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Figure 13.7. SIMPLE LINEAR REGRESSION: Est imating Model Par ameters and Responses

After a regre ssi on model has beenfitte d to a data set (Figure 13. 3) and its adequa cy fo r the purpose(s) of the inv estig a t ion
has been confi rme d(Figure 13. 5), we are in a  posit ion to es tim ate model parameters and make pre dictio ns abou t re spons e
variat evalue s. Specific al ly, in this Fig ure, we deal wit h in ter val estim ating of:

* thesl opeof the straig ht-lin emodel, denotedβ1; * themeanof Y when x= xj, denot e dµY(xj);

* the Y−-in ter cep tof the straig ht-lin emodel, denotedβ 0; * theva lueof Y when x= xj, denot e dy(xj).

1. The St udy Pop ulation Re gre ssi on of Y− on X−
Our first model con sid ers the respons eY− of study popula t ion ele men ti to be made up of astraight-lin edependen ce on the

value of exp lanato ry variat eX− fo r ele men ti plu snoise [de via tio n from this (st r aight-lin e) depen d en ce] – see equ ation (13 .7. 1).

• This ‘model’ hasnothing to do wit h probability – it is just a useful way of
thinking about how the value arises for a study popula t ion ele men tre spons e.

• The noi se component in (13 .7. 1) in refer red to as are sidua l and is denot e d−R i.

• The popula t ion size(i.e., its number of ele men t s) is denot e d−N – see equ ation
(13 .7. 2).

• Y−i in the model (13 .7. 1) coul d als obe writ ten as Y−i(X− i) as an exp licit rem inde r
of its (st r aight-lin e) depen d en ce on X− i – see equ ation (13 .7. 5).

A study popula t ion attr ibute is regY
−−, the aver age of Y− un d er the

st r aight-lin edependenc eon X− – this lin e is equation (13 .7. 3).

• regY
−− is a curious popula t ion attribute – it is an idea lizatio n (o r

‘l in eariz ation’) of the trend in the ave r age of Y− fo r rang es of X−
value s , il lu s trated by the lin es joi ning the circle s in the scatt e r
diagram at the rig ht.

• If we refer to regY
−− as an ‘att rib u t e,’ then −B0 and −B1 sh oul d be

subatt rib u t es, but the prefix sub is usually omitt e d.

• In the con tex t of thes eCourse Mat e rials , it is unde rstood that
the model (13 .7. 3) woul d be fitt e d to the study popula t ion re-
spon se variat e value sby the method of le ast squ are s and this
model is refer red to as theregr essio n of Y− onX−.
−− St rictly, (13 .7. 3) is thestudy popu latio n regres sio n of Y− onX− and

(13 .7. 15) ov erleaf on page 13.40 is themodel regres sio n of Y− onX−.

• The or dinate of the poi nt on the regre ssi on lin e at X− =X− i is
denoted regY

−−i(X− i) [o r regY−i(X− i)] – see equ ation (13 .7.4); if the re is
no amb iguity, this may be sho rtene dto regY

−−i [o r regY−i].

• As shown in equ ation (13 .7. 5), the (popula t ion) residual −R i is the
differen ce bet ween the actual value of Y− and its model avera ge
whenX− =X− i.

• Equation (13 .7. 3) can als obe writ ten in thece n tre dfo rm (13 .7.6); we do so for two reasons:
−− algebraic conve nie nce in least squ are sde riv ation s, due to the fact that, ove r thesa m p le: Σ(xj−x−) ≡ 0 – see Fig ure 13. 3;
−− there are dat asets (us u ally inv olv ing X− value sfar from the origi n, such as calen d ar years) whe re theY−-in tercept −B0 is of

little int e rest and, ins tea d, −A of the cen tre dfo rm is the relevant study popula t ion attribute.
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X−

Y−

Y−i = −B0 +−B1X− i +−R i

i =1, 2, .....,−N

regY
−− = −B0 +−B1X−

regY
−−i(X− i) = −B0 +−B1X− i

−R i = Y−i(X− i) − regY
−−i(X− i)

regY
−− = −A+−B1(X− −X−−)

−A = −B0 +−B1X
−−

-----(13 .7. 1)

-----(13 .7. 2)

-----(13 .7. 3)

-----(13 .7.4)

-----(13 .7. 5)

-----(13 .7.6)

-----(13 .7. 7)

2. The Model Re gre ssi on of Y− on X−
In mos t inve s tig a t i ng, the re is acces sto only a sa m p le of study popula t ion ele men t sand Answe r(s) to Que s tion(s) must be

based on sample es tim atesof the value sof study popula t ion attributes; assessing how clo se thes eestim ates are likely to be to
the true value sis usually based on amodel fo r repetit ion of sele cting and measuring .
The model for Yj is giv en in equ ation (13 .7.8).

