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Figure 13.3. SIMPLE LINEAR REGRESSION: The Method of Least Squ are s

Our main con cer nin this Fig ure 13. 3is the method of le ast squ ares – we use it to find the straig ht lin eof best fit to a set of
bivariat edata . [A moreev oca tivename for the process wou ld be the method ofmi nimum squ are ddevi ations].

1. The Re sponden t Po pulat ion Re gre ssion of Y− on X−
Our first model con sid ers the respons eY− of respondent popula t ion ele ment i to be made up of astraigh t-lin edependen ceon

the value of exp lanato ry variat eX− fo r elem e n ti plu snoise [devi ation fr om this (st r aight-lin e) dependenc e] – see equ ation (13.3.1).

• This ‘model’ hasnothing to do wit h probability – it is just a usef ul way of think-
ing about how the value arises for a respondent popula t ion ele ment respons e.

• The noi se component in (13.3.1) in refer red to as aresi dua l and is den oted−R i.

• The popula t ion size(i.e., its number of ele ments) is den oted−N – see equ ation
(13.3.2).

• Y−i in the model (13.3.1) can also be writt en as Y−i(X− i) as an exp licit rem inde rof
it s (s traig ht-lin e) dependenc eon X− i – see equ ation (13.3.5).

A respondent popula t ion attr ibute is regY
−−, theaver age of Y− un d er

the straig ht-lin edependenc eon X− – this lin e is equation (13.3.3).

• regY
−− is a cur iou s popula t ion attribute – it is an idea lization (o r

‘l i neariz ation’) of the tre n din the ave r age ofY− fo r rang es of X−
value s , il lust r ated by the lin es joi ning the circle s ,and their ideal-
ized straig ht lin e in long dashes, in the scatt e rdiag ram at the rig ht.
−− If we refer to regY

−− as an ‘att rib u t e,’ then−B0 and−B1 sh oul d be
subatt rib u t es, but the prefix sub is usually omitt e d.

• In the con tex t of thes eCourse Mat e ria ls , it is unde rstood that
the model (13.3.3) woul d be fitt e dto the respondent popula t ion
re spons evalue sby the method of le ast squ ares and the fitt e d
model is refer red to as theregr essi on of Y− onX−.
−− St rictly, (13.3.3) is the resp onden t popu lation regres sio n of Y−

on X− and(13.3.1 2) ov erleaf is themodel regres sio n of Y− on X−.

• Theor dinate of the poi nt on the reg res sio n li ne (i.e., theva lueof
regY
−−) at X− =X− i is den oted regY

−−i(X− i) – see equ ation (13.3.4); if
there is no amb iguity, this may be sho rtene dto regY

−−i

• The(popula t ion) residu al −R i is the differenc ebetween theactual
value ofY− and its model average when X− =X− i, as shown in
equation (13.3.5),

• Equation (13.3.3) can also be writt en in thece ntredfo rm (13.3.6); we do so for two rea son s:
−− algebraic conve n ienc ein lea stsqu are sde riv ation s, due to the fact that, ove r thesa m p le: Σ(xj−x−) ≡ 0 [equation (13.3.26)];
−− there are dat asets (us u ally inv olv ing X− value sfar fr om the origi n, such as years AD) whe re theY−-in tercept −B0 is of lit tle

in terest and, ins tea d, −A of the cent red for mis the relev a n tre spondent popula t ion attribute.
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X−

Y−

Y−i = −B0 +−B1X− i +−R i

i =1, 2, .....,−N

regY
−− = −B0 +−B1X−

regY
−−i(X− i) = −B0 +−B1X− i

−R i = Y−i(X− i) − regY
−−i(X− i)

regY
−− = −A+−B1(X− −X−−)

−A = −B0 +−B1X
−−

-----(13.3.1)

-----(13.3.2)

-----(13.3.3)

-----(13.3.4)

-----(13.3.5)

-----(13.3.6)

-----(13.3.7)

Tw o re aso ns why straig ht lin es (or more gen eral equ ation s) are fitt e dto bi-(or mul t i-)variat edata are:

* to see if the re is a rela t ion s hipbetween Y− andX−, what fo rm it has and, perhaps,wh yit has this for m;

* to use the equ ation as a conve n ient summar y of a bi-(or mul t i-)variat edata set, perhaps so we can calcula te (or ‘predict’)
the ave r age ofY− fo r so m especifie d X− (o r thechange in the ave r age ofY− co rre sponding to a change inX−).

