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Figure 13.5. SIMPLE LINEAR REGRESSION: Assessing the Fit of a Reg ression Model

As soon a regres sio n model has been fitt e dto a data set by the method of lea stsqu are s ,ou r conc e rn shoul d be to assess
how wel l the model fits the data; this matt e ris taken up in this Fig ure 13. 5. We dis cus sthre emethods of assessment:

• vi sua l asses sment of the scatt e rdiag ram wit h the (estim ated) regres sio n li ne super impos ed on it;

• how clo se r2, called theco effice nt of det ermination, is to 1;

• the value of theF-ratio, whi c hwe obtain from the analys is of varia n ce (ANOVA) table for the dat a.

1. Residuals and Est imate d Re siduals
Sup pos e we hav e a sa m p leof bivariat e value s (xj, yj), j =1, 2, ..... n, fr om

which we wis hto es tim ate the reg res sio n of Y− onX−;
we write the reg res sio n li ne as:
or, in ce ntredfo rm, as:
where:

µY = β 0 +β1x,
µY = α +β1(x −x−),
β0 = α − β1x−.

-----(13.5.1)
-----(13.5.2)
-----(13.5.3)

Consid er the reg res sio n of Y− onX− and a typical poi nt wit h coordin ate value s
(xj,yj), as shown in the diag ram at the rig ht; X−

Y−

(xj,yj)

xj

yj

rj

µY = α +β1(x−x−)

µY(xj)

•

the poi nt on the lin eat the same value ofX− is [xj, µY(xj)] ;
the ver tical dist anc eof the poi nt from the lin e is theresi dua l rj =yj −µY(xj); -----(13.5.4)
ou res tim atedregres sio n of Y− onX− (o r the lea stsqu are sli ne) is the one whi c hmi nimizes the sum of the squ ares of thesample of
n resi dua ls.
As in Section 4 of Fig ure 13. 3,we write: g(α, β1) = Σ

j =1

n
rj 2 = Σ

j =1

n
[yj −µY(xj)]

2 = Σ
j =1

n
[yj − α −β1(xj −x−)]2; -----(13.5.5)

to find [base don data (xj, yj), j =1, 2, ..... n] the lea stsqu are ses tim ates, a and b1, of α andβ1, differentiat eg(α, β1) wit h re spect
to α and wit h re spect to β1, set the res ulting par tia l de riv ative expre ssi ons to zero, and sol ve for a andb1;

i.e.: so that:

and:

∂g
∂α = −2Σ

j =1

n
[yj −α −β1(xj −x−)]

∂g
∂β1

= −2Σ
j =1

n
[yj −α −β1(xj − x−)](xj − x−),

Σ
j =1

n
[yj − a− b1(xj −x−)] = 0,

Σ
j =1

n
[yj − a− b1(xj − x−)](xj − x−) = 0.

-----(13.5.6)

-----(13.5.7)

Thees tim atedregres sio n li ne is then:
or, in ce ntredfo rm:
where:
this li ne, and a typical data poin t (xj, yj), are show n in the diag ram at the rig ht;
the poi nt on the lin eat the same value of x is [xj, µ̂Y(xj)] ≡ [x j, regy−j(xj)] ≡ (xj, regy−j);
the ver tical dist anc eof the poi nt from
the lin e is thees tim ated res idu al rĵ = yj − regy−j = a− b1(xj − x−). ----(13.5.11)

regy− = b0 +b1x,
regy− = a+b1(x−x−),
b0 = a− b1x−;

-----(13.5.8)
-----(13.5.9)
----(13.5.1 0)

y

x

(xj, yj)

xj

yj

rĵ

regy− = a+b1(x−x−)

regy−j(xj)

•

We now recog n ize that setting the two par tia l de riv ative sto zero in
(13.5.6) and(13.5.7) im pos es on the estim ated residu als the twocon-
strai nts (13.5.1 2) and(13.5.1 3) give nat the rig ht; the secon dcons train t
im p lie sthe xjs areknown .

Σ
j =1

n
rĵ = 0,

Σ
j =1

n
rĵ(xj − x−) = Σ

j =1

n
rĵ xj = 0.

-----(13.5.1 2)

-----(13.5.1 3)

NO TES: 1. The secon dfo rm of the con strain t (13.5.1 3) fo llows from
it s first for m becaus eof the first con strain t (13.5.1 2) and the fact that x− is not sub scr ipt e dand so can be taken
ou tsi de the sig ma sig n; equ ation (13.5.1 3) assumes that the xjs arenotall equ al (in whi c hca s eb1 is undefin ed).

2. The foregoi ng dis cus sio n deals wit h the usual situation in practic e of a sa m p leof bivariat edata (xj, yj), j =1, 2,
..... n; if the data were ins tea da ce nsus(X− i, Y−i), i =1, 2, .....,−N, of a respondent popula t ion of −N elem e n t s ,the
up per lim it of the sums wou ld be −N in stead of n and we wou ld obtain the va lues of β0 andβ1 (r e pre senting the
re spondent popula t ion attributes −B0 and −B1), not thei r estim ates, b0 and b1. Thu s ,li ke the es tim ated re sidu als
(13.5.11), the resi dua ls rj in the model [equation (13.5.4) abov e] and −Ri in the respondent popula t ion [equation s
(13.3.1) and(13.3.5) on pag e13.1 7] also satisfy two con strain t s[c orresponding to equ ation s(13.5.1 2) and(13.5.1 3)].