• Yj is a ra n dom variable whos edist rib u tio n repre sen t sthe pos sible value sof
the measure d re spons evariat eY− fo r the jth ele men t in the sample of n ele -
ments sele cted equ iprobably from the study popula t ion, if the sele cting and
measuring processes were to be repeated ove rand ove r.
−− St rictly, only a knownsele cting probability is nee ded but we confin eour

att ention to the sim p ler case of equa l sele cting probabilit ies.

Yj = β 0+β1xj +Rj,

j =1, 2, .....,n, EPS

Yj = α +β1(xj −x−) +Rj

α = β 0+β1x−

Rj ∼ N(0,σ)

-----(13 .7.8)

-----(13 .7.9)

----(13 .7. 10)

----(13 .7. 11)

----(13 .7. 12)
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−− The model (13 .7.8) take sno accou nt of the finit e si ze (−N ele men t s) of the
study popula t ion – that is, it assumes−N >> n.

−− The model (13 .7.8) can als obe writ ten in its cen tre dfo rm (13 .7. 10).

• β 0 is a model parameter which repre sen t sthe Y−-in ter cep tof the straig ht-lin e
model for the relation s hip bet ween X− and the ave r age ofY− in the study pop -
ulation; i.e., the ordin ate of this straig ht lin ewhenX− = 0;
β1 is a model parameter which repre sen t sthe sl opeof the straig ht-lin emodel
fo r the relation s hip bet ween X− and the ave r age ofY− in the study popula t ion;
i.e., the change in the ave r age ofY− fo r un it change inX− ov er the ele men t sof
the study popula t ion;
α is a model parameter which repre sen t sthe aver age of Y− fo r the ele men t s
of the study popula t ion whose value ofX− is x−, thesa m p le av erage; it can be conve nie nt to think of α as an ‘in tercept’ –  the
ordin ate of the poi nt on the straig ht-lin emodel for the relation s hip bet ween X− and the ave r age ofY− whenX− = x−.
−− The model parameters β 0 andβ1 repre sen tthe study popula t ion attributes −B0 and−B1.

Rj ∼ N(0,σ),

Rj in d ependent for all j

Yj ∼ N(β 0+β1xj, σ)

µY = β 0+β1x

µY = α +β1(x−x−)

µY(xj) = β 0+β1xj

rj =yj −µY(xj)

yj = β 0+β1xj + rj

----(13 .7. 12)

----(13 .7. 13)

----(13 .7. 14)

----(13 .7. 15)

----(13 .7. 16)

----(13 .7. 17)

----(13 .7. 18)

----(13 .7. 19)

• We assume anormal probability model (13 .7. 12) fo r the dis tributio n of the residual (he re, the random variable Rj), whose
dist rib u tio n repre sen t sthe pos sible di ffere nce s, from the (st r aight-lin e) str uctural component of the model , of the measure d
value of the respons evariat eY− fo r the jth ele men tin the sample of n ele men t ssele cted equ iprobably from the study popu -
la t ion, if the sele cting and measuring processes were to be repeated ove rand ove r.
−− σ, the (probabilis ti c) sta n dar d de via tio n of the nor mal model for the dis tributio n of the residual, is a model parameter which

repre sen t sthe (data) sta n dar d de via tio n of the measure dre spons evariat eof the ele men t sof the study popula t ion wit h value
xj fo r ex pla n ato ry variat eX−; this (data) standard dev iation (and, hen ce,σ) quantifie s thevariatio n of the measure dre spons e
variat eof the ele men t sof the study popula t ion wit h value xj fo r ex pla n ato ry variat eX− – as this variation increases, so doesσ.

−− Theabse nceof subscript j from σ co rre sponds to an assumptio n that the amou nt of variation inYj doesnot change wit h
X−, sometimes stat e dasσ is assume dto beco nsta ntacros sthe range ofX− value s.

−− A con sequen ce of equ ation s(13 .7.8) and and(13 .7. 12) is that Yj als ohas a nor mal dis tributio n with standard dev iation σ
but with meanβ 0+β1xj – see equ ation (13 .7. 14).