Fo r in stanc e: . a chemical pla n tma n age rmay wis h to model produ ct yield in ter ms of a process variable(s) that can be set to
optimize the yield;

. a personnel manage r or unive rsity regis trar may try to pre dict the likely success of job or unive rsity appli -
cants in ter ms of an availa ble mea s ure(s) of previous per for manc e;

. a biologi st or psychologi st may try to model the beh aviour of an organism or anima l in ter ms of a charact e r-
is ti c(s) whi c hcan be mea s ure d;

. a poli tical scie n tis t may want to rela te the outco m eof an ele ction to a charact e ris ti c(s) of the candidates and
the ele ction campaig n;

. a stockbroke r woul d li ke to be able to pre dict the beh aviour of the stock marke t in ter ms of an availa ble
perfor manc ein d i c at or(s) .
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2. The Model Re gre ssion of Y− on X−
In mos tinve s tig a t i ng, the re is acces sto only a sa m p leof respondent popula t ion ele ments and an Answe rto a Que s tion must

be base don a sample es tim ate of the value of the respondent popula t ion attribute of int e rest; assessing how clo se such an
estim ate is likely to be to thetruevalue is usually base don amodel fo r repeated selecting and measuring.
The model forYj is giv en in equ ation (13.3.8).

• Yj is ara n dom variablewhos edist rib u tio n repre sents the pos sib le value sof the
mea s ure d re spons evariat eY− fo r the jth ele ment in the sample of n ele ments
sele cted equ iprobably from the respondent popula t ion, if the selecting and
mea s uring processes were to be repeated ove rand ove r.
−− St rictly, only a knownsele cting probability is needed but we confin eou r

att entio n to the sim p ler case of eq ual sele cting probabilit ies.
−− The model parametersβ 0 andβ1 repre sent the respondent popula t ion attri-

butes −B0 and−B1.
−− The model (13.3.8) take sno accou nt of the finit e si ze (−N elem e n t s) of the

re spondent popula t ion – that is, it assumes−N >> n.
−− The model (13.3.8) can also be writt en in its cent red for m(13.3.1 0).

Yj = β 0+β1xj +Rj

j =1, 2, .....,n

Yj = α +β1(xj −x−) +Rj

α = β 0+β1x−

µY = β 0+β1x

µY = α +β1(x−x−)

µY(xj) = β 0+β1xj

rj =yj −µY(xj)

yj = β 0+β1xj +rj

-----(13.3.8)

-----(13.3.9)

----(13.3.1 0)

----(13.3.11)

----(13.3.1 2)

----(13.3.1 3)

----(13.3.1 4)

----(13.3.1 5)

----(13.3.1 6)

• The equ ation of the straig ht lin erepre sent e dby the structur al component
of the model (13.3.8) is giv en in (13.3.1 2).
−− Equation (13.3.1 2) is , st rictly, themodel regres sio n of Y− onX−, but the adj ectiv e model is usually omitt e d.
−− Equation (13.3.1 2) can also be writt en in ce ntredfo rm (13.3.1 3).

• Theor dinate of the poi nt on the reg res sio n li ne at X− = xj is den otedµY(xj) – see equ ation (13.3.1 4); it den otes themeanof Yj

whenX− = xj and it repre sents the respondent popula t ion attributeregY
−−i(X− i) ≡ regY

−−i.

• Sup pos ewe hav e a sa m p leof bivariat e value s(xj, yj), j =1, 2, ..... n, from
which we wis h to es tim ate the reg res sio n of Y− on X−; the diag ram at the
right shows the reg res sio n of Y− on X− writ ten in cent red for m (13.3.1 3) and a
typi c a lpoin t with coordin ate value s(xj,yj).
−− The poi nt on the lin e at the same value of X− is [xj, µY(xj)] – see equ a-

tion (13.3.1 4);
−− as shown in equ ation (13.3.1 5), the ver tical dist anc eof the poi nt from the

li ne is the(r ealized) resi dua l rj;
++ rj occurs in equ ation (13.3.1 6) as the value of the random variable Rj of

equation (13.3.8).
−− Thees tim atedregres sio n of Y− onX− (o r the estim ated lea stsqu are sli ne) is the one whi c hmi nimizes the sum of thesample

of n square d(r ealized) resi dua ls – i.e., of the nrj2.

X−

Y−

(xj,yj)

xj

yj

rj

µY = α +β1(x−x−)

µY(xj)

•

3. The Est imated Re gre ssion of Y− on X−
In an inv estig a t ion, aparticular sample is selected which provi des the data .

• In this Fig ure 13. 3,we den ote the sample of biv ariat edata by (xj, yj), j =1, 2,
..... n; we use thes edata to evaluate b0 and b1, the es tim ates of the model
parametersβ 0 andβ1.
−− Elsewhere, the estim ates b0 andb1 may be den otedβ 0̂ andβ1̂.
−− The use of roman letters for j and y for the data, compare dwith itali cs for

model value s , reminds us the data is the re al world, the model is an
idea lization; it is the inv estig a tors’ responsib i lity to ens urethere is a basis
fo r assuming rea son able equ ivalenc eof real-world and model quantit ies.