• In the rare ins tanc eswhere census dat afo r the respondent popula t ion are av a ila ble, no pr obabi lis tic ass ump-
tions (a s in Fig ure 13.7) are needed becau se no es tim ating of respondent popula t ion attributes is inv olved –
cens us dat aprov ide value sof β0 andβ1 (a n d−B0 and−B1) fre efr om sample (butnotmea s urement) er ror.

The impor tanc eof the two con strain t s(13.5.1 2) and(13.5.1 3) to the discus sio n of this Fig ure 13. 5 is that, in con str ucting the
ANOVA table [first giv en at the bottom of the fou rth sid e (page 13. 32) of the Fig ure], when we find theaver age of the squ are d
estim ated residu als , we div ide by n−2 – becau se of the two con strain t s ,only n−2 of the squ are sof the n estim ated residu als
arefunctionall y in dep enden t, whi c his the relev a n tconsid eration in setting the value of the divi sor for finding their ave r age.
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• This is thesa m eid e aas div iding by n−1 (o r −N −1) to obtain theaver age squ are ddevi a t io nfr om the ave r age for the stan-
dard dev iation of a set of univariat edata – the on econs train t in calcula t i ngthe s.d. is that the obs ervation shave ave r age y−
(o r Y−−) which means that only n−1 of the yjs (or −N −1of theY−is) are function a l ly independent.

The quantit es that go into the two calcula t ion sju s tdes cribed are comp are dpi cto ria l ly bel owfo r the
same data set (give nat the rig ht) of five obs ervation sus ed in Fig ure s13.1 and 13. 3.

• The five vertical lin es in the le ft-hand diag ram repre sent the devi ations of the yjs from y− – they are the basis of the cal-
cula t ion of thesta n dar d devi ation of y;

• themi ddlediag ram is a‘c ollapse d’ versi on of the left-hand diag ram ,in whi c hthe xvalue shave been ign ore d;

• the five vertical lin es in therigh t-hand diag ram repre sent thees tim ated res idu als rĵ, the ver tical dist anc esof the poi nts from
the es tim atedregres sio n of Y− onX− – they are the basis of the calcula t ion of thees tim ated res idu al mea nsquare, for exa mple
in the ANOVA Table 13. 5.3 at the bottom of the fou rth sid e(page 13. 32) of this Fig ure 13. 5– see als oNo te 3 bel ow.
−− As we wil l se ein Fig ure 13.7, thesquare root of the estim ated residu al mean squ are estim ates the standard dev iation of

the poi nts about the estim ated reg res sio n of Y− onX−.
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It is unfor tun ate that, in the usual statis ti c a lter min ology, the basically sim ilar quantit ies repre sent e dby the ver tical lin es in the
le ft- and rig ht-hand diag rams above are giv en di ffere nt names –devi ationsandes tim ated res idu als. Li kew ise, Not es3, 4 and 5
below (and Not e13 on pag e13.34) discus sun evocative his t orical choic esfo r ter min ology that is now use dso wid ely it is not
fe asible to rectify thes eunhelp f ul choic es.

NO TES: 3. The ter min ology in re-
gres sio n associat e d with
the squ are destim ated re-
si d uals is sum marized in
the first two lin es of Table
13.5.1 at the rig ht, whi c h
also inclu des in its last two
li nes the sa m ematt e rs for
the y value salon eto show thene wid e as in rela t ion to famili ar ones.

ABBRE-
SYMBOLS NAME VIATION

Estimated residu al sum of squ are s SSE

Estimated residu al mean squ are MSE

To tal sum of squ are s SST

Square of the standard dev iation of the yjs [s.d.(y)]2

Σ
j =1

n
rĵ

2 =Σ
j =1

n
(yj − regy−j)

2

Σ
j =1

n
rĵ

2/(n− 2)

SSy = Σ
j =1

n

(yj − y−)2

s2
y = SSy/(n−1)

Ta ble 13.5.1:

4. In the con tex t of analys is of varia n ce, the divi sors (li ke n− 2 and n−1) use dto conve rt sumsof squ are sto mean
squ are sare refer red to as degr e esof free d o m(a bbrev iat e ddf ).

• Be cau se thes eCourse Mat e ria lsdistinguis haver agesfo r data fr om meansfo r ra n dom variables(e.g., recall Not e
1 on pag e5.4 of Fig ure 5.1 in STAT 220), we wou ld prefe r aver age squ are to mean squ are but, unfor tun ately,
the latt e rter min ology is use dalmos tun ive rsally els ewhe re and so it has als obeen used here.

5. In the tex tand els ewhe re
(in clu ding reg res sio n
software package s), our
resi dua ls may be called
er ror s and our es tim ated
re sidu als may be called
resi dua ls; our ter min ology and the tex t’s are comp are d in the Table 13. 5.2 above. The Cou rse Mat e ria ls us e
er ror to mean the di ffere nce of an est imate of a popu lation attribute fro m it strue value – we must not conf use
ei ther of thes etechnical meaning swith the com mon Eng lis hmeaning of mis t ake.