• The sample size is n [equation (13 .7.9)] and theRjs (and, hen ce, theYjs) are assumed to be pr obabi lis tically indep endent fo r
al l value sof j [e quation (13 .7. 13)].

• The equ ation of the straig ht lin erepre sen ted by the structural component of the model (13 .7.8) is giv en in (13 .7. 15).
−− Equation (13 .7. 15) can be cal led themodel regres sio n of Y− onX−, but the adj ectiv e model is usually omitt e d.
−− Equation (13 .7. 15) can als obe writ ten ince n tre dfo rm (13 .7. 16).

• Theor dinate of the poi nt on the regre ssi on lin eat X− = xj is denot e dµY(xj) – see equ ation (13 .7. 17); it denot esthe meanof Yj

whenX− = xj and it repre sen t sthe study popula t ion attributeregY
−−i(X− i) ≡ regY

−−i.

• Sup pos ewe hav e a sa m p le of bivariat e value s (xj, yj), j =1, 2, ..... n, from
which we wis h to es tim ate the regre ssi on of Y− onX−; the diagram at the
right shows the regre ssi on of Y− onX− writ ten in cen tre dfo rm (13 .7. 16) and a
typi c al poi nt wit h coordin ate value s(xj,yj).
−− The poi nt on the lin e at the same value of X− is [xj, µY(xj)] – see equ a-

tion (13 .7. 17);
−− as shown in equ ation (13 .7. 18), the ver tical dis tanc eof the poi nt from the

li ne is the(r ealized) re sidua l rj;
++ rj occurs in equ ation (13 .7. 19) as theva lueof the random variable Rj of

equation s(13 .7.8) and(13 .7. 10).
−− The es tim ated regres sio n of Y− onX− (o r the estim ated least squ are s li ne) is the lin e which mi nimizes the sum of the

sampleof n square dre sidua ls rj 2.

X−

Y−

(xj,yj)

xj

yj

rj

µY = α +β1(x−x−)

µY(xj)

•

3. The Estimated Re gre ssi on of Y− on X−
In an inv estig a t ion, aparticular sample is sele cted which provides the data .

• We denot e by (xj, yj), j =1, 2, ..... n,the sample of biv ariat edata availa ble to
ev alu ateb0 andb1, thees tim atesof the model parameters β 0 andβ1.
−− Elsewhere, the estim ates b0 andb1 may be denot e dβ 0̂ andβ1̂.
−− The use of roman letters for y and j for the data, compared with itali cs fo r

model value s ,reminds us the data is there al world, the model is an idea li-
zatio n; it is inv estig a tors’ responsib i lity to ens ure the re is a  reasonable
basis for usi ngre al-world quantit ies as model quantit ies.

• Corresponding to equ ation (13 .7. 19), we hav eequation (13 .7. 20); the change

yj = b0 +b1xj + rĵ

yj = a+b1(xj −x−) + rĵ

a =b0 +b1x−

regy− = b0 +b1x

regy− = a+b1(x−x−)

µ̂Y(xj) = b0 +b1xj

µ̂Y(xj) = a+b1(xj −x−)

-----(13 .7. 20)

-----(13 .7. 21)

-----(13 .7. 22)

-----(13 .7. 23)

-----(13 .7. 24)

-----(13 .7. 25)

-----(13 .7. 26)
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Figure 13.7. SIMPLE LINEAR REGRESSION: Est imating Model Par ameters ..... (co ntinued 1)

from model parameters to their estim ates means that the last ter mon the rig ht-hand sid e is now thees tim atedre sidual rĵ;
−− the cen tre dfo rm is equ ation (13 .7. 21).

• The equ ation of the straig ht lin ecalled thees tim atedregres sio n of Y− onX− is writt enas(13 .7. 23);
−− it s cent red for mis equation (13 .7. 24).

• The ordin ate of the poi nt on thees tim atedregres sio n li ne at X− = xj is denot e dµ̂Y(xj) and is giv en by equ ation (13 .7. 25);
−− it s cent red for mis equation (13 .7. 26);
−− the not ation rem inds us that µ̂Y(xj) is thees tim ateof the model quantity µY(xj) of equ ation (13 .7. 17);
−− µ̂Y(xj) can als obe denot e dregy−j(xj) (or eve n regy−j), depen d ing on con tex t.
−− Elsewhere, you may see the not ation yĵ [o r yĵ(xj)] for the value ofY− on the fitt e dli ne when X− = xj; you may then see the

equation of the lin e writ ten as: ŷ= b0 +b1x (or eve nas: y =b0 +b1x) . The disadvant age of this usage is its lack of em-
phasis on a regre ssi on equ ation as a statement about theaver ageof Y−.

