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Figure 13.1. SIMPL E LINEAR REGRESSION: An Int r odu ction

To appre ciat e ou r next dev elo pment of statis ti c a l methods in Par t13 of the Cou rse Mat e ria ls , we first rev i ew what we
accomplis hed in Par t12, whe re we broug ht tog ether, and capi talized on, idea sfr om earli er Par ts of this cou rse and STAT 220.

• Re member that UPPER-casebold le tters refer to a popu lation; the ‘cross’ (a hor izont al li ne across a letter) enables us to
distinguis h, in handwr ittenmater ial, a popula t ion quantity from a random variable repre sent e dby an upper caseit ali c le tter.
−− A va lueof a random variable is repre sent e dby a lo wer ca s eit ali c le tter; a data value (or a speci fi ed value like a sample

si ze) is repre sent e dby a lowe rca s eRo man letter.
Thes enotation conve n tio ns assis t in maint aining the popula t ion/sample and real world/model dis tin ction s.

1. Case 1: Descr ibing One Popul ation
As indicated picto ria l ly in the 3-dim e nsi onal diag ram

at the rig ht, we think of a (resp onden t) popu lation as hav ing
a dis tribution of value s fo r so m e mea s ure d resp onse
variat e(Y− ) of interest; this dis tributio n can be displaye d
as ahistogra m. Popula t ionattr ibutesof interest are:

* Si ze: −N [the number of el ements];

* Location: Y−− [theaver age];

* Variation: S− [the (data) sta n dar d devi ation];
−N is usually con sid ere dto be:

know n, and
ve ry large compare dto the size (n) of any sa m p le(t o be) selected .

Thestudypopula t ion is defi ned by sp eci fying value sfo r on eor moreexplanator y variat e(s); theresp onden tpopula t ion is those
study popula t ion ele ments that woul d prov ide the data reque s ted unde rthe inc entiv es for respons eprov ide din the inv estig a t ion.

• Us u ally, many ex pla n ato ry variat es affect the measure dvalue of the respons evariat eof an ele ment; dealing wit h ex pla n a-
to ry variat es becomes essentia l in the Pla n when rela tionship(s) are bei nginve s tig a ted (e.g., when two or more popula t ion s
are compare dto answe ra Que s tion wit h a ca usa tive aspect) but is usually lessim por tant when inv estig a t i ng on epopula t ion
to answe ra Que s tion wit h adescript iveaspect.
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In Fig ure s12.1, 12.7, 12.10 ,12.1 3, 12.15 and 12. 22,we dis cus s ed for mal inferenc eabou ton epopula t ion – we use d:
. a test of sig n ific a n ce, or: . a confid e n ce int e rval,

to obtain an An swer base don an estim ate obtaine din the inv estig a t ion for the value of a respondent popula t ion attribute, typically:

* anaver age (m ainly), or: * asta n dar d devi ation (in Fig ure 12.13 only) ;
[in terest in standard dev iation for its own sake is more com mon in in dustr ial proble m solv ing con cer ned with reducing varia -
tion]. We use dst atis ti c a lmethods of dat aanalysis to obtain this Answe r becaus ewe had only inco mplet einfor mation – dat a
fr om asa m p lerather than from ace nsusof the respondent popula t ion. Statis ti c a lmethods allowe dus toqu ant ify the unc e rtain ty
arising from:
++ sa m p leer ror and: ++ measurem ent er ror and to assess: ++ model er ror,

but, as wedeve loped them ,they tookno fo rma laccou nt of oth er sour ces of unc e rtain ty in Answe r(s):
−− studyer ror, −− non-res pon seer ror (a not able ins tanc eof the effect of mis sing data).

Our inferenc efr om asa m p leabou tY−− or S− is base don amodel, mos t co mmonly
in this cou rse an assume dno rma l dist rib u tio n fo r the popu lation re spons eY−; we
writ e equation (13.1.1), whe re theYj are(probabilis ti c a l ly) in dep enden t:

Yj ∼ N(µ, σ),
j =1, 2, ....,n.

-----(13.1.1)

* Yj is ara n dom variablewhos edist rib u tio n repre sents the pos sib le value sof the measure dre spons evariat eY−
fo r the jth unit in thesa m p leof n unit s se lec tedfr om the respondent popula t ion,
if the selecting and measuring processes were to be repeated ove rand ove r;

* µ is a model para m eter (themean) repre senting Y−−, theaver ageof the measure dre spons evariat eof the ele ments
of the respondent popula t ion.

Equation (13.1.1) ha sa pr obabi lity em pha sis; an equ ivalent, but
st atis ti c a l ly more conve n ient, for m is equation (13.1. 2), whe re the
Rj (a n d, henc e, theYj) are (probabilis ti c a l ly) in dep enden t:

Yj = µ +Rj, Rj ∼ N(0, σ),
j =1, 2, ....,n, independent, EPS.

-----(13.1. 2)

* Rj is a random variable (called the resi dua l) whos edist rib u tio n repre sents the pos sib ledi ffere nces, from the structur al
co mponent of the model , of the measure dvalue of the respons evariat eY− fo r the jth unit in the sample of n units
sele cted from the respondent popula t ion, if the selecting and measuring processes were to be repeated ove rand ove r;
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* σ the (pr obabi lis tic) sta n dar d devi ation of the nor mal model for the dis tributio n of the residu al, is a model para m eter which
repre sentsS−, the (data) sta n dar d devi ation of the measure dre spons evariat eY− of the ele ments of the respondent popula t ion;
this standard dev iation (and, henc e, σ) qu ant ifiesthevariation of the measure dre spons evariat eov er the ele ments of the re-
spon ent popula t ion – as this variation increa s es,so does the respondent popula t ion standard dev iation (and, henc e, so doesσ).

No te the steps lea ding to this normal probability model for Yj: the (discret e) popula t ion histogra m fo rY− ha sa shape that is
ap proxi mat e dby a (contin uou s) nor mal p.d.f. and, unde req uiprobable sele cting (EPS) [fo r which each of the −N re spondent
popula t ion ele ments has thesa m ein clu sio n probability] , this nor mality for the popu lation carrie sthroug hin t o the model for the
random variableYj in thesa m p le. [Elsewhere, EPS may be refer red to as si m p le ra n domsele cting (SRS).]

• The nor mal model for Y− is the basis of t dist rib u tio n estim ating procedure s(e.g., in Fig ure 12.15), whe reµ repre senting Y−− is
estim ated by y− (take nas thesa m p leav erage y−) andσ repre senting S− is estim ated by s [take nas thesa m p le(d ata) s.d. s].
−− If a value isgi ven in the Que s tion statement for S− (to be use das the value of σ), we can rela x the requi rement for a

no rma l model for the dis tributio n of Y−; theappr oximate no rma l dist rib u tio n of the relev a n testim ato r of µ repre senting
Y−− is then a con seque n ce of the Cent r alLi mit Theorem . Howeve r, this case is of lit tle impor tanc ein practic e becaus eS−
is se ldomknow nwhen estim ating µ repre senting Y−−.

The picto ria l repre sent ation of this case wou ld be like the diag ram ove r leaf at the upper rig ht of pag e13.3 but with -
ou t the (no rma l) model for the dis tributio n of respondent popula t ion respons evalue s(a n d, henc e, wit hou tµ).

−− Be cau se we encou nter probabilis ti c st atements mainly in rela t ion to thesa m p leand its att rib u t es, it is easy to for get such
st atements are aconseq uen ceof our model for the resp onden tpopu lation re spons e, coup led with EPS of the sample.

Thus, the mos t notable feature s of our models are the dis tribution of Y− in the respondent popula t ion and the pr ocesses of
se lec ting the sampleandmeasur ing var iate values (in trodu c e din Par t2 of STAT 220); we als ore cognize the impor tanc eof:
++ adequateaccessto an appro priat estudypopula t ion (first discus s ed in Par t2 of STAT 220) [to manage study error];
++ a hig h resp onse rate (d iscus s ed in Par t8 of STAT 220) [to manage non -re spons eer ror for the resp onden tpopula t ion];
++ assessing model error (fo r ex ample, recall Poi nt 6 of Section 3 on pag es 6.21 and 6.22 of Fig ure 6.3).

NO TES: 1. The diag ram ove r leaf at the upper rig ht of pag e13.3 rem inds us of sa m p leer ror andmeasurem ent error – the
di ffere nce between the measure dvalue ofY−− (the respondent popula t ion ave r age) and y− (the sa m p leav erage) in a
particular inve s tig a t ion. In the diag ram ,the combin ation of thes etwo errors is knownbecaus eY−− is known but,
in real inv estig a t i ng, we on ly know y−; statis ti c a lmethods allow us to quantify the sampling and measuring un-
cer tain ty in our es tim ateof Y−−. Throu ghout Par t12, only sampling and measuring unc e rtain ty were con sid ere d.

