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Figure13.3. SIMPLE LINEAR REGRESSION: The Method of Least Squares

Ou main coneernin this Fgure 13.3is the méhod d least gluaes— we se t to find the giaight line of best fi to a &t o
bivariatedaa. [A more evaaive name 6ér the process wuld be he méhod of minimum sjuaed deviationd.

1. The Respondent Population Regression of ¥ on X

Ou firs model mnsders the egpanse¥ of repondent puation denment i to ke macde up of astraight-line depedene on
the value of eplanaory variate X for elemeni plus nase [deviation from this étraght-line dependencle- see gudion (1331).

® This ‘modd’ hasnathing to do with probability — it is just a usfu way d think- Y =B +B.X +R, - 133))
ing abaut how the valie aises for a epondent ppuation dement eponse e lNI o 1332
® The roise mmponent in 1331) in referied b as aresicual and & cenoed R;. '__1’ 2 e )
e The popuation size(.e., its number d element3 is denoed N — se eudion wf =Bo+BX - (1333
(133, (%) =Bo+BX, (1334
® Y, in the nodel (1331 can abo ke written as ¥;(X;) as & explicit reminderof DY - F(EY
its (straight-lin® dependencen X, — se gudion (133.5. Ri= ¥i(X0) rng.(_X.) (1339
f SA+B(X-X) - (1336)
A repondent puation attribute is Y, the average of ¥ unde A=By+BX - (1337)
the draight-line dependenceon X — this ineis equation (133.3.
® Y iS a wrious popuation attibute — i is an idealzation (or |
i nearizatiorl) of the tendin the aerae of¥ for ranges d X b A
values, ilustraed ty the ines joining the drcles,and har ideat = I T T T A A A ’
ized graight linein long dashes, i the gaterdiagam & the ight. T
- If we refer b f as a ‘attiibuté then B, and B, shauld be 1 & Do e e

subattibutes, kut the prefix sub is usudly omitted
o In the ontkext of theseCaurse Materals, it is uindestood the
the model 133.3 would be fitedto the epondent wpuation
reponsevaluesby the méhod d least suaes and the fted
modd is referied b as heregresion o ¥ on X. ;
- Stiictly, 133.3 is the respadent population regres#on of ¥ 1
on X and(13312 ovaleaf 5 the madd regres#on of ¥ on X. -
® Theordnate of the pint onthe reges®n line {.e, the value of
wf) at X=X; is cenoed ¥.(X;) — e gudion (1334); if .
there is no anbguity, this may ke dortenedto Y,
® The (popuatior) resdud R; is the diferencebeween the adtual .
value of¥ and ts madd aveage when X =X;, as fiown in — T
equaion (133.5,
e Equation (133.3 can ao ke written in the certredform (133.6); we do so ér two reasns:
- algebrac corvenencein leastsquaesdeivations due b the fad tha, overthe sample Z(x,—X) =0 [equaion (133.26);
- thele ae chtasds (sualy invdving X valuesfar from the aigin, such as eas AD) wheke the Y¥-intercept B, is of little
interest andinsead A of the ented brmis the elevantrepondent ppuation attibute

Two reasors why gtraight lines or more gened equaion$ are fitedto bi-(or multi-)variatedaa ae:
* to ®e ftheeris a relatonshipbeween ¥ and X, wha formit has ad, perthaps, whyit has his orm
* to u® the gudion & a onvenentsummary of a bi-(or multi-variatedaa =t, pethgps ® we @n catuate Er ‘predct’)
the averae of ¥ for somespedfied X (or the chargein the aerae of ¥ coreponding b a darge inX).
Foringdance @ a chemical gantmangermay wishto model produd yield in terms of a pocess \aniabde(9 tha can ke £t ©
optimize te yeld;
® a persanrel manaer or wniversity regstrar may ty to predct the Ikely success d job a university appli-
cants i terns of an &ailakle measue(9 of previous perormance
@ a hologig or psychdogig may ty to model the kehaiour o an agansm @ animalin terns of a haracter
istic(§ whichcan ke measwed
® a political <ientst may want to elae the autcomeof an dedion © a dhaacteistic§ of the candiaes and
the dedion anpagn;
® a gockbroker would like o be &le to pedct the kehaiour o the stak market in terms of an &aiale
performanceindicato(s).
(continued avaled)
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2. The Modd Regression of ¥ on X

In mostinvesigatirg, theee is a&cessto aly a sampleof repondent ppuation dements and an Aswerto a Questbn nust
be baedon a anple estimak of the valie of he egpondent ppuation attibute ¢ inteest; @sessg how dose such an
estimae is likely to be to hetruevalue is sudly basedon amadd for repeded €leding and meauing

The nodel forY is gven in equdion (1338).

