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Figure 13.11 . SIMPL E LINEAR REGRESSION: Case Study 3

Example 13.11 . 1: On Saturday, March 22, 1997, The Globe and Mai l publi she d two article s (o n page sB1 and B4) abou t
negative custome rex per ien ces when buying a new car in Cana daand in the United States; the article s
als odes cribed how the process of car buying is likely to change unde r the influen ce of the Int e rnet. The
se con dar ticle gav ethe fol low ing dat aon the number of new car deale rs in Cana da(x) and the sale sof lig ht
ve hicle s(pre sum ably cars and vans) per deale r (y) ove ra 16-ye ar per iod:

Ye ar 1981 1982 1983 1984 1985 1986 1987 1988 1989 1990 1991 1992 1993 1994 1995 1996

x 4,125 3,7 07 3,7 44 3,869 3,993 4,023 4,052 4,0 49 4,064 4,014 3,967 3,930 3,872 3,856 3,819 3,7 14

y 277 242 283 323 376 367 368 375 355 321 319 307 301 320 296 31 6 .

(a) Prepare a pro perly-label led scatt e r diagram of thes edata and show on it the estim ated regre ssi on of
Y− onX−.

(b) Giv e the ANOVA table, coefficie nt of det e rmination, cor relation coefficie nt and estim ate of σ fo r thes edata .
(c) Assess how well the regre ssi on model fits the data; giv e your reasons complet ely but con cis ely.
(d) Fin d a 95% confid en ce int e rval for the slo pe of the study popula t ion regre ssi on of Y− onX−.
(e) Fin d a 95%co nfiden ce in ter val for theaver agesale sper deale r when the re are 3,800 deale rs in Cana da.
(f) Fin d a 95%pre dictio n in ter val for the sales of a deale r when the re are 3,800 deale rs in Cana da.
(g) Inv estig a te the effect on the estim ated regre ssi on of omitting one or bot hpoin t swith estim ated residuals

of large s tmagnitude.

Solution: (a) From the n=16 obser va-
tion s (xj, yj) give n in the
st atement of the que s tion,
we find the fol low ing :

Σxj = 62,798,

Σxj
2 = 246,735,812;

Σyj = 5,146,

Σyj
2 =1,677,374;

Σxjyj = 20, 242,915;

x− = 3,924.875,
y− = 321.625;

SSxy = 45, 508. 25,
SSx = 261,511 .75 ,
SSy = 22, 291.75;

henc e, thees tim atesof β1

(the slo pe) and β 0 (the in-
tercept) of the regre ssi on
of Y− onX− are:

b1 = 0.17 4019 905,
b0 = −361. 381 375 ,

so the equ ation of the
st r aight-lin emodel is:
regy− = −361. 38 +0.17402x

= 321.625+ 0.17402(x − 3924.875).

The scatt e rdiagram of the data for Cana dian deale r sale sof new lig ht veh i cle s ,with the estim ated regre s-
si on of Y− onX− superimpos ed on it, is shown above at the rig ht.
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regy− = −361. 38 +0.17402x

(b) The ANOVA table for thes edata (16 obser vation s) is:
SOURCE SUM of SQUARES Df ME AN SQUARE F-RATIO

Model b1SSxy = 7,91 9.341 36 1 MSM = 7,91 9.341 361
Estimated residual SSE = 14 ,372.408 64 14 MSE = 1,026.600 617

To tal SSy = 22, 291.75 15 (s2
y = 1,486.11 6

.
) ----- .

MSM
MSE = MSM

σ̂ 2 −−∼ 7. 71
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Example 13.11 . 1:
(c ont inued)

Also, the coefficie nt of det e rmination, the cor relation coefficie nt and the estim ate of σ are:
r2 = 0.355 258 845, r = 0.596 035 943, σ̂ = √MSE = 32.0 40608 8753.