2. An inv estig a t ion involv ing one popula t ion is usually trying to answe r a Que s tion(s) wit h a descript ive aspect –
su ch inv estig a t i ng typically seeks to descr ibe the stat eof affairs in some popula t ion, often in ter ms of estim ates
fo r the value sof one or more popula t ion attributes; the re may als obeco mpariso namong the Answe rs from dif-
fere nt inve s tig a t ion sof des criptiv e Questio ns – for exa mple, comparison among the Answe rs from a ser ies of po-
li tical pol ls taken ove r time – but this does not alter the des criptiv e nature of the Que s tion in each inv estig a t ion.
By con trast, mos t inve s tig a t ion sof two popula t ion sare inherently co mpara tive, sometimeswith ex pli cit con cer n
fo r ca usa tion, sometimes wit hou t it or wit h this con cer nonly implicit.

• When a comparative Pla n is con cer ned with estim ating an att rib u t einvolv ing adi ffere nce, the re may be some
canc ellation ofmeasur ing in accur acy.

2. Case 2: Compar ing Tw o Po p u lat ions – Relationships
Our picture of two popula t ion sis , in essenc e, a

duplication of the case for on e popula t ion, as
in d i c ated by the 3-dim e nsi onal diag ram at the rig ht.
Popula t ion attributes of int e rest are aga in:

* Si ze: −N1 and −N2,

* Location: Y−−1 and Y−−2,

* Variation: S−1 and S−2,
except that a sub scr ipt (1 or 2) is added to dis tinguis h
the two respondent popula t ion s. Thene wid e ais the
us eof the value of afo cal explanator y variate (he re
den oted X− f) to speci fy what dis tinguis hes one re-
spon d e n tpopula t ion from the othe r.

• The two popula t ion smay be thesa m eelem e n t sat different tim e s.

In Fig ure s12.11 and 12.19, we dis cus s ed for mal inferenc eabou t twopopula t ion s– we use d:
. a test of sig n ific a n ce, or: . a confid e n ce int e rval,

to obtain an An swer base don estim ates obtaine din the inv estig a t ion for the value sof respondent popula t ion attributes, typically:

Y−

X− f

Y−−2Y−−1

µ1

µ2

1
1

X− f1

2
2

X− f 2

y−2

y−1

EPS

EPS

Propor tio n of ele ments wit h
a mea s ure dre spons evalue

Dist rib u tio ns of
resp onden tpopu lation

mea s ure dre spons e
variat evalue s Mo del sfo r the

dist rib u tio n of
re spondent popula t ion

mea s ure dre spons e
variat evalue s

Sa m p lesof mea s ure d
re spons evariat evalue s

2005 -04 -20 (cont inued)



Un ive rsity of Wat e r loo STAT 221 – W. H. Che rry

#13.5

Figure 13.1. SIMPL E LINEAR REGRESSION: An Int r odu ction (continue d 1)

* two aver ages(m ainly), or: * two sta n dar d devi ations(in Cases 2 and 3 of Fig ure 12.19 only) ;
[o ur con cer nwith standard dev iation swa sonly se con dar y to our primary int e rest in ave r age s]. We use dst atis ti c a lmethods of
data analysis to obtain this Answe r becaus ewe had only inco mplet einfor mation – dat afr om sa m p les rather than from ce n-
susesof the two respondent popula t ion s. St atis ti c a lmethods allowe dus toqu ant ify the unc e rtain ty arisi ngfr om:
++ sa m p leer ror and: ++ measurem ent er ror and to assess: ++ model er ror,

but, as wedeve loped them ,they aga intook no fo rma laccou nt of oth er sour ces of unc e rtain ty in Answe r(s):
−− studyer ror, −− non-res pon seer ror (the mos tnotable ins tanc eof the effect of mis sing data).

Our inferenc efr om thesa m p les abou tY−−1 −Y−−2 (o r abou tS−1/S−2) is base don an ex-
tensio n of the model ,writ ten as equ ation s(13.1.1) and(13.1. 2) on pag e13.3, to two
popula t ion s– in the expre ssi ons(13.1. 3) and(13.1.4) at the rig ht, sub -
script i =1 or 2 indexe sthe relev a n tre spondent popula t ion and the
sample from it, whe re theYi j are(probabilis ti c a l ly) in dep enden t:

Yi j ∼ N(µ i, σ i),
j =1, 2, .....,ni.

Yi j = µ i +Ri j, Ri j ∼ N(0, σ i), i =1, 2,
j =1, 2, .....,ni, independent, EPS.

-----(13.1. 3)

-----(13.1.4)

* Yi j is a random variable whose dis tributio n repre sents the pos sib le value sof the measure dre spons evariat eY−i

fo r the jth unit in thesa m p leof ni un its selected from respondent popula t ion i,
if the selecting and measuring processes were to be repeated ove rand ove r;

* µ i is a model para m eter (themean) repre senting theaver ageof the measure dre spons evariat eY−i fo r the ele ments
of respondent popula t ion i;

* Ri j is ara n dom variable (c a l led the resi dua l) whos edist rib u tio n repre sents the pos sib ledi ffere nces, from the structur al
co mponent of the model , of the measure dvalue of the respons evariat eY−i fo r the jth unit in the sample of ni un its
sele cted from respondent popula t ion i, if the selecting and measuring processes were to be repeated ove rand ove r;

* σ i the (pr obabi lis tic) sta n dar d devi ation of the nor mal model for the dis tributio n of the residu al, is a model para m eter
repre senting S−i, the (data) sta n dar d devi ation of the measure dre spons evariat eY−i of the ele mentsts of respondent popula -
tion i; this standard dev iation (and, henc e, σ i) quantifie s thevariation of the measure dre spons evariat eov er the ele ments
of respondent popula t ion i – as this variation increa s es,so does each standard dev iation (and, henc e, so doesσ i).

No te aga inthe steps lea ding to this normal probability model for Yi j: the (discret e) popula t ion histogra ms fo r Y−1 andY−2 have a
sh ape that is approxi mat e dby a (contin uou s) nor mal p.d.f. and, unde req uiprobablesele cting, this nor mality for thepopu lations
carrie sthroug hin t o the model sfo r the random variable sYi j in thesa m p les.

3. Case 3: Re lat ionsh ips – Many Popul ations
Comp aring two popula t ion s in Case 2 is one ins tanc eof inve s tig a t i ng a rela tionship – whether there is an effect on a

mea s ure d re spons evariat eY− of (two value sof) a focal exp lanato ry variat eX− f. In Case 3, our conc e rn is stil l with rela t ion -
ships, but from a more gen eral perspective.

We think first of on epopula t ion of −N elem e n t s ,each wit h a
value for a respons e variat e Y− and an exp lanato ry variat e X−;
su ch a dat aset (X− i, Y−i), i =1, 2, .....,−N, wou ld usually be shown
gr aphically as a scatt e r diag ram like the one at the rig ht. The
Questio n we want to answe ris: What is the fo rm of the rel ation-
sh ip betweenY− andX− in the res pon den tpopu lation?

One answe r to this que s tion, for the −N (X−, Y−) value s , is
Y− = f(X−), whe re f(X−) is a polyn omial of deg ree −N passing
throug hall the −N poin t s (w hich are assume dto have dis tin ct X−
value s); such a model for the for m of the rela t ion s hipcont ains
−N +1 parameters. Depending on the posit ion sof the poi nts (i.e.,
depending on the ele ments’ X− and Y− value s), a polyn omial of
lo wer degree may als opass throu gh all the poi nts but, in gen eral,
as the degreedecrea s es,mo reand more of the poi nts wil l li e of f
the cur ve repre senting the polyn omial. Our conc e rn here is wit h
using a straigh t li ne (a fir st-deg ree polyn omial wit h two para -
meters) to model the lin ear component of the tren din the poi nts;
this straig ht lin emay pass throu gh one or more of the poi nts or it
may pass throu gh noneof them.

There is only on epoly nomial of deg ree−N, speci fi ed by a uniqu eset of value sof its −N +1 parameters, whi c hpasses throu gh
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all −N poin t s ,but there is more than one lin e which cou ld be thoug ht of as repre senting the straig ht-lin e co mponent of their
tren d. The criter ion we use to select on eof thes eli nes is called le ast squ ares: the li ne of best fit to the −N poin t s is the one
which mi nimizes the sum of the squ ares of the ver tical dis t ances of the poi nts from the lin e (i.e., the one whi c hminimizes the
sum of the squ are d resi dua ls). Such a lin e is often refer red to, for his t orical rea son s, as th e regr essi on of Y− on X−; its two
parameters −B0 (theY−-in tercept) and−B1 (the slo pe) areattr ibutesof the popula t ion.

An illust r ation of the matt e rs des cribed in the previous
paragr aph is shown at the rig ht. There are five (X−, Y−) value s:

X− 1 3 6 10 15

Y− 3 5 5  7  10,

and the fou rth -degree polyn omial whi c h passes throu gh the five
poin t sis:

7560Y− = 3060+25 236X− − 6205X−2+608X−3−19X−4

[o r: Y− −−∼ 0.40 48+3. 3381X− − 0.8208X−2+ 0.080 42X−3− 0.002513X−4];

also, as shown in Fig ure 13. 3,the reg res sio n of Y− onX− is:

regY
−− = 2.7778+ 0.4603X−.