• ‘Error’ als ooccurs in sta n dar d er ror (m e a n ing thees tim atedst andard dev iation of a parameter estim ate), whi c his
co mmonly use din, for ins tanc e, the output of reg res sio n software package s(s ee tex t page s668, 675, 677 and 685).

Co urse Mat eri als Text 3rd Edition

Re sidu al rj Devi a t io n(o r er ror) ε i p. 665
Estimated residu al rĵ Re sidu al ei p. 666
Estimated residu al sum of squ are s SSE Sum of squ are sfo r er ror SSE p.682
Estimated residu al mean squ are MSE Mean squ are for erro r MSE p. 683

Ta ble 13.5.2:

Ag ain st the backg rou nd of the foregoi ng dis cus sio n, we now take up the main con cer nof this Fig ure 13. 5– assessing fit.
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Figure 13.5. SIMPLE LINEAR REGRESSION: Assessing the Fit of a ..... Model (continue d 1)

2. Fit of the Model 1: Visual Asse ssment
Our pr imary method of assessing the fit of a reg res sio n model to the data is vi sua l in spection of the scatt e r diag ram wit h

the estim ated reg res sio n of Y− onX− superimpos ed on it; we look for the fol low ing :

• the poi nts shoul d li e (r eason ably) cl o se to the fitt e dli ne – we may be able to tole r ate asm all pro por tion (typi c a l ly one or
two poi nts) wit h larger estim ated residu als , but it is then impor tant to fol low up on such obs ervation sto try to find out wh y
they are more dev iant than the othe robs ervation s;
−− if the rea son(s) for one or two devi ant obs ervation scan be fou nd, it may be useful to recalcula te the estim ated reg res sio n

of Y− onX− with the more dev iant obs ervation(s) omitt e d(s ee als oData set 3 on pag es 13. 35 and 13. 36);

• there shoul d be no obviouspa ttern in the way the obs ervation sfa l l on the two sid e sof the fitt e dli ne;

• there shoul d not be any sys tem ati c change in the mag n itude of the estim ated residu als wit h in cre asi ngvalue sof X− – this is
consis tent wit h the assump tion ofconsta nt sta n dar d devi ation about the reg res sion lin ewhich we come to in Fig ure 13.7.

Fo r the secon dand thi rd of thes ecr iter ia, it is impor tant to recog n ize that hum an judgement of patt e rns in, and variation across,
a scatt e rdiag ram are gen erally somewhat subjec tive and, par ticularly wit h diag rams con taining fewer than 20 or so poi nts, we
mu s texerci se due cau tio n in cla iming too defi nit e an int e rpret ation of vis u al appearanc e.

NO TE: 6. Regres sio n software wil l assis t in vis u al assessment of fit by produ cing es tim ated res idu al plo t s, in whi c hthe esti-
mated residu als are plo tted aga inst theirX− value s. Su ch a plo t is actually just the scatt e r diag ram and super im-
pose destim ated reg res sio n li ne ro t ate dun til the latt e rbeco m e sthe hor izont al axis of the diag ram; estim ated resi-
du al plo t sare the refore assesse dby thesa m ethre ecr iter ia giv en above.

• Elsewhere, you are likely to find estim ated residu al plo t scalled justresi dua l plots.

3. Partiti oning SSy an d the Model Sum of Squ are s, SSM
We approach this par tit ion ing indirectly by alg reb r aic exp ansio n of the es tim ated res idu al sum of squ are sin t o the di ffer-

en ceof two par ts, whi c his then rearrange din t oasum:

SSE ≡ Σ
j =1

n
rĵ

2 = Σ
j =1

n
(yj − regy−j)

2 = Σ
j =1

n
[yj − y−− b1(xj − x−)]2 [u sing (13.5.11) and setting a= y−]

= Σ
j =1

n

(yj − y−)2 − 2b1Σ
j =1

n

(xj − x−)( yj − y−) + b1
2Σ

j =1

n

(xj − x−)2

= Σ
j =1

n

(yj − y−)2 − b1Σ
j =1

n

(xj − x−)( yj − y−) [becaus e: b1 =
Σ
j =1

n
(yj − y)(xj − x)

Σ
j =1

n
(xj − x)2

], -----(13.5.1 4)

i.e., SSE = SSy − b1SSxy;

henc e: SSy = b1SSxy + SSE or: SST = SSM + SSE; -----(13.5.1 5)

i.e., in the rearrange dfo rm (13.5.1 5) of the expre ssi on (13.5.1 4), the to t al sum of squ are s ,SSy, has been partit i oned in t o (the
sum of) two par ts:

• b1SSxy, whi c his called themodel sum of squ ares and is abbrevi a ted SSM (notprev i ously dis cus s ed in this Fig ure 13. 5),

• SSE, thees tim ated res idu al sum of squ ares (a l rea dy dis cus s ed).