. . o . Y=BotBXtR - (1339
® Yis arandom vaiable whosedistibuion represents the psible valuesof the .
measted repaonsevariate¥ for the jth dement n the samle d n denents 1=12...,n - (1339
sdeded @uiprobady from the egpondent ppuation, if the leding and Y=a+B(x-X)+R ---(13310
measting processea were to be epeaded wverand oer P 133
- Stiictly, only a knownsdeding probability is needtd but ve cnfine our a=PotBX ~--({1331)
attention to the smpler @se 6 equal sdeding probébilities Ly = BotBiX ----13312
- gh;a rré)del BnBrameers Bo andp, represent the egpondent puation atti- Ly = a+B,(X—X) ----(13313
utes B, andB,. _
- The nodel 1338 takesno aoourt of the finite size (N elementsof the () = Bo+ By (13319
repondent ppuation — ha is, t gssupe§N >n B =Y =y (X) ----13319
- The nodel 1338 can abo ke written in its centied Hrm (13310. Y = Bot B+ (13316

® The equdion of he staght line repreeentedby the stucturd component
of the model (133.9) is gven in (13312.
- Equaion (13319 is, stiictly, themadd regres#on of ¥ on X, but the ajective madd is usudly omitted
- Equaion (13319 can aso ke written in certred form (13313.

e Theordinate of the mint onthe reges®on line & X =x; is denokd w4, (x;) — e guaion (13319); it denoes hemeanof Y
when X =x; and t repre®nts the epondent ppuation attibute Y, (X)) = .

® Supmsewe have a sampleof bivariate values (x;, yi), j =12 ..... n from ¥
which we wish to esimat the reges®on of ¥ on X; the dagam 4 the _
right shows the egeson of ¥ on % written in cented brm (13313 and a v (x5, %) Hy= a+By(X=X)
typical pant with coordinake values(x;, y;). : r {
- The point on the line at he same vak of X is [x;, 4 (x)] — e gua ) :
tion 13314;
- as &own in equdion (133159), the \erical distanceof the mint from the
line is e (ealized resicual r;;
+ 1 ocaurs in equdion (13316 as he valie of he random vdalde R of X
equaion (133.8). %

- Theestmakdregres®n of ¥ on X (or the esimaed kastsquaesline) is the ame which minimizes the sum of e sanple
of n squared (realized residuals—i.e., o the nr?

3. The Estimated Regresson of ¥ on X

In an investigaton, a particular sanple is eleded which provides the dia. y=by+bx+f - (13317
@ In this Fgure 13.3, we cenok the sarple of kivariatedaa ly (x;, y), j=1,2 y=a+tbx-X)+f - (13318
..... n we wse hesedaa b evaluae b, andb,, the estimats of the nodel _ -
paameers 3, andg,. a=p+bx - (13319
- Elsavher, he edtmates b, andb, may be denoed 3, andz,. Y I o3 S— 133.2)
- The wse d roman kters for j and y Dr the data, comparedwith italics for v R
madd values,reminds us he d#a is the red world, the nodel is a rigy atbx=x) 1332)
idealzation; it is the nvesigabrs reponsbility to ensurethere is a ass ) =be+bx e (133.2)
for assining reasnalle equivalenceof realworld and nodel quanities (%) = atb,(x,-X) ---- 133.2