(c) Threematt e rs provide an assessment of how well the regre ssi on model fits the data:

• Vi sual inspectio n of the scatt e rdiagram wit h the estim ated regre ssi on of Y− onX− superimpos ed on it shows
that 13 of the 16 poi nts lie reasonably clo se to the lin e – those for 1981, 1982 and 1985 hav eap pre ciably
larger estim ated residuals , especi a lly 1981(belo w the fitt e dli ne) ;

−− the poi nts appear to be scatt e red withou tobviou spatt e rn on bot hsi des of the fitt e dli ne;
−− there does not appear to be any sys tem ati c change in the mag n itude of the estim ated residuals wit h

in cre asi ngvalue sof x, which is con sis ten twith the assumption of con stantσ.

• The F-ratio (7. 71) is reasonably hig h and provides statis ti c al ly sig n ific a n tev idenc e (P −−∼ 0.0141) aga inst
the hypot hesis β1 = 0, indicating a meaning ful regre ssi on.

• The value of the coefficie nt of det e rmination shows that aroun d 35% of the variation of the yjs about
thei r av erage has been accou nted for by the estim ated regre ssi on of Y− onX−.

Thes ematt e rs show the straig ht-lin emodel is only amodera tefit to the data .

(d) We want a 95% confid en ce int e rval (CI) fo r β1, repre sen ting thesl opeof the regre ssi on of Y− onX−.

We hav e: σ̂ = 32.0 40608 8753, b1 = 0.1 7 401 9905, Pr[−2.14479 ≤ t14 ≤ 2.14479] = 0.95,

so that: σ̂ 1
SSx

= σ̂ 1
261, 511 .75 −−∼ 0.062 654 9167;

√ √
henc e, a 95% CI for β1 is: 0.1 7 401 9905 ± 0.134 381 639 ==> (0.039 638 266,0. 308401 544)

or about (0.0 40,0. 308) ve hicle s/deale r.

(e) We want a 95% co nfiden ce in ter val (CI) fo r the meanµY(xj = 3,800), repre sen ting the aver age of the
re spons eY− when the study popula t ion size, repre sen ted by the exp lanato ry variat eX−, is 3,800 deale rs.

We hav e: σ̂ = 32.0 40608 8753, µ̂Y(xj =3,800) = 299.894 265, Pr[−2.14479 ≤ t14 ≤ 2.14479] = 0.95,

so that: σ̂ (xj −x)2

SSx
+ 1

n = σ̂ (3, 800−3, 924.875)2

261, 511 .75 + 1
16

−−∼ 11 . 197 2329905;√ √
henc e, a 95% CI for µY(xj = 3,800) is: 299.894 264± 24.015 713 3 ==> (275.878 551, 323.909 977)

or about (276, 324) ve hicle s.

(f) We want a 95% pre dictio n in ter val (PI) fo r the ra n dom variable Y(xj =3,800), repre sen ting the respons eY−
fo r an in dividua l randomly-sele cted deale r when the study popula t ion size, repre sen ted by the exp lanato ry
variat eX−, is 3,800 deale rs.

We hav e: σ̂ = 32.0 40608 8753, µ̂Y(xj =3,800) = 299.894 265, Pr[−2.14479 ≤ t14 ≤ 2.14479] = 0.95,

so that: σ̂ (xj −x)2

SSx
+ 1

n +1 = σ̂ (3, 800−3, 924.875)2

261, 511 .75 + 1
16 +1 −−∼ 33.940 810 888;√ √

henc e, a 95% PI for Y(xj =3,800) is: 299.894 264± 72.795 911 8 ==> (227.098 352,372.690 176)
or about (227, 373) ve hicle s.

(g) Looking at the scatt e r diagram on the first sid e of the Fig ure, we see the poi nt for 1981 has the estim ated
re sidual of larges tmagnitude; omitting the data for this year from the least squ are scalc ula t ion sfo r fit t i ng
the lin e, the rem ain ing 15 obser vation syi eld:

b1 = 0.251 536 926, b0 = −659.295 070,
so the equ ation of the straig ht-lin emodel is now: regy− = −659.30 +0. 25154x =324.6+ 0. 25154(x−3911 .53

.
).

