
Un ive rsity of Wat e r loo STAT 221 – W. H. Che rry

#13.51

Figure 13.10. SIMPLE LINEAR REGRESSION: Infer e nce for Relationships
Prog ram 25 in: Ag a inst All Odds: Inside Sta tis tics

As sociation bet ween two ca tegorica l variable sis displaye din a two-way table, and the null hypot hesis that no association is
pres entis test e dby the chi-squ are dtest discus s ed in Progr am24; association bet ween two qu ant ita tive variable s is displaye d
by asc atterplot. If the association is li near, it is des cribed by aregr essi on lin e and its stre ngt h is mea s ure dby the cor rela t ion
coef fi cie n t. This progr amdiscus s esinferenc eabou t st r aight-lin e rela t ion s hips. You may want to rev iew lea stsqu are sregres -
si on from Progr ams 8 and 9 before studying this progr am . Befo re usi ngthe inferenc emethods in this progr am , che ck that the
data show a straig ht-lin erela t ion s hipand look for ou tli ers andin fluent ial obser vations.

Confid e n ce int e rvals and tests always make statements about att rib u t es of the resp onden tpopu lation fr om whi c h ou r data
are asa m p le. To this poi nt, we hav ele arned met hods for inferenc eabou t popula t ion average sand popula t ion pr oportions. To
talk about inferenc ein the lin ear reg res sio n setting, we must first say what att rib u t es we wil l draw con clu sio ns about. The
st atis ti c a lmodel for si m p leli near reg res sion says that, in the respondent popula t ion, the ave r age of the respons evariable Y− de -
pends on the exp lanato ry variable X− in a straig ht-lin e fa shion. The not ation µY(x) stands for th emean of the random variable Y
re prese nting the res pon se var iableY− wh en the explanator y variableX− has the valuex. The model for the popula t ion says ,first,
that µY = β 0+β1x; the slo peβ 0 and int e rc eptβ1 of this popula t ion reg res sio n li ne are unknown parameters we want to draw con -
clusio ns about.

When we hav en obs ervation son the variable sX− andY−, we estim ate the unknown β1 andβ 0 by the slo pe b1 and int e rc ept b0

of the le ast squ ares reg res sion lin e; i.e., we let the lea stsqu are s li ne we fit to the data estim ate the unknown popula t ion
regres sio n li ne. Notic e that, to empha size thebs are es tim atesof the βs, we use different not ation from Progr am8: the lea st
squ are sli ne is now ŷ= b0 +b1x, ins tea dof y= a+bx.

Estimating β1 andβ 0 by b1 andb0 is much like usi ngthe sample ave r age y− to estim ate a model parameterµ repre senting a
re spondent popula t ion ave r age. In bot h ca s es,we need infor mation abou t the dis tribution of the popula t ion in order to mov e
on to confid e n ce int e rvals or tests of sig n ific a n ce. The rest of the statis ti c a lmodel for reg res sio n says that the random variable
Yj repre senting the respons eyj fo r the value xj of the exp lanato ry variable has anormal dist rib u tio n, and that thesta n dar d devi-
ationσ of Yj is thesa m efo r all value sof xj; by con trast, themeanof Yj do es change wit h xj – it is β 0+β1xj.

The standard dev iationσ des cribes how variable the respons eis. Variation is not measure d arou nd a fixed cent re but
abou t the popula t ion regr essi on lin e, becau se the ave r age ofY− change swith X−. To giv e a test or confid e n ce int e rval, we must
estim ateσ. Recall thees tim ated res idu als rĵ = ob ser vedy − pre dicte dy =  yj − ŷj. The squ are of the sample standard dev iation
(i.e., the sample varia n ce) of Yj abou t the lea stsqu are sli ne is as shown at the rig ht; this varia n ce
(MSE or s2) is our estim ate of σ 2 (s os estim ates σ). The diviso rn − 2 in the expre ssi on at the rig ht
is thedegr e esof free d o mof s2 and of s.