We can show this par tit ion ing of SSy gr aphically for the the same data set (give nat the rig ht) of five
obs ervation sus ed on the facing pag e13.30 and in Fig ure s13.1 and 13. 3:

• the sum of the squ are sof the five vertical lin es on the left-hand diag ram is SST≡ SSy =Σ
j =1

n

(yj − y−)2 – it quantifie s(o n
a squ are dscale) the variation of the yjs about thei r av erage, y−;

• the sum of the squ are sof the five vertical lin es on the middle diagr amis SSM ≡ b1SSxy =Σ
j =1

n

(regy−j − y−)2 – it quantifie s(o n
a squ are dscale) the variation of the regy−js about th eir av erage, y−;

• the sum of the squ are sof the five vertical lin es on the rig ht-hand diag ram is SSE≡ Σ
j =1

n

rĵ
2 =Σ

j =1

n

(yj − regy−j)
2 – it quantifie s(o n

a squ are dscale) the variation of the yjs about the regy−js [i.e., about the estim ated reg res sio n li ne] .
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SSE ≡ Σ
j =1

n

rĵ
2

= +
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The par tio ning (13.5.1 5) of the to t al sum of squ are s ,SSy, into two par ts is the basis of the methods of assessing the fit of a
regres sio n model dis cus s ed in the nex t two section s– theco effici ent of det ermination andanalysis of var ian ce.

Exer cises: 1. Est ablis h the res ult : b1SSxy = b1
2SSx, whi c h is involved in sim p lifyi ng to two ter ms on the rig ht-hand sid e of

equation (13.5.1 4) fr om th reeter ms in the previous lin e.

2. Show that: SSM ≡ b1SSxy =Σ
j =1

n
(regy−j − y−)2 by writing Σ

j =1

n
(yj − y−)2 as: Σ

j =1

n
[(yj − regy−j) + (regy−j − y−)]2 and mul t i p lyi ng out the

squ are; you wil l also need to use the res ult s (13.5.11), (13.5.1 2) and(13.5.1 3) to show that the cross -product ter m
is zero in this inst anc e(unli ke the situation in the exp ansio n of SSE ove r leaf on pag e13.31).

3. Show that ea ch of the three sums: Σ
j =1

n

(yj − y−), Σ
j =1

n

(regy−j − y−) andΣ
j =1

n

(yj − regy−j) is identically zero.

4. Fit of the Model 2: The Coeffic ient of Determination, r 2

The par tit ion of the total sum of squ are s ,SST =  SSM + SSE, and its graphi c a l il lust r ation at the bottom of pag e13.31
ov erleaf, lea dto the twoextrem eca s esfo r the fit of a reg res sio n model to a set of biv ariat edata;

• the mos tsucces sful regres sio n is when the poi nts lie exactl y on the lin e– in this situation, SSE is zero and so SSM = SST;

• the mos tunsu ccessful reg res sio n is when the re is no rel ationship betweenY− andX− and the ‘regres sio n’ l in e is thehorizonta l
li ne y= y− – in this situation, SSE = SST and so SSM is zero.

Thus, the model sum of squ are s ,SSM, takes value sbetween SST in a complet ely succes sful regres sio n and 0 in a complet ely
unsu ccessful one; mos t re a lsituation sli e so m ewhere bet ween thes eex tremes.

Thes eid e as can bequ ant ifiedby calcula t i ngthe quotient SSM/SST, called theco effice nt of det ermination and denot e dr2:

r2 = SSM
SST

= b1SSxy

SSy
= SS2

xy

SSx×SSy
[becaus e: b1 =

SSxy

SSx
] (0 ≤ r2 ≤ 1); -----(13.5.1 6)

the two ext rem eca s esco rre spond to:

• r2 =1 (co mplet ely successful), • r2 = 0 (co mplet ely unsu ccessful).
When using r2 to assess fit, the clo ser its value is to 1 (or the clo ser100r2 is to 100%), the more ‘su ccessful’ the reg res sio n.

Fo r the dat aset of 5 obs ervation sus ed ove r leaf on pag e13.31, SSxy = 58, SSx =126 and SSy = 28 so that r2 = 0.953 515 ; we
woul d then com mentthat, becau se ove r95% of the variation in the yjs about thei r av erage has been accou nted for by the esti-
mated reg res sio n of Y− onX−, the value of r2 in d i c ates asucces sful regres sio n.

NO TES: 7. The int e rpret ation of r2 = SSM/SST as the fraction of the var iation in theyjs abou t th eir average accounte dfo r
by the reg res sion is appare n tfr om the diag rams ove r leaf at the bottom of pag e13.31 –  SSy is the variation of the
yjs about y− and SSM is the variation of the regy−js about y−.

• Elsewhere, you may find the phraseaccounte d fo r in this interpret ation of r2 replaced by explai ned by; the
la t ter is gen erally not us ed in thes eCourse Mat e ria ls becaus eof it may be taken as implyi ng a ca usa l rela -
tion s hipbetween Y− andX−, when the re may be lit tle or no evi denc ethat (or int e rest in whether) this is the
actual stat eof affairs.

8. We now see the rea son for the not ation r2 fo r the coeffic ent of det e rmination – equation (13.5.1 6) sh ows it is the
square of thecorrel ation coeffici ent r, whe re −1≤ r ≤ 1.