The diagr amat the rig ht shows a scatt e r diag ram of the five (X−,
Y−) value swith the polyn omial and the straig ht lin e of best fit
superimpos ed on it.
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The dis cus sio n so far in Case 3 is in ter ms of apopu lation of −N (X−, Y−) value sbut the more usual dat aset in practic e is a
sa m p leof n (x, y) value s ,where the sample size n is gen erally much sm aller than the popula t ion size −N. As exp lain ed in more
detail in Fig ure 13. 3, the modific ation to the discus sio n abov e is that, for sa m p ledata, the method of lea stsqu are syi elds only
es tim ates, b0 andb1, of themodel para m eters β 0 andβ1 repre senting the popula t ion attributes −B0 and−B1; we also refe r to the
li ne as the es tim ated regres sio n of Y− onX− (a lthou gh ‘estim ated’ i s gen erally omitt e d el sew here) . As alw ays , the meth od of
sele cting the sample is ce ntra l to assessing the likely size of the error associat e dwith inferenc e(s) from the sample about the
rela t ion s hipin the respondent popula t ion; one statis ti c a l ly accep table met hod is, of cou rse, eq uiprobablesele cting.

• Fo rma lst atis ti c a linferenc e(in ter val estim ating, sig n ific a n ce testing) fr om a sample
abou t the straig ht-lin eco mponent of the rela t ion s hipin the respondent popula t ion
us u ally requi re sdis tributional assump tion sabou t the popula -
tion; for sim p le lin ear reg res sio n, the com mon normal model
is the expre ssi ons(13.1. 5) and(13.1.6) at the rig ht, whe re theYj

(a n dtheRj) are (probabilis ti c a l ly) in dep enden t:

Yj ∼ N(β0 +β1xj, σ),
j =1, 2, .....,n.

Yj = β0 +β1xj +Rj, Rj ∼ N(0, σ),
j =1, 2, .....,n. independent, EPS.

-----(13.1. 5)

-----(13.1.6)

* Yj is a random variable whose dis tributio n repre sents the pos sib le value sof the measure dre spons evariat eY−
fo r the jth unit in the sample of n units selected from the respondent popula t ion,
if the selecting and measuring processes were to be repeated ove rand ove r;

* β0 is a model parameter which repre sents theY−-in ter cep tof the straig ht-lin emodel for the rela t ion s hipbetween X−
and the ave r age ofY− mea s ure din the respondent popula t ion; i.e., the ordin ate of this straig ht lin ewhenX− = 0;

* β1 is a model parameter which repre sents thesl opeof the straig ht-lin emodel for the rela t ion s hipbetween X−
and the ave r age ofY− mea s ure din the respondent popula t ion;
i.e., the change in the measure dav erage ofY− fo r un it change inX− ov er the ele ments of the respondent popula t ion;

* xj is the value of the exp lanato ry variat eX− fo r the jth unit in the sample of n units selected from the respondent popula t ion;

* Rj is a random variable (called the resi dua l) whos edist rib u tio n repre sents the pos sib ledi ffere nces, from the structur al
co mponent of the model , of the value of the measure dre spons evariat eY− fo r the jth unit in the sample of n units
sele cted from the respondent popula t ion, if the selecting and measuring processes were to be repeated ove rand ove r;

* σ the (probabilis ti c) sta n dar d devi ation of the nor mal model for the dis tributio n of the residu al, is a model parameter repre sent-
ing the (data) sta n dar d devi ation of the measure dre spons evariat eY− of the ele ments of the respondent popula t ion wit h value
xj fo r ex pla n ato ry variat eX−; this standard dev iation (and, henc e, σ) quantifie s thevariation of the measure dre spons evariat e
of the ele ments of the respondent popula t ion wit h value xj fo r ex pla n ato ry variat eX− – as this variation increa s es,so doesσ.

This model somewhat change sou r or igi nal picture of on epopula t ion of −N (X−, Y−) value s– the re is now concep tua lly a
no rma l ly dis tributed ‘popula t ion’ of Y− value sat any X− valueX− i. This idea is shown picto ria l ly in the diag ram at the top of
the facing pag e13.7 whi c h, for conve n ienc e, is lim ited to fo ur X− value s; the diagr amsh ows how the model fo r discus sing
rela t ion s hips in Case 3 makes this caseappear to be an ext ensio n of Case 2 to manypopula t ion s, one for ea ch value ofX−.
−− This diagr amdiffers from the two earlie r diag rams (on the first and secon dsi des of this Fig ure, pag es 13. 3 and 13.4) in

that it shows on ly the popula t ion sandomit s the samples; if it were to inclu de the latt e r, the re wou ld typically be only fo ur
obs ervation s– one from each ‘popula t ion’ at the fou rX− value s.
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Figure 13.1. SIMPL E LINEAR REGRESSION: An Int r odu ction (continue d 2)

−− Unli ke Case 1and Case 2,
there may be situation s in
Ca s e3 whe re the popula -
tion histogr ams, implie d by
the model of equ ation s
(13.1. 5) and (13.1.6) on the
faci ng pag e13.6 for Yj, do
not actually exi st – the re
may be only on e (o r a fe w)
value sof Y− whenX− =X− i.

−− The model assump tion that the
trend in theY−−is is li near in X− can be
il lust r ated as shown in the diag ram at
the lowe rright; the scatt e rdiag ram is the
on egive non pag e13.5 but, as indicated by
the dashe dve rti c a l li nes, the poi nts have now been
gr ouped in t o ten int e rvals on the basis of their X−-value sand
the aver age of Y− (in d i c ated by a circle ) calcula ted for each
gr oup; thes eav erage shave then been conne cted by lin es.
The reg res sio n of Y− onX− can be thoug ht of an idea lization
of this rou ghly (‘untidy’) l in ear tre n din thes eaver ages.

A not ation a ldiffic ulty is that Y−−i is the natural symbol for
the actual av erage ofY− whenX− =X− i, but we als o ne e da
sy mbol for the hypoth etical av erage ofY− un d er the ideali-
zation of the straig ht-lin e regres sio n model. In thes e
Course Mat e ria ls ,we useregY

−−i(X− i) where:
. the bar reminds us we are dealing wit h an aver age

re spons e;
. the sub scr ipt reg reminds us this ave r age is amodel

qu antity;
. the X− i reminds us the model ave r age is a (st r aight-lin e)

function of the value of the exp lanato ry variat eX− ;
[When the re is no amb iguity, (X− i) can be omitt e dand
the popula t ion model ave r age ordin ate sho rtene dto regY

−−i ].

Whenpr obabi lity modelling is int roduced (as in Fig ure 13.7)
to deal wit h in fer encesbase don sa m p ledata, the symbol for this ave r age ordin ate is µY(xj), whi c h fo llows natur ally
fr om regY

−−i(X− i); als o, we write the eq uation of the straig ht lin efit ted by the method of lea stsqu are sasregY
−− = −B0 +−B1X− or,

fo r ou r il lust r ative popula t ion dat aset of 5 obs ervation s, as regY
−− = 2.7778+0.4603X− . We need to rem ember from the

st art that a reg res sio n model deals wit h anaver age re spons e, alt hou gh it may take tim e fo r us to get use dto this change
to our long-st andingmath ematical des criptio n of a straig ht lin eas y= b+ mx.
It is the con cer n with aver ges that dis tinguis hes mos t sh arply reg res sio n modelling from the idea of a polyn omial
pa ssi ng throu gh all the obser vations; we are no longe rconc e rne dwith this latt e rid e ain Par t13. The two approaches
to fitting equ ation sto poi nts have different int entsand outco m e s.

−− As in Cases1 and 2, not ethe steps lea ding to thenormal probability model for Yj: the (discret e) popula t ion histogra m fo r
Y− at each value ofX− ha sa shape that is approxi mat e dby a (contin uou s) nor mal p.d.f. and, unde req uiprobable sele cting,
this nor mality for the popu lationscarrie sthroug hin t o the model sfo r the random variable sYj fo r each value xj of X− in the
sa m p le.

NO TES: 3. The fou r diag rams on this and the previous two pag es 13. 5 and 13.6 show the case of a direc t rela t ion s hipbe -
tween Y− andX− – bot h variable s tend to inc rea s eor decre ase tog ether (i.e., −B1 > 0); of cou rse, inverse rela t ion -
ships, whe re one variable tends to increa s eas the othe rdecrea s es(i.e., −B1 < 0) are als o im por tant in practic e.

4. A st r aight lin e fit ted to bivariat edata (or, equ ivalently, the value sof its two parameters) can be regarded as a
us eful dat asummar y, in the same way an aver age is a useful sum mar yof univariat edata .

5. One purpose of fitting a straig ht lin eor other fun ction to a set of biv ariat edata may be to extra pol ate beyond the
in ter val of the obs ervedX− value sto ‘predict’ a value for (the ave r age of) Y−. The diag ram at the upper rig ht of the
faci ng pag e13.6 rem inds us of the impor tanc eof choosing a‘s ensib le’ model and of the dange rs of ext r apola t i ng ;
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NO TES: 5. •(c o nt.)
the poi nts in this diagr am sh ow an inc rea sing rou ghly lin ear tre n d, but we hav e no em pir ica l infor mation
abou t whet her this for m of rela t ion s hipbetween Y− andX− persis t sou tsi de the range of the data (i.e., X− value s
ou tsi de the int e rval from about 0 to16);

• the ‘predicted’ Y− value for X− ou tsi de the int e rval 0-16 wou ld differ subs t ant iall y between the straigh t li ne of
best fit (which passes throu gh none of the poi nts but fol low s thei r tren d) and the fou rth deg ree polyn omial
(w hich passes throu gh all the poi nts but dep arts sharply from their tre n dou side the int e rval of obs ervation) –
in the con tex t of this Fig ure 13.1, the polyn omial is int roducedon ly fo r il lust r ative purposes and our re al con-
cer nis wit h the straig ht lin e.