e Coareponding © equdion (13316, we have equaion (13317); the chage
from model parameers to her estmates mears tha the hg termon the light-hand &leis now the estmated resdud fj;
- the eented brmis eaqiaion 13318.
e The egudion of he staght linewe all the estmated regres#on of ¥ on X is written as (133.20);
- its centred brmis eqiaion (133.21).
e The adinatke of the mint on the estmaiedregresson line at x=x; is cenoed /i, (x;) and is gven by equdion (133.22);
- its centred brmis equaion (133.23);
- the rotaion 'eminds us ha /i, (X;) is the estmate of the nodel quantty 1 (x;) of equaion (13314);
- [,(x;) can abo ke cenoed <y (x;) (Or even«y), dependng o conext— for exanple, e Fgure 1B.5
- Elsewvhel, you may e the mtgion Ylor §(x) for tre value of yon the fittedline when x=x;; you may then e tte
equation of he inewritten &: y=by+bx (or esenas y=Db,+bx). A rea®n b avdd this rotaion is ts bk of em-
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Figure 13.3. SIMPLE LINEAR REGRESSION: The Method of Least Squares (continued 1)

- phass on he gudionsof reges®©n modds a satanents aaut the average of Y-

NOTE: 1 To assst with leaning Table13.31 RESPONDENT MODEL DATA

the rotaion we use b ~ POPUL ATION O e (e et ot
maintan dstindions Y =BotBx +R

Reponse _ _ - 2
anorg the eponent ¥, =B,+B. X +R; Y = Bot B+, Y =by+bx;+1
popuation, the rodel Cn Z_ - o
modd and the sarple, Regesia line: regt B°+Bli( Uy = BotBiX X y = by +bx
a smmary of key Ordinae d poirt on ine: oot (X)) OF oY, (X)) 12,(%;) OF o (X;) OF ]
equationsfrom the pe- In cented brm B,=A-BX Bo=a —pX by=a-bx

cedng three gdionsis
givenin Talde 13.31 & the iight above

4. Finding the Estlimated Regression of ¥ on X

Supmsewe havea sampleof bivariateobsevations(x;, y), j=1,2 ..... n from whichwe wish to estimat the reges#on of
¥ onX. The daglam d the ight shows this ine and a ypical dda poirt (x;, y;);

the point onthe line at he same vak of x is k;, i, (X );

#1319

the \erical distanceof the int from the Ineis the estmated estud T =y - 2y (x); ! _ _
the leastsquaes line or the esimated leges®on of ¥ onX) is the me which y (X, %) =y =a+by(x-X)
minimizes the sum of hien quared residuals {2 J i
We write:  g(a, A1) = Zrz Z[y /UY(XJ)] = Z[y a=pBi%— X )
to find the éasisquaesesimetes a and,, of a and B, differenfateg(a, B,) with
repect o o and vith repect o B, st he eslting parial deivative expresions
to zero, and lve for a and b,. X
n X
Then ag = —ZZ[y a-pBi(x—X), whichis zro when >[y-a-b(x-X)] =0 '
j=1
ie, y na- QZ(\\) = ie, iy— na =0 or a= liy =y, (133.2%)
=
Alsa % = —ZZ[yj —a =By —X)] (X —X), whichis zero when Z[y a-b-X)]x-X) =
1 j=1 n
_ T 2.0/ =Y)( = X) Zy(x, X) Zx,(y y)
e, 2(-VX-X)-b3Xx-X)’=0 o b=" = —— =5 ——— =5 - (133.%)
S00X KX 26X
the three epressians br b, are equivalent le@uE: iy(xj—i) = Vi(xj—i) =0; dmilarly ii(yi—y) =0. - (133.20)
j=1 j=1 j=1
Also b,=a-bX andthe eshaed eges®onof ¥onXis: «y=h,+bx=a+bXx-%X). - (133.27)
To g/semdize the catuationsof the valiesof b, andb,, we cefire three sSums ¢ squaes:
SSy= 2N~V =20~ NN = 2xy - Gx)@yln=2xy-rxy. = (1338
SS=3(x-XF=3x-(Exyn=3x-n (133.29)
j=1 j=1 j=1 j=1
SS=3-yr=sy-Gwin=3y-rys (13330)
we then wite: a=¥y, b, = SS—SS‘V bb=a-bx=y-bx. 133.3)

NOTES 2. Thioughaut this Figure 13.3, (lower casiroman leters havebeen ugd b denot sanple x and y valies because
our primary conernis with the method d leastsquaes datisticalconsderaions(siuch & dstribuional assump -
tionsand the mihod d seleding the sarple), nee@d b assas he precsin of sanple estmaes of regpandent
popuation attibutes, ae dsausse in Fgure 137.