• Corresponding to equ ation (13.3.1 6), we hav eequation (13.3.1 7); the change
fr om model parameters to their estim ates means that the last ter mon the rig ht-hand sid e is now thees tim atedre sidu al rĵ;
−− the cent red for mis equation (13.3.1 8).

• The equ ation of the straig ht lin ewe call thees tim atedregres sio n of Y− onX− is writt en as (13.3.20);
−− it s cent red for mis equation (13.3.21).

• The ordin ate of the poi nt on thees tim atedregres sio n li ne at x= xj is den oted µ̂Y(xj) and is giv en by equ ation (13.3.22);
−− it s cent red for mis equation (13.3.23);
−− the not ation rem inds us that µ̂Y(xj) is thees tim ateof the model quantity µY(xj) of equ ation (13.3.1 4);
−− µ̂Y(xj) can also be den oted regy−j(xj) (or eve n regy−j), depending on con tex t– for exa mple, see Fig ure 13. 5.
−− Elsewhere, you may see the not ation yĵ [o r yĵ(xj)] for the value of yon the fitt e dli ne when x= xj; you may then see the

equation of the lin e writ ten as: ŷ= b0+b1x (or eve nas: y =b0 + b1x) . A rea son to av oid this not ation is its lack of em-

yj = b0 +b1xj + rĵ

yj = a+b1(xj −x−) + rĵ

a =b0 +b1x−

regy− = b0 +b1x

regy− = a+b1(x−x−)

µ̂Y(xj) = b0 +b1xj

µ̂Y(xj) = a+b1(xj −x−)

-----(13.3.1 7)

-----(13.3.1 8)

-----(13.3.1 9)

-----(13.3.20)

-----(13.3.21)

-----(13.3.22)

-----(13.3.23)
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Figure 13.3. SIMPLE LINEAR REGRESSION: The Method of Least Squ are s (c o ntinue d 1)

−− phasis on the equ ation sof reg res sio n models as statements about theaver ageof Y−.

NO TE: 1. To assis t with learning
the not ation we use to
ma int ain dis tin ction s
among the responent
popula t ion, the model
model and the sample,
a sum mar y of key
equation sfr om the pre -
ceding three section sis
give nin Table 13. 3.1 at the rig ht above.

Ta ble 13.3.1 RESPONDENT MODE L DATA
POPULATION fo r repeated selecting

and measuring
fr om the sample
(The real world)

Re spons e:

Re gre ssi on lin e: regY
−− = −B0 +−B1X−

Ordinate of poi nt on lin e: regY
−−i(X− i) or regY

−−i

In cent red for m: −B0 = −A−−B1X
−−

Y−i = −B0 +−B1X− i +−R i

Yj = β 0+β1xj +Rj

yj = β 0+β1xj + rj

µY = β 0+β1x

µY(xj)

β 0 = α −β1x−

yj = b0 +b1xj + rĵ

regy− = b0 +b1x

µ̂Y(xj) or regy−j(xj) or regy−j

b0 = a− b1x−

4. Finding the Est imate d Re gre ssion of Y− on X−
Sup pos ewe hav ea sa m p leof bivariat eobs ervation s(xj, yj), j =1, 2, ..... n, from whi c hwe wis h to es tim ate the reg res sio n of

Y− onX−. The diag ram at the rig ht shows this lin eand a typical data poi nt (xj, yj);
the poi nt on the lin eat the same value of x is [xj, µ̂Y(xj)] ;
the ver tical dist anc eof the poi nt from the lin e is thees tim ated res idu al rĵ = yj − µ̂Y(xj);
the lea stsqu are s li ne (or the estim ated reg res sio n of Y− onX−) is the one whi c h
mi nimizes the sum of then square dresi dua ls rj2.

We write: g(α, β1) = Σ
j =1

n
rj2 = Σ

j =1

n
[yj −µY(xj)]

2 = Σ
j =1

n
[yj − α −β1(xj −x−)]2;

to find the lea stsqu are sestim ates, a andb1, of α andβ1, differentiat eg(α, β1) wit h
re spect to α and wit h re spect to β1, set the res ulting par tia l de riv ative expre ssi ons
to zero, and sol ve for a andb1.

