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Figure 13.8. SIMPLE LINEAR REGRESSION: Case Study 1

Example 13.8.1: The biv ariat edata giv en bel ow, for a sample of 12 apple tre es, show the number of apple s(in hun dre ds) on a
tree and the percent age of the apple sthat had been att ack ed by codli ng mot h larvae (‘percent wormy’); it is
ge nerally believe dthat, across a number of apple tre es, thes etwo quantit ies are inversel y rela ted .

Number of apple s[100s] (x) 6 8 11 14 17 18 19 22 23 24 26 40

Pe rc ent wo rmy (y) 58 59 56 50 45 43 39 53 38 42 30 27

(a) Prep are a pro perly-label led scatt e rdiag ram of thes edata and show on it the estim ated reg res sio n of Y− onX−.
(b) Giv e the ANOVA table, coefficie n tof det e rmination, cor rela t ion coefficie n tand estim ate of σ fo r thes edata .
(c ) As s ess how well the reg res sio n model fits the data; giv e your reason sco mplet ely but con cis ely.
(d) Fin d a 95% confid e n ce int e rval for thesl opeof the respondent popula t ion reg res sio n of Y− onX−.
(e ) Find a 95% confid e n ce int e rval for the in ter cep tof the respondent popula t ion reg res sio n of Y− onX−.
(f) Fin d a 95% confidence in ter val for the meanµY(xj =30) repre senting regY

−−i(X− i), the respondent popula t ion
regres sio n averageperc ent age of wor my apple sfo r trees wit h a cro psi ze speci fi ed by exp lanato ry variat e
X− i = 3,000 apple s.

(g) Fin d a 95% pre diction in ter val for the ra n dom variable Y(xj =30) repre senting regY−i(X− i), the respondent
popula t ion reg res sio n perc ent age of wor my apple sof an equ iprobably-selectedin dividua l tree with a cro p
si ze speci fi ed by exp lanato ry variat eX− i = 3,000 apple s.

Solution: (a) From the n=12 obs erva-
tion s (xj, yj) give n in the
st atement of the que s tion,
we find the fol low ing :

Σxj = 228,

Σxj
2 = 5, 256;

Σyj = 540,

Σyj
2 = 25,522;

Σxjyj = 9, 324;

x− =19,
y− = 45;

SSxy = −936,
SSx = 924,
SSy = 1,222;

henc e, thees tim atesof β1

(the slo pe) and β 0 (the in-
tercept) of the reg res sio n
of Y− onX− are:

b1 = −1.01 2987 01,
b0 = 64. 246 753 25,

so the equ ation of the
st r aight-lin emodel is:
regy− = 64.247−1.01 300x = 45−1.01 300(x −19).

The scatt e rdiag ram of the data for the percent age of wor my apple sag ain st the number of apple son the tre e,
with the estim ated reg res sio n of Y− onX− superimpos ed on it, is shown above at the rig ht.
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(b) The ANOVA table for thes edata is:
SOURCE SUM of SQUARES Df ME AN SQUARE F-RATIO

Model b1SSxy = 948.1 55 844 1 MSM = 948.1 55 844
Estimated residu al SSE = 273.844 156 10 MSE = 27.384 415 584

To tal SSy = 1, 222 11 (s2
y = 111 .09

.
) ----- .

MSM
MSE = MSM

σ̂ 2 −−∼ 34.62
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Example 13.8.1: (b)
(c ont inued)

Also, the coefficie n tof det e rmination, the cor rela t ion coefficie n tand the estim ate of σ are:

r2 = 0.775 904 946, r = −0.880 854 668, σ̂ = √MSE = 5.233 012 0948.

(c ) Threematt e rs provide an assessment of how well the straig ht-lin eregres sio n model fits the data:

• Vi sual inspectio n of the scatt e rdiag ram wit h the estim ated reg res sio n of Y− on X− superimpos ed on it shows
the poi nts lie clo se, or rea son ably clo se, to the lin e– the poi nt wit h the estim ated residu al of large s tmag-
nitude is for the tre ewith 2,200 apple s ,which lie swel l abov ethe lin e;
−− the poi nts appear to be scatt e red withou tobviou spatt e rn on bot hsi des of the lin e;
−− there does not appear to be any sys tem ati c change in the mag n itude of the estim ated residu als wit h

in cre asi ngvalue sof x, whi c his con sis tent wit h the assumption of con stantσ.