NO TES: 1. All mathem ati c al models are ideali zation s and all are
product sof the int ellect and the imagi nation, but we can
distinguis h two sen ses of the word model in the fore-
go ing dis cus sio n – of the three expre ssi ons (13 .7. 1),
(13 .7. 3), (13 .7.8) +(13 .7. 12) ≡ (13 .7. 14), only the la st involves
pr obabi lity. Howeve r, all th reeex pre ssi ons ,toget her with
(13 .7.9) and (13 .7. 13), compris e the model we use as the
basis of es tim ating in this Fig ure.
It may be hel pful to think of the model as a li nk be -
tween the sa m p le and the study popu latio n; a pi cto rial
repre sen tation of this idea is shown at the rig ht.

Re al World Imaginat ion

ST UDY
POPULATION

SAMPLE

MODE L

Model
parameters

repre sen tstudy
popula t ion
att rib u t es

Model
parameters are
estim ated from

sample dat a

2. Ass umptio ns un d erlyi ng the estim ating processes which fol low in this Fig ure can be sum marized as:
(1) We hav echosen thecorrec tfo rm fo r the str uctural component of the model .
(2) A statis ti c al ly acceptable process is use dto sele ct thesa m p le, and theY− andX− value sare measure dwith a

ca libra tedmeasuring sys tem of suitablepre c isi on.
(3) The estim ating processes areco n ditio nal on the obser vedX− value s ,which havenomeasurement error.
(4) Yj ∼ N(β 0+β1xj, σ) [equation (13 .7. 14) ≡ (13 .7.8) +(13 .7. 12) on the facing page 13.40].
(5) The parameter σ, the (probabilis ti c) sta n dar d de via tio n of the nor mal model , is thesa m efo r al l value sof X−.
(6) The random variable sYj arepr obabi lis tically indep endentfo r al l j.
As s umption (3) remove sfrom the value sof X− two sourc esof error: sampling and measuring ; as a con sequen ce,
X− can be tre ated as co nsta nt, not a random variable, in der ivation sof dis tributio ns of estim ato rs. This gr eatly
si mplifie s the mat hem ati cs inv olved .
−− The assumption of no measurement error in the X− value s transla tes, in practic e, into a reqirem ent that

measurement error in theX−s shoul d be much sm aller than that in theY−s.

3. Our use of Ro man le tters (xj, yj) j =1, 2, ..... n,fo r the sample dat adenotes rest ricting att ention to just the data
va lues. The derivation swhich fol low in this Fig ure br oaden this init i a l view to inclu de the meth od of sel e cting
the units which compris e the sample and which yield the data . We the refore dis tinguis h yj [a data value of y]
andyj [a value of the ra n dom variable Yj in the model (13 .7.8) [a n d(13 .7. 10)]. It is the task of inv estig a t ion de-
sign (pro per sele cting, pro per measuring ,etc.) to provide a reasonable basis for bei ngable to use the yjs as yjs.

−− The it ali c subscript j in equation s(13 .7.8), (13 .7.9), (13 .7. 10), (13 .7. 12), (13 .7. 13), (13 .7. 14), (13 .7. 17), (13 .7. 18) and
(13 .7. 19) is a rem inde rthat pr obabi lity (e.g., equiprobable) sele cting is one basis for the model and, hen ce, for
our es tim ating proces s es.

−− As in other dev elo pments of statis ti c al theory in thes eCourse Mat e rials (exce pt in Par t 8 of STAT 220 on
Sa mple Surve ys) , we model the unc e rtain ty due to sa m p le and measurem enter ror; our model-base dap -
proach is fou nde don co nce ptual rep etitio n of the processes of sele cting the sample and measuring respons e
variat evalue s. In Part 8, the so-calleddesign-base dap proach to int e rval estim ating of study popula t ion attri-
butes has the advant age of incl uding the role of thefinit e sizeof the study popula t ion, but the disadvant age it
is then too dif ficul t mathem ati c al ly for us to assess for mal ly the unc e rtain ty due to measurem enter ror.

