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Figure 13.11. SIMPLE LINEAR REGRESSION: Cas Sudy 3

On Saturday, March 2, 1997, The Gobe and Mil publishedtwo aticles (on pagesBl and B4) about
negative astomerexperien@s vhen buying a rew @ar in Canadaand n the Lhited Sates; te aticles
alsodescibed how the pocess d car kbuying is likely to charge urerthe influen@ of the intend. The
seondaricle gavethe following cataon the number d new @r dceders in Canadgx) and the slesof light
vehcles(presuimally cars ad vars) per ceder (y) overa 16-yea period:
Yea| 1981 1982 D83 D84 Dg 1986 D87 D88 D89 DY0 DA 1992 D93 D94 D95 D96
X | 4125 3707 3744 3869 3993 4,023 4,052,849 4,064 404 3967 3930 3872 3856 3819 37U
y | 277 242 283 323 3% 367 368 3% H5 32 3A9 7 3@ R0 296 316.

(@ Prepare a poperly-labelled scater diagam of thesedaa and ow on it the estnated egesion o
¥ onX.

#1353

(b) Give the ANOVA talde, codficiert of deteminaion, correlation @eficiert and esimae d o for thesedda.

() Assess low wel the egesion model fits the dda; give your reesans conpletdy but condsdy.
(d) Finda %% @nfidene intervd for the dope of the stidy popuation regesian o ¥ onX.

(© Finda %% corfiden@ interval for the average sdespe deder when hee ae 3800 akders in Canada

(f) Finda %% predction interval for the sales d a deder when hee ae 3800 aders in Canada

(9) Invesigake the dfed on the estmated egresian of omitting one a both pantswith esimaed esduds
of largestmagnitude

From the r=16 dosena- Canadian Deder Sales of New Light Vehicles,19811996
tions (x;, ) given in the y (The rumber above o below each daa int is the b digit of the yea)
staement o the qiestbn,

we find the éllowing: 400
T = 62798 _ - 1505

$X = 246,735,82;
Sy, = 5146,

Sy =1677374;
SXY, = 20,242,95,

X = 3,924.85,

y = 321625;

SSy = 45,508.25

SS = 26151175,

S§ = 22,2975

hence the esimatksof g,
(the dope) and 5, (the in-

tercet) of the egesian
of ¥onX are:

b, = 0.174019 D5,
b, = —36L.381 375,
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so he eudion of he iL/
straght-line modd is: ;
gy = —36L 38 +017402X Number of deders in Canada

= 321625+ 017402(X — 3924.875.
The gater diagram of the dda for Ganadan deker sdesof new Ight vehicleswith the esimaed eges
sin o ¥ onX sypeaimposeal on t, is sovn ove a the iight.

The ANOVA tale for thesedaa (16 doservations is:

SOURCE SUM of SQUARES Df MEAN SQUARE F-RATIO
Modd bSSy = 7919341 36 1| MSM = 7919341361 | MSM _ MSM [,
Edimaed esdud SSE = 14372.408 64| 14 MSE = 1,026.600 67 | MSE 52 '
Total S, = 22,2975 5 = 148611 | = -

(cortinued weled)
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Example 13.11.1 Alsq the odficiert of deteminaion, the @rrelation @ficiert and the edinae d o are:

(continued)

03-05-20

©

d

C]

()

(9

rz = 0.355 28 845, r=0.596 035 943, 7 =yMSE = 32.040608 853

Three maters provide an asessient d how wel the egresion model fits the daa:

o Visud ingection of the saterdiagam with the esimaed egesian o ¥ onX sypaimposel on it sowvs
that 3 of the B points e reasmably dose to he ine — those br 1981, 1982 and V8 haveappedably
larger esimated esduds, epecialy 1981 (bdow the fittedline);

- the points gpea to be satered wihoutobviouspatem on both sides d the fitedline;

- there des ot gpea to be ay g/semdic chamge in he magntude d the estnated esduds with
increasingvauesof x, which is mngstentwith the assumption of @ngant o

® The F-ratio (77)) is ressmably high and povides satisticaly significantevidence (P £10.Q141) agairst
the hypothess g, = 0, indicding a meanngful regresian.