• When tak ing the squ are root of the coefficie n tof det e rmination to find the value of the cor rela t ion, its sign is
that of SSxy (a n dof thesl opeof the estim ated reg res sio n li ne) .
−− When r is nega tive, it is easy to for get, in the process of tak ing the squ are root of r2, to inclu de the minus

sign in the value of r.

9. Els ewhe re, you may see themodel sum of squ are scalled the regr essi on sum of squ are sand abbrevi a ted SSR.

• It can be a sou rce of conf usi on in reg res sio n acrony ms that, in Eng lis h, ‘re sidu al’ and ‘regres sio n’ bot h st art
with R and ‘model’ and ‘mean’ bot hbegi n with M.

5. Fit of the Model 3: Ana lys is of Var iance ,ANOVA
The ANOVA table in sim p le lin ear reg res sio n is mainly a sys tem ati c tabular pre sent ation of infor mation alrea dy giv en in this

Figure 13. 5; its structure is as fol low s :

SOURCE SUM of SQUARES Df ME AN SQUARE F-RATIO

Model SSM = b1SSxy 1 MSM = SSM ÷1
Estimated residu al SSE = SSy − SSM n − 2 MSE = SSE÷ (n− 2)

To tal SSy n−1 [s2
y = SSy÷ (n−1)] ----- .

MSM
MSE = MSM

σ̂ 2

Ta ble 13.5.3:
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Figure 13.5. SIMPLE LINEAR REGRESSION: Assessing the Fit of a  ..... Model (continue d 2)

No tew orthy feature sof the table are:

Co lumn 1: The conve n tio nal heading is ‘SOURCE’ and the three row sare ‘Model’, ‘Estimated residu al’ and ‘Tot al’.

Co lumn 2: The three sums of squ are sare calcula ted in the order: SSy, SSM (asb1SSxy) and SSE (fo und bydi ffere nce).

• The calcula t ion of SSE may inv olve subtracting two large and nearly eq ual value s; it is impor tant to do the
arit hmeti c in a way that doesnot in trodu c esignific a n trounding in accur acy into the value of SSE, whi c h is
ne e ded throug hou t subs equ ent calcula t ion s fo r in ter val estim ating of model parameters and respons es, as
discus s ed in Fig ure 13.7.

Co lumn 3: Thedegr e esof free d o m(a bbrev iat e dDf ) are the divi sors use dto conve rt sumsof squ are sto meansqu are s; they
add dow n the table, reflecting the fact that the model has only on edegree of fre e dom in sim p le lin ear reg res sio n.

• On edegree of fre e dom for SSM means that, if on eof its n ter ms is giv en, all the othe rn−1 are det e rmine d
or, expre sse dan othe rway, the n value ssatisfy n−1cons train t s– the rea son is the straig ht lin e that det e rmines
the regy−js is defi ned by the poi nt of ave r age s(x−, y−) and any on eot he rpoin t (xj, regy−j).

Co lumn 4: The mean (re a l ly ave r age) squ are sare calcula ted by div iding the sums of squ are sby their degrees of fre e dom;
with only on edegree of fre e dom for SSM in sim p le lin ear reg res sio n, theva lueof SSM and MSM is thesa m e;

• s2
y is usually not part of ANOVA table sgive nel sew here; it is inclu ded in thes eCourse Mat e ria ls to rem ind us

that mean squ are s ,despi te their name, are essentia l ly square dsta n dar d devi ations.

Co lumn 5: Thene wid e ain the ANOVA table is theF-ratio, whi c hcan be use dto assess the stre ngt hof the evi denc ein the
sample dat aag ain st the hypot hesis H: β1 = 0  –  the larger the value of the ratio, the stronger the evi denc eof a
non-zero slo pe and the more ‘su ccessful’ the reg res sio n.
The backg rou nd to thisF-test (which is analog o us to thez-, t- and χ 2-tests discus s ed in Par t12) is as fol low s :

• the biv ariat edata (xj, yj), j =1, 2, ..... n,are assume d to come from a sa m p leobtain ed from the respondent
popula t ion by eq uiprobable (a lso called sim p le random) selecting;
−− to estim ate the sl ope β1 ef fi cie n tly, this equiprobable selecting shoul d be don econdit i onal on a suitable set

of X− value s ,becaus ewe want tosp r ead out theX− value sov er their pos sib le range when estim ating β1;
−− to estim ate the respondent popula t ion correl ation coeffice nt −R, the sample needs to be obtaine din the more

usual way whe re the units (and, henc e, their Y− and X− value s) are selected equ iprobably from the wh ole
re spondent popula t ion (i.e., wit hou tcondition ing on X−);

• condition a lon each value ofX− in the sample, the random variableYrepre senting Y− is assume dto have a nor-
ma l dist rib u tio n with meanβ0 + β1x and standard dev iationσ (w hich is assume dto be consta nt, that is, not to
depend on X− – see Fig ure 13.7);

• the dis tributio ns of Yj |xj andYk|xk mu s tbepr obabi lis tically indep enden tfo r j ≠ k.

