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Figure 13.5. SIMPLE LINEAR REGRESSION: Asssing the Ft of a Regresson Model

As o aregresion modd has leen fittedto a déa t by the méhod d leastsquaes,our concen shauld be b assess
how well the nodel fits the daa; this nmatteris taken wp in this Fgure 3.5 We dsaussthreemehods of assessent:
e visual assesmant of the gaterdiagam with the gstmaed regres#on line superimposel on t;
e how dose 2 called the codficent of detemination, is to 1,
e the value of heF-ratio, whichwe dotain from the anajsis of variane (ANOVA) table for the data

1. Resduals and Estimated Resduals

Y

Supmsewe tave a sampleof bivariate values (x;,¥;), j=1 2 ..... n, from AT
which we wishto estmate the reges#on of ¥ onX; y (AY) Hy=a+B,(x=X)
we write the reges®n line : =B+ BX, e 1351 ﬂ{
or, in ceriredform, &s: w=a+pBxX-X), - (135.2 (%)
wheee: Bo=a-BX. - (135.3
Condder the eges#on of ¥ on X and a ypical point with coordnaie values
(x;,¥), as $lowvn in the dagiam a the ight; %
the point onthe ine at he same vak of X is [x;, 1 (X;); X;
the \erical distanceof the mint from the Ineis theresidualr =y -z, (x); - 13549

our estimated regreson of ¥ on X (or the leastsquaesline) is the ae whichminimizes the sum of he guaes of he sample of
n residuals. n

As in Sedion 4 of Fgure B.3,we write: 9@, ) = Zrz Z[y ~ py)° JZl[yj —a-BK-X15 - (135.5
to find [besedon data (x;, y), j=1,2 ..... f the bastsquaesestmaes aadb, of aandp, dffereniateg(a, ) with repect
to a and with respect to B, set he estiing parfal deiivative expresians b zero, and lve for a aad b;;

ie: = —2z[y a—Bix X  that: g[yj—a—bl(xj—X)] o A — (1356)
and: 337?1 = —2;[34 —a —Bix~ X (%~ %), z[y —a-bX-X|x-%) =0 - (1357)
Theestimakedregresionlineishen &y=b,+bx, - (1359 Yy

or; in cerred form: oy =atb(x-x), - (1359 X, Y) y = a+b,(x—X)
whee: b, = a-b; ---(13510 K -

this line, and a ypical data pant (x;, ), are stownin the dagiam a the ight; F6) i

the point onthe line at the same vak of x is §;, i, ()] = [X;, ()] = (X, «f);

the erical distanceof the mint from

the ineis theestmated lesdud T = y— ) = a—b,(x—X). —--(13510)

We row remgnize ha seting the two @rial detivativesto zer in % X
(135.6) and(1357) imposes on he esmaed esduds the twocan- if] =0 (13512
sfraints (13512 and(13513 givenat the ight; the ®ondconstaint 1=

impliesthe xs ae known. f'r‘(x -X) = er =0 - (13513

NOTES: 1 The fondform of the ongraint 13513 follows from
its first form becauseof the first ondraint (13512 and the dd tha X is not subsriptedand ® can ke taken
ousice the ggma sgn; equdion (13513 assunes ha the xs ae notall equd (in whichcaseb, is urdefined).

2. Tre foregoing dsausson deab with the usud situaion in ractice of a sampleof bivariatedaa &, y), j=1 2
..... n if the déa were inseada cersus(X;, ¥), i=1, 2 ....,N, of a epondent ppuation of N elementsthe
upper imit of the s1ms would be N ingead d n and we would dbtain the values of 5, andg, (regreening the
repondent ppuation attibutes B, and B,), not their esimaes, b, andb,. Thus, like the esimatd resduds
(13511), the resicuals § in the model [equetion (1354) abovg and R; in the epondent ppuation fecuaions
(1331 and(133.5 on mgel317 also sitify two congraints[correpponding © equaions(13512 and(13513].
o In the mre insanceavhee cersws datafor the repondent puation are avalalde, no probabilistic assump-

tions (@asin Figure 37) are reedtd kecaue ro estmaing of repondent puation attibutes is nvdved —
censts cataprovide valiesof 5, ands; (@ndB, andB,) freefrom sanple (but not meastemeny ermor.