® The value of he osdficiert of detemination $ows tha around 33% of the vaiation of he ys ebaut
their avaage tas ben aoourted for by the estaed egesian o ¥ onX.

Thesemdters $row the staight-line modd is only a madeate fit to the daa.

We want a $% onfidene inteva (Cl) for 3, repreentirg the slgpe of the egesian o ¥ onX.
We have o =32.040608 853, b, = 0174019905 Pr[-214479 < t,, < 214479 = 0.95,

. ~l1 A 1 .
so hat: a/§ = a/m E0.062 654 67;

hence a % A for g, is: 0174019905+ 0134 381 639 = (0.039 638 2660.30840L 544)
or abaut (0.040,0.308 veliclegdeder.

We want a %% corfidene interval (CI) for the mean u(x; = 3,800, repreentirg the average of the
repaonseY when te stidy popuation sze, epreened ly the explandory vaiiate X, is 3800 cders.

We have 0 =32.040608 8B3  [i,(x;=3800 =299.894 265 Pr[-214479 < t},< 214479 = 0.95,

so hat: 5/—X)° 1 - 5/(3800-324879° | 1 []11 17 2329905:
’ SS n 261,51175 16 ) !

hence a B% Q for 1 (x; = 3,800 is: 209.894 264+ 24.05 713 3 = (275.878 551, 323.909 97Y
or ebaut (276, 329 velicles

We want a $% predction interval (PI) for the rancom vaiable Y(x, =3,800, representirg the eponse¥
for anindvidual randomy/-sele¢ed deder when te stidy popuation sze, epreentd ly the eplandory
variateX, is 3800 ckders.

We have 0 =32.040608 8B3  [i(x;=3800 =299.894 265 Pr[-214479 <t,,< 214479 = 0.95,

—%)2 ~ _
so hat: a/(xisskx) + 141 = 5BE0-824TTY | 1,1 [133.940 80 888,

hence a %% R for Y(x =3.800 is: 209.894 264+ 72795 918 = (227.098 352372.690 I6)
or ebaut (227 373 velicles

Lodking a the aterdiagram on the first &le of the Fgure, we ®e he mint for 1981 has he estaed
resdud of largestmagnitude; omitting the daa for ths yea from the éast guaescdcuationsfor fitting
the line, the emaning 15 dbsenationsyield:

b, =0.251 836 926, b, =-659295 070,
so he @uaion of he staight-line modd is now: =y = —65930 +0.2854x =324.6+ 0.2854(x —391153.

The ANOVA tade for the 15 cbsenationsis:

SOURCE SUM of SQUARES Df MEAN SQUARE F-RATIO
Modd b,SSy = 13843133484 1| MSM = 138431334836 | MSM _ MSM [J5g 45
Edimaed esdud SSE = 6,32446686 | B | MSE = 486.4974243| MSE 52
Total S, = 201676 “ (& = 1440542 | = -

Also, the odficiert of detemindion, the orrelation @«dficiert and the esinae d o are:
r2 = 0.686 4G1 604, r = 0.828 495 38, 0 = YMSE = 22.056 686 529.

(cortinued)
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Figure 13.11. SIMPLE LINEAR REGRESSION: Cas Sudy 3 (continued 1)

Example 1311.1
(continued)

Example 13112:

03-05-20

Proceedng in the same ay hut also omiting the daa for 1985, the mint on the sater diagam with the
estmaed esdud of the seondlargestmagnitude @lthouch that for 1982 s cmparale), the emaning 14
obveweionsyield:

b,=0.238 792090, b,=-611725 D3,
so he @udion of he staight-linemodd is now: Yy = —-61173+0.2387% = 320.9+ 0.2387¢x —390571).