Fo r the same data set (give nat the rig ht) of five obs ervation sus ed previously in this Fig ure 13. 5
and in Fig ure s13.1 and 13. 3,the ANOVA table is:

x 1 3 6  10 15

y 3 5 5  7 10

SOURCE SUM of SQUARES Df ME AN SQUARE F-RATIO

Model b1SSxy = 26.698 413 1 MSM = 26.698 413
Estimated residu al SSE = 1. 301 587 3 MSE = 0.433 862

To tal SSy = 28 4 (s2
y = 7) ----- .

MSM
MSE = MSM

σ̂ 2 −−∼ 61.54

Ta ble 13.5.4:

We wou ld then com mentthat, becau se the value of theF-ratio is high (a ppreciably gre ater than 10), the re is high ly sta tis tically
sign ificant ev idenc eag ain st H: β1 = 0, indicating a ‘su ccessful’ reg res sio n.

NO TES: 10 . To assess more quantit ative ly the stre ngt h of the evi denc eag ain st H: β1 = 0  provi ded by the value of theF-ratio,
we use Table 13.13 ; the relev a n tent rie sare for the F1, 3 dist rib u tio n, fou nd in the first colum non pag e1 of 6 (page
13.61). The (nume r ato rand denominato r) deg rees of fre e dom for theF dist rib u tio n are those for the model and
the estim ated residu als – here, 1and 3, more gen erally 1 and n−2 – and are fou nd in the thi rd colum n of the
ANOVA table.
We see that our value of 61. 54 lie sbetween the 99th and 99.9th perc entiles of 34.11 6and 167.03, meaning our
value provi des hig hly statis ti c a l ly sig n ific a n tev idenc ein a two-sid ed test aga inst H: β1 = 0.
Othe rinfor mation abou t this test of H: β1 = 0  is:

• TheF dist rib u tio n is a model for the beh aviour of the ra tio of the squ ares of two sta n dar d devi ation est imates
un d er assump tion sof equiprobable selecting of samples from two respondent popula t ion swhos ere spons es
can be model led by probabilis ti c a l ly independent nor mal dist rib u tio ns; we met this situation previously in Case
2 of Fig ure 12.19 when discus sing the differenc eof the means of two nor mal model s . In sim p le lin ear reg res -
si on, the squ are sof the two‘s tandard dev iation estim ates’ are MSM and MSE.
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NO TES:
(c o nt.)

10 . • −− Be cau se MSM in sim p le lin ear reg res sio n is associat e dwith only on edegree of fre e dom , theF dist rib u tio n
is equivalent to the squ are of a t dist rib u tio n with n−2 degrees of fre e dom (the number associat e dwith the
estim ated residu als) usi nga two-sid ed test; thu s ,fo r a giv en number of deg rees of fre e dom ,fiv e of a group of
si x ent rie sin the first colum nof Fig ure 13.13 are (ap art from rou nding inaccur acy) the squ are sof the entries
in the colum ns hea de d0.95, 0.975, 0.995, 0.9995 and 0.99995 in thet dist rib u tio n table in Fig ure 12.16 .

From Fig ure 12.16 ,we wou ld find theP-value for the test above is bet ween 0.01 and 0.002 – our F-ratio
of 61. 54 is bet ween 5.840912 = 34.11 6and10 .21 452 =104.34, the table ent rie sfo r the colum ns hea de d0.995
and 0.999.

11 . In this Fig ure, we hav eus ed r2 as our se con dof three assessments of fit – vis u al, r2 and ANOVA. If a problem
requ ire sthe ANOVA table for its solutio n, it is then usually more conve n ient to use the quotient of SSM and SSy

fr om this table to find r2 (a n dr) than it is to use the thi rd expre ssi on for r2 in equation (13.5.1 6); r2 then becomes
the thir d cr iter ion of fit rat her than the secon d.

• This dis cus sio n reminds us that thecl o ser the value of r2 is to 1, thegr eater the fractio n of SSy that has gon e
in t oSSM at the expense of SSE – this is something we look for as we con str uct an ANOVA table.

12. In places other than thes eCourse Mat e ria ls ,an ANOVA table may hav e‘Re gre ssi on’ in place of ‘Model’ and ‘Er ror’
in stead of ‘Estimated residu al’, omit s2

y and also omit the rem inde rthat σ̂ = √MSE in theF-ratio colum n; the table
woul d then look like:

SOURCE SUM of SQUARES Df ME AN SQUARE F-RATIO

Re gre ssi on SSR = b1SSxy 1 MSR = SSR÷1
Er ror SSE = SSy − SSR n− 2 MSE = SSE÷ (n− 2)

To tal SSy n−1 ----- ----- .

MSR
MSE

Ta ble 13.5.5:

13. The for mof ANOVA table use din thes eCourse Mat e ria ls is a compromise bet ween practic eel sew here and our
ter min ology; ideally, the writer wou ld prefe r the fol low ing :

SOURCE SUM of SQUARES Df AVERAGE SQUARE F-RATIO

Model SSM = b1SSxy 1 ASM = SSM ÷1
Estimated residu al SSE = SSy − SSM n − 2 ASE = SSE÷ (n− 2)

To tal SSy n−1 [s2
y = SSy÷ (n−1)] ----- .