The importanceof the two ongraints 13512 and (13513 to the dsausson of this Fgure BB.5is tha, in condruding the
ANOVA tale [first gven at he ottom d the burth sde (page B.22) of the Fgurd, when ve find he average of the guaed
esimaed esduds, we dvide by n-2 — becau® of the two ondraints,only n—2 of the gjuaesof the n esnaed esduds
arefundionally indepedent whichis the elevantconsderation in €ting the valie of he dvisor for finding thear averae
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e This is he samedeaas dviding by n—1 (or N -1) to dotain the average squaed deviationfrom the aeraye br the gan-
dard ceviation of a st d unvariatedaa — the oneconstaint in calcuatingthe sd. is tha the dosevationshave aeraje’y
(or ¥¥) which meas tha only n—1 of the ys or N —-10f the ¥;s) ae fundionaly independent

The quantites tha go into the two caluationsjustdescibed are canpaed pictorially below for the
same de ®t(givenat the ight) of five dosevationsusel in Figures131 and 13.3.

x|136 D15
y|355 710

e The five vetical ines in the left-hand dagiam epresent he deviations of the ys from y — they are te kass of the cal

cuation of he standrd deviation of y;

e the middle diaglam & a'collapsedversian of the kft-hand dagiam,in whichthe xvalueshave keen ignaed
e the five vatical lines in therighthand dagam epreent he estimaked estuds T, the \erical distancesf the mints from
the estmatkedregreson of ¥ on X — they are the tass of the catuation of heestimatd esdud meansquare, for exanple

in the ANOVA Talle 13.53 & the ottom d the burth sde (page B.32) of this Agure 13.5— se 0 Note 3 kelow
- As we will seein Figure 137, the square root of the esmaed esdud mean guae estmaes the sandad deviation of
the points daut the esimated eges®on of ¥ on X.

y
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O T T T T

T T
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It is wnfortunak tha, in the usid statisticalterrmindogy, the kascally smilar quantities epreentedby the \erical lines in the
left- and right-hand dagrams éove ae gven differert names -deviationsandestmated estduds. Likewise, Notes3, 4 and 5
bdow (and Notel3 m pagel334) disassunevocaive hstaical chacesfor termindogy tha is now usedso widdy it is not

feasible to edify theseunhdpful chaces

NOTES: 3. The ermindogy in re-

gres®n as®dated with
the gluaedesimaed e-
sidwals is Immarlized n
the first two lines of Talde
13514 the ight, which
also ndudes n its lag two
lines he samematers for

Table 13.51: SYMBOLS

NAME

ABBRE-
VIATION

> =3 )
272
S$=3(-3)
$=55/(n-)

Edimaed esdud sum of guaes
Edimaed esdud mean guae

Total um of guaes

Square d the sandad devition of he ys

the y valuesaloneto show the newidea in relaton © famiiar ones.

SE
MSE
SsT

[sd(y)®

. In the ®niext of analysis of variane, he diisors (like n—2 and n-1) usedto crvert sumsof sjuaesto mean
squaesare referied b as degreesof freedom{akbreviateddf).

o Beau® theseCaurse Materals disinguish averagesfor data from meandor random vaiables(eg, reall Note
1 on page5.4 of Figure 51in STAT 220, we would prefer average sjuae to mean sjuae but, unfortunatly,
the lattertermindogy is lsedalmostuniversally dsewhee and © it has dsobeen ugd lere.

. In the extand ésewhee

(induding regesion
sdtware padkage$, ou
residuals may be alled
errors and ar estimated
resduds may ke alled

Table 13.5.2: Course Materials \

Text 3rd Edition

Resdud
Edimaed esdud

Edimaed esdud sum of guaes SE
Edimaed esdud mean guae

I Deviation(or error)
f; Resilud

MSE | Mean guae for eror

& p.665
e p.66

Um of guaesforeror SSE  p682
MSE p 683

residuals; our ternmindogy and the éxts ae canpaed in the Bde 13.52 @&ove. The Qurse Materals use
error to mean te difference d an estimate d a popuhbtion attribute fom itstrue \alue — we nust not onfuse
eithe of thesetechnical meamgswith the omnon English meaning d mistke
e ‘Error alsoocaurs in standird error (meamg e esimaied standad deviation of a @rameer estmate), whichis
commonly usedin, for insance the aitput d regesion sdtware padkages(see ext pages668 675 677 and 685).