The ANOVA talde for the 4 dbenationsis:

SOURCE SUM of SQUARES Df MEAN SQUARE F-RATIO
Mode . bSSy = 1207.394338 | 1| MSM = 1207.394338 | MSM _ MSM [J57g,
Edimaed esdud | SSE = 5266.84233 | 12 | MSE= 438.877828 | MSE ~ }2
Total SS, = 17336.92857 | 13 & = 1,3360989) | = -

Also, the odficiert of detemindion, the orrelation @«dficiert and the esinae d o are:
r2=0.696 224 495, r=0.834 400680, o =+MSE = 20.949 417529,

We dso exanine te dfed of omitting the d#a for 1982 insteadof 1985; the elevant 4 cbenationsyidd:
b= 0.212 95565, b,=-503002 77,
so he gudion of he staight-line modd is now:  «y = -503.00+0.21230x = 330.5+ 0.21230(X —392614).

The ANOVA talde for thesel4 doservationsis:

SOURCE SUM of SQUARES Df MEAN SQUARE F-RATIO
Modd bSSy = 78407123596 1| MSM = 7,8407123596 MSM _ MSM []10-c
Edimaed esdud SSE = 5016787 6404 | 12 MSE = 4180656367 | MSE 52 '
Total S, = 12,8575 B (&2 = 989038445 | = -

Also, the odficiert of detemindion, the orrelation @dficiert and the edinae d o are:
r2=0.609 86 244, r= 078 907 32, 0 = YMSE = 20.446 68 4352.

We ompate the eslis from fitting a graight-line modd to the aiginal dataand to sbsds d them in Table
1311.1bdow:

Table 1311.1 Data b, b, X y r2 r
16 dosenationsfor all the yeas 01740 -3614 3925 326 03553 05960
15 dos=nationsomitting the D8l data 0.285 -6593 3912 P46 0.6864 0.8285

14 dysenationsomitting the B8l end 1985 data | 0.2388 -6117 3906 3209 0.6962 0.8344
14 doenationsomiting the P8 and 082 chta | 0.223 -5030 3926 33056 0.6098 (7809

A graphical corrpaiisonof the bur cases 5 gven overkeaf o1 page B.56 — in the tiree dagrams br sub-
setsof the dda, the int(s) anittedare siown & a'+ sign and the stight-line modd for dl 16 dosera-
tionsis includedas adashel line. We motethe following nmattes:

e ther is a noderde overd postive essdation between number of new \ehiclessdd per deder and he
number d deders in Canadabut with roticeble scaterof the daa;

e the grergth of the a®dation is apredably enhancedwhen he daa for tre first of the $teen yeas
(1981, the mint with the esimaed esdud of largestmagnitude is amitted suggestig tha this yea is
somevhat differentfrom the dberl5 yeas;

- if a follow-up gudy of the dda were to be mdetaken it might be of nteest to nvesigae in wha
way(s) V8L was dfferentfrom the dberl5 yeas in the geriod;

e although 1982 and P& dso have sibstanial estimated esduds, their omisson doesnot grealy influ-
ene the fi of the staight-line modd, suggestig tha, degite ther appredable esimated esduds, these
yeas ae ot esentidly differentfrom the st d 15 yeas which includes hem but excludes 98L

The Qobe and Mil aricle dtedin Exanple 1311.1on te first &le of Figure (page B.53) alsogare he B
yeas d correppanding U S dataon rumbe of new ar ceders ) and the stesper deder (y) as bllows:

Yea| 1981 1982 D83 D84 D8 1986 1987 988 B89 DBOO BA 1992 D93 B94 DB95 D96
X | 27,84 27095 26281 25490 24724 24,823 2356 24938 24913 24,724 24272 23361 2,85 22,41 2,426 22288
y 365 379 438 560 628 650 593 622 584 562 {1 %3 a0 673 657 677 .