The ANOVA table for the 15 obser vation sis:
SOURCE SUM of SQUARES Df ME AN SQUARE F-RATIO

Model b1SSxy = 13 ,843.1 33 484 1 MSM = 13 ,843.1 33 4836
Estimated residual SSE = 6, 324.466 516 13 MSE = 486.497 4243

To tal SSy = 20,167.6 14 (s2
y = 1,440. 5429) ----- .

MSM
MSE = MSM

σ̂ 2 −−∼ 28.45

Also, the coefficie nt of det e rmination, the cor relation coefficie nt and the estim ate of σ are:
r2 = 0.686 404 604, r = 0.828 495 385, σ̂ = √MSE = 22.056 686 6129.

03 -05 -20 (co ntinued)
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Figure 13.11 . SIMPL E LINEAR REGRESSION: Case Study 3 (c ont inued 1)

Example 13.11 . 1:
(c ont inued)

Procee ding in the same way but alsoomitting the data for 1985, the poi nt on the scatt e rdiagram wit h the
estim ated residual of these cond-large s tmagnitude (alt hou gh that for 1982 is comparable), the rem ain ing 14
obve rvation syi eld:

b1 = 0.238 792090, b0 = −611.725 103,
so the equ ation of the straig ht-lin emodel is now: regy− = −611.73+0. 23879x = 320.9+ 0. 23879(x−3905.7 1).

The ANOVA table for the 14 obser vation sis:
SOURCE SUM of SQUARES Df ME AN SQUARE F-RATIO

Model b1SSxy = 12,070. 394338 1 MSM = 12,070. 394338
Estimated residual SSE = 5, 266. 534 233 12 MSE = 438.877 8528

To tal SSy = 17,336.928 571 13 (s2
y = 1, 333.609 892) ----- .

MSM
MSE = MSM

σ̂ 2 −−∼ 27.50

Also, the coefficie nt of det e rmination, the cor relation coefficie nt and the estim ate of σ are:
r2 = 0.696 224 495, r =  0.834 400 680, σ̂ = √MSE = 20.949 411 7529.

We als oex amine the effect of omitting the data for 1982 instea dof 1985; the relevant 14 obser vation syi eld:
b1 = 0.212 295 565, b0 = −503.002 717,

so the equ ation of the straig ht-lin emodel is now: regy− = −503.00+0. 21230x = 330. 5+ 0. 21230(x−3926.14).

The ANOVA table for thes e14 obser vation sis:
SOURCE SUM of SQUARES Df ME AN SQUARE F-RATIO

Model b1SSxy = 7,840.71 23596 1 MSM = 7, 840.71 23596
Estimated residual SSE = 5,016.7 87 640 4 12 MSE = 418.065 6367

To tal SSy = 12,857.5 13 (s2
y = 989.038 4615) ----- .

MSM
MSE = MSM

σ̂ 2 −−∼ 18.7 5

Also, the coefficie nt of det e rmination, the cor relation coefficie nt and the estim ate of σ are:
r2 = 0.609 816 244, r =  0.7 80 907 321, σ̂ = √MSE = 20.446 653 4352.

We compare the res ult s from fitting a straig ht-lin emodel to the origi nal dat aand to subsets of them in Table
13 .11 . 1below:

Ta ble 13.11 . 1: Data b1 b0 x− y− r2 r

16 obser vation sfo r all the years 0.1740 −361.4 3,925 321.6 0.3553 0.5960
15 obser vation somitting the 1981 dat a 0. 2515 −659.3 3,912 324.6 0.6864 0.8285
14 obser vation somitting the 1981 and 1985 dat a 0. 2388 −611.7 3,906 320.9 0.6962 0.8344
14 obser vation somitting the 1981 and 1982 dat a 0. 2123 −503.0 3,926 330.5 0.6098 0.7809