6. If the re is int e rest in whether a change in X− ca usesa change in Y−, the accur acy of the inferenc edepends on
whet her the dat aco m efr om an experimenta l Plan [in whi c h the invest iga tor (s) deter min e the X− value sand then
mea s ure Y−] or from an ob ser vational Plan [in whi c h the Y− value saris e fr om the value sof X− that occur in the
un its that hap pen to be inv estig a ted].

7. Not ethe sometimes conf usi ngter min ology used in conne ction wit h the topic of ‘ regres sio n’ i nt roduced in Case 3
and the phrasesi m p leli near reg res sion.

• Regr essi on, in its statis ti c a lus eage, means a process for finding a mat hem ati c a l fo rm for the rela t ion s hipbe -
tween (the ave r age of) a mea s ure dresp onse variat eand one or more explanator y variat es; like all mat hem a-
ti c a lmodels , regres sio n models are only an appr oximatedes criptio n of what is bei ngmodelled .

• Si m p lerefe rs to thestraigh t-lin e regres sio n model wit h on eex pla n ato ry variat e: regY
−− = β0 +β1X−, whi c h is als o

th e(model) regr essi on of Y− onX−; si m p leis to be con trast e dwith multiple.

• Linear refe rs to a reg res sio n model bei ngli near in thepara m eters – it doesnotmean lin ear in the exp lanato ry
variat e(s), so that: regY

−− = β0 +β1X− +β 2X−
2 is li near; lin ear is to be con trast e dwith non-lin ear.

• Mu ltiple regres sio n models hav etwo or moreex pla n ato ry variat es (on their rig ht-hand sid e) – for exa mple:
regY
−− = β0 +β1X−1 +β 2X−2.

• No n-lin ear refe rs to a reg res sio n model that is not li near in thepara m eters – for ins tanc e:
regY
−− = β1X−

α is non -li near (becaus eof α) but can be made lin ear by a log arithmic transfo rmation;
regY
−− = β0 +β1X−

α is (inhe rently) non -li near.

8. Alt hou gh we lim it our dis cus sio n to fitting straigh t li nesto data in STAT 221, the method of lea stsqu are scan also
be use dto fit a secon d or hig her deg ree polyn omial (or a more complicated model) to a set of bi- (or mul t i-)
variat edata .

9. Infor mation abou t two matt e rs of his t orical int e rest in Case 3, taken from pag e45 of an est ablis hed ‘regres sio n’
text (Ap pli ed Reg res sion Analysi s, Nor man R. Draper and Harry Smith , Thir d Edit ion, John Wiley & Son s, New
Yo rk, 1998), is as fol low s :

It appears that Sir Francis Galton (1822-1911), a wel l-know n Br itis h ant hro pol ogis t and meteorol ogis t, was re-
spon sib le for the int roduction of the ter mregr essi on. He origi nally use dthe word re version in an unpub lis hed addres s
Ty pical laws of her edity in man to the Roy al Institutio n on Feb ruary 9,1877. The lat e rwo r d regr essi on ap pears in his
Presid e n tia l addres sto Sectio n H of the Britis h As sociation at Aberdeen, 1885, print e d in Na ture, pag es 507-510 ,
Sept ember,1885 [DC Lib r ary call number: PER Q1.N2], and also in a paper Regr essi on tow ards mediocr ity in her editary
sta ture, Jo urnal of the Anth rop ologi cal Institute: 15, 246 -263,1885. In the latt e r, Galton repor ts (page 246) on his
in itia l discov ery that the offspring of seeds ..... did not tend to rese mble their pare nt see ds in size, but to be always
more mediocre (i.e., more average) than they – to be smaller than the paren t s,if the paren t swere lar ge; to be lar ger
than the paren t sif the paren t swere very small. ..... The exper iments showe d further that the mean fili al reg res sion
to war ds mediocr ity was direc tly pro por tional to the paren t al devia tion fro m it. Galton then descr ibes how the same
fe ature swe re obs erved in the records of heig hts of 930 adu lt ch ildre n and their res pec tive paren t age s, 205 in number.
In essenc e, he shows that if variat e y repre sents chil d’s height and variat e x repre sents a weighted ave r age of the
mo the r’s and fat her’s heights (se ethe origi nal paper for det ails), an estim ated reg res sio n of Y− onX− so m ething like
y =  y− + 2/3(x − x−) is appro priat e, alt hou gh he does not phrase it like this. Galton’s paper makes fas cin ating rea ding, as
does the accou nt in The His tory of Sta tis tics by S.M. Stigler, pag es 294 -299, Bel knap Pre ss of Harvard Unive rsity,
1986 [DC Lib r ary call number: QA276.15.S75 1986]. Today, Galton’s analys is wou ld be calledcorrel ation analysi s, a ter m
fo r which he is als o re sponsib le. The ter mregr essi on soon came to be appli ed to rela t ion s hips in situation soth er than
the one from whi c h it arose, inclu ding situation swhere the exp lanato ry variat ecannot re asonably be repre sent e dby a
random variable, and its use has persi sted to this day, In mos t current model-fitting situation s, the re is no ele ment
of ‘regres sio n’ i n the origi nal sense, but the word is so est ablis hed that it is ret ain ed in mos tst atis ti c a lco mmu nication
(in clu ding thes eCourse Mat e ria ls).

There has been a disp u t eabou t who first dis cov ere d the met hod of lea stsqu are s. It appears it was dis cov ere d
in d ependently by Carl Fried r ich Gaus s(1777-1855) and Adrien Marie Lege n dre (17 52-1833), that Gau ss started usi ng
it before 1803 (he cla ime din abou t1795, but there is no cor roboration of this earli er dat e), and that the first accou nt
wa spublis hed by Lege n dre in 1805. When Gaus swrot ein 1809 that he had use dthe met hod earli er than the date of
Lege n dre’s pub lication, con trove rsy con cer ning the prior ity bega n. The facts are caref ully sif ted and discus s ed by
R. L. Placke tt in Studies in the his tory of probabi lity and sta tis tics. XXIX. The discovery of the meth od of lea st squ ares;
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Figure 13.1. SIMPL E LINEAR REGRESSION: An Int r odu ction (continue d 3)

NO TES:
(c o nt.)

9. Bi ometr ika: 59, 239 -251, 1972 [DC Lib r ary call number: PER QH301.B5], a paper wel l wo rth rea ding. Als oof interest are:

• C. Eisenhar t: The mea ning of ‘le ast’ i n lea st squ ares, Jo urnal of the Washingt on Aca demy of Sci ences: 54, 24-33,
1964 [DC Lib r ary call number: PER Q11 .W32], whi c his reprint e din:
−− Preci sion , Me asure men t and Calibra tion, edited by H.H. Ku, U.S. Nation a l Bu r eau of Standards Speci al

Publication 300,1969, Volum e1;

• Gau ss, Carl Friedrich in: In ter national Enc ycl opedia of the Socia l Sciences, Macmil lan Co. , Free Pre ss Div isi on,
Ne wYo rk, 1968, Volum e6, pag es 74-81 [CG Lib r ary call number: H40.A215 1968], and:
−− Encycl opedia of Sta tis tical Sci ences, John Wiley & Son s, New Yor k, 1983, Volum e3, pag es 305 -309[DC Lib r ary

call number: Ref QA276.14 .E5 1982];

• S. M. Stigler: Gergon ne’s 181 5 pa per on the des ign and analysis of pol ynomi al reg res sion exper iments, Hi storia
Ma thematica: 1, 431 -447, 1974 (se epage 433) [DC Lib r ary call number: PER QA21.H58x];
−− se ealso Stigler’s bookThe His tory of Sta tis tics [DC Lib r ary call no.: QA276.15.S75 1986] refe renc e don the facing pag e.

The idea sin trodu c e din Case 3 occur in the media and rela ted sou rces, as illust r ated in the fol low ing six Exa mples.

4. Examp le 13.1.1: This sho rter article EM9701 from The Globe and Mai l of Janu ary 3,1997, pag eB7, inv olves cla s sifying
bivariat eobs ervation sin ter ms of whether or not they fol low a decre asi ngli near tre n d. In the not ation of
Ca s e3, Y− is a cou ntr y’s ave r age test sco reandX− is the pro por tio n of its 17-ye ar-ol ds tak ing phy sics cla s s es.

Enro lment and test score sEM9701:

Bu sin ess often complains that edu cation stan-
dards are sli ppi ng. Last mon th, this colum n
sugg est e dthat what’s really hap pening is not
a decli ne in standards as much as an
in cre ase in the percent age of the popula t ion
who are tak ing par t in our edu cation sys tem .