Againg the adgrourd of the bregoing dsaus$on, we row take up he nain conernof this FHgure 13.5— assesag fit.
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Figure 13.5. SIMPLE LINEAR REGRESSION: Asssing the Ft of a ..... Model ortinued 1)

2. Fit of the Model I Visual Assesment

Our primay mehod d assessg the ft of a regesson modd to the d#a is visual inspedion of he dter diagam with
the esimated eges$on of ¥ on X sypeaimposal on t; we lodk for the following:

e the points sauld lie (reanally) clo to the fitedline — we nay be @le to plerae asmdl proportion (typicaly one a
two pointg with larger estmated esduds, but it is then mportant to Dllow up @ uch dbsevationsto try to find ait why
they ae more @viant than the tierobsevations;

- if the rea®n(9 for ane o two deviant dosevationscan fe fourd, it may be wsdul to reclcdate the estmated eges®on
of ¥ on X with the nore deviant dosevation§ omitted(see dsoDaa st 3 »m pages 13.35 and 1B.3);

e there iauld be ro dbviouspatern in the way the dosevationsfall on he two &lesof the fitedline;

e there fauld nat be ay g/seemdic chargein the magntude d the edtnaed esduds with increasing valuesof X — this is
consstent with the assumption of condant standrd deviation abaut the egessn line which we come to in FHgure 137.

Forthe sondand hird of thesecriteria, t is important to leamgnize ha human judgement & pattens n, and vaiation aross
a gdterdiagam ae ¢genealy somevhat sibjecive and paricularly with diagams @ntaining fewer than 2 or so mints, we
mustexercise due @uton in daiming Do cefinte an ntepretdion of \Visuad appeaance

NOTE: 6. Reyres®on sdtware will assstin visud assessient @ fit by produdng estmatked resdud plots in whichthe esi-
maed esduds ae potted agairst heir X values. Sud a dot is actudly just the sater diagmam and gperim-
posedestimated eges®n line rotated until the latterbecomesghe horizontal axis of the dagmant esimated es-
dud plotsare theefore sssessedoy the samehreecriteria gven ebove.

e Elsavher, you ae kel to find esimaed esdud plotscalled ustresidual plots

3. Partiti oning SS; and the Model Sum of Squares, SSM

We pproach this paritionirg indiredly by dgrebréc expandon of the esimated resdud sum of quaesinto the differ-
ene of two mrs whichis then earargedinto a sum:

SE =31 =3 () = 21~ b-X)" [using (13511) and eting a=Y]
i(y—vf - 25,3 (% -R)(y-) + b2 (%)
o Z(y Y)(X—X)
=20~ y) —QZ(X X)(%-Y) [because b, = “7_], ----- (13519
ie, SSE = S, - b,SSy; 20
hence SS =b,SSy + SSE a: ST=SM+SSE (135195

i.e, in the earargedform (13519 of the expresion (13519, the totd sun of gquaes,SS, has ke patitioned into (the
sum of) two pars:

® b,SSy, whichis called the madd sum d squaes and & dbreviated SSM (ot previaudy disausse in this Fgure 13.5),
® SE, theestmated estud sum d squaes (@lreay disausse).

We an $iow this maritionirg of SS, grgphically for the the same da %t (givenat the iight) of five X136 DI
obsevationsusel on he fadng pagel330 and in Hgures131 and 1.3 y| 355 710

e the aim of he guaesof the five vatical lines on he kft-hand dagiam 5 SST=SS = Z(y )’ — it quantifies (on
a guaedsale) he vaiation of he ys eaut their aveage, y;

e the im of he suaesof the fie vatical ines on he mdde dagramis SSM = b,SS = Z(agy y)’ — it quantifies (on
a guaedsale) he vaiation of he s dout thdr aveage, y;

e the sim of he gluaesof the five vatical lines on he ight-hand dagam s SSE= Zn Z(y «)° — it quantifies ©On

a guaedsalke) he vaiation of he ys daut the s [i.e., ebaut the esimated = egeson line].