• The F-ratio (34.6) is ver y high and so provides (ve ry) hig hly statis ti c a l ly sig n ific a n tev idenc eag ain st the
hy pot hesisβ1 = 0, indicating a  meaning ful reg res sio n – from pag e1 of Fig ure 13.13 (page 13.61) and Fig ure
13.1 3k (page 13.77), Pr(F1,10 ≥ 21.0 4) = 0.001, Pr(F1,10 ≥ 25.43) = 0.0005, Pr(F1,10 ≥ 38.58) = 0.0001,
soP −−∼ 0.000 4fo r a two -si ded test.

• The value of the coefficie n tof det e rmination shows that nearly 78% of the variation of the yjs about thei r
av erage has been accou nted for by the estim ated reg res sio n of Y− onX−.

Thes ematt e rs show the straig ht-lin emodel is quite a good fit to thes edata .

(d) We want a 95% confid e n ce int e rval (CI) fo r β1, repre senting thesl opeof the reg res sio n of Y− onX−.
We hav e: σ̂ = 5.233 012 0948, b1 = −1.01 2987 01, Pr[−2. 22814 ≤ t10 ≤ 2. 22814] = 0.95,

so that: σ̂ 1
SSx

= σ̂ 1
924 −−∼ 0.172 153 458;

√ √
henc e, a 95% CI for β1 is: −1.01 2987 01 ± 0. 383 582 007==> (−1. 396 569 021, −0.629 405)

or about (−1.40, −0.63) % wor my/100 apple s.

(e ) We want a 95% confid e n ce int e rval (CI) fo r the in ter cep tβ 0, repre senting theaverageof the respons evariat e
Y− when the respondent popula t ion, speci fi ed by the exp lanato ry variat eX−, is tre es wit h zero ap ples.
We hav e: σ̂ = 5.233 012 0948, b0 = 64. 246 753 25, Pr[−2. 22814 ≤ t10 ≤ 2. 22814] = 0.95,

so that: σ̂ x2

SSx
+ 1

n = σ̂ 192

924 + 1
12

−−∼ 3.602 904 977;
√ √

henc e, a 95% CI for β 0 is: 64. 246 753 25 ± 8.027 776 695 ==> (56. 218 9765, 72. 274 529 94)
or about (56. 2, 72. 3) % wor my.

(f) We want a 95%confidence in ter val (CI) fo r themeanµY(xj =30) repre senting regY
−−i(X− i), the respondent popula -

tion reg res sio n averageperc ent age of wor my apple sfo r trees wit h a cro psi ze speci fi ed by exp lanato ry variat e
X− i = 3,000 (i.e., 30 hun dre d) ap ples.
We hav e: σ̂ = 5.233 012 0948, µ̂Y(xj =30) = 33.857 142 86, Pr[−2. 22814 ≤ t10 ≤ 2. 22814] = 0.95,

so that: σ̂ (xj −x)2

SSx
+ 1

n = σ̂ (30−19)2

924 + 1
12

−−∼ 2.422 413 89;
√ √

henc e, a 95% CI for µY(xj =30) is: 33.857 142 86± 5. 397 477 285 ==> (28.459 6655, 39. 254 62014)
or about (28.4, 39. 3) % wor my.

(g) We want a 95% pre diction in ter val (PI) fo r the ra n dom variable Y(xj = 30) repre senting regY−i(X− i), the respon-
dent popula t ion reg res sio n perc ent age of wor my apple sof an equ iprobably-selectedin dividua l tree with a cro p
si ze speci fi ed by exp lanato ry variat eX− i = 3,000 (i.e., 30 hun dre d) ap ples.
We hav e: σ̂ = 5.233 012 0948, µ̂Y(xj =30) = 33.857 142 86, Pr[−2. 22814 ≤ t10 ≤ 2. 22814] = 0.95,

so that: σ̂ (xj −x)2

SSx
+ 1

n +1 = σ̂ (30−19)2

924 + 1
12 +1 −−∼ 5.766 498 474 ;

√ √
henc e, a 95% PI for Y(xj =30) is: 33.857 142 86± 12.848 565 91 ==> (21.008 5769, 46.705 708 77)

or about (21.0, 46.7) % wor my.

REFERENCE: Sn ede cor, G.W. and Cochran, W.G.: St atist i cal Met hods. Sev ent h edit ion, The Iowa Stat eUn ive rsity Pre ss,
Ames, Iowa, 1980, pag e162.
Sn ede cor and Cochran com mentthat Ap pare ntl y th edensity of the flying moths is unrel ate dto the size of the cro p on a
tree ,so the chance of attack for any par ticular fruit is augm ented if few fruit s are on the tree .
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