If you look at the res ult s of inter nation a l
tests of student ability, it often seems that
Cana da– wit h on eof the hig hest edu cation
budge ts in the world –  is not doing wel l
en oug h. It cer tainly seems we are not
ge tting what all that mon ey shoul d buy.

Bu t it tur nsou t that, wit h fe w exceptio ns,
the cou ntr ies that sco rehighest on int e rna -
tion a l tests are the ones wit h the sma l lest
propor tio n of students in cla s s es, and the
low sco re rs are the ones wit h the hig hest
propor tio n in cla s s.

The chart at the rig ht shows the res ult s of
a wel l-docum e n ted set of tests in phy sics,
part of the Second Int e rnation a l Scie n ce
Study of 1988.

The res ult s of all but thre eof the 13 cou n-
tr ies in the study – the United States, Hong
Kong and Nor way – fall wit hin a nar row
band, whe re the res ult s can be sim p ly
des cribed. The lowe r the pro por tio n of a
coun try’s 17-ye ar-ol d popula t ion tak ing phy s-
ics cla s s es, the hig her the ave r age sco res.

Hungary and Engla n d, whi c h ranked se-
cond and thi rd in the world-wide tests, had
only about 5 per cent of their 17-ye ar-ol ds in
phys ics cla s s es. In Cana daand Italy, whi c h
ranked 11t hand 13th, about 20 per cent were
taking phy sics cla s s es. Of the exc eptio ns,
Ho ngKong and Nor way did better than they
sh oul d have, con sid ering the number study-
ing phy sics, and the United States did worse.

What does this tel l us? A sm all int ellec-
tual eli te wil l score hig her on ave r age than a
large student body wit h a wid er range of
in tel lectual capacities. But what popula t ion
of 17-ye ar-ol ds wou ld you rat her be recruit i ng
em p l oye es from – Hungary’s or Cana da’s ?

John Kettle is a con s ult ing futur ist based in Oshawa, Ont.

Phys ics test score s
an d part ic ipation
Se con dInter nation a lScie n ce
Study, 1988
Pe rcent test sco re

Sour ces: Rob ert Cro cker (Me mor ial
Un iversity), Sec ond Inter national
Science Study and John Kettle

80

70

60

50

40

30

20
0 5 10 15 20 25

% of age group tak ing cou rse

•

• ••
•

•
•

•

•
•

•

•

•
USA

Hungary Engla n d
Si ngapore

Pola n d
Ja pan

Au s trali a

Ho ngKong

Finland

Sw eden
Cana da

It aly

No rway

5. Examp le 13.1.2: The article EM9201, from the jou rnalNa ture: 355, 25, Janu ary 2, 1992 [DC Lib r ary call number: PER Q1.N2],
is of interest becau se ts main Answe r is base donextra pol ation of reg res sio n li nes.

Will wom e nsoon out r un men?EM9201:

The ave r age running vel ocity (v−) is a cruci al
deter min a n t of the metaboli c dema n ds
im pos ed by competitive running eve n t s1, 2.
Its his t orical progres sio n, the refore, is likely
to be impor tant in unde rst anding the phy sio -
logi c a l deter min a n t sof the seemingly inex-
orable progres sio n of record per for manc es.

We the refore est ablis hed v− as a fun ction of
his t orical tim e(t) for the world records at all
the standard Oly m pic eve n t sfr om the 200

m to the marat hon (42,195 m) for men,
de ca de-by-decade, throu ghout this centur y3, 4.
We were able to est ablis h this rela t ion s hip
only for eve n t s up to 1,500 m sin ce the
1920s for women; dat awe re ina dequ ate for
the 5,000 and 10,000 m, alt hou gh we judge d
there to be suf fi cie n tfo r the marat hon.

In men, the progres sio n of v− ap pears to be
a lin ear fun ction of t, wit h sl opes for the dif-
fe rent eve n t sbeing rem arkably sim ilar (le ft-

hand digr amov erleaf) – in agreement wit h
the res ult s of Ryder et al 5. Thes erang ed
fr om 5.69 to 7.57 m min−1 de ca de−1, wit h no
syst emati c variation wit h in cre asi ngrace dis -
tanc e. The marat hon slo pe, howeve r, was
ap pre ciably gre ater (9.18 m min−1 de ca de−1).

Fo r women, the re were als o no sig n ific a n t
differenc esin the slo pes among the different
ev ents up to the 1,500 m (middle diagr am
ov erleaf). The slo pe, howeve r, was approxi-
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mately doub le that for the men, rangi ng
fr om 14.04 to 17.86 m min−1 de ca de−1. As
fo r men, the rat eat whi c hv− in cre ase din the
marathon was appre ciably gre ater (37.7 5 m
min−1 de ca de−1). Despi te the pot entia l pi t-
fa l ls, we cou ld not resis t ex trapola t i ng thes e
re co r dprog res sio ns into the future.

Un less the progres sio n rate of men’s re-
co r ds in cre ases rela t ive to that of women,
then v− fo r thes eev ents wil l be no different
fo r men and women wit hin the first half of
the twe n ty-first centur y (r ight-hand diag ram
below) . Beyond that tim e, cur rent progres -
si on rat es imply super ior per for manc e by
women. The proje cted int e rse ction for the
marathon is1998.

The sugge s tion that women cou ld, so soon,
be running thes eraces as fast as men seems
im probable at first appearanc e. Non eof the
current women’s world record hol d ers at
thes e ev ents cou ld eve n me et the men’s
qu ali fyi ng standard to compete in the 1992
Olympic games. Howeve r, it is the ra tesof
im prove ment that are so str ikingly different
– the gap is progres siv ely clo sing6.

Althou gh it is diffic ult to est ablis h a pre -

ci se met aboli c en ergy equ ivalent of thes e
rates of improve ment, one may estim ate from
the dat aof Margariaet al 7. and Wyn dhamet
al 8. that, for the eve n t sup to 10,000 m, the
prog res sio n requ ire sa rat eof increa s ein O2

cons ump tion of abou t10 ml min−1 yr−1 fo r
men and more than doub le that for women.

It is unlikely that we wil l le arn when, and
how rapidly, the current hig h rate of im-
prov ement was est ablis hed, owing to the
lack of reliable tim e sov er reliable dis tanc es
in the past. Some world records are
av a ila ble, howeve r, as far back as the 1860s
(r efe renc e4); they are consis tent wit h the
value s‘e xpect e d’ f rom the current progres -
si on rat es. Whether the world record pro -
gres sio n rate will begin to slow, eit her rela -
tive ly ab rup tly or more progres siv ely, wil l
only become app are n tin the future.

In any eve n t, thes ere sul ts pos efo ur chal-
le ngi ng que s tion sto phy siologi sts. Why is:

• the world record progres sio n in the vari-
ou s ev ents so lin ear ove r an int e rval of
ap proxi mat ely a centur y;

• the slo pe of the record progres sio n so
si milar from the sprin t sto the 10,000 m;

• the record progres sio n in the marat hon
ap pre ciably gre ater;

• the record progres sio ns for women inc rea s-
ing at such a rapid rat erela t ive to men?

BRIAN J. WHIPP SUSAN A. WARD

Department of Physi ology and Anesth esi ology,
School of Medicin e,
Un iversity of Califor nia,
Los Ang eles, Califor nia 90024, USA
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with best-fit lin ear reg res sio ns (soli d li nes) super impos ed. In the rig ht-hand diag ram ,the reg res sio n li nes for
the com mon eve n t sfo r men and women (soli d li nes) are ext r apola ted (da she dli nes) to their poi nts of int e r-
se ction; the pre dicted world record tim e sat thes ein terse ction poi nts are show n in parent heses(h:min:s) .

A December, 2020, Google search yields the world record dat agive n in the table bel ow. The race tim e sat the ext r apola ted
crossing poi nts in the rig ht-hand diag ram above are show n in bold type in the cent r alcolu mn; adj acent to them in sma l ler
type are the ratios of men’s records to thes eex trapola t ion sand the ratios of the women’s to the men’s records. Three matt e rs
se em inhospi table to the implication sof the article reprint e dabov eand its tit le ove r leaf near the bottom of pag e13.9:

• the rela t ive ly long standing
of some records;

• differenc esof stil l at lea st
10 %between the men’s and
women’s world records;

• except for the marat hon, the
differenc esof abou t3% to about 6½% that rem ain bet ween the men’s records and the value sat the ext r apola ted crossing poi nts.

RACE . . . . . . . . . . . MEN . . . . . . . . . . . . . . . . . . . . . . WOMEN . . . . . . . . . . .
Time Name Year T ime Name Year

200 m 19.1 9 Us a in Bol t 2009 1.0306 18.62 1.1120 21.34 Flo renc eGriffi th -Jo yne r 1988
400 m 43.03 Way de van Nieker k 2016 1.0319 41.70 1.1 062 47.60 Marit a Koch 2006
800 m 1:40.91 Dav id Rudis ha 201 2 1.0537 1:35.77 1.1 226 1:53.28 Jarmila Kratochvi l ová 1983
1, 500 m 3:26.00 Hicham El Gue rrou 1998 1.0643 3:13.55 1.1168 3:50.07 Genzebe Dibaba 201 5
Marathon 2:01:39 Eliu d Kipchoge 2018 0.9973 2:01:59 1.1 021 2:14 :04 Brigi d Kosgei 201 9
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Figure 13.1. SIMPL E LINEAR REGRESSION: An Int r odu ction (continue d 4)

6. Examp le 13.1.3: The article EM9111 reprint e dbelow from The Globe and Mai l of Aug u s t10 ,1991, pag es A1 and A2 is of
in terest becau se it inv olves a proje ction (i.e., an ext r apola t ion) from 1964 of the future requ irements for
the number of medical doct ors in Cana daand a cla im in the middle colum nof the article that the proje ction
wa smu ch too hig h.