4. The cen tre d fo rm (13 .7. 10) of the model (13 .7.8) has one disadvant age relating to the int e rpret ation of α. In
(13 .7.6), −A is the ave r age regY−−i whenX− =X−−, but α repre sen t sthe ave r age regY

−−i whenX− = x−. Thu s ,α doesnot repre -
sent −A and its int e rpret ation involves theX−-value sin theparticular sample.

03 -05 -20
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4. Assessi ng Model Error
Proper use of regre ssi on model s requ ire sche cking the model ling assumption snumbered(1), (4), (5) and (6) in Not e 2

ov erleaf on page 13.41; thes eche cks usually inv olve looking at appro priat escatt e rdiagrams inv olv ing the estim ated residuals ,
and such diagrams are typically produced by software use dto calc ula te regre ssi on model s . A sum mar y of the four types of
diagrams, and what to look for in them, is as fol low s :
(1) St ruc tur al component: The str uctural component of the model may hav ethe wrong mat hem ati c al fo rm of relation s hip.

Fo r in stanc e, we may hav eus ed astraight-lin e rela t ion s hip bet ween X− and the ave r age ofY− when the true relation s hip is
nonli near – the true relation s hip mig ht be better model led as a parabol aor as a cub ic polynomial , fo r ex ample.
Asse ssment: Plot the estim ated residuals again st their X− value s;

if the structural component has thecorrec tfo rm, there shoul d be no patt e rn in the scatt e rdiagram;
a pa ttter n in d i c ates a wrong for m fo r the str uctural component and it is often pos sible to infer an appro -
priat efo rm from the type of patt e rn.

(4) Distribution of the residuals: Thenormal model (13 .7. 12) fo r the dis tributio n of the residuals may not be reasonable.
Asse ssment: Cons truct ahistogra mof the estim ated residuals and look for the charact e ris ti c normal shape; OR

cons truct anormal qua ntile plo t of the estim ated residuals and look for a rou ghly straig ht lin e on the plo t
– depar tures from a straig ht lin emay indicate the nor mal model is not reasonable.
[Cons tructing a his t o gram is more straig ht for ward but an adequ ate his t o gram requi re ssubstantial ly more
data (say, 50 or more obser vation s) than a quantile plo t.]

(5) Co nst ant standard deviation: The estim ating process assumes that σ, the (probabilis ti c) standard dev iation of the nor-
mal model , does not change wit h in cre asi ngX− value s– the re is no subscript j on σ in equation (13 .7. 12).
One for mof this model error is that the variation inY− increases as X− in cre ases;
le ss com mon is the variation inY− decreasi ngasX− in cre ases or incre asi ngand then decre asi ngasX− in cre ases.
Asse ssment: Plot the estim ated residuals again st their X− value s; if the assumption of con stant σ is reasonable, the re

sh oul d be no obv iou schange in the width of the band of poi nts acros sthe diagram;
the three ins tanc esmentio ned above of this model error wou ld be seen as:

• an increasi ngwidth of the band of poi nts acros sthe diagram;

• adecreasi ngwidth of the band of poi nts acros sthe diagram;

• a band of poi nts that first increases and then decreases in width acros sthe diagram.

(6) Independence: The model assumes the residuals Rj (a n d, hen ce, theYjs) arepr obabi lis tically indep endent.
Asse ssment: Plot the estim ated residuals in theti m eor der in which the data were col lected;

the independenc eassumption is accepted if the re is no patt e rn in the scatt e rdiagram;
ev idenc eof la ck of independenc eis when adj acent poi nts ten dto for m cl ust e rs, indicating the estim ated
re siduals of adj acent poi nts are more sim ilar in value than expected unde rin d ependenc e.

NO TES: 5. We see that assessing model error inv olves graphical pre sen tation sof the estim ated residuals; the statis ti c alsoft-
ware that produces thes epres ent ation sis likely to refer to ‘re siduals’ rat her than ‘es tim atedre siduals.’
−− As wit h any int e rpret ation of apa ttern (o r it s absenc e) in a scatt e r diagram, we must be careful not to over-

in terpret a diagram, par ticularly if the number of poi nts is small (say, 20 or fewer).

6. The sa m escatt e rdiagram is use din che cks (1) and(5) abov e; what di ffers is the how the patt e rn (i.e., the type
of depar ture from the desired ‘random -scatt e r’) is int e rpret e din ter ms of which assumption is not met.