Then: ∂g
∂α = −2Σ

j =1

n
[yj −α −β1(xj −x−)] , which is zero when: Σ

j =1

n
[yj − a− b1(xj −x−)] = 0,

y

x

(xj, yj)

xj

yj

rĵ

regy− = a+b1(x−x−)

µ̂Y(xj)

•

i.e., Σ
j =1

n
yj − na− b1Σ

j =1

n
(xj −x−) = 0, i.e., Σ

j =1

n
yj − na =0 or: a= 1

nΣ
j =1

n
yj = y−. -----(13.3.24)

Also: ∂g
∂β1

= −2Σ
j =1

n
[yj −α −β1(xj − x−)](xj − x−), whi c his zero when: Σ

j =1

n
[yj − a− b1(xj − x−)](xj − x−) = 0;

i.e., Σ
j =1

n
(yj − y−)(xj − x−) − b1Σ

j =1

n
(xj − x−)2 = 0, or: b1 =

Σ
j =1

n
(yj − y)(xj − x)

Σ
j =1

n
(xj − x)2

≡
Σ
j =1

n
yj(xj − x)

Σ
j =1

n
(xj − x)2

≡
Σ
j =1

n
xj(yj − y)

Σ
j =1

n
(xj − x)2

; -----(13.3.25)

the three expre ssi ons for b1 are equ ivalent becau se: Σ
j =1

n
y−(xj − x−) = y−Σ

j =1

n
(xj − x−) ≡ 0; sim ilarly Σ

j =1

n
x−(yj − y−) ≡ 0. -----(13.3.26)

0

Also: b0 = a− b1x− and the estim ated reg res sio n of Y− onX− is: regy− = b0 +b1xj = a+b1(xj − x−). -----(13.3.27)

To sys tem atize the calcula t ion sof the value sof b0 andb1, we defi ne three ‘sums of squ ares’:

SSxy = Σ
j =1

n
(xj − x−)(yj − y−) ≡ Σ

j =1

n
(yj − y−)(xj − x−) = Σ

j =1

n
xjyj − (Σ

j =1

n
xj)(Σ

j =1

n
yj)/n = Σ

j =1

n
xjyj − nx−y−, -----(13.3.28)

SSx = Σ
j =1

n
(xj − x−)2 = Σ

j =1

n
xj

2 − (Σ
j =1

n
xj)2/n = Σ

j =1

n
xj

2 − nx−2, -----(13.3.29)

SSy = Σ
j =1

n
(yj − y−)2 = Σ

j =1

n
yj

2 − (Σ
j =1

n
yj)

2/n = Σ
j =1

n
yj

2 − ny−2; -----(13.3.30)

we then write: a= y−, b1 =
SSxy

SSx
, b0 = a− b1x− = y−− b1x−. -----(13.3.31)

NO TES: 2. Throu ghout this Fig ure 13. 3,(lowe rca s e) ro man le tters hav ebeen used to den ote sample x and y value s ,becaus e
ou rprim ary con cer nis wit h the met hod of lea stsqu are s; statis ti c a lconsid eration s(s uch as dis tributio nal assump -
tion sand the method of selecting the sample) , ne e ded to assess the pre c isi on of sample estim ates of respondent
popula t ion attributes, are dis cus s ed in Fig ure 13.7.

3. In the derivation sgive nabov eof the res ult s (13.3.24) and(13.3.25), not e that the variablesareα andβ1 and the
consta ntsare x and y (the dat avalue s) – this is theopp osi te of the not ation we are accustome dto from calculu s
courses, for ins tanc e.

4. In the diag ram at the rig ht above, the poi nt (xj, yj) is shown above the lin eand so its estim ated residu al is posi tive;
if a poi nt is belo w the lin e, its estim ated residu al is nega tive.
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NO TES: 5.
(c o nt.)

Of the three alge brai cally equivalent expre ssi ons (13.3.25) fo r b1 (o verleaf on pag e13.1 9), the sta tis tically us eful
on eis the secon d– it showns that, in a lin ear reg res sio n cont ext whe re the xs are consid ere dgi venvalue s ,b1 is a
li near combi nation of the ys. This provi des a basis for usi ngthe pro per tie sof random variable s(fr om probability
theory) to dev elo p st atis ti c a ltheory for assessing the beh aviour of B1 orβ1̃(the random variable cor responding the
b1orβ 0̂) as an estim ato r of β1 – for exa mple, see Section 5 on pag es 13. 2and 13.43 in Fig ure 13.7.

6. The three ‘sums of squ are s’ expre ssi ons(13.3.28) to (13.3.30) ov erleaf are useful for hand calcula t ion and learning
the idea sbut they inv olve subtracting two numbers that may be large and nearly equ al and so their differenc emay
have unaccep table num erical inaccur acy. For automat e dcalcula t ion, par ticularly for large dat asets, a more accur ate
proces sis to calcula te the ave r age, subtract it from each obs ervation and then add the squ are sof thes edifferenc es.
REFERENCE: Chan,T.F., Golub , G.H. and R.J. LeVeque: Alg orithms for Computing the Sample Varia n ce: Analys is and
Re com mendation s. The America nSt atist i cia n 37 (#3), 242-247(1983). Stable URL: http: //www.jsto r.org/st able/2683386.