3. In the deivationsgiven above of the esilts (133.24) and (133.25), note that the variablesarea andg, and he
condantsare x and y (the datavalue$ — this is he oppaite of the rotaion we ae acustomedo from calcuus
courses, br insance

4. In the dagiam & the fight above, the mint (x;, ) is shown abowe the ineand ® its esmated esdud is positive;
if a point is bdow the ling its estmaed esdud is negaive.
(continued avaled)
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NOTES 5. Of the hree algelbaically ecuivalent expressions (133.25) for b, (overleaf o pagel319, the stafstically uséul
(cont.) oneis the ®mnd— it showns tha, in a inear reges®Hn contest whee the xs ae cagderedgivenvaluesp, is a
linear corrbination of the ys. This provides a lass for wsingthe properiesof random vaiables (from probability
theay) to deveop stdisticaltheay for sssesisg the kehaiour o B, or s, (the random véaiable wrregponding the

b,or 5,) as an simaor of B, — for exanple, £e ®dion 5 on jpges 13.2and B43 in Fgure 137.

6. The hree sums d squaesexpresions (133.28) to (133.30) ovaleaf ae wsdul for hand catuation and lkeaning
the ideasbut they invdve aubtracting two numbers tha may te lamge and realy equd and © ther differencemay
hase inaccepile numerical nacauracy. For automatedcalcdation, paricularly for large ditasds, a nore ecaurge
proaessis o calcUate the aerayg subtract it from each dbsevation and then dd te gjuaesof thesedifferences

REFERENCE: ChanTF, Golub, GH. and RJ LeVeque Algorithms br Compuing the Snple Varane: Analsis and
Reommmendtons. The AmeicanStdistidan 37 (#3), 242-247(1983. Sable URL: http://wwwijstororg/stale/2683386.

Exercises 1. Estalishthe resut: Z(xJ x) 0, shown overkaf n 133.26) and usd n both (133.24) and(133.25).

2. Sarting from g(3,, ﬂl) Z[y Bo— Bix)]: derive he epresians br b, andb, given ovaleaf ; pagel319in
equaions(133.27) and '™ (133.25) — notethe lessconvenient afjeora omparedwith garting from g(a, ).

3. And appopriate seond partial delivativesof g(a, 8,) and ue them to $how tha the epresions (133.24) and
(133.25) corepand to aminimum (nat a maximum)).

Example13.3.1 Fora hvariatesanple datasd, auch as he ame with five obsevationsgivenat the X
right, it is convenient to poceed m the bllowing geps y
to find the e@hated eges®HN of ¥ on X. Y

$X; = 35, SXe =371 SXY = 268 127
Ty, = 30, Ty’ =208 (n=5
X=7 y=6

SSy = 268-35%x30/5 = 5,

SS = 371-3575 =126,

SS = 208-307/5=28;

hencethe estmaes d g, (the dope) and 53, (the
intercept) of the legies®n of ¥ onX are:
bl—— = 0460 37 460, b,=6-bx7 =27
so he gudion of he staght-linemodd is: 0 , , , , , , , -X
wy = 2.7+04603 = 6 +04603X — 7). o 2 4 6 8 W 12 M 16

A scdterdiagiam d the daa, with the esimated egies®n of ¥ on X syperimposel on t, is gven above a the iight.

NOTES 7. The burstes n the catuationsin Exanple 13.31 are:
o find the five rumeical dda simmarneszx;, X, >y, Xy’ andz Xy,
o find the o averggesx andy,
o find the three sums d squaesSS,y, SS, and S§
o find b, andb,.

8. e @n ug the edmaed egeson of ¥ on X to ‘predct the edmaed \alue of he aeraye of¥ for a gven value
of X; for exanple, whenX =8, we esimae ¥(8) as: /1, (8) = 2.7+04603x8 £16.46.

o If the staight-line modd is a easnalte fit to the déa & mattertakenup ormally in Figure 1.9, ‘predctions
within the inteval o the dseved X valuesshaild be easnally acaurae; outside this irterval, esimaed
valuesof the aerage of ¥ shaild be teded with @uton, becau® thee is no brgeremyprical evidencethat
the graight-line relationshipholds between the aeraye of¥ andX — the greater the cegee & extrgpdation, the
greater shauld be te cattion.