y _ y b y sE=$
1] SST =SS 104 SM =b,SSy 1] =20
10 10 y =27+ 0.4603(\ 10 y =27+ 0.4603(\
8 84 8-

! —
6 i s e e + 61
Il _5 -5

4 \y =Y 44 =Y 4
24 2 2
O T T T T T T T T X O T T T T T T T T X O T T T T T T T T X

0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16
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The parioning (13519 of thetotd sum of guaes,SS, into two @rs is he kass of the mé¢hods of assessg the fi of a
regresgn modd disaussd in the rexttwo sdions— the codficiert of detemination andanalyss d varianc

Exercses 1 Estdlish the resit: b,SSy = biSS, whichis involved n smpifying to two ternms on te iight-hand &e of
equaion (135149 from threeterns in the pevious Ine.

2. Sow tha: SM =b,SSy = Z(egy ¥)’ by writing Z(y y) as Z[(y ) + (% —Y)* and nultiplying cut the

squae; you will also reed D use he eslis (135]]) (13512 and(13513 to show tha the cossprodiuc term
is zeo in this instancdunlike the studion in he epandon of SSE werkaf ; pagel33)).

3. Show tha ead of the tiree sims: i(yj -y, i(mgyj -y) and i(yj— «y,) is identicaly zeo.
=1 j=1 =1

4. Fit of the Model 2 T he Ccefficient of Determi nation, r2
The parition of he total am of guaes,SST = SSM + SSE, and its gaphical illustrdion at he otom d pagel33l
ovaleaf leadto the twoexremecasedor the fit of a leges®n modd to a st d bivariatedada;
e the nostsuceessul regresion is when the pints e exadly on the line— in this stuation, SSE 5 zeo and ® SSM = ST,
e the mostunsucesdul reges®on is when hee is no reldionship beween ¥ and X and he regres®rilineis the haizontal
ine y=y —in this stuaion, SSE = ST axd © SSM is zeo.
Thus, the mdel aum of guaes,SM, takes vallesbaween SST in a ©nmpletdy succesul regreson and 0  a ©mpletdy
unsucessul one most reakitudionslie som&vhere between theseextremes

Theseidea an ke quantified by catuatingthe quatient S$1/SST, called te codficert of detemination and dentedr?:
,_ SSM _ bSSy _ SSy _ SSy o< e
F= 33T = 55 - 55x5§ [because b, = g] (0<r<1); (13516
the Wo edremecasesorrepond ta
e r2=1 conpletdy succesdul), e r2=0 onpletdy unsucesgul).
When uing r?to sssess ft, the doser its valie is b 1 pr the doser100r2 is to 10099, the nore ‘sucesdul the egeson.
Forthe catasd of 5 dbsevationsusel overkaf o pagel33l, S5 =58, S5,=126 and S$=28 so ha r?= 0953 515; we

would then @mmentthat, becaue orer 95% of the vaiation in he ys @aut their average tas leen acoourted for ly the est
maed egeson of ¥ on X, the valie of ¢ indicaes asucaess$ul regresson.

NOTES: 7. The ntepretdion of £ = SSM/SST as he fradion of the \ariation in the y;s about ther aveage acainted for
by he iegies$on is aparentfrom the dagiams overkaf @ the ottom o pagelld3l— S5, is the vaiation of he
ys ebaut yand S is the vaiation of he s eout y
o Elsevher, you may find the fraseaccourtedfor in this irterpretdion of P redaced ly exphined ly; the
latier is genedly not usal in theseCourse Materals becauseof it may ke aken & implying a cawsal rda-
tionshipbeween ¥ and X, when hee may te little o no evidencethat fr inteest n whehe) this is he
actwal stteof dfairs.

8. We row e tle reasn or the rotaion r for the mdficent o deteminaion — egaion (13516 shavs i is the
square of the carelaion codficiert r, whee -1<r<1
o When tking the gjuae oa of the odficientof deteminaion © find the vale of he ©rrelatbn, its sign is
that of S5,y (andof the slgpe of the estnaed eges®on line).
= When r b negaive it is eay to forget, in the pocess d taking the gjuae oa of r2 to indude the mhus
sign in the valie of r

9. Hsewhee, you nay e tle madd sun of Quaescalled the regresian sun of Juaesand dbreviated SR.

e |t can k& a surce d confusim in reges®on aaonyms tha, in Englsh, ‘resdud and ‘regres®riboth stat
with R axd ‘modd’ and ‘meanboth begin with M.

