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Assignment 2 Out line Solut ion

A2 –1. (a) The ordered dat a set (or or der sta tis tic) is giv en at the rig ht; it lea ds to the
frequ enc y tables and his t ogr ams shown bel ow; the latt e r il lust r ate how, for
so m e data set s , two rea son able but different choic es fo r the cla s s es lea d to
his t ogr ams that indicate di ffere nt sh apes for the dis tributio n of the data
(he re, unimodal vs bimodal).

FREQUENCYSCORE DENSITY
(points) No. % (% per point)

[300,350) 1 1. 52 0.0303
[350,400) 3 4. 55 0.0909
[400,450) 10 15.15 0.3030
[450,500) 14 21. 21 0.4242

[500,550) 15 22.73 0.4545
[550,600) 13 19.70 0.3939
[600,650) 8 12.1 2 0. 2424
[650,7 00) 1 1. 52 0.0303
[700,7 50) 1 1. 52 0.0303

FREQUENCYSCORE DENSITY
(points) No. % (% per point)

[345, 395) 3 4. 55 0.0909
[395,445) 10 15.15 0.3030
[445,495) 15 22.73 0.4545
[495,545) 12 18.18 0.3636

[545, 595) 15 22.73 0.4545
[595,645) 9 13.63 0.2727
[645,695) 1 1. 52 0.0303
[695,7 45) 1 1. 52 0.0303

345 354 384 395 402 406

41 7 41 7 420 431 439 439

444 446 461 464 468 468

468 472 475 479 486 490

490 490 494 494 505 505

505 515 516 523 523 523

523 527 530 541 545 549

549 556 560 563 574 574

575 578 582 585 585 585

593 596 603 60 4 60 4 607

611 624 629 629 691 730
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(b) Usi ng the value s give n fo r Σ
j =1

n
yj and Σ

j =1

n
yj

2 and the order statis ti c, we find:

y− = 517.5; media n = 519.5; mode = 523; s = 78. 57 −∼ 79; IQR = 578 − 468 = 11 0.

A2 – 2. (a) Assume that n people wrote the quiz.

(i) If n =10: y− = (4 ×3 + 3 × 2 + 2 ×1 +1 ×0)/10 = 2.0 .

(ii) If n = 20: y− = (8 ×3 + 6 × 2 + 4 ×1 +2 ×0)/20 = 2.0.

(iii) If n people wrote the quiz: y− = (0.4n ×3 + 0.3n × 2 + 0.2n ×1 +0.1n ×0)/n = 2.0;

i.e., it is possib le to find the ave r age sco re withou t the va lue of n.

(b) Each his t ogr am is symmetrica l so that each ave r age is the ce ntre of the relev a n t his t ogr am .

Thinking of the s.d. as the ‘av erage’ dev iation of the obs ervation s of a dat a set from its ave r age, an s.d. of 0.5 is
too sma l l and of 2.0 is too large for (A) so that it must be 1.0
of the three availa ble optio ns. Sim ilarly, (B) and (C) have the
sa m e s. d. and it is sma l ler than that of (A), mak ing it 0.5
of the optio ns availa ble.

Av . S. d.

(A) 3. 5 1.0
(B) 3. 5 0. 5
(C) 4. 5 0. 5

(A)

1 2 3 4 5 6

(B)

1 2 3 4 5 6

(C)

1 2 3 4 5 6

A2 – 3. (a) We us e the same cla s s es as in the Table of dat a – the only diffic ulty is that we do not know the upper lim it of the
la st open int e rval; one rea son able optio n is to make it sym met rical about its ave r age (i.e., regard the int e rval as
$25,000 -47,420). The his t ogr am is shown on the fol low ing pag e 0.10b.
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Assignment 2 Out line Solut ion (continue d 1)

A2 – 3. (a )
(c o nt.)