(cortinued oveled)
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Example 13.11.1 Canadian Deder Sales o Canadian Deder Sales o
(continued) y  NewLightVehicles, 19811996 y  NewLightVehicles, 9821996
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Example 13.112: Compare and mntast staight-line modelling of thesedata with thosefor Canadan Exanrple 1311.1.
(continued)

Sdution: From the n=16 doservations(x;, ;) givenin
the satement d the queston, we find the él-
lowing:
>X; =393,678 >y =9082
X = 9727,0%,48, SY? = 5,294,484

XY =22,484,420

U.S Deder Sales o
y New Light Vehicles, 19811996

700

650 \\

o
o

600

> SSy =-1977,05475 N
f = 2460487, SS = 40,68756775 550 .
y = 567,625, SS =13931375 .

500

hence the estimais of g, (the dope) and g,
(the intercet) of the egesion o ¥ onX are:
b,=-0.048591 126,

b, =1,763.203 59,

so he gudion of he staght-line modd is:
ey = 1,6320 — 0.04&91X

= 567.62— 0.04%91 (x— 24,609. L X
22 23 24 25 26 27 28
Number of deders in U.S (000s)

wy =1B32- o.o4$91x/
‘ .

o 1980s

400 - 1900
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450
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(cortinued)
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Figure 1311. SIMPLE LINEAR REGRESSION: Cas Sudy 3 (continued 2)

Example 13.112: The saterdiagiam of the dda for the U.S deder sdesof new Ight vehicleswith the esimated egesion

(continued)

03-05-20

of ¥ onX swpeaimposel on t, is sonvn & the ottom right of the fadng page We rotethe following mat-
ters of inteest from ompaiing this dagram with the me br the Canadan déa o, the first &le (page
1353 of the Fgure:

e the scaterof the mints daut the lineis dealy less for the 6 U.S odbsenationsthan br the full se of
Canadin daa, meanng a $raight-line modd is a better fit to the US than to the Caran d#a — this
is cuantified by the hgher valuesof the F-ratio (3110vs 77] and odficiert of deteminaion (0.6896
vs 0.3553 givenbdow.

e the trendove timeis damdically different— sales er ceder in Canadaend toincrease with the rum-
be of deders in Canadawheress theke is a tear decrease h sales fer deder with the rumber of deders
in the US;

e sdespe deder tend to ke highe in the US than h Canada- the epectve aveagesare dout 568
and 22 \ehiclesove the B-yea period, a the sameirne, the @tio of the number d deders is smdler
than the pproimatdy 10-to-1 ratio of the two ourtrys popuations— the epectve aveage rumbers
of deders overthe 16 yeas were dbaut 24,605 and 3925 (aourd 6-to-).

The ANOVA talde for thesedda is:

SOURCE SUM of SQUARES Df MEAN SQUARE F-RATIO
Modd b,SSy = 96,0673L7 B 1| MSM = 96,0673l7 Bl | MSM _ MSM [
Edimaed esdud SSE = 43246.43262| 14 MSE = 3,089030 90 MSE 52
Total S, = 139,3375 5 €= 95783 | = -

Also, the odficiert of detemindion, the orrelation @dficiert and the edinae d o are:
r2=0.689 5B 274, r=-0.830 406 692, o =yMSE = 55.579 050 927

Looking d the sater diagram for the dcataat U.S Deder Sales d
the bottom right of the fidng page B.56, it y NewLight Vehicles, 1981-1996
seens the the daa dvide into two goups — .