5. Fit of the Model 3 Analysis of Variance, ANOVA

The ANOVA talle in Imple inear reges®n is mainly a ysiemadic tabdar preentdion of inbrmation dread given in this
Figure 1.5 its stucture & as fllows:

Table 13.5.3: SOURCE SUM of SQUARES Df MEAN SQUARE F-RATIO
Modd SSM = b;SS, 1 MSM = SV +1 MSM _ MSM
Edimaed esdud | SSE= S§-SM | n-2 | MSE = SE+(n-2 | MSE 52
Total SS n-1 [2 =S§S+(n-3] | -

(continued)
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Figure 13.5. SIMPLE LINEAR REGRESSION: Asesing the Ft of a ..... Model (ortinued 2)

Notewathy featuresof the e ae:
Column I The mnventonal healing is ‘SCURCE and the hree owsare ‘Modd', ‘Edimaed esdud and ‘Total

Column 2 The three sims of guaesare @lcdated n the ader. SS,, SSM (ash,SSy) and SE (found by difference).
® The alcuation of SSE nay invdve subtracting two large and realy equal values; it is important to do he
anthmeic in a way tha doesnot introducesignificantroundng inacauracy into the vale of SSE, whichis
neeeéd throughout stbseuent catuations for interval esimating of model parameers and epMse, &
disaussd in Fgure 137.

Column 3 The degreesof freedom@akbreviatedDf) are the diisors Lsedto convert sumsof squaesto meansquaes they
add downthe tale, refleding the fad tha the nmodel has mly onedegee d freeam in Smple inear regesonN.
® Onedegee 6 freedm for SSM mears tha, if oneof its n erns is dgven, dl the ohern-1 are detemined

or, expresedanoherway, the n valessdisfy n—1constaints— the easn is he staght line that cetemines
the s is cefired ty the mint of averayes(X, y) and ary oneotherpant (x;, ).

Column 4 The nmean feally averagd sguaesare alcuated ty dividing the sims of sjuaeshby ther degrees of freedm
with anly onedegee d freeam for SSM in Smple inear reges®oON, thevalue of SSM and MM is the same

o s} is wisudly not part of ANOVA tabesgivenelewtere; tis induded n theseCourse Materalsto remind us
that mean guaes,degpite thar name are essatially squared standrd deviations

Column 5 Thenewideain the ANOVA talde is the F-ratio, which can ke usedto assess he stergth of the &idencein the
sanple cataagang the lypothess H: 3,=0 — e larger the value of he mtio, the stonge the evidenceof a
non-zeo dope and the nore ‘sucesdul the egeswon.

The badgrourd to tis F-test (hich is analogots to he z-, t- and x-tests diausse in Part12) is as follows:

e the bvariatedaa ;, ), j=12..... n,are assunedto come fom a sampleobtained from the egpondent
popuation by equprobable (also @lled $mple randon seleding;

- to esimate tte slgpe g, effidently, this equiprobalde sleding shauld be dnecondtional on a sitable st
of X values becausewe want to spread aut the X valuesove thar posdble rarge when esmaing 5;;

- to esimae the repondent ppuation carelation wdficert R, the sample reed to be dtainedin the rmore
usualway whee the wits @nd hence their ¥ and X value$ are ®leded euiprobally from the whde
repondent puation {.e., without conditioning on X);

e condiionalon each value of X in the sarple, he random waale Y repreening ¥ is assunedto hae a ror-
mal distiibution with meang,+ 8,x and sandad deviation o (which is assumedto be condant, tha is, notto
depend o X — se Fgure 137);

e the dstributons d Y|x; and Y |x, mustbe probabilistically indepeadentfor j # k.

Forthe same dta et (givenat the iight) of five dosevationsusel previoudy in this Fgure 13.5 x|136 D1
and n FHgures131 and 13.3,the ANOVA talde is: y|355 710
Table 13.5.4: SOURCE SUM of SQUARES Df MEAN SQUARE F-RATIO
Modd bSSy = 26.698 43 1 MSM = 26.698 43 MSM _ MSM [Je154
Edimaed esdud SSE= 13187 | 3 | MSE = 0433862 MSE 52
Total S§ =28 4 =7 | - .