INCOME FREQ. DENSITY
($) % (% per $)

0-  2,000 0.6 0.000 300
2,000 - 3,000 2.1 0.002 100
3,000 - 4,000 4.4 0.00 4 400
4,000 - 5,000 6.1 0.006 100
5,000 - 6,000 7.5 0.007 500

6,000 - 7,000 9.5 0.009 500
7,000 - 8,000 10.7 0.010 700
8,000 - 9,000 12. 2 0.01 2 200
9,000 -10,000 12. 2 0.01 2 200

10 ,000 -15,000 29.2 0.005 840

15,000 -20,000 4.2 0.000 840
20,000 -25,000 0.7 0.000 140
25,000 and ove r 0.6 0.000 027
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(b) Up to an income of $8,000, the percent age s in the middle colum n of the Table above tot al 40.9%, whi c h is less
than 50%; up to an income of $9,000, they tot al 53.1%, whi c h is more than 50%. Henc e, the median must lie in
the int e rval $8,000 -9,000.

(c ) To find an approxi mat e value for this ave r age from gr ouped data, as dis cus s ed in Section 7 of Fig ure 4.1 of the
Course Mat e ria ls , we take the sum of the produ cts of the mid-poin t s of the int e rvals and the percent age s , and
then divi de the sum by 100 (the tot al of the percent age s); the only exc eptio n is for the last open int e rval whe re we
us e the actual average as giv en ($36,210) in stea d of the int e rval mid-poin t. The res ult is $9, 275.26 −∼ 9, 275 .

(d) Fin d ing an approxi mat e av erage in (c) is base d on the assump tion that, wit hin each cla s s except the last, incomes
are uniformly dist rib u t e d ov er the cla s s in ter val. The most by whi c h this assump tion can be wrong is if all the
in comes in a cla s s li e at one of its en d-poi nts . He n ce, the lo wer li mit for the true ave r age inco m e is obtaine d fr om
the same type of calcula t ion as in (c) but usi ng the lo wer ends of the 12 clo sed int e rvals in place of their
mid-poin t s; the res ult is $8,093.26 −∼ $8,093. The cor responding calcula t ion for the upper li mit, usi ng the upper
ends of the 12 clo sed int e rvals, yields $10 ,457. 26 −∼ $10 ,457. Comparing thes e li mit s with the actual av erage of
$9,0 41 shows that they are very cons ervative; in fact, the agreement of the approxi mat e value from (c) wit h the
actual ave r age shows that the assump tion of unifor mly dis tributed incomes wit hin each int e rval is rea son able, at
le ast for the dat a set as a whole.

(e ) As dis cus s ed in Section 8 of Fig ure 4.8 of the Cou rse Mat e ria ls , we need the sum of the squares of the obs erva-
tion s to find the s.d.; we find an approxi mat e value of this sum from grouped dat a by means of a calcula t ion sim i-
lar to that in (c) for the ave r age, exc ept that we use the squares of the int e rval mid-poin t s; the approxi mat e value
fo r this sum is 103,935,984.60 $2. Subtracting the quare of the approxi mat e av erage from (c) and tak ing the
squ are root giv es an approxi mat e s. d. of $4, 231.9 −∼ $4,230.

NO TE: Be cau se the procedure in (e) for the approxi mat e s.d. from grouped dat a involves the squares of the in-
ter val mid-poin t s , any error inv olved in dep arture s fr om the assump tion of unifor mly dis tributed in-
co m e s within a cla s s is square d; the approxi mat e s. d. from grouped dat a is the refore gen erally less ac-
curate than the cor responding approxi mat e av erage.

A2 – 4. (a) When a bab y is said to be bor n on the ca lcu lated day, we take this to mean anyw here wit hin a specifie d 24 -hou r
period; thu s , we cla s sify the 189 bir ths on the calcula ted dat e as falling in an int e rval of −0. 5 to 0.5 days , being
the hypot heti c a l calcula ted deliv ery tim e. Sin ce tim e is a cont inuous qu antity, the othe r in ter val end-poin t s ne e d to
be sim ilarly modifie d by half a day ; mathem ati c a l ly, we regard early deliv eries as nega tive and lat e delive rie s as
posi tive. The frequ enc y table and his t ogr am are shown on the fol low ing pag e 0.10c.