5. Estimating ββ1, the Slope Par ameter in the Model
The expre ssi ons [equation (13 .3.19)] fo r the es tim ate b1 of

the parameter β1 are giv en at the rig ht as equ ation (13 .7. 27)
ex cept the j subscripts are now it ali c; the cor respondinges ti-
mator is the random variable B1 (o f which b1 is a va lue) in
equation (13 .7. 28) – the differen ce bet ween the two equ ation s
is that the secon d cont ains the ra n dom variable Yj in stead of
it s va lue yj. We now find successiv ely themean, thesta n dar d
de via tio n and the thedis tributio n of B1, starting from these condfo rm of equ ation (13 .7. 28). We rem ember that, unde rassump -
tion (3) ov erleaf, only Yj in the nume r ato rof this expre ssi on is a random variable; we als ore cal l Σ

j =1

n
(xj − x−) ≡ 0 and the not ation:

SSx = Σ
j =1

n
(xj − x−)2. A fin al poin t is that σ is es tim atedby the standard dev iation

of the poi nts about the estim ated regre ssi on of Y− onX−; i.e.,

b1 =
Σ
j =1

n
(yj − y)(xj −x)

Σ
j =1

n
(xj −x)2

≡
Σ
j =1

n
yj (xj −x)

Σ
j =1

n
(xj −x)2

B1 =
Σ
j =1

n
(Yj −Y)(xj −x)

Σ
j =1

n
(xj −x)2

≡
Σ
j =1

n
Yj (xj −x)

Σ
j =1

n
(xj −x)2

σ̂ = Σ
j =1

n
rĵ

2/(n− 2) = MSE.

-----(13 .7. 27)

-----(13 .7. 28)

-----(13 .7. 29)
√ √

Me an: E(B1) = E(
Σ
j =1

n
Yj (xj −x)

Σ
j =1

n
(xj −x)2

) =
Σ
j =1

n
(xj −x)

SSx
E(Yj ) =

Σ
j =1

n
(xj −x)

SSx
(β 0+β1xj)
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Figure 13.7. SIMPLE LINEAR REGRESSION: Est imating Model Par ameters ..... (c ont inued 2)

= β 0

SSx
Σ
j =1

n
(xj −x) + β1

SSx
Σ
j =1

n
(xj −x)xj = 0 + β1

SSx
Σ
j =1

n
(xj −x)(xj −x) = β1. -----(13 .7. 30)

S.d.: s. d.(B1) = s. d.(
Σ
j =1

n
Yj (xj −x)

Σ
j =1

n
(xj −x)2

) =
Σ
j =1

n
(xj −x)2

SS2
x

[s. d.(Yj )]
2

= SSx

SS2
x
σ = σ 1

SSx
. -----(13 .7. 31)

√ √ √

Distn.: Be cau se B1 is a lin ear combin ation of n independentnormal
random variable sYj, B1 alsohas a nor mal dis tributio n ; henc e: B1 ∼ N(β1, σ 1

SSx
). -----(13 .7. 32)

√

St andardizing in equ ation (13 .7. 32) andes tim ating σ by σ̂ = √MSE, we obtain
equation (13 .7. 33); this is thetes tsta tis tic fo r tests of sig n ific a n ce about β1.

B1−β1

σ̂ / SSx

∼ tn−2 -----(13 .7. 33)
√

A 100(1−α)% confid en ce int e rval for β1 is then giv en by equ ation (13 .7. 34). b1 ± αt*n−2σ̂ 1
SSx

-----(13 .7. 34)
√

NO TE: 7. Unde rH: β1= 0, theva lueof the
left-hand sid eof (13 .7. 33) beco m e s:
thus, the F-ratio in the ANOVA table and (13 .7. 33) prov ide equiva lent tests of H: β1= 0. This is becau se F1,n−2 is
tn−2

2 , provide dboth left and rig ht tail are as of the t dist rib u tio n are inclu ded; hen ce, the value sin the first col u mn
of the body of the versi on of Table 12.19t print e don the ove r leaf sid e (page 10.00) of Fig ure 10.12 (the standard
normal table) are thesquare sof those of the relevantt dist rib u tio n as giv en, for ins tanc e, in Fig ure 12.16.

b1

σ̂ / SSx

= b
2
1SSx

σ̂
= b1SSxy

σ̂
= MSM

σ̂
; -----(13 .7. 35)

√
√ √ √

6. Estimating µµY(xj), the Mean of Y in the Model
We denot ethees tim ator (a random variable) of µY(xj) by µ̃Y(xj)

as giv en in equ ation (13 .7. 36) or, in ce n tre dfo rm, equ ation (13 .7. 37).
Be cau se the estim ate of α is a = y−, its estim ato r is A=Y−;
als o, becau seb0 = y− − b1x−, the cor responding estim ato r is B0 =Y−− B1x−.
We now find successiv ely themean, thesta n dar d de via tio n and thedis tributio n of µ̃Y(xj), starting from equ ation (13 .7. 36).