Exer cises: 1. Est ablis h the res ult : Σ
j =1

n
(xj −x−) ≡ 0, shown ove r leaf in (13.3.26) and used in bot h(13.3.24) and(13.3.25).

2. Starting from g(β0, β1) = Σ
j =1

n

[yj − β0 − β1xj)]
2, der ive the expre ssi ons for b0 andb1 give nov erleaf on pag e13.1 9 in

equation s(13.3.27) and (13.3.25) – not ethe lessconv enient algebra compare dwith starting from g(α,β1).

3. Fin d ap pro priat ese con d partia l de riv ative sof g(α,β1) and use them to show that the expre ssi ons (13.3.24) and
(13 .3. 25) co rre spond to ami nimum (n ot amaximum).

Example 13.3.1: Fo ra biv ariat esample dat aset, such as the one wit h fiv e obs ervation sgive nat the
right, it is conve n ient to proceed in the fol low ing steps
to find the estim ated reg res sio n of Y− onX−.

Σxj = 35, Σxj
2 = 371; Σxj yj = 268;

Σyj = 30, Σyj
2 = 208; (n =5)

x− = 7, y− = 6,
SSxy = 268− 35×30/5 = 58,
SSx = 371− 352/5 =126,
SSy = 208− 302/5 = 28;

henc e, the estim ates of β1 (the slo pe) and β0 (the
in tercept) of the reg res sio n of Y− onX− are:

b1 = 58
126 = 0.460 317 460, b0 = 6 − b1×7 = 2.7

.
;

so the equ ation of the straig ht-lin emodel is:
regy− = 2.7

.
+0.4603x = 6 +0.4603(x − 7).

x 1 3 6 10 15

y 3 5 5  7 10

12

10

8

6

4

2

0
0 2 4 6 8 10 12 14 16

x

y

•

• •

•

•

regy− =2.7
.
+0.4603x

A scatt e rdiag ram of the data, wit h the estim ated reg res sio n of Y− onX− superimpos ed on it, is giv en above at the rig ht.

NO TES: 7. The fou rst eps in the calcula t ion sin Example 13. 3.1 are:

• fin d the five num erical data sum marie sΣxj, Σxj
2, Σyj, Σyj

2 andΣxj yj;

• fin d the two ave r age sx− and y−;

• fin d the three ‘sums of squ are s’ SSxy, SSx and SSy;

• fin d b1 andb0.

8. We can use the estim ated reg res sio n of Y− onX− to ‘predict’ the estim ated value of the ave r age ofY− fo r a giv en value
of X−; for exa mple, whenX− = 8, we estim ate regY−−(8) as: µ̂Y(8) = 2.7

.
+ 0.4603×8 −−∼ 6.46.

• If the straig ht-lin emodel is a rea son able fit to the data (a matt e rtake nup for mally in Fig ure 13. 5), ‘prediction s’
within the int e rval of the obs erved X− value ssh oul d be rea son ably accur ate; ou tsi de this inter val, estim ated
value sof the ave r age ofY− sh oul d be tre ated with cau tio n, becau se the re is no longe rem pir ical ev idenc ethat
the straig ht-lin erela t ion s hipholds bet ween the ave r age ofY− andX− – thegr eater the deg ree of ext r apola t ion, the
gr eater sh oul d be the cautio n.

5. Cor relation
Re call from Fig ure 9.3 in Par t9 of STAT 220 that thecorrel a-

tion coeffici ent of a set of biv ariat edata, (xj, yj), j =1, 2, ..... n,
is giv en by the expre ssi on (13.3.32) at the rig ht; in the not a-
tion of this Figure, this expre ssi on can be writt en as (13.3.33).
As an illust r ation, for the dat aset of five
obs ervation sin Example 13. 3.1, we hav e:

r =
Σ
j =1

n
x jyj − (Σ

j =1

n
x j)(Σ

j =1

n
yj)/n

[Σ
j =1

n
x2

j − (Σ
j =1

n
x j)

2/n][Σ
j =1

n
y2

j − (Σ
j =1

n
yj)

2/n]
-----(13.3.32)

r = 58
126×28

= 0.976 481.
r =

SSxy

SSx×SSy
-----(13.3.33)

√

√
√
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Figure 13.3. SIMPLE LINEAR REGRESSION: The Method of Least Squ are s (c o ntinue d 2)

NO TES: 9. A value clo se to 1  for the cor rela t ion coeffic ent in this inst anc ereminds us that, for sma l l data set s ,there can be a
high cor rela t ion eve nwhen the re is a noticable dep arture from per fect lin earity of the poi nts – look back als o at
Figure s9.4, 9.5 and 9.6 of the STAT 220 Course Mat e ria ls.