(b) To find an approxi mat e value for this ave r age from gr ouped data, as dis cus s ed in Section 7 of Fig ure 4.1 of the
Course Mat e ria ls , we take the sum of the produ cts of the mid-poin t s of the int e rvals and the frequ encie s and then
divi de the sum (which is 8,0 45. 5) by 4,656 (the tot al of the frequ encie s; i.e., the total number of bir ths). The re-
sult is −1.728 −∼ −2 days , or about 2 days early.

To find an approxi mat e s. d. from grouped dat a, as dis cus s ed in Section 8 of Fig ure 4.8 of the Cou rse Mat e ria ls ,
we find the approxi mat e sum of the squ are d obs ervation s as 769,879.25. Subtracting 4,656 × (−1.728)2,
divi ding by (4,656 −1) and tak ing the squ are root giv es an approxi mat e s. d. of 12.74 −∼ 13 days .

(c ) The ‘no rma l’ dur ation of pregnanc y is 280 days , so that an ave r age dev iation of only about 2 days in the pre dic-
tion s of Naegele’s rule ove r mo re than 4,650 nor mal bir ths may appear to provi de strong evi denc e that the rule is
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Assignment 2 Out line Solut ion (continue d 2)

A2 – 4. (c )
(c o nt.)

accur ate. Howeve r, this rela t ive ly sm all 2-day error is the res ult of the posit ive and negative dev iation s largely can-
celling each other and so is misle ading ; in fact, the origi nal Table shows that the re are appre ciable numbers of
qu ite large dev iation s fr om the expected dat e of deliv ery. A mo re accur ate assessment of Naegele’s rule is pro -
vi ded by the ave r age abso l ute devi a t io n – we find its approxi mat e value from the grouped dat a in a manne r analo-
gou s to the ordin ary ave r age in (b) , except that we take all the int e rval mid-poin t s as posit ive. The approxi mat e
value for the sum of the absolu t e devi a t io ns is 46,058. 5 which , divi ded by 4,656, giv es 9.892 −∼ 10 days ; this value
sh ows the rule in a con sid erably less favou rable light. Henc e, our final answe r is that Naegele’s rule is of only
modera te accur acy – dev iation s fr om the pre dicted dat e of the order of 10 days or gre ater occur for an appre ciable
propor tio n of births.

FREQUENCYDEVI ATION DENSITY
(d ays ) No. %  (% per day )

[--45. 5,--30.5) 75 1.61 0.1 073
[--30.5,--20.5) 211 4.53 0.4532
[--20.5,--10. 5) 733 15.74 1.5743
[--10. 5, --5.5) 610 13.10 2.6203
[ --5.5, --0.5) 860 18.47 3.6942

[ --0.5, 0.5) 189 4.06 4.0593

[ 0.5, 5.5) 773 16.60 3.320 4
[ 5.5, 10. 5) 570 12. 24 2.4485
[ 10. 5, 20. 5) 459 9.86 0.9858
[ 20. 5, 30. 5) 134 2.88 0. 2878
[ 30. 5, 45. 5) 42 0.90 0.0601
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(d) The rou ghly sym met rical bel l-shaped appearanc e of the his t ogr am sugg ests a nor mal dist rib u tio n with a mean of
--1.73 days and an s.d. of 12.74 days as an appro priat e probability model for thes e data .

A2 – 5. (a) The two order statis ti cs are giv en at the rig ht; also,
the sum mar y st atis ti cs for the two data set s are:

RO BIN: Σ
j =1

n
yj = 2,411 .6 ; Σ

j =1

n
yj

2 = 332, 288.86 (n = 24).