Cu t back in sup ply of MDs urged
________________________________________________

1964 proje ction s‘g ros sly in error’

EM9111:

BY ROD MICK LEBURGH
He alt h Po licy Reporter

The mos t co mpreh e nsive study yet into the
qu estio n of phy sicia n supply calls for a cut
of nearly10 per cent in the number of stu -
dents bei ng admitt e d to Canadian medical
school s .

The massiv e repor t also urge sle ss relia n ce
on foreign -train ed docto rs in Cana daand stric-
ter con trols on their entry into the cou ntr y.

The repor t, prep are dby medical res earch
profes sors Mor ris Bare rof the Unive rsity of
Br itis h Colu mbia and Greg Stoddar t of Mc-
Ma ster Unive rsity, fur the r re commends that
greater att entio n be paid to con trolling pay-
ments to exi sting phy sicia ns, such as by pla -
ci ng more of them on salar y or setting in-
co m eli mit s fo r doct ors in cer tain specia lit ies.

Althou gh the repor t, com missio ned by the
conferenc e of dep u ty min is ters of health ,
ha snot been relea s ed, The Globe and Mai l
ha sobtain ed a copy of its recom mendation s
and exe cutiv e summar y.

Sour ces said the entire repor t is abou t700
page s long, the produ ct of 10 mon ths of
inve s tig a t ion, more than 70 int e rvie w s with
ex per ts in the fiel d and eig ht other repor ts
co mmissio ned sep arately by the res earche rs.

"This is the first compreh e nsive, complet e
repor t we hav eha don this matt e r", said for-
me r Ontario dep u ty health min is ter Mar tin
Barkin, who receiv ed a  copy before leavi ng
his pos tla st week.

"I t is cer tainly goi ng to provo k e a lot of
discus sio n."

He a lth-care criti cs hav e long argue d that
Cana dais produ cing too many new docto rs,
poin ting to this as a maj or facto r in the
coun try’s escalating medicare costs.

Be twe en 1975 and 1987, for ins tanc e, the
number of phy sicia ns in Cana darose by 46
per cent, while the popula t ion increa s ed by
le ss than 13 per cent.

The Barer-Stoddar t repor t ag rees that

mea s ure s mu s t be taken to curb the on-
go ing sup ply of docto rs.

"The long-ter m trend of annual inc rea s es
in the rat eof growth of phy sicia n supply in
excess of popula t ion growth con tin ue swith -
ou t obvious or compelling justific ation," the
repor t says .

It att rib u t es exc essiv e me dicalschool enrol-
ment to"g ros sly in error" popula t ion proje c-
tion s cont aine d in the 1964 Hall repor t on
health care in Cana da.

The repor t also bla m e s "t oo lit tle, and frag-
ment e d, con trol exe rci sed ove r the ent ry [in -
to Canada] ..... of graduates of foreign medi-
cal school s ."

Althou gh the repor t conclu des the re is no
"o ptima l" number of phy sicia ns for Cana da,
it recom mends rest ricting ent ry to 1,600 stu -
dents a year into Canadian medical school s .
"This repre sents a reduction of les sthan 10
per cent."

This year, just ove r1, 700 students gradu-
at e dfr om medical school s in Cana da, dow n
fr om a peak of 1,835 in 1985.

Dr. Barkin said he feels the pro pos ed cut is
unfair. The re’s no rea son why Ont ario can’t
contin ueto tur nou t600 new docto rs a year
fr om its own medical school s, he argue d.
The problem arises from the issuing of 500
addition a l new medical lic enc eseach year
to doct ors from other are as.

"Why not deal wit h thos e500 ins tea dof
depriv ing some of our own cit i zens of the
right to att end medical school? "

The Barer-Stoddar t repor t did not att emp t
to set a speci fi c quot a fo r doct ors train ed
ou tsi de Cana da.

Bu t it did stres sthe need for "a more con -
cer tedef for t ..... to mon ito r and strictly en-
fo rce con d ition s of ent ry for vis a train ees
and vis aphys ici ans."

The repor t adde d that specific poli cie s
sh oul d be enact e dto encou rag emo reCana -
dian doct ors to fill unpopular posit ion scur-

re n tly staffed by a hig h propor tio n of foreign -
train ed phy sicia ns.

Abov e all, the repor t em pha sized the
co mplex i ty of the issue, poi nting out that
ev ery mea s ure taken in one are a of health
care has an imp act in another are a, and that
therefore it is not enou gh to implem e n tonly
a few of its compreh e nsive set of 53 recom -
mendation s, whi c h also inclu de the setting
of quali ty standards, rev isi ng the way
phys ici ans are paid, and improvi ng the
allot mentof specia lis t and gen eral-practi ce
re sid e n cie sin teaching hospi tals.

Bu t the repor t said gov ernments need not
throw up their hands in despair and settle for
the status quo. "Mo st impor tantly, we need to
ge tov er our collective Cana dian -style fear of
changi ng direction s, eve n when such redi-
re ctio n is cle arly called for", the authors say.

"L etting poli cy dev elo p by defau lt, dis -
in terest, or ins ufficie n t will .... can only be
ex pected to bring about satisfact ory res ult s
by those who believe in winning lotter ies."

Ev aRy ten, res earch directo r of the Asso-
ci a t io nof Cana dian Medical Col lege s ,woul d
not com menton the repor t. "The medical
school sare goi ng to hav eto take tim e to di-
ge s tit," she said. "This repor t is so compli-
cated and the issues are so complex that
anyt hing I say won’t deal ser iou sly enoug h
with thes eis s ues."

No dat e ha s been set for relea s eof the
co mplet e repor t, whi c h is up to Manitoba
deputy health min is ter Frank May nard, but
co pie s are bei ng ci r c ulat e damong a sma l l
number of int e rest e dpartie s.

Dr. Barkin said he expects the repor t will
be hig h on the age n d afo r a meeting of
Cana dian health min is ters nex tmont h.

He added there is alrea dy a writt en unde r-
st anding bet ween Ont ario docto rs and the
prov inc e to tackle the issue as par t of its
newly-est ablis hed, hig h-powe red joi nt man -
ag ement com mitt e e.

7. Examp le 13.1.4: The exc e rpt EM8911 giv en ove r leaf on pag e13.1 2is reprint e dfr om theJo urnal of the America nSt atist i cal
Associa tion 84(#408), pag es 945 -957, December, 1989 [DC Lib r ary call number: PER QA276.A599x]; the
in trodu ction of the article, by Siddartha R. Dalal, Edward B. Fow lke sand Bruce Hoa dle y and entit ledRisk
Analysis of the Spa ce Shuttle : Pre-Challenge rPrediction of Fai lu re, is the basis of the infor mation ove r leaf.
It is of int e rest as an illust r ation of the use of scatt e rdiag rams in the Analys is stage of the FDEAC cycle
and of the pos sib le con seque n ce of assessing a tre n dfr om only part of a set of biv ariat edata . [Au t hor
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Br uce Hoa dle y is inter vie wed in Progr am16 of Ag a inst All Odds: Inside Sta tis tics in the seg m e n ton theChallenger disa ster.]

EM8911: On the night of Janu ary 27, 1986, the night before the space shu ttle
Challenger accid e n t, the re was a three -hour teleconferenc eamong
people at Mor ton Thiok ol (ma n ufacture r of the soli d rock et moto r),
Marshall Space Flig ht Cent e r [NA SA (Na t ion a l Aeronautics and
Sp ace Adm inist r ation) cent e rfo r mo t or desig n cont rol], and Kenne dy
Sp ace Cent e r. The discus sio n focus ed on the forecast of a 31oF
temperature for lau nch tim e the nex t mo rning, and the effect of low
temperature on O-ring per for manc e. A data set, Fig ure 1a bel ow at
the left, playe d an impor tant role in the discus sio n. Each plo tted
poin t repre sents a shu ttle flig ht that exper ienc e dther mal dist res sin
the fiel d-joi nt O-rings; the x axi s sh ows the joi nt tem perature at
lau nch and the y axi s sh ows the number of O-rings that exper ienc e d
so m ether mal dist res s. The O-rings seal the fiel d join t sof the soli d
rock et moto rs, whi c h boost the shu ttle into orbit. Base don the
U-sh aped configuration of poi nts (id e n tified by the flig ht number) , it
wa sconclu ded that the re was no evi denc efr om the his t orical data
abou ta tem perature effect.