µ̃Y(xj) = B0+B1xj

µ̃Y(xj) = A+B1(xj − x−)

-----(13 .7. 36)

-----(13 .7. 37)

Me an: E[µ̃Y(xj)] = E[B0+B1xj] = E[Y−− B1x−+B1xj] = E[Y−] − x−E[B1] +xjE[B1]

= β 0+β1x− − β1x− + β1xj = β 0 +β1xj = µY(xj). -----(13 .7. 38)

S.d.: s. d.[µ̃Y(xj)] = s. d.[B0+B1xj] = s. d.[Y−− B1x−+B1xj] = s. d.[Y−+ (xj − x−)B1]

= [s. d.(Y−)]2
+ (xj − x−)2[s. d.(B1)]

2 = σ 2

n + (xj −x)2 σ 2

SSx
= σ 1

n + (xj −x)2

SSx
≡ σ

(xj −x)2

SSx
+ 1

n.√ √ √ √
-----(13 .7. 39)

Distn.: Be cau se µ̃Y(xj) is a lin ear combin ation of the
in d ependent normal random variable s B0 and
B1, it alsohas a nor mal dis tributio n ; henc e:

µ̃Y(xj) ∼ N[µY(xj), σ (xj −x)2

SSx
+ 1

n]. -----(13 .7.40)√

St andardizing in equ ation (13 .7.40) and es tim ating σ by
σ̂ = √MSE, we obtain the test statis ti c(13 .7.41) fo r tests of
signific a n ce about µY(xj).

µ~Y(xj) − µY(xj)

σ̂
∼ tn−2

-----(13 .7.41)
(xj −x)2

SSx
+ 1

n√

A 100(1−α)% confid en ce int e rval for µY(xj) is then giv en
by equ ation (13 .7.42). µ̂Y(xj) ± αt*n−2σ̂ (xj −x)2

SSx
+ 1

n -----(13 .7.42)
√

NO TE: 8. For random variable sdenoted by Eng lis h le tters, we are accustome dto the conve ntion of an upper case letter for a
random variable, a lo wer case letter for its value s. Fo rmodel para m eters, which we denot eby Gr e e kle tters, in the
case of µY(xj), we use an alternativeconv entio n to distinguis h:
µY(xj) – the model parameter repre sen ting a study popula t ion attribute;

[he re, themeanof Yj whenX− = xj, repre sen ting regY
−−i(X− i) ≡ regY

−−i].
µ̂Y(xj) – thees tim ateof the model parameter, anumber whos evalue is der ive dfrom an appro priat eset of data

[a n dwhich is model led as ava lueof the random variable µ̃Y(xj)] ;

µ̃Y(xj) – thees tim ator of the model parameter;
[a ra n dom variablewhos edist rib u tio n repre sen t sthe pos sible value sof the estim ate µ̂Y(xj)
un d er repetit ion of the sele cting, measuring and estim ating processes];

Fo r thesl ope, the cor responding symbols are β1, b1 andB1.
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7. Est imating ββ0, the Y−-I ntercept of the Model
The int e rc ept β 0 is the speci a l caseµY(0) of µY(xj) when xj is zero; the relevant test statis ti cand confid en ce int e rval are the re-

fo re equ ation s(13 .7.41) and(13 .7.42) with xj =0, alt hou gh wewoul d us ethe not ation β 0 fo r µY(0), b0 fo r µ̂Y(0) andB0 fo r µ̃Y(0).

NO TES: 9. If the data inv olve only X− value s far from zero, an inferen ce about β 0 sh oul d be tre ated with cau tio n ; in such
cases, an inferen ce about α in thece n tre dmodel (13 .7. 10) may be more relevant, but recal l No te 4 on page 13.41.