A gr aph ica l co mparis onof the four cases is giv en ove r leaf on page 13. 56 – in the three diagrams for sub-
se t sof the data, the poi nt(s) omitt e dare shown as a‘+’ sign and the straig ht-lin e model for all 16 obser va-
tion sis incl ude das adash ed li ne. We not ethe fol low ing matt e rs:

• there is a moderate ove r all posit ive association bet ween number of new veh i cle ssold per deale r and the
number of deale rs in Cana da, but with noticable scatt e rof the data;

• the strengt h of the association is appreciably enhanc e dwhen the data for the fir st of the sixteen years
(1981, the poi nt wit h the estim ated residual of larges tmagnitude) is omitt e d, sug ge s ting that this year is
so m ewhatdi ffere n tfrom the othe r15 years;
−− if a fol low-up study of the data were to be unde rtaken, it mig ht be of int e rest to inv estig a te in what

way(s) 1981 was dif feren tfrom the othe r15 years in the per iod;

• alt hou gh 1982 and 1985 als o have subst antial estim ated residuals , thei r omissio n doesnot greatly influ -
en ce the fit of the straig ht-lin emodel, sug ge s ting that, despi te their appre ciable estim ated residuals , thes e
ye ars are not es sent iall y differen tfrom the set of 15 years which incl udes them but excl udes 1981.

Example 13.11 .2: The Globe and Mai l ar ticle cit e din Example 13.11 . 1on the first sid eof Fig ure (page 13. 53) als ogave the 16
ye ars of cor responding U.S. dat aon number of new car deale rs (x) and the sale sper deale r (y) as fol low s :

Ye ar 1981 1982 1983 1984 1985 1986 1987 1988 1989 1990 1991 1992 1993 1994 1995 1996

x 27,891 27,095 26,281 25,490 24,724 24,823 25,156 24,938 24,913 24,724 24,272 23,361 22,845 22,451 22,426 22,288

y 365 379 458 560 628 650 593 622 584 562 511 553 610 673 657 677 .

03 -05 -20 (co ntinued overleaf )
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Example 13.11 . 1:
(c ont inued)

Can adian Dealer Sal es of
Ne wLight Vehicl es, 1981-1996y

x

400

350

300

250

200

N
u
m
b
e
r
o
f
v
e
h
i
c
l
e
s
s
o
l
d
p
e
r
d
e
a
l
e
r 3,700 3,800 3,900 4,000 4,100

Nu mber of dealers in Can ada

•

•

•

•

•
• ••

•

••
••

•

•
•

Can adian Dealer Sal es of
Ne wLight Vehicl es, 1982 -1996y

x

400

350

300

250

200

N
u
m
b
e
r
o
f
v
e
h
i
c
l
e
s
s
o
l
d
p
e
r
d
e
a
l
e
r 3,700 3,800 3,900 4,000 4,100

Nu mber of dealers in Can ada

+

•

•

•

•
• ••

•

••
••

•

•
•
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Can adian Dealer Sal es of
Ne wLight Vehicl es, 1983 -1996y
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Example 13.11 .2:
(c ont inued)

Compare and con trast straig ht-lin emodelling of thes edata with thos efo r Cana dain Example 13.11 . 1 .

Solution: From the n=16 obser vation s(xj, yj) give nin
the statement of the que s tion, we find the fol-
lowing :

Σxj = 393,678,

Σxj
2 = 9,727,085, 548;

Σyj = 9,082,

Σyj
2 = 5, 294,484;

Σxjyj = 221,484,420;

x− = 24,60 4.875,
y− = 567.625;