Neve rtheles s,there was a debat eon this issue, and some par tici-
pants recom mende dthat the lau nch be pos tpone dun til the tem pera -
ture ros eabov e 53oF – the lowe s ttemperature exper ienc e din pre -
vious lau nches – becau se the cor responding flig ht had the hig hest
number of dis tre sse dO-ring s. Some par ticip ants believe d, base don
the phy sical evi denc e, that the re wa sa tem perature effect on O-ring
perfor manc e; for exa mple, one of the par ticip ants, Rog er Boi sjoly,
st ated: te mpera ture was indee da discr imi nator. In spi te of this , the
fin a l re commendation of Mor ton Thiok ol was to lau nch theChallen-
ger on sche dule. The recom mendation transmitt e d to NASA stated
that Te mpera ture data [are] not con clu sive on pre dicting primary O-
ring blo wby. The same telefa xst ated that Colder O-r ing swill have
an incre ase def fec tive durom eter (‘har der’), and ‘Ha rder’ O-rings will
ta ke longer to ‘se at’ [Presid e n tia l Commis sio n Re por t, Vol . 1 (PC1),
p. 97 (Presid e n tia l Commis sio n on the Space Shu ttle Challenger
Acci dent 1986)].

Af ter the accid e n t, a com missio n wa sap poi nted by Pre sid e n tR.
Re aga nto find the caus e. The com missio n wa shea de dby for mer
Se cret ary of State Wil lia m Roge rs and inclu ded some of the mos t
re spect e dnames in the scie n tific and space com mun ities. The com -
missio n deter min ed the caus eof the accid e n tto be the fol low ing : A
co mbustion gas lea kth rou gh the rig ht Solid Rocket Motor aft field
joi nt initiated at or shortly after ign ition eve ntually wea ken e dand/or
penetra ted the Exter nal Tank initiating veh icle structura l br eakup
and los sof the Spa ce Shuttle Challenge r during mis sion 51-L (PC1,
p. 70). This is the type of failu r e that was debat e dthe nig ht before
theChallenger accid e n t.

The Rog ers Commis sio n (PC1, p.145) noted that a mis take in the
analys is of the the rma ldist res sdata – Fig ure 1a at the left – was that
flig hts wit h zero incid e n t swe re left off the plo t becaus eit was fel t that
thes eflig hts did not con tribute any infor mation abou t the tem perature
ef fect (se eFigure 1b bel ow). The Rog ers Commis sio n conclu ded
that A careful analysi s of the flig ht his tory of O-r ing perfo rmance
woul d have reve ale d th ecorrel ation of O-r ing dam age in low tem pe-
ra ture (PC1, p.148).

This article aims to giv e mo resubs tanc eto this quote and show
how statis ti c a lscie n ce cou ld hav eprov ide dvaluable input to the lau nch
de cisio n proces s. Cle arly, the key questio n wa s: What wou ld have
constitute dpr oof that it was unsafe to lau nch? Si nce our model of the
phen omeon is stocha stic, our answe r is necessarily probabilis ti c. As
in the teleconferenc e, a good start wou ld hav ebeen an exa m ination
of the the rma ldist res sdata – Fig ure 1b – for the pre senc eof a tem pera -
ture effect. Nev erthele ss, the mos t im por tant que s tion was: What is
th epr obabi lity of catastr oph ic fiel d-joi nt fai lu re if we lau nch tomor -
ro w morning at 31oF? Bo th thes eis s ues are addre sse din the article.

NO TE: 10 . It is int e resting to specula te, if (hy pot heti c a l ly)
the rig ht-mos t poin t in Fig ure 1a above had in-
volved on e (in stead of two) dis tre sse dO-ring s ,
whet her the modifie d Figure (sh own at the rig ht)
woul d have been int e rpret e dto yield thecorrec t
Answe r(a sin Fig ure 1b at the rig ht above) about
the tem perature -O-ring dis tre ss rela t ion s hip.

Figure 1a. Frequ ency of O-Ring Distr ess vs. Temperature
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Figure 1b. Frequ ency of O-Ring Distr ess vs. Temperature
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Flig hts wit h no incid e n t s
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In lig ht of infor mation in the lowe rparagr aph in the left-hand colum nabov e,the obituar yEM1201 reprint e dat the top of the facing
page 13.13 is of int e rest. [An obituar y fo r Dr. Needle man (se epage 13.14) is giv en in Fig ure 7.3 of the STAT 220 Course Mat e ria ls.]

TheChallenger disa ster is als o discus s ed in Statis ti c a lHighlig ht #31 in whi c h, as wel l as the article sEM8911 and EM1 201
reprint e din this Fig ure 13.1, the re is more infor mation in article EM8601 on the secon dsi de of Hig hlig ht #31.
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Figure 13.1. SIMPL E LINEAR REGRESSION: An Int r odu ction (continue d 5)

EM1201: The Sydne yMo rning Her ald , Fe bruary 14, 2012

Sp ace eng ine e r’s war nings brush ed
asid e befo re Challenger ex plode d
ROGER BOISJOLY
US ROCKET ENGINEER
25 -4-1938 – 6-1 -2012

ROGER Boi sjoly, an eng ine e rwhos ewarn -
ings of cat ast rophy were ign ore don the eve
of the 1986Challenger sp ace shu ttle dis ast e r,
which kil led sev en crew members and
plunge d the US space progr am in t o cr isi s,
ha sdied age d73.

Bo isj oly wor ked at Mor ton Thiocol , the
co mpany that made shu ttle boost e rrock ets.
In his time he had wat che dseve r al success -
ful shu ttle lau nches, inclu ding Disc overy on
Ja n uar y24, 1985.

ExaminingDisc overy’s discarde dboost e rs,

he was hor rifie d that seals in the rocke ts had
been bur ned throug h. Only a secon d ary seal
ha dprev ent e dDisc overy beco m ing a fireball.

By the middle of that year, Boi sjoly thoug ht
he had identifie d the fau lt, and wrote a repor t
to aler t the company and NASA.

The problem was that in col d tempera -
ture s ,the seals’ rubber stiffen ed and became
mo reli kely to fail. Morton Thiocol for med
a study group but, by Janu ary 27, 1986, as
temperature sdropped to zero on the eve of
Challenger’s blast-off, lit tle progres sha dbeen
ma de. In a pre -lau nch conferenc e, he and
fo ur other eng ine e rs dem ande d the lau nch
be postpone d.

Bu t thei r testim ony was brush ed asi de.

The nex t day, unable to wat ch, his wor rie s
se eme d unfou nde d. He had expected the
seals to fail on the lau nch pad . As Chal-
lenger cle are d the lau nch towe r, a colleague
whispered to him: "We just dodge da bul let."
Se con ds lat e r, the spacecraft exp l ode d.

Roge rMark Boi sjoly was bor n in Lowel l,
Ma s sachu setts, and studie dme chanicalengi n-
eer ing at the city’s unive rsity. He then worked
fo r aerosp ace companies in Califor nia on
proje cts inclu ding NASA’ s lu nar module and
the moon veh icle.

Af ter the Challenger disa ster, Boi sjoly ex-
perienc e din tense feeli ngs of guilt and depres -
si on not helped by the fact that many in the
busi nes she lov ed rej ect e dhim as an unw e l-
co m ewhis tle b lowe r.

Bo isj oly is sur viv ed by his wife, the for-
me rRo ber taMa lcolm , and two daug hters.

TELEGRAPH

8. Examp le 13.1.5: The article EM9901, from The Globe and Mai l of Jun e9, 1999, pag es A1 and A8, is of int e rest becau se
it s Answe rdepends on identifyi ng achange in the slo pe of two tre n dswhich had previously been rou ghly
li near ove r time.

Skin-canc er r at e leve ls off as Can adians cover up
________________________________________________

People tak ing to heart sun -prot e ction mea s ure s

EM9901:

JEN ROSS
The Globe and Mai l, Tor o nto

The incid e n ce of the mos t se rious for m
of skin canc e r is finally lev elling off

after years of steady inc rea s es,and re-
searche rs are giv ing protective clo thing and
suns cre en much of the cre dit.

A Statis ti cs Cana darepor t rele ase dye s ter-
day shows that the number of Cana dian
men who deve loped mela noma peaked at
abou t10 per 100,000 in the lat e1980s and
ha srema ine d roug hly the same sin ce. For
women, the rat es peaked at about nin e per
100,000 in the lat e1980s and fel l slig htly
du ring the 1990s.

"People hav e st arted taking to heart the
sun protection mea s ure s that bega nin the
mid-eig hties," said the repor t’s author, Lesli e
Gaudette, who works wit h He a lth Cana da’s
canc e rbure au.

Alastair Carr uthers, pre sid e n tof the Can-
adia n Dermat ology Association, is thril led
to see sun -aw are nes sprog rams he hel ped
create 15 years ago coming to fruit ion.

"The re is alw ays a lag tim e between our
st arting a progr am and seeing its actual
ef fect", he said, adding that the Statis ti cs
Cana da repor t helps to ref ute previous
studie s that cla ime dsuns cre en is not usef ul
in preve n ting skin canc e r. "This shows our

mes sage is rig ht; don’t sto p using sun screen.".

The repor t cited dat a fr om the 1996 Sun
Exposure Sur vey, whi c h in d i c ated about
fo ur in 10 Cana dians ove r the age of15
wo re protective clo thing dur ing their lei sure
hours, cov ere d thei r hea ds, used sun screen
on their faces and staye d in the sha deas
mu ch as pos sib le.