We would then @ommentthat, becaus the valie of he F-ratio is high (appredably greder than D), thee is highly atistically
significant evidenceagang H: g, = 0, indicding a sucesdgul’ regeson.

NOTES: 10. To assse&s nore quantitatively the strergth of the @idenceagang H: 3,= 0 provided ly the valie of he F-ratio,
we e Blde 1313; the relevantentiesare for the F ; distibuton, fourd in the first olumnon pagel of 6 (page

136). The fumeratorand deomindor) degees of freedm for the F distibuton are those br the nodel and

the esimated esduds — tere, land 3 more genedly 1and n—2 — and ae fourd in the hird column of the

ANOVA tale.

We e ttat air value of .54 liesbeween the Bth and D.9th peaceniies d 34116 and $7.03 meanng ou

value povides lighly statisticaly Sgnificantevidencen atwo-sded test gairstH: g, =0.

Otherinformation aloutthis test d H: 3, =0 is:

o TheF distributon is a nodel for the behaiour o theratio of the gluaes of o gandard deviation estimates
unde assumptions of equiprobalde ®leding of sanples fom two regpondent puations whosereponses
can ke nodelled ty probabilisticaly indgpendent mrmal distibutions; we met his stuaion previoudy in Case
2 of Hgure 219 when dsasing the diferenceof the meas of wwo normal models. In Smple inear reges-
simn, the gluaesof the two'standad deviation esimates’ are MSM and MSE.

(continued avaled)
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NOTES: 10.

(cort)

12,

13

14.

15.

20030520

e - Beaus MSM in dmple linear reges®n is ssodatedwith anly onedegee d freeam, the F distibution
is ealivakent to the guae d at distibuion with n—-2 degees of freem (the rumber asodatedwith the
estmaed esduds) usingatwo-dded test; hus,for a gven number of degees of freeam, five of a goup o
six entiesin the first olumnof Figure 1313 ae @pat from rourding inacaurecy) the sjuaesof the enties
in the ®umrs headed.95 0.975, 0995 0.9995 ad 099995 i thet distibuton table in Fgure 216.

o From Fgure 216, we would find the P-value br the test dove is betweaen 00L and Q002 — arr F-ratio

of 6L is between 5.8409%= 34116 and10214° = 104.34, the BHe entriesfor the wlumrs headed).995
and 0999.

. In this Fgure, we haveusel r? as ar seond of three @sessients bfit — visud, r2 and ANOVA. If a problem

requiresthe ANOVA talle for its lution, it is then usidly more cnvenent to ue the quatient d SSM and S$
from this e to find 1 (andr) than t is to use he hird expression for 2 in equaion 13516); r? then keawmes
the third criterion of fi ratrer than the scond

® This dsaus$on reminds us ha the clogr the value of ¢ is 0 1, the greater the fraction of SS, that has @ne
into SM at the experse d SSE — his is ®mehing we bk for e&s we ongrud an ANOVA talde.

In paces aher tran heseCaurse Materals,an ANOVA talde may lave'Regresian' in pace d‘Modd' and ‘Error
ingead d*Edimaed esdud, omit 2 and aso amit the eminderthat & = VMSE in the F-ratio column; the tade
would then bdk like:

Table 13.5.5: SOURCE SUM of SQUARES Df MEAN SQUARE F-RATIO
Regesin | SSR = b,SSy 1 MSR = SR+1 MSR
Error SE=SS-SR | n-2 | MSE = SE+(n-2 MSE
Total SS n-1 | -] e

The brm of ANOVA tale usedin theseCaurse Materalsis a @mpromise ketween practice elsewtere and aur
termindogy; ideall, the writer would prefer the following:

Table 13.5.6: SOURCE SUM of SQUARES Df AVERAGE SQUARE F-RATIO
Modd SSM = b;SSy 1 ASM = SIM +1 ASM _ ASM
Edimaed esdud | SSE = SS-SM | n-2 | ASE = SE+(n-2 | ASE  §°
Total SS n-1 [s2 =sS+(n-3] | - .