SSxy = −1,977,054.7 5,
SSx = 40,687,567.7 5,
SSy = 139,313 .75;

henc e, the es tim ates of β1 (the slo pe) and β 0

(the int e rc ept) of the regre ssi on of Y− onX− are:

b1 = −0.0 48591126,
b0 = 1,7 63. 203 59,

so the equ ation of the straig ht-lin emodel is:
regy− = 1, 763.20 − 0.0 48591x

= 567.62− 0.0 48591(x− 24,605).
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Figure 13.11 . SIMPL E LINEAR REGRESSION: Case Study 3 (c ont inued 2)

Example 13.11 .2:
(c ont inued)

The scatt e rdiagram of the data for the U.S. deale r sale sof new lig ht veh i cle s ,with the estim ated regre ssi on
of Y− onX− superimpos ed on it, is shown at the bottom rig ht of the facing page. We not ethe fol low ing mat-
ters of int e rest from comparing this diagram wit h the one for the Cana dian data on the first sid e (page
13 .53) of the Fig ure:

• the scatt e rof the poi nts about the lin e is cle arly le ss fo r the 16 U.S. obser vation sthan for the ful l set of
Cana dian data, meaning a straig ht-lin e model is a better fit to the U.S. than to the Canadian data – this
is quantifie d by the higher value sof the F-ratio (31.1 0vs. 7.7 1) and coefficie nt of det e rmination (0.6896
vs. 0.3553) give nbelow.

• the tren dov er tim e is dramati c al ly dif feren t– sales per deale r in Cana datend to increase wit h the num -
ber of deale rs in Cana dawhereas the re is a cle ar decrease in sales per deale r with the number of deale rs
in the U.S.;

• sale s per deale r tend to be high er in the U.S. than in Cana da– the respectiv e av erage sare about 568
and 322 veh i cle sov er the 16-ye ar per iod; at the same tim e, the ratio of the number of deale rs is sm aller
than the approxi mat ely 10-to -1 ratio of the two cou ntr y’s popula t ion s– the respectiv e av erage numbers
of deale rs ove r the 16 years were about 24,605 and 3,925 (arou nd 6-to-1).

The ANOVA table for thes edata is:
SOURCE SUM of SQUARES Df ME AN SQUARE F-RATIO

Model b1SSxy = 96,067.317 38 1 MSM = 96,067.317 381
Estimated residual SSE = 43,246.432 62 14 MSE = 3,089.030 901

To tal SSy = 139, 313 .75 15 (s2
y = 9, 257.583

.
) ----- .

MSM
MSE = MSM

σ̂ 2 −−∼ 31.1 0

Also, the coefficie nt of det e rmination, the cor relation coefficie nt and the estim ate of σ are:
r2 = 0.689 575 274 , r = −0.830 406 692, σ̂ = √MSE = 55. 579 050 9217.

Looking at the scatt e r diagram for the dat aat
the bottom rig ht of the facing page 13. 56, it
seems that the data div ide into two groups –
thos efo r1981 -90 and those for 1991-1996; the
scatt e r diagram at the rig ht shows the two
st r aight-lin e models for the groups of 10 and 6
obse rvation s – the origi nal model for all 16
obse rvation sis shown dashe d.

NO TE: Withou t subj ect-matt e rknowledge of
the dat a, this separation into two groups
is largely arbit r ary, alt hou gh the con -
se cutiv e ye ars wit hin the groups pro -
vides some justific ation. If fur the rin -
ve s tig a t i ng of the U.S. dat awe re to be
un d ertaken, it wou ld be of int e rest to
see if the separation sug ge s ted by the
scatt e r diagram has an identifiable
basis in fact.