Ms. Gau dette said many people bega n
we aring sun screen and protective clo thing in
re spons eto pub lic-aware nes scampaig ns of
the 1980s, but changi ng fashion tre n dsmay
have als oplaye da role.

"Until recently, fashion tre n dsha d been
gr a dually exposing more skin", she said.
"The re’s much more variation in skir t le ngt h
now than in the sixties and sev entie s ,when
the min iskir t re a l ly came in."

Ms. Gau dette said one of the ways she made
the fashion conne ction was by looking at
where people were dev elo ping mela noma.
Sh esaid it was appearing les sfrequ ently on
women’s leg s ,where it was onc eco mmon.

The study als o reve a led a shift in the like-
lihood of dev elo ping mela noma bet ween the
sexe s. Sin ce the lat e1960s, women had been
mo reli kely than men to be diagn ose dwith
mela noma, but that bega nto change in the
la te 1980s. Incid e n ce rat es are now about
10 per cent hig her for men than women.

The chanc e of dying from mela noma,
on ce con sid ere d a near-le thal disease, has
also lev ele d off. Sur viv a l rates for mela -
noma five years after diagn osi s are 88 per
cent for women and 74 per cent for men.

Debbie Alt ow, a spoke swoman for the
Cana dian Cancer Socie ty, said mor tali ty
rates may als o be stabilizing as a res ult of
in cre ase dpublic aware nes s.

SKIN CANCER
Cana dian rat es for mela noma.
Pe r100,000

Sour ce: Statis tics Canada The Glo be and Mail
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NO TE: 11 . Othe rmatt e rs of statis ti c a l in terest in the article EM9901 reprint e dov erleaf on pag e13.1 3are:

• the inferenc e, from ob ser vational data, of a ca usa l connection bet ween use of sun screen and a lowe r rate of
mela noma (se ethe last parag raph of the left-hand colum nov erleaf on pag e13.1 3);

• the identific ation of another exp lanato ry variat e – fashion, as reflected in skirt lengt h – from the analys is of
si te-speci fic mela noma dat a(s ee the middle parag raph of the middle colum nov erleaf).

9. Examp le 13.1.6: Of statis ti c a l in terest in the con tex tof this Fig ure 13.1, in the 1992 arti cle EM920 4fr om Ne wsweek[March
16 ,page 62 (Vo l. 119, Issue 11)] reprint e dbelow, is a disp u t eov er the for mof a statis ti c a lmodel appro priat e
fo r analyzing dat aon lea dleve ls in teeth and IQ; the work was part of dat a-base dinve s tig a t i ng ove rma ny
ye ars by Dr. Needle man and his col le ag ues of pos sib le effects of lea dex pos ureon chil dre n’s int ellectual deve lop -
ment. The article dis cus s esa cla im that age shoul d have been inclu ded in the model as an exp lanato ry variat e.

Lead, Lie s an d Data Tape________________________________________________
A nasty academ i cfig ht becomes a federal case

EM9204:

By Sharon Begle y

Scie n tific mis con duct is exc e e dingly rare and ext rem ely ser iou s.
Charge shave been broug ht alleging plagi arism or fak ing dat a
or falsi fyi ng res ult s. The lat est case, howeve r, inv olves the

ma nne r in whi c h a res earche r st rung tog ether a set of equ ation sin
order to find a message hidden in a stack of raw dat a. To reach for
a met aphor, this is like bring ing a fel o ny indictment for jay w alk ing.

Tw o psyc h ologi sts, bot h of whom have testifie d fo r the lea d
in du s try and one of whom has receiv ed tens of thousands of dol lars
in res earch grants from the indust ry, hav efiled mis con duct charges
ag ain st the scie n tis t who first linke d"low" lev els of lea dto cog n itive
proble ms in chil dre n. They don’t suspect that Herber tNe e dle man of
the Unive rsity of Pit tsb urgh stole, faked or fab ricated dat a. Rat her,
they say, he selected the dat aand the statis ti c a lmodel – the equ a-
tion sfo r analyzing those dat a– that show lea din the worst pos sib le
lig ht. That’s a disp u t eus u ally aired in res earch jou rnals. Now it’s
beco m e a federal case – and eve n thos e scie n tis t s mos t dilig ent
abou tpursuing mis con duct are uneasy. "If i t get sto whi c hst atis ti c a l
model is appro priat e," a lea ding gove rnm e n tfr aud -bust e rtold Ne ws-
week, "it get s re a lhard to believe a mis con duct charge."

The case bega nla st year. Psychologi sts Sand ra Scarr of the Uni-
ve rsity of Vir gin ia and Cla i re Ernhart of Case West e rn Res erve Uni-
ve rsity file dcharges of scie n tific mis con duct aga inst Needle man wit h
the Nation a l Institutes of Health. The allegation scent re on a 1979
paper. It des cribes how Needle man and col le ag ues measure d the
le ad in bab yteeth , look ing for a link bet ween lea dand int elli- genc e.
NIH tol d Pitt sburgh to conve ne a pan el of inqui ry. The pan el’s
repor t, submitt e d in December and obtaine d by Ne wsweek, fou nd
that Needle man didn’t "fa bricate, falsi fy or plagi arize." It did hav e
proble ms wit h how he decid ed whether or not to inclu de par-

ti c ular chil dre n in his analys is, but called this "a res ult of lack of
scie n tific rig o ur rat her than the pre senc eof scie n tific mis con duct."
The pan el fou nd Needle man’s statis ti c a lmodel "qu estio nable," thoug h.
On that basis , the unive rsity lau nche dan inv estig a t ion.

Scarr, Ernhart and the Pit tsb urgh pan el all con d emn Needle man
fo r not usi nga different model – one that, say, facto red in the age of
each chil d. If he had, they say, lea dwoul d not hav eha dan imp act
on IQ. But last year Env ironm e n tal Protection Age n cy scie n tis t (a n d
re cipie n t of a MacAr thu r Foun d ation "ge n iu s" award) Joel Schwartz
re -analyzed Needle man’s dat a. He facto red in age exp licit ly. "I
fo und essentia l ly identical res ult s ," he says .

Flaw ed sampl ing? An othe r cr iti cism addre sses whether Needle -
ma nig nored dat ahe didn’t l ike. Scarr allege sthat he looke dat the
chil dre n’s lea dleve ls and IQ sco re, and only then "de cid ed in or out
fo r each chil d." In fact, "the rea son s fo r exclusio n can be fou nd in
the protocol," says econometr ici an Hug hPitche rof Battel le Mem orial
Institute, who analyzed the 1979 dat awhen he was at EPA. They in-
clude such things as the chil d’s hav ing a hea dinju ry. The selection,
says Pit che r, was don ebefo re the res earche rs knew the kid s’ IQs.

This is not to say Needle man’s wor k wa s perfect, just that any
la pses did not change the outco m e. Ernhart insis t sthis is not good
en oug h. "He doesn’t feel it’s necessar y to do things the way you’r e
suppos ed to," she says . "You hav e the sense that he was goi ng to
demons trate the effects of lea dno matt e rwhat."

How does this case affect lea d poli cy? "We don’t eve n us e
Ne e dle man’s study any more," says EPA’s Schwartz: it has been
superseded by res earch showing effe cts of lea dat eve n lowe r leve ls
(Ne wsweek, July 15, 1991). The poli ticiz ation of mis con duct may be
ju s t st arting, thoug h. Crying fraud, says an NIH scie n tis t, "can be
us ed to railr oad people you don’t l ike."

10. Postcript
Re gre ssi on [i.e., mat hem ati c a lmodelling of thetren d(s )dis-

playe dby a set of mul t ivariat edata] is a wid ely use dst atis ti c a lmethod of dat aanalys is; use rs, par ticularly those wit h li mit e d
st atis ti c a lbackg rou nd, rou tin ely giv e li ttle or no recog n ition to some matt e rs raise din this introducto ry Fig ure 13.1, such as:

* the idea of reg res sio n as the end of a progres son of statis ti c a lmethods for des cribing one, then two, then many popula t ion s;

* the differenc ein intent bet ween model ling theexact behaviour of indivi d uals and the app are n tover all behaviour of a group;

* us eof the not ation regY
−− as a rem inde rof ‘id e a lizing’ (or ‘mathem atizing’) an (often untidy) tren din an aver age re spons evariat e.

Raising such matt e rs here inv olves two competing dis advant age s:
−− they may dis tract the beginning student from the primary goa l of this Fig ure 13.1 and lat e rFigure sin Par t13 – becoming

co mfo rtable wit h fo rmu lating reg res sio n models and competent in usi ngthem;
++ an Answe rbase don a reg res sio n model may be compromise dif such matt e rs are ign ore d.
In a sim ilar vei n,distin ction sin trodu c e din Fig ure 13. 3between the respondent popula t ion reg res sio n, themodel regres sio n, and
thees tim ated(m odel) regres sio n are sel d o mma de els ewhe re and inv olve the same two competing dis advant age s.
The rea de rsh oul d ke ep thes ecave ats in min d when studyi ng the relev a n tMa ter ials.
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