The mean guaesare aerage squaesand the eronym PASSDI (patition of sims of gjuaed differencepis
moreevacaive d wha is actudly going on n ‘analsis of variane

Using ou now-famiiar datase of five dosevations(givenat the iight), we @an cal Xx|136 DB
cuate various quantties which illustrée edier ideasnumeically (except for pos- y|[355 710
sble rourding inacauracy) as $iown in Tabe 13.57 & the light below We e tlat:
o the /s havethe samesum Table 13.57: X Y 1 12 [P
as he ys as a oneqiene 1 3| 3238095 -0.238095 0056689 —0.238 095
of having he sameeragey, 3 5| 418730 08412D Q707735 2.523810
o the esimaed leé.duds'f} sum to zero, 6 5 5539683 -0.539683 0.291 257 -3.238 095
illustraing the ondraint 13519); 10 7| 7.380952 -0.380952 0.145125 -3.809 524
. 15 D 9682540 0.317460 010081 4761904
e the 3im of hesquares of the estmaed —
resduds, 372 is SSE — me bauwe dthe ~ SU™ 30 [ 30 0 lo1s7 - Q

ANOWA t';he is it provides a omputaionallyy corvenint outeto SE in pace d this orerousdired calcuation.
e the Tx; sum to z, illustraing the ongraint (13513 on pagel329.

Fom (13516 and(13518: 1-r2= %" =3F  sota SE=(-1S§; - (13517

this resdt shows wo mattes of inteest:

e dividing by the elevantdegees of freedm fi—2 and n-1) on the two glesof this expresian, we e that
MSE (which is usedto esimae thre nodel parameer o) is approximady (1-r2) times the quae d the san-
dard deviation of he ys; the hrgerthe value of n the doser tre gproximation; (Why?)

e while sum of sjuaes obey exad algebrac relatonshifs, the orregponding mean guaes — which provide us
with usdul estimaies— do rot.

- This is emhiscent o Case 2 bthe test bsignificantfor the dff erenceof the meas of twwo normal models
in Figure 219 — vhen ve alcdate the pooledesimae d o, the numeratorof the quantity underthe sjuae
root is actudly asum of guaes In tha studion, the two sarple dandard deviationsare esimating the no-
dd paramder represening the conmonstandad deviation of he two egpondent ppuations; it is smevhat
moreconplicated n (13517) for sinple inear rges®oHn becauseMSE and § esimate different quantities

(continued)
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Figure 13.5. SIMPLE LINEAR REGRESSION: Assssing the Fit of a ..... Model (ortinued 3)

6. Anscombes Four Regresson Data Sets

Of inteest h the @niext of this Agure 1B.5is an article in The Ameican Staistidan 27#1) 17-21(1973 by F J. Anscanbe
enftled Graphs in Satistical Analysis. The introdudion of this aticle ebaut the usdulness d gragphs eminds s of the heme
of Part3 of the STAT 220 Caurse Materalsand & as 6llows:

Mog texbodks o datistical methods, and rost stdistical conputer pograns, @y o fttle dtention to graphs Few of s
escpe béng indactrinated with tlesendtions:
e numeical catuationsare act, but ggphs ae roudh;
e for ary paricular kind of detisticaldaa, thee is ust me séof calcuationsconsttuting a @rred statisticalanaysis;
e paforming intricate @lcuationsis virtuaus, wheeasactually looking d the dda is cheding.

A computer $iauld male bath calcdationsandgrgphs Both sotts d output siculd be stalied each will contributeto understandig.

Graphs @n hae \various purposes, sich s:
* 10 hdp us percéve and @predate somebroadfeauresof the dda;
* 10 let s look behird those lvoad Bduresand ge wiat dseis thee.
Mod kinds of datisticalcalcdation rest m assumptionsabout the behaiour o the dda. Thoseassmptionsmay be false and hen
the alcdationsmay be nisleading. We auglt aways b try to chedk whether the assumptionsare reasnally corred; if they are
wrong, we aigh to be dle to percave in wha ways hey are wrong. Graphs ae \ery valueble for thesepurposes.