10 . In the con tex tof straig ht lin es fitt e dto biv ariat edata by the method of lea stsqu are s ,it seems to be more usual to
refe r to the ‘co rrela t ion’ rat her than the ‘co rrela t ion coefficie n t’.

11 . We meet r aga in, alt hou gh wit h a somewhat different method of calcula t ion, in on pag e13.32 in Fig ure 13. 5.

12. Usi ngex pre ssi ons(13.3.31) ov erleaf on pag e3.19 for b1 and(13.3.33) abov efo r r, we obtain equ ation (13.3.34) at the
right; althou gh this expre ssi on is not
us u ally a useful way of ca lcu lating b1,
it shows that the slo pe of the estim ated
regres sio n of Y− onX− is the cor rela t ion times the ratio of the
st andard dev iation sof y and x– the lin e whos esl ope is this
ratio of standard dev iation sis sometimes calledth es. d. lin e.

• Fo r the dat aset of five obs ervation s in Example 13. 3.1,
the scatt e r diag ram , with the estim ated reg res sio n of Y−
on X− and the s.d. lin e (d ash ed) superimpos ed on it, is
sh own at the rig ht – the two lin es int e rse ct at (x−, y−),
called thepoin t of average s.

b1 =
SSxy

SSx
=

SSxy

SSx×SSy

SSy/(n −1)
SSx/(n −1)

= r × sy

sx
; -----(13.3.34)

√ √
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6. Finding the Est imate d Re gre ssion of X− on Y−
An othe rli ne of ‘best’ fi t to a set of biv ariat esample dat ais obtaine dby

minimizi ng the sum of the squ are dhorizonta l dist anc esof the poi nts from
the lin e, to giv e th ees tim ated reg res sion of X− onY−. The theor y associat e d
with this case is thesa m eas that for the estim ated reg res sio n of Y− onX− ex-
ce pt that x and y are int e rchange din each expre ssi on; we the refore obtain
the res ult s give n at the rig ht, whi c h co rre spond to equ ation s (13.3.1 2),
(13.3.1 3), (13.3.11) and(13.3.31).

The expre ssi ons(13.3.32) and(13.3.33) fo r r on the facing pag e13.20 are
symmetrica l in x and y and so do notchange for the reg res sio n of X− onY− –
looke dat another way, the cor rela t ion of y and x is thesa m eas the cor rela t ion of x and y.

Corresponding to equ ation (13.3.34), we hav e: g1 = r × sx
sy

, so that: 1
g1

= 1
r × sy

sx
; -----(13.3.39)

µX = γ0 +γ1y
µX = δ +γ1(y − y−)
δ = γ0 +γ1y−

d = x−, g1 =
SSxy

SSy

g0 = d− g1y
− = x− − g1y

−

-----(13.3.35)
-----(13.3.36)
-----(13.3.37)

-----(13.3.38)

i.e., when we expre ss the equ ation of the estim ated reg res sio n of X− onY− in the for m y = f(x) ins tea dof x = g(y), its slo pe is
gr eater than that of the s.d. lin eby a facto r of 1/r; this means that a scatt e rdiag ram con taining the three lin es wou ld show the
regres sio n of Y− onX− with a slo pe lessthan that of the s.d. lin eby a facto r of r and the reg res sio n of X− onY− with a slo pe gr eater
than that of the s.d. lin eby a facto r of 1/r.

As an illust r ation, for the dat aset of five obs ervation sin Example13. 3.1, we
have: g1 = 58

28 = 2.07 142 857
. .  . . . .

, g0 = 7− g1
× 6 = −5.428 571

. . . . ..
,

so that the equ ation is: regx− = −5.4286+2.0714y
= 7 + 2.0714(y − 6),

equivalent to: regy− = 2.6207+ 0.4828x.

A scatt e r diag ram of the data, wit h the estim ated reg res sio n of Y− onX−
(la bel led ‘y on x’) , the s.d. lin e (d ash ed) and the estim ated reg res sio n of
X− onY− (la bel led ‘x on y’) super impos ed on it, is giv en at the rig ht; the
thre eli nes int e rse ct at (x−, y−), the poi nt of ave r age s.
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y on x

x on y

NO TES: 13. Alt hou gh the two estim ated reg res sio n li nes are ver ysi milar
in this inst anc e(becaus er is clo se to 1), they arenot the same lin e; this rem inds us that, in gen eral:

• the usual desig n ation of the reg res sio n of Y− onX− (base don min imizi ng squares of vertical dist anc es) as the
li ne of best fit to a set of biv ariat edata is con tinge n ton the matt e rof interest bei ng the beh aviour of the
aver ageof Y− condit i onal on the value ofX−;

• in real situation s, it is impor tant to deci de cor rectly whi c hvariable shoul d be identifie d as the resp onse variat e
and whi c has theexplanator y variat e.
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NO TES:
(c o nt.)