ASM
ASE = ASM

σ̂ 2

Ta ble 13.5.6:

The mean squ are sareaver age squ are sand the acrony m PA SSDI (partit ion of sums of squ are d differenc es) is
mo reev ocative of what is actually goi ng on in ‘analys is of varia n ce’.

14 . Us ing our now-famili ar dat aset of five obs ervation s(give nat the rig ht), we can cal-
cula te various quantit ies whi c h il lust r ate earli er idea snume rically (except for pos -
sible rou nding inaccur acy) as shown in Table 13. 5.7 at the rig ht bel ow. We see that :

• the regy−js hav ethesa m esum
as the yjs as a con seque n ce
of hav ing the sameaver agey−;

• the estim ated residu als rĵ sum to zero,
il lust r ating the con strain t (13.5.1 2);

• the sum of thesquares of the estim ated
re sidu als ,Σ

j =1

n

rĵ
2, is SSE – one feature of the

ANOVA table is it provi des a computation a l ly conve n ient rou t eto SSE in place of this onerou sdirect calcula t ion.

• the rĵxj sum to zero, illust r ating the con strain t (13.5.1 3) on pag e13.29.

x 1 3 6  10 15

y 3 5 5  7 10

xj yj regy−j rĵ rĵ
2 rĵxj

1 3  3.238 095 −0. 238 095 0.056 689 −0. 238 095
3 5  4.158 730 0.841 270 0.707 735 2. 523810
6 5  5.539 683 −0. 539 683 0. 291 257 −3. 238 095

10 7 7. 380952 −0. 380 952 0.145 125 −3.809 524
15 10 9.682 540 0. 317 460 0.100 781 4.761 904

Su m 30 30. 0. 1.301 587 0.

Ta ble 13.5.7:

15. From (13.5.1 6) and(13.5.1 5): 1− r2 =
SSy − SSM

SSy
= SSE

SSy
so that: SSE = (1− r2)SSy; -----(13.5.1 7)

this res ult shows two matt e rs of int e rest:

• divi ding by the relev a n tdegrees of fre e dom (n−2 and n−1) on the two sid e sof this expre ssi on, we see that
MSE (which is use dto estim ate the model parameter σ) is appr oximately (1− r2) times the squ are of the stan -
dard dev iation of the yjs; the large rthe value of n, the clo ser the approxi mation; (Why?)

• while sum of squ ares obey exact algebraic rela t ion s hips, the cor responding mean squ ares – whi c hprov ide us
with useful es tim ates– do not.
−− This is rem iniscent of Case 2 of the test of sig n ific a n tfo r the differenc eof the means of two nor mal model s

in Fig ure 12.19 – when we calcula te thepoole destim ate of σ, the nume r ato rof the quantity unde rthe squ are
root is actually asum of squ ares. In that situation, the two sample standard dev iation sare estim ating the mo-
del parameter repre senting theco mmonst andard dev iation of the two respondent popula t ion s; it is somewhat
mo reco mplicated in (13.5.1 7) fo r si mple lin ear reg res sio n becaus eMSE and s2

y estim atedi ffere nt qu antit ies.
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Figure 13.5. SIMPLE LINEAR REGRESSION: Assessing the Fit of a  ..... Model (continue d 3)

6. Anscombe’s Four Reg ression Dat a Set s
Of int e rest in the con tex t of this Fig ure 13. 5 is an article inThe America nSt atist i cia n 27(#1)17 -21(1973) by F. J. Ans combe

entit ledGr aphs in Sta tis tical Analysi s . The int roduction of this article about the usefuln ess of graphs rem inds us of the theme
of Par t3 of the STAT 220 Course Mat e ria lsand is as fol low s :

Mo st tex tbooks on statis ti c a l methods, and mos t st atis ti c a l co mputer progr ams, pay too lit tle att entio n to graphs. Few of us
es cape being indoct rin ated with thes enotion s:

• nume rical calcula t ion sare exact, but graphs are rou gh;

• fo r any par ticular kin d of statis ti c a ldata, the re is just one set of calcula t ion scons tituting a cor rect statis ti c a lanalys is;

• perfor ming int ricate calcula t ion sis vir tuous, whe rea sactually looking at the data is cheating.

A computer shoul d ma keboth calcula t ion sandgr aphs. Bot hso rts of output shoul d be studied; each wil l cont rib u t eto unde rst anding .

Graphs can have various purposes, such as:

* to help us perceiv e and appre ciat eso m ebroa dfe ature sof the data;

* to let us look beh i nd those broad feature sand see what els eis the re.
Mo st kin ds of statis ti c a lcalcula t ion rest on assump tion sabou t the beh aviour of the data . Thos eassump tion smay be false, and then
the calcula t ion smay be misle ading . We oug ht alw ays to try to che ck whether the assump tion sare rea son ably cor rect; if they are
wrong, we oug ht to be able to perceiv e in what ways they are wrong . Graphs are ver yvaluable for thes epurposes.

Good statis ti c a lanalys is is not a purely rou tin e matt e r, and gen erally calls for more than one pass throu gh the computer. The
analys is shoul d be sensit ive bot h to peculiar feature sin the giv en numbers and also to whateve r backg rou nd infor mation is availa ble
abou t the variable s. The latt e ris par ticularly hel pful in sugge s ting alt e rnative ways of setting up the analys is.