10. If we are int e rest e din the parameter α in the cen tre dmodel (13 .7. 10), we can proceed as we do for β 0 exce pt we
set X− = x−and use the not ation α fo r µY(x−), a fo r µ̂Y(x−) andA fo r µ̃Y(x−).
Be cau se the least squ are sestim ate of α is a = y−, theaver ageof the yjs, we are reminde dthat the standard dev ia-
tion ofA is of the for mσ/√n, whe re σ is estim ated by MSE in this con tex t.√

8. Estimating y(xj), the Va lue of Y in the Model
Tw o poin t sto rem ember are that:

• thepoin t estim ate of y(xj) [an in dividua l va lue] is thesa m eas that of µY(xj) [amean];

• the in ter val estim ate of y(xj) is wider than that of µY(xj) – intuitive ly, individuals var y more than ave r age sso, for a giv en
data set, the re is more unc e rtain ty in estim ating an individual value than a mean; more for mal ly, as wel l as hav ing to esti-
mate µY(xj), the re is theadditio nal source of unc e rtain ty due to sele cting the individual from the study popula t ion.

The argum en tle ading to the expre ssi on for apre dictio n in ter val for y(xj) is like that in Fig ure 12. 22.

We hav e, from equ ation s(13 .7. 14) and(13 .7. 17):

and equ ation (13 .7.40) is:

subtracting, we obtain:

so that, when σ is es tim atedby σ̂ = √MSE,
a 100(1−α)% pre dictio n in ter val for y(xj)
is giv en by equ ation (13 .7.46).

Y(xj) ∼ N[µY(xj), σ];

µ̃Y(xj) ∼ N[µY(xj), σ
(xj −x)2

SSx
+ 1

n];

Y(xj) − µ̃Y(xj) ∼ N[0, σ
(xj −x)2

SSx
+ 1

n +1],

µ̂Y(xj) ± αt*n−2σ̂ (xj −x)2

SSx
+ 1

n +1

-----(13 .7.43)

-----(13 .7.44)

-----(13 .7.45)

-----(13 .7.46)

√

√

√

NO TES: 11 . It is of int e rest to int e rpret equ ation (13 .7.46) in ter ms of how its co mpo nentscont rib u t eto quantifyi ng the likely
si ze of sa m p leandmeasurem enter ror in estim ating y(xj) – our referen ce poi nt is thece n tre dmodel (13 .7. 10).

• αt*n−2 – det e rmine dby n and by the confid en ce lev el (the hig her the lev el, thegr eater the error is likely to be) ;

• σ̂ – the component from having to estim ate σ, which quantifie svariation aroun dthe straig ht-lin emodel due to
unknown or uncon trolled exp lanato ry variat es;

• SSx – the component from having to estim ate the model parameter β1;

• (xj − x−)2 – the component from how far xj is from x− (the fur the rit is, thegr eater the error is likely to be) ;

• 1/n – the component from having to estim ate the cen tre dmodel parameter α;

• 1 – the component arisi ngfrom the in dividua l whos ere spons e(v alue) we are estim ating (or ‘predicting’).

12. In the expre ssi on in squ are brack ets unde rthe squ are root in equ ation (13 .7.46), the pre dominant ter mis the last
‘1’, so the width of a PI for [an individual] y(xj) is largely unaf fected by the sample size n; by con trast, the CI for
[the mean] µY(xj) in equ ation (13 .7.42) ov erleaf on page 13.43 get snarrower as n incre ases (fo r a giv en set of dat a).

St udy
population .................................Model................................. Re fer e nce
att ribute Ide a Sy mbol Est imator Est imate Interval Est imate Equation Text3

−B1 sl ope β1 β1̃ or B1 β1̂ or b1 (13 .7. 34) p. 672

−B0
mean of Y
whenX− =0 β 0 β 0̃ or B0 β 0̂ or b0 (13 .7.42) p. 672

regY−i(x−) [−−∼Y−−?] mean of Y
whenX− = x− α α̃ or A α̂ or a (13 .7.42)

regY−−i(X− i) mean of Y
whenX− = xj

µY(xj) µ̃Y(xj) or M(xj) µ̂Y(xj) or m(xj) (13 .7.42) p. 674

regY−i(X− i) value ofY
whenX− = xj

y(xj) Y(xj) µ̂Y(xj) or m(xj) (13 .7.46) p. 676

b1 ± αt*n−2σ̂ 1
SSx

b0 ± αt*n−2σ̂ x2

SSx
+ 1

n

a ± αt*n−2σ̂ 1
n

µ̂Y(xj) ± αt*n−2σ̂ (xj −x)2

SSx
+ 1

n

µ̂Y(xj) ± αt*n−2σ̂ (xj −x)2

SSx
+ 1

n +1

√

√

√

√

√

9. S
U
M
M
A
R
Y

[s ee Not e4,
page 13.41]
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