The calc ula t ion s fo r the straig ht-lin e
models for the two groups wit hin the
U. S. dat aare:
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fo r the n=10 obser vation s(xj, yj) fo r1981 -1990:

Σxj = 256,035,

Σxj
2 = 6, 566, 597,397;

Σyj = 5,401,

Σyj
2 = 3,01 2,547;

Σxjyj =137, 294,964;

x− = 25,603.5,
y− = 540.1;

SSxy = −989,539.5,
SSx = 11, 205,274 .5,
SSy = 95,466.9;

henc e, thees tim atesof β1 (the slo pe) and β 0

(the int e rc ept) of the regre ssi on of Y− onX− are:

fo r the n= 6  obser vation s(xj, yj) fo r1991 -1996:

Σxj =137,643,

Σxj
2 = 3,160,488,151;

Σyj = 3,681,

Σyj
2 = 2, 281,937;

Σxjyj = 84,189,456;

x− = 22,940. 5,
y− = 613 .5;

SSxy = −254,524.5,
SSx = 2,888,909.5,
SSy = 23,643.5;

henc e, thees tim atesof β1 (the slo pe) and β 0

(the int e rc ept) of the regre ssi on of Y− onX− are:

03 -05 -20 (co ntinued overleaf )
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(c ont inued)

b1 = −0.088 310 152,

b0 = 2,801.1 48 995,

so the equ ation of the straig ht-lin emodel is:
regy− = 2,801.1 5− 0.088310x

= 540.1− 0.088310 (x − 25,60 4).

b1 = −0.088 104 006,
b0 = 2,634.649 96,

so the equ ation of the straig ht-lin emodel is:
regy− = 2,634.65− 0.08810 4x

= 61 3.5 − 0.08810 4(x − 22,940).

The ANOVA table for the 1981-1990 dat a(10 obser vation s) is:
SOURCE SUM of SQUARES Df ME AN SQUARE F-RATIO

Model b1SSxy = 87,386. 384159 1 MSM = 87,386. 384159
Estimated residual SSE = 8,080. 515 841 8 MSE = 1,010.064 480

To tal SSy = 95,466.9 9 (s2
y = 10,607.43

.
) ----- .

MSM
MSE = MSM

σ̂ 2 −−∼ 86. 52

Also, the coefficie nt of det e rmination, the cor relation coefficie nt and the estim ate of σ are:
r2 = 0.915 357 932, r = −0.956 743 399, σ̂ = √MSE = 31.781 511 6094.

The ANOVA table for the 1991-1996 dat a(6 obser vation s) is:
SOURCE SUM of SQUARES Df ME AN SQUARE F-RATIO

Model b1SSxy = 22,424.628 082 1 MSM = 22,424.628 082
Estimated residual SSE = 1, 218.871 918 4 MSE = 30 4.7 17 9795

To tal SSy = 23,643.5 5 (s2
y = 4,728.7) ----- .

MSM
MSE = MSM

σ̂ 2 −−∼ 73.59

Also, the coefficie nt of det e rmination, the cor relation coefficie nt and the estim ate of σ are:
r2 = 0.9 48447 907, r = −0.973 882 902, σ̂ = √MSE = 17.456 173 1058.

Looking at the scatt e rdiagram ove r leaf on page 13. 57 wit h the super impos ed estim ated regre ssi on lin es for
the two groups wit hin the U.S. dat a, or at the two set s of calc ula t ion s which begin bel ow the scatt e r
diagram and con tin ueabov e, we see that:

• there is str iking si mil arity in thesl opes of the two fitt e dli nes (viz.−0.08831vs .−0.08810; ratio 1.0023)
alt hou gh this may be only coi nci den ce;
−− the math ematical in terpret ation of this paral lel ism is that the ra te of decre ase of sales per deale r is

the sa m eov er the two tim e periods despi te thedi ffere nce in the mag n itudes of the numbers of deal-
ers in the U.S. in thes etwo tim eperiods;

• the fit of the model wit hin ea ch group is better than for all 16 obser vation staken toget her – the poi nts
gen erally lie cl oser to the relevant lin e, r2 is ove r 90% for bot h li nes and bot h F-ratios provide appre -
ci a bly more hig hly statis ti c al ly sig n ific a n tev idenc eaga inst the hypot hesesβ1 = 0;
−− the poi nt wit h the estim ated residual of large s tmagnitude is for 1990, the year of subdivisi on of the

16 obser vation sin t o two groups.
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