q000 000 @1

()

© 00 ~NOOOT M WNPEFEO

8

(0.999 999 99D

—

f®) Po(10) Probability Function
0000 015 400 04
0000 %63 V9
Q002 269 996
0007 566 655
0018 916 @7 0.3

0037 833 23
0063 055 &8
0090 079 226 0.2.
0112 599 032
0125 110 (B6

0125 110 B6

0113 736 396

Q094 780 330

0072 907 946

Q052 077 04 0-

Q034 28 070

0021 698 794

0012 B3 996 , :
0007 09 109 We =e that, in both casesthe nmostprobalde value of he random vaale, corres-

0003 732 63 ponding 1 the highest bar d each histagram,is the ntegerpart of the valie of he
Q00L 866 0& parameter (hee, he meahy; if this value is @ integer then the lBr immedatdy to
the left of this allest kar is dso of the same higtt (.e, thele ae two mostproballe

(0998 41 39 valuesof the random vaalle if the mean fithe Pissan dstribuion is an intege).

014

BREB co~vwoo ~wN e o

N

0 1 2 3 4 5 6 7 8 910 11 12 13 14 15 16 17 18 19 20

N R p R R
O © oo ~NO U

NOTE: The Ro(l) distiibtiion is hghy asymmetric, the Ro(10) distibution is relaticely symmetrical and bdl-shaped,
reminding s of the normal appoximation for finding valuesfor (sums of) Pdsson probabilities vheny is
large 6g 20 or nore).
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