MSE ≡ s2 = Σrj
2

n− 2
ˆ

The preli min ary calcula t ion sin a reg res sio n proble m are: first, calcula te the lea stsqu are sli ne ŷ= b0 +b1x; secon d, calcu -
la te the estim ated residu als from this lin eand the standard dev iations (o r obtain MSE from the ANOVA table). Thes ecalcula -
tion sare quite lengt hy, so that you shoul d us ea statis ti c a lcalcula tor or software when eve r possib le; in exe rci ses, you may be
give nthis basic infor mation.

Seve r al kin ds of inferenc eare pos sib le in the reg res sio n setting; this progr ampres entsthe two mos t im por tant: in fer ence
abou t th esl ope β1 of the popula t ion lin e, and pre diction of the respons efo r a giv en X−. Bot h kinds of inferenc eus et proce-
du r es and the t dist rib u tio n with n− 2 degrees of fre e dom . Althou gh the for mulae are more complicated, the idea sare sim ilar
to t procedure sfo r the model parameter µ repre senting a respondent popula t ion ave r age. The sim ilarity is due to the fact that
the estim ated slo pe b1 and the pre dicted respons eŷ = b0 +b1x bot hhave normal dist rib u tio ns. You can find detailed for mulae in
the Cou rse Mat e ria ls (o r the Tex t). All make use of the basic calcula t ion sof b1, b0 ands.

Be cau se the slo pe β1 is the change in the average of Y− whenX− change sby 1, it is the mos t im por tant parameter that des -
cr ibes the rela t ion s hipbetween Y− andX−. The 100(1− α)% confid e n ce int e rval for β1 is as giv en in theupper ex pre ssi on at the
right. Throu ghout this Progr am ,αt*n−2 is the upper α/2 cr iti c a lvalue of thetn− 2 dist rib u tio n ; s. d.ˆ (b1)
is the estim ated standard dev iation (or standard erro r) of the statis ti cb1. To test the null hypot hesis
Ho: β1 = 0, use the t-statis ti c give n at the lo wer right; Ho st ates that the re is no li near rela t ion s hip
between Y− andX−, or that straig ht-lin e dependenc eon X− is of no value inpre dicting (o r ‘e xplaining’)
Y−. Inferenc eabou t the int e rc ept b0 is sim ilar but is les soften impor tant.

b1 ± αt*n−2 ×s. d.ˆ (b1)

b1

s.d.(b1)
∼ tn− 2ˆ

To pre dict the mean res pon se µY(x = x*) for a giv en value x* of the exp lanato ry variable X−, we
us ethe value µ̂ = b0 +b1x* fr om the lea stsqu are sli ne whenX− is x*. The confid e n ce int e rval for the
mean respons eis as shown at the rig ht.

µ̂ ± αt*n−2 × s. d.ˆ (µ̂)

Inst ea dof pre dicting the mean(long-ter mav erage) respons e, we may wis h to pre dict the in dividua l re spons eY− on a par-
ti c ular (fu ture) occasio n whenX− ha sthe value x*. Aga inus ethe pre dicted value from the lea stsqu are sli ne: ŷ= b0 +b1x*. The re
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is more unc e rtain ty in pre dicting asi ngl eY than in pre dicting the mean respons eµY when x* is the value ofX−. So thepre dic-
tion inter val fo rYis wider than the confid e n ce int e rval for µY; it has the for m sh own at the rig ht bel ow. In thes ein ter vals,
the poin t es tim atesµ̂ and ŷare thesa m evalue – the not ation is just to rem ind us what we are usi ng
the lea stsqu are s li ne to pre dict: an average re spons eand anin dividua l re spons e. The estim ated
st andard dev iation (or standard erro r) s. d.ˆ (ŷ) is sim ilar to s. d.ˆ (µ̂) but has an extra ter mthat reflects
the addit ion a l un cer tain ty in pre dicting an in dividua l obs ervation.

µ̂ ± αt*n−2 × s. d.ˆ (ŷ)
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