700

N .
thosefor 1981-90 and thase br 1991-1996; he & N
satter diagam at he ight shovs the two ? 650 ‘:
straght-line modds for the groups d 10 and 6 0 )
obsewations — the aiginal model for dl 16 ! 500 ) ‘
obsewationsis shovn dashed e
NOTE: Without stbject-matterknowledye of :C 550 . :
the data this ssparation irto two goups g .
is largdy arbitrary, dthouch the ©n- § 500 N
seative yeas within the goups pro- g \
vides someusffication. If furtherin- B 4%0 ’
vesigatirg of the US datawere to ke r ~19811690)
undetaken, it would be d inteest to d 400 1911006
see if the £paration siggestd ly the f
satter diagam has a identfiable F 350
bass in fad. /J‘;/
The lcuations for the graight-line A
modds for the o groups within the Number of deders in U.S (000s)
U.S dataare:
for the n=10 dbsenations(x;, y) for 19811990: for the n=6 dosenations(x;, ) for 1991-996:
S X = 256,035 Yy, =540] > X; =137,643 Yy, =3,68]
> X = 6,566,59,897, Sy = 3012547, X = 3,160,48815], Sy =2,28937,

XYy = 137,294,964 Xy, = 84,189,456

SSy =—-9895395, SSy =—2545245,

X = 25,6035, S& =11,205,274 5, X =22,940.5 S& =2,888,90%,
y = 5401, SS = 95/466.9; y = @35, SS = 236435
hence the estmatesof g, (the dope) and 3, hence the estmatesof g, (the dope) and 3,
(the intercet) of the egesian of ¥ onX are: (the interc@t) of the egesian of ¥ onX are:

(cortinued wveled)
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Example 13.112: b,=-0.088 30 552,
(continued)
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b,=-0.088 04 06,
b, = 2,634.649 96,
so he gudion of he staght-line modd is:

ey = 2,634.65- 0.08804x
= 6135~ 0.08804(x — 22,940.

b, = 2,80L148 995,
so he gudion of he staght-line modd is:

gy = 2,8@15- 0.08830x
= 540.1- 0.08830 - 25,609.

The ANOVA tabe for the 1981-1990 dcata(10 dosenvations is:

SOURCE SUM of SQUARES Df MEAN SQUARE F-RATIO
Modd bSSy = 87,386.384150 | 1 | MSM = 87386.384150 | MSM _ MSM [g &5
Edimaed esdud SSE = 8,080.35 841 8 | MSE = 1010064480| MSE 52 '
Total 5, = 95466.9 (s = 1060743 | = -

Also, the odficiert of detemindion, the orrelation @dficiert and the edinae d o are:
0 = YMSE = 31781 511 6094.

r:=0.915 H7 932,

r=-0.956 743 399,

The ANOVA talde for the 1991-1996 chta(6 doservations is:

SOURCE SUM of SQUARES Df MEAN SQUARE F-RATIO
Modd bSSy = 22,424628082 | 1 | MSM = 22,424628082 | MSM _ MSM []4459
Edimaed esdud SSE = 1,218871. 918 4 | MSE = 3047179795 | MSE 52
Total S, = 23,6435 5 €= 47283 | = -

Also, the odficiert of detemindion, the orrelation @«dficiert and the esinae d o are:
r2 =0.948447 207, r=-0.973882902, o =/MSE=17456173 D58.

Looking d the saterdiagram overkaf o page B.57 with the superimposel esimaed egesian lines for
the wo groups within the US datg or at he two &tsof calcdations which begn below the sater
diagram and ontinueatove we e hat:

@ thee is driking sinilarity in the slopes of the two fitedlines (iz.—0.0883kvs.—0.088&0; ratio 10023
although this may be aly coincicene;

- the mahenatical interpretdion of his parallelism & tha the rate of deaease ¢ sales er ceder is
the sameove the two ime peaiods degite the difference in the nagniudes & the numbers of ced-
ers in the US in theseiwo time periods;

o the fit of the model within eat group & beter than br dl 16 dbservationstaken bgether — tre points
genedly lie close to the elevant ine, r2is over 90% br both lines and bth F-ratios povide gpre-
ciably more highly statistically sgnificantevidenceagairst the lypothegsg, = 0;

- the point with the esimated esdud of largestmagnitude B for 1990, he yea of subdivision of the
16 dbsenationsinto two groups.