Good sdisticalanaysis is rot a purdy rouine mater and genedly calls for more than me passhrouch the @mputer The
anaysis sxauld be ersitive loth to peauliar feduresin the dgven numbes and ako b whaever badgrourd information is aaiate
aboutthe variables The htteris paricularly helpful in suggestilg dtemaive ways @ setiing up he anajsis.

Of relevane to smple linear reges®onN are Daawtr 1 4 > 6 7 8 9 0 1 2 1B 4
four fictitious daa ts given by Ansmmbe y | 425 568 724 482 698 8.80 83 832 1084 758 996
and eproduced (with minor refinrements a
the right; the x vallesare the samefor the 5 , X| 4 5 6 78 9 10 1 2 B 4
: : : ata st
first hree dita ses Numeical simmares y | 310474 613 7.5 814 876 914 9.2 913 874 810
rdevant to 8nple linear reges®N are essa-
tially the samefor all four data tsand ae: wneig Xl 4 5 6 7 8 9 D NP2 B U
X =99 ZX; =100z Xy =7975; y | 539 569 6.08 644 80 712 744 7.83 94 1274 883
sy =825 sy Hee00as (=1
- — o 8 8 8 8 8 8 8 8 8 8 19
X=9 y=15 Data set 4

6.57 576 77L 884 847 704 525 556 79 689 1.50

SSy=55 ~ S5=110, SSH412513
hence the estimatesof 3, (the dope) and 3, (the Y¥-intercen?) of the egesson of ¥ onX are: b,=0.5 b, =3,
so he gudion of he staght-linemodd is: Yy =3+0.5 = 7.5+ 0.5x— 9); dso. SSELN37313 2 L10.66665.

Scdter diaglams of the bur dda sts,with the estimaed eges®n of ¥ on X sypaimposa on ed, ae gven overkaf m
page B.3B; visual assesment siows he dllowing:

Data set 1 The <aterof the mints @aut the ine seens b med the hree vsud criteria for accepbiity given at he tq o
the tird Sde of this Agure 3.5 (page B.3), indicaing a‘successul regeson.

Data set 2 The dependencef ¥ on X apeas 0 be nortlinear and, in place d a straightline modd, a quadratic pdynomial
would be a b#erchdce.

Data set 3 Theoufier at ¥ =13 puls the fitedline ywaids sotiis nota good fiteithe to this dosevationor to the emaning
ten; if thesewere real daa, we $auld try to find aut whythis dosevation dffers markedly from the oherten.

Data st 4 The esimae d the $ope of the Ine dgpends mainly on the oneobsevation with X =19, so it would be mportant to:
e ched tha this dosevation isaccurate:
e undestand whythe datase has wnusualX values— dl but cne ae thesame
In addtion, with obsevationsat orly two X values,we c not know if the elatonshipbeaween ¥ andX is linea
ove the ntewval X=8to X=19
Thus, the staight-line modd is unsucesdul for threeof the bur daa ts The eaderis referred b Anscanbes aticle for
moreddailed dsaus$on and ohermdters of gatistical inerest

Forthis Fgure 13.5 the bssn from Anscanbes four daa sts— with their vasly diff ering visual implicationsbut virtudly
identicalnurrerical summaries — is the mportance of visual ingection as ar primay mehod d assessg the fi of a
regres®n modd, and the suppematary naure d the 6ill usdul) information provided ty the valie of £ and the ANOVA
table. W& ae dsoremindedthat, essantial as uimeical simmariesare for dataanaysis, hey must ke usedwith due are.

20030520 (continued avaled)
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Exerdse: 4. For Datase 3, if the ailier & X =13 is anitted show tha the edtmated eges#on of ¥ on X for the remaning

Data st 1

r=066665 Line my=3+0.5x

Data ==t 3

r=066665; Line «y=3+0.5x

20030520

ten points is: «y = 4.003+ 0.3457X = 6.976+ 0.3457(x — 8.6) — this ineis hown in longerdases o the bwerleft

diagam kelow

o Forthe realcuated Ine, confim tha r2=0.999 607— this is a damatic increasefrom the gevious valie of
0666 64 and efleds the &a we @nseethat the ten pints ie dmog onthe realcdated ine.

Data st 2

r=066665 Line my=3+0.5x

8 10 12 14 16 18 20

Data st 4

r=066665, Line «y=3+0.5x

8 10 12 14 16 18 20
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