5. Corrdation

Reall from Figure 93 in Part9 of STAT 220 ha thecarela ZX /e (ZXJ)(ZV)/ n
tion coeficiert of a ®t d bivariatedaa, (x;, y), j=1 2 ..... n r= —/—— = = (133.)
is gven by the expresion (133.2) at the iight; in the rota \/[ZX2 (ZX,)/n][Zy (Zy)/n]
tion ofthis Figurg this expresion can ke written a5 133.33). s,
As an illustrdgion, for the catase of five _ 58 _ r= ——=>— - (133.3
obsevationsin Exanple 13.31, we have = Taw28 ~ 0.9% 481 ISS*S§

(continued)
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Figure13.3. SIMPLE LINEAR REGRESSION: The Method of Least Squares (continued 2)

NOTES 9. Avalue dose o 1 for the arrelaton odficent in this instanceeminds us ha, for small daa sts,thee an e a
high @rrelaton eenwhen tee is a mticable cepature fiom peried linearity of the pints — bk bad dso at
Figures94, 95 and 96 d the STAT 220 Caurse Materals.

10. In the onextof draight lines fitedto bivariatedaa by the meéhod d leastsquaes,it seens b be nore wsud to
refer to the tomrdatiori ratter tran he tordation odficient

11. We red r again dthoudh with a smewvhat dfferent méhod d calcuation in on pagel332 in Fgure 3.5

12. Usingexpesins (133.3) ovaleaf o page319 for b, and(133.33) akovefor r, we dotain equaion (133.34) at the
right; althoudh this epresion is ot
usualy a wsdul way d calulating b, b, = SSy oSSy /SS//(n -9 o0 F— (133.3%)
it shows et the dope of the estated S&  /SSxS§VSS/n-) TS
regres®n of ¥ onX is the orrelaton times the atio of the y
standad ceviationsof y and x— the Ine whoseslgpe B this 12
retio of dandad deviationsis omdimes caktdthes.d line

o Forthe datasd of five dosevationsin Exanple 13.31,
the sater diagiam, with the esimaed eges®n of ¥
on X and the sd. line ([dashel) sypeimposal on i, is
shavn & the iight — the two ines intesed at (X, V),
called tre pant of aveages

6. Finding the Estimated Regression of X on¥

Anotherline d‘bestfit to a £t d bivariatesanple catais dotainedby 0 —T— T T T T T —1=X
minimizing the sum of he guaedhaizamtal distance®f the mints from
the ing to gve the estimatkd egiesfon o X on¥. The heory as®dated

with this case $ the sameas hat for the esimated eges®on of ¥ on X ex K=ty e (133.%)
cef that x and y ae interchagedin eacth expresion; we theefore dotain w=o+hly-y) - (133.%)
the resits given at the ight, which corespond to gudions 13312, S=hthy e (133.37)
(13313, (1331) and(133.3). . S8,y
X% 8755 L (133.3)
The expresions (133.32) and(133.33) for r on the fadng pagel320 ae g,=d-gy=X-gy

symneficalin X and y and s do not charge br the reges#on of X on¥ —
lookedat anather way, the ©rrelaton of y and x s the sameas he orrelaton of x and y

Correponding b equaion (133.34), we have g, = rx % 20 that: é = %x %; ----- (133.9)
i.e, when ve epres the @udion of he esmaed eges#on of X on¥ in the brmy=f(x) inseadof x=g(y), its dope is
greater than ha of the sd. lineby a fidor of 1/r; this nears tha a <dterdiagam ontining the tree ines would show the
regres#on of ¥ on X with a $ope lessthan ha of the sd. line by a fidor of r and the eges®on of X on¥ with a $ope greater
than ha of the sd. lineby a fdor of 1/r.

y
As an illustrdion, for the datase of five dosevationsin Exanrple 13.31, we 14
have: 0= 50 =207%2 857 g,=7-gx6=-5428571
so ha the @udion is: X = —54286+2.074y
=7+ 2.074(y - 6),
equivalent ta ey = 2.6207+ 0.4828X.