14 . The s.d. lin eha sthe fol low ing pro per tie sof interest.

• It is the lin e of ‘best’ fi t obtaine dby minimizi ng the squ are sof theperpen dicular dist anc esof the poi nts from
the lin e – the s.d. lin e thus inv olvesX− andY− eq uiva len tly, rat her than (as in the two reg res sio ns) con sid ering
on evariable as aresp onse to the othe r.

• If the biv ariat eno rma l dist rib u tio n is an appro priat edes criptio n of the joi nt dist rib u tio n of Y− andX−, the cloud
of poi nts on the scatt e rdiag ram wil l li e ma inly in an ellip ti c a lregio n, of whi c hthe s.d. lin e is themajor axis;
−− Fo r su ch a rou ghly ellip ti c a l cl oud of poi nts on a scatt e r diag ram , the s.d. lin e ha smo rein tuitive appeal

vi sua lly as the lin eof ‘best’ fit t han does the reg res sio n of Y− onX− (o r of X− onY−).
−− If a scatt e rdiag ram is drawn with one standard dev iation ofX− and of Y− occupying thesa m edist anc eon its

ve rti c a land horizont alaxes:
the s.d. lin eha ssl ope 1, the reg res sio n of Y− onX− ha ssl ope r, the reg res sio n of X− onY− ha ssl ope 1/r.

−− When the re is no lin ear rela t ion s hipbetween X− andY− (i.e., when r= 0), the poi nts of a biv ariat eno rma lscat-
ter diagr amli e in a rou ghly ci rcu lar (n ot ellip ti c a l) regio nand the reg res sio n of Y− onX− s ahorizonta l li ne.

−− When the re is aperfec tposit ive or negative cor rela t ion (i.e., when the mag n itude of r is1), the reg res sio n of
Y− onX−, the reg res sio n of X− onY−, and the s.d. lin earecoi nci den t.

15. When inv estig a t i ng X−-Y− rela t ion s hips in the con tex tof this Fig ure 13. 3,‘stre ngt hof rel ationship’ i nv olvestwomatt e rs:

• how well the model fit s the dat a– we usually regard an X−-Y− rela t ion s hipas ‘st ronge r’when the poi nts gen erally lie
cl o ser to the lin e(w hen thecorrel ation is clo ser to1 in mag n itude) [but recall Not e7 near the bottom of pag e13.20];

• the mag n itude of (the estim ate of) β1 – we usually regard astee per sl ope as indicating a‘s trong er’ X−-Y− rela t ion s hip.
How cor rela t ion and slo pe are rela ted is dis cus s ed in Section 8 in Fig ure 9.3 of the STAT 220 Course Mat e ria ls.

7. The Reg ression Effect and the Reg ression Fallacy
The dat aset whi c hfirst gav erise to Galton’s use of the ter m‘r egres sio n’ had thre echaract e ris ti cs:

(1) one variable (chil dre n’s height – our Y−) wa scle arly a resp onse to the othe r‘e xplanato ry’ variable (pare n t s’ height – our X−); it
it the refore seeme d‘n atural’ to exa m ine the beh aviour of Y− – for exa mple, its ave r age –condit i onal on a successio n of single
(o r, in prac- tic e, nar row int e rvals of) X− value s;

(2) the ave r age expected for Y−, whenX− wa sin a nar row int e rval, was ‘know n’ –  in Galton’s case, chil dre n we re expected to
devi a te from their ove r all ave r age by thesa m eamou nt (i.e., thesa m enumber of standard dev iation s) as their parents;

(3) a scatt e rdiag ram of the popula t ionY− andX− value ssh owe d a rou ghly ellip ti c a l cl oud of poi nts so that a biv ariat eno rma l
dist rib u tio n wa sa rea son able model for the joi nt dist rib u tio n of Y− andX− in the popula t ion; themarginal no rma lmodels for
the his t ogr ams of Y− andX− in d ivi d ually cou ld be con sid ere dto have thesa m emean and thesa m est andard dev iation – i.e.,
the his t ogr ams of parents’ heights and chil dre n’s heights were essentia l ly identical.

What Galton fou nd, app are n tly to his surpris e, was that, on ave r age, chil dre n devi a te from ave r age less than their parents –
pare n t staller than ave r age tend to have chil dre n taller than ave r age but not by as much (in ter ms of standard dev iation) as
themselves and, sim ilarly, parents sho rter than ave r age tend to have chil dre n who are shor ter than ave r age but aga in by les s
than their parents(in ter ms of standard dev iation). This finding was Galton’s ‘regres sio n to mediocrity’ (a somewhat unfor tun ate
choic e of words in lig ht of the current negative connotation of‘m ediocrity’) , and it is the basis of what is now called the
regr essi on effec t. Un for tun ately, the re is more to a pro per unde rst anding of this phen omen on than its sim p le beginning mig ht
sugg est; akey dis tin ction is bet ween what the reg res sio n ef fect ent ails for groups of ele ments and for indivi d uals.