Of relev a n ce to sim p le lin ear reg res sio n are
fo ur fictit iou s data set s give n by Anscombe
and reprodu c e d(w ith min or refi nem e n t s) at
the rig ht; the x value sare the sa m efo r the
first three dat a sets. Num erical sum marie s
relevant to sim p le lin ear reg res sio n are essen-
tia l ly thesa m efo r all fou rdata set sand are:

Σxj = 99, Σxj
2 = 1,001; Σxjyj =797.5;

Σyj = 82. 5, Σyj
2 −−∼ 660.0013; (n =11)

x− = 9, y− = 7.5;

SSxy = 55, SSx =110 , SSy −−∼ 41.251 3;

henc e, thees tim atesof β1 (the slo pe) and β0 (theY−-in tercept) of the reg res sio n of Y− onX− are: b1 = 0. 5, b0 = 3,
so the equ ation of the straig ht-lin emodel is: regy− = 3+0. 5x = 7. 5+0. 5(x− 9); als o: SSE −−∼13.7 513, r2 −−∼ 0.66665.

Data set 1:
x 4 5 6  7 8 9 10 11 12 13 14

y 4.25 5.68 7.24 4.82 6.98 8.80 8.03 8.32 10.84 7.58 9.96

Data set 2:
x 4 5 6  7 8 9 10 11 12 13 14

y 3.1 0 4.74 6.1 3 7. 26 8.1 4 8.76 9.1 4 9. 26 9.1 3 8.74 8.1 0

Data set 3:
x 4 5 6  7  8 9 10 11 12 13 14

y 5.39 5.69 6.08 6.44 6.80 7.1 2 7.44 7.83 8.1 4 12.7 4 8.83

Data set 4:
x 8 8 8  8 8 8  8 8 8  8 19

y 6.57 5.7 6 7. 71 8.84 8.47 7.0 4 5. 25 5.56 7.91 6.89 12. 50

Scatt e r diag rams of the fou r data set s ,with the estim ated reg res sio n of Y− onX− superimpos ed on each, are giv en ove r leaf on
page 13. 36; vi sua l assessment shows the fol low ing :

Data set 1: The scatt e rof the poi nts about the lin ese ems to meet the three vis u al criter ia for accep tability giv en at the top of
the thi rd sid eof this Fig ure 13. 5(page 13. 31), indicating a‘s ucces sful’ reg res sio n.

Data set 2: The dependenc eof Y− onX− ap pears to be non-lin ear and, in place of a straigh t-lin emodel, a qu adr atic poly nomial
woul d be a bett e rchoic e.

Data set 3: Theou tli er at X− =13 pulls the fitt e dli ne upwards so it is nota good fitei ther to this obs ervationor to the rem ain ing
ten; if thes ewe re real data, we shoul d tr y to find out wh ythis obs ervation differs marke dly from the othe rten.

Data set 4: The estim ate of the slo pe of the lin edepends mainly on theon eobs ervation wit h X− =19, so it wou ld be impor tant to:

• che ck that this obs ervation isaccurate:

• un d erstandwh ythe dat aset has unus u alX− value s– all but one are thesa m e.
In addit ion, wit h obs ervation sat only twoX− value s ,we do not know if the rela t ion s hipbetweenY− andX− is li near
ov er the int e rval X− =8 to X− =19.

Thus, the straig ht-lin e model is unsu ccessful for thre eof the fou r data set s. The rea de ris refer red to Ans combe’s article for
mo redetailed dis cus sio n and othe rmatt e rs of statis ti c a l in terest.

Fo r this Fig ure 13. 5, the les son from Ans combe’s fou rdata set s– wit h thei r va stly differ ing vi sua l im p lication sbut vir tually
id e n ti c a lnumer ica l summarie s – is the impor tanc e of vi sua l in spect i on as our pr imary method of assessing the fit of a
regres sio n model, and the supplem entary nature of the (stil l us eful) infor mation provi ded by the value of r2 and the ANOVA
table. We are als oreminde dthat, essentia l as num erical sum marie sare for dat aanalys is, they must be use dwith due care.
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Exer cise: 4. For Dat aset 3, if the outli er at X− =13 is omitt e d, show that the estim ated reg res sio n of Y− onX− fo r the rem ain ing
ten poi nts is: regy− = 4.003+0. 3457x = 6.976+0. 3457(x− 8.6) – this lin e is shown in long erda shes on the lowe rle ft
diag ram bel ow.

• Fo r the recalcula ted lin e, confi rm that r2 = 0.999 607– this is a dramati c increa s efr om the previous value of
0.666 647 and reflects the fact we canse ethat the ten poi nts lie alm o st on the recalcula ted lin e.

Data set 1

r = 0.66665; Line: regy− = 3+ 0. 5x
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Data set 2

r = 0.66665; Line: regy− = 3+ 0. 5x
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Data set 3

r = 0.66665; Line: regy− = 3+ 0. 5x
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Data set 4

r = 0.66665; Line: regy− = 3+ 0. 5x
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