A scdter diagiam d the d#a, with the esimated eges®on of ¥ onX
(lakelled y on X), the sd. line (dashel) and the eshaed eges®on of
X on¥ (labelled X on y) superimposeal on t, is gven at he ight; the
threelines nteset at (X, y), the mint of averaes.

NOTES 13 Althoudh the two esinaed eges®n lines ae \ery similar

in this instancebecauser is dose © 1), they are notthe same ing; this eminds us ha, in genea:

e the wsud desgnaion of he eges®on of ¥ onX (basedon minimizing squares of vetical distancésas he
ine d best fit to a ®t d bivariate dda is @ntingenton te matterof interest keing the behaiour o the
awerage of ¥ condtional on the valie ofX;

e in real gudions it is important to deide wrredly whichvariade hauld be dentfied as he respae variate
and vhichas heexplanapry variate

(continved weled)
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NOTES 14. The sd. line hasthe following properiesof interest
(cont) e It is the Ine of ‘best fit obtainedby minimizing the sjuaesof the papendcular distance®f the mints from
the line — the sd. line thus nvdvesX and¥ equvalenty, rather than @s n the two eges#ons) @nsdering
onevarialde as arespms to the oher
e If the bivariatenomal distibuion is an gppropriatedesciption of the joint distibuton of ¥ andX, the doud
of points a the saterdiagam will lie manly in an dlipticalregion of whichthe sd. lineis the mgor axis;
- For sub a ougly dliptical cloud d points n a sater diagam, the sd. ine hasmoreintuitive gpeal
visualy as he Ine of ‘best fit than does thesgesson of ¥ onX (or of X on¥).
- If a caterdiagam B dravn with ane s$andad deviation of X and & ¥ ocaupying the samedistanceon its
vetticaland hoizontal axes
o the sd.linehasslope 1 o the reges®n of ¥ on X hasslope 1, o the reges®on of X on¥ hasslope ¥.
- When hek is no inear elatbnshipbeween X and¥ (.e, when r=0), the mints d a bivariatenomal st
ter dagramlie in a 1oudly circular (na dliptica) region and the egesson of ¥ onX s ahari zantal line.
- When hee is apefectpositive a negative orrelatbn {.e., when the ragntude d r is J, the eges#on of
¥ on X, the eges®on of X onY, and the 4. line arecoircident

15. When nvestgatirg X-¥ rdationshifs in the ontext of this Fgure 13.3,'strergth of relationship i nvdvestwo maters:

o how wdl the nodel fitsthe data— we wsudly regad an X-¥ rdationshipas strorgefwhen the pints genedly lie

#1322

clogr to the ine (when hecarelation is doser © 1in magntudg [but recall Note7 near the ottom d pagel32d;
e the magntude d (the esimae o) B, — we wsudly regad asteeper slope & indicding a'‘stronge’ X-¥ rdationship

How orrelaton and dope ae rdated 5 dsaussd in Sedion 8 in Agure 93 d the STAT 220 Cairse Mateials.

7. The Regression Effect and the Regression Fallacy
The datase whichfirst caverise b Galton's uise d the erm'regres#n had threechaacteistics:

(1) one ariabe childrers height — cur ¥) wasclealy arespmse to the oherexplandory variable (parentsheight — aur X); it
it theefore £emednaturd’ to examne he kehaiour o ¥ — for exanple, ts arerge —condtional on a siccesson of sngle
(ot in prac- ticg narow intevals d) X values;

(2 the aerae epeded brY, whenX wasin a rarrow inteval, was knowri— in Galton's ase childrenwere epeded b
deviate from thar overd averaye ty the sameanourt (i.e, the samenumber d standad deviationg as her parents

(3 asatterdiagmam d the ppuation¥ andX valuesshaved a rouchly dliptical cloud d points © tha a hivariate nommal
distibution wasa reasnalte model for the joint distiibuion of ¥ andX in the pppuation; the maginal nommal modds for
the histggrams d ¥ andX individually could be onsderedto hare the samemean andhe samestandad deviation —i.e,
the Hstayrans of parent$ heights and clidrers heights were essentially identical

What Galton fourd, gpaenty to his surprise was ha, on areraye children deviate from average lessthan her parents —
parentstaler tran aerge end to hee dildrentdler tran aergie ut not by & nuch (in terns of sandard deviatior) as
themsdves and amilarly, parents forter than aeraje £nd to hee dildrenwho are slorterthan aerage tut ayain by less
than tdr paents(in terms d standad deviatior). This finding was Galtan's ‘regres#n to mediocrity’ (a ©mevhat unbrtunae
chdce of words in light of the curent regatve cmnnataion of'medioaity’), and t is the kass of wha is now clled tre
regresion dfect Unfortunaely, thee is nore to a poper wnderstandig d this phenomeno than its snple begiming mght
suwygest; akey distindion is etween wha the eges$on effed entais for groups of dements anddr individuals.