We can pursue this dis cus sio n using the fat her-son and mot he r-dau ght e rheig ht dat apublis hed by Pearson in 1903, eve n
thou gh the indivi d ual data app are n tly no longe r ex ist. Relev ent sum marie s fo r the 1,078 fat her-son pairs are show n on the
faci ng pag e13.23.

fr om our perspective, Galton’s finding is a reflection of the fact that, when the re is variation inY− fo r give nX−, the reg res sio n
of Y− onX− [w hich is base don regarding Y− ascondit i onal onX− and, henc e, min imizi ng the sum of the squ are dvertical dist anc es
of the poi nts from the lin e] has a slo pe only r tim e sthe slo pe of the s.d. lin e. This is now known as the regr essi on effec t, and
infer ring in a‘t est-ret est’ situation that its occur- renc e demons trates the effect of an (im por tant) ex pla n ato ry variat e is
so m etim e scalled the regr essi on falla cy.

Ta ken in isola t ion, ‘regres sio n to mediocrity’ implie sthat the dist rib u tio n of son s’ heights (re spons evariat eY−) ha sa sm aller st an-
dard dev iation than the dist rib u tio n of fat hers’ heights (ex pla n ato ry variat eX−), but this isnot the case:

* the two standard dev iation shave essentiu ally thesa m evalue (abou t2. 5in c h e s); AND:

* the horizonta l st rip of the scatt e r diag ram con taining son s’ heights bet ween (say) 71½ and 72½ inches has much thesa m e
dist rib u tio n as the vertical st rip con taining fathers in this height range; howeve r, the maj ority of the for mer are not the
offspring of the latt e r.

Thus, Galton’s ‘regres sio n to mediocrity’ i s only a partia l (a n dpossib ly misle ading )Answe rfr om exa m ining the scatt e rdiag ram
to the Que s tion abou t the fat her-son height rela t ion s hip; it rem inds us that the way a Que s tion is pos ed [as in the ‘natural’
ap proach of (1) above] may compromise the Answe r.
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Figure 13.3. SIMPLE LINEAR REGRESSION: The Method of Least Squ are s (c o ntinue d 3)

NO TES: 16 . At taching the nameregr essi on effec t to the fact that the reg res sio n of Y− onX− ha sa only r tim e sthe slo pe of the
s.d. lin ecan obs cure two poi nts:

• when the re is variation in the value sof Y− fo r a giv en value ofX−, the les sdevi ant ave r age ofY− fr om its ave r-
ag ethan of X− fr om its ave r age is an in her ent proper ty unde rthe straig ht-lin e model and can be dem ons tat e d
algebraically;

• the name shoul d not be taken as implyi ng that ‘regres sio n’ produ c es a change in the variation inY− – for
ex ample, it is not decrea s ed – and this can aga inbe dem ons trated alg ebraically.

17. Alt hou gh the marginal no rma l models for the his t ogr ams of Y− andX− in Galton’s dat acoul d be con sid ere d to
have thesa m emean and thesa m est andard dev iation, this isnot requ ire dfo r the reg res sio n ef fect to occur; the
av erage height of chil dre n may change ov er gen eration s– for ins tanc e, it may increa s eun d er the influe n ce of
im prove dnu t rit ion.

One ration a liz ation of the reg res sio n ef fect in dat asets wit h charact e ris ti cs like Galton’s is the fol low ing. For popula t ion s
that maint ain themselves by reprodu ction, it is pre sum ably necessar y to keep the variation in a trait like body size rela t ive ly
sta b leov er many gen eration s; this cou ld be accomplis hed by eit her:

• havi ng offspring be exact co pie sof their parents in the trait – all poi nts woul d then lie on thes.d. lin e and the re wou ld be
nome chanism for variation to act from gen eration to gen eration; OR

• allow ing for variation in the trait among offspring of parents who have thesa m evalue of the trait, and maint aining stability
in the dist rib u tio n of the trait from gen eration to gen eration by the reg res sio n ef fect, wit h it s co mpens ato ry mov ements
towards and away from the ave r age among offspring.

There are pre sum ably evolu tio nar y advant age sin the usualst ate of affairs in nature bei ng the se con dpossib i lity, wit h it s role
fo r variation across gen eration s– unli ke the first pos sib i lity, the re is change fr om gen eration to gen eration as to whose off-
spring occupy the catego rie sdefin ed by different mag n itudes of the trait, despi te the stability of the variation inY−.
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