We @an purste this dsaus$on usng the fatherson and notherdauditer haght data published ty Pearson in D03 even
thouch the ndiidual dda gpaenty no longer exist Relevent simmaries for the 1078 fatrerson pairs ae slown on he
facing pagel323.

from our perspedive, Galton's finding is a efledion of he fd tha, when hee is varation in¥ for givenX, the egesion
of ¥ on X [which is basedon regading ¥ ascondtional on X and hence minimizing the sim of he gjuaedvetical distances
of the mints from the Ind has a pe mly r imesthe dope of the sd. line This is row known & the regresian efect and
inferiing in a‘testretestsituaion tha its ocoaur- rence demonstates the dfed of an (importan) exgandory varate is
somemescalled the regresian fallacy.

Taken n isdation, ‘regresson to mediocrity’ i mpliesthat the dstibuion of sonsheights feponsevariate¥) hasa smdler stan
dard deviation than the ditibution of fatrers' heights gxgdandory variate X), but tHs is notthe ase

* the wo seindad deviationshave essatiudly the samevalue @hbout2.5inchey AND:

* the haizatal stiip of the gdterdiagam ©nfining ©nsheights between (sg) 71% and 72% nhches ha mudch the same
distibuton as he vatical stip containing fahers in this reight rarge however the najaity of the brmer ae not the
offspring d the htter

Thus, Gaton's ‘regreson to mediocrity’is aly a partial (@andpossbly misleading) Answerfrom examiing the dter diagam
to the Questbn alput the fatherson teight relatbnship it reminds s tha the way a Queston is psel [as h the haurd’
appoad of () abovd may mnpromise he Arswer

continued)
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Figure13.3. SIMPLE LINEAR REGRESSION: The Method of Least Squares (continued 3)

NOTES 16. Attaching the nameaegresian dfectto the fid tha the eges#on of ¥ on X hasa aly r timesthe dope of the
sd. inecan dsare tvo points:

e when hee is variation in the valiesof ¥ for a gven value of X, the bssdeviant avergye of¥ from its aver
agethan d X from its average is a inherent property underthe graight-line modd and can le cemmsated
algebracally;

e the rame bauld not be Bken & implying tha ‘regres#r produces acharge in the vaiation in¥ — for
exanple, t is not decreasd — and this @an @ainbe emamstaed dgebracally.

17 Although the maginal nomal modds for the Hstagrans o ¥ andX in Galton's datacould be onsdered to
hare he samemean andhe samestandad deviation this isnot required for the reges#n effed to ocaur; the

avaage leight of children may charge ova geneations— for insance it may increaseunde the nfluene o
improved nutition

Ore rationaization of he eges#on effed in datasds with chaacteistics ike Galton's is he bllowing For popuations
that maintan thenselves by eprodudion, it is presumally necessary to keep the variation in a tait like body sze relatiely
stabé over mary geneations; this could be aconplished ly ether.

e having dfspring be exad copes of thar parents n the tait — dl points wauld then le an the sd. ine and hee would be
no mecharsm br variation © act from genedion b genesdtion; OR
e allowing for variation in the tait among dfspring d parents who hae the samevalue of he tait, and maintaning gability

in the dstibuton of the tait from geneaion b geneaion by the eges#on effed, with its conpensdory movements
towards and avay from the aeraye anong dfspring

There ae pesmally evoutionary advantgesin the usualstae d affairs in rature keingthe seond possbility, with its role
for variation across gneaions— unlike the first psdility, thee is charge from genedion © geneation & to whose df-
spring ccaupy the caegoriesddined by dff erent magntudes é the tait, desite the sability of the vaiation inY-
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