DOVE: Σ
j =1

m

z j = 5,616 .5 ; Σ
j =1

m

z j
2 = 2, 581,814 .87 (m = 25).

Us ing thes e value s and the order statis ti cs, we find the
fo llowing (in feet; rou nde d to the neare s t in tege r):

........ROBIN.........

10 .0 24.7 36. 5
37.4 48.2 57. 2
59.3 65. 2 68.9
69.2 70.0 71. 3

78.7 99.7 105.3
11 7.3 128.8 140.8
156. 2 160.0 163.4
186.4 192.1 265.0

MOURNING DOVE

13.9 22.1 40.0
44.7 55. 5 76 .0
80.0 83.4 102.0

162.7 165.5 166.7

17 0.0 175.7 197.7
263.7 266.8 288.1
300.6 313.9 317.2
358.9 369.7 381.7

1200.0
RO BIN DOVE

Av erage 100 225
Me dia n 75 170

S.d. 63 235
Varianc e 3,911 55,000
IQ R 90 229
Rang e 255 1,1 86

Varianc e is included in thes e
two table s only for practic e
calcula t i ng it ; in the real
wo r ld, the usef ul mea s ure of
variation is standard dev iation.

(Re calcula ted) RO BIN DOVE

(b) Ave r age 93 184
Me dia n 71 168

S.d. 53 120
Varianc e 2,805 14, 308
IQ R 84 216
Rang e 182 368

(b) (i) The value s of the re calcu lated nume rical data sum marie s , omitting the large s t obs ervation (265.0 and 1,200.0
re spectiv ely) from each dat a set, are giv en in the Table (b) above at the righ t.

(ii) Comp aring the two value s of each dat a summar y fo r the mou rning dov es in the table s abov e, we see that the
removal of the ‘ou tli er’ of 1,200.0 feet cau ses a sub stantia l re duction in the value s of the ave r age, the s.d. and
varianc e, and the range, but has rela t ive ly li ttle effect on the two resi sta nt summarie s , the media n and the IQR.
Thus, to try to avo id conve ying a dis t orted impre ssi on of a dat a set becau se of the effects of a sma l l number of
‘o utlie rs,’ it is good practi ce to giv e both the ave r age -s.d. and the media n-IQR pairs of num erical data sum marie s.

(iii) Comparing the two value s of each dat a summar y fo r the robin s in the table s abov e sh ows no more change in
the value s of thes e summarie s than might rea son ably be anticip ated by rem ovi ng an obs ervation whi c h is the
larges t in the data set but is stil l part of the data set as a whole; i.e., the obs ervation of 265.0 feet for the
robin s does not ap pear to be an outli er.

1995 -04 -20

(cont inued overleaf )



Un ive rsity of Wat e r loo STAT 220 – W. H. Che rry

#0.10d[INSTRUCTOR’ S VER SION – NOT TO BE GIVEN TO STUDE NTS]
____________________________________________________
____________________________________________________

Assignment 2 Out line Solut ion (continue d 3)

A2 – 6. (a) The longe r righ t tail of the dist rib u tio n increa s es the mean (C) mo re than the median (B) and does not affe ct the
mode (A).

(b) For this symmetrica l dist rib u tio n, the mean, media n and mode all li e at (A).

(c ) The longe r le ft tail of the dist rib u tio n decrea s es the mean (A) mo re than the median (B) and does not affe ct the mode (C).

A2 – 7. (a) The N(1.45, 0.40) p. d.f. is shown at the rig ht.

(b) From Fig ure 5.3 of the Cou rse Mat e ria ls , the
cent r al 95% of the are a of a nor mal dist rib u tio n
li es wit hin 1.96 s.d.s of the mean; for the
N(1.45, 0.40) dist rib u tio n, this inter val is [0.666,
2. 234] −∼ [0.67, 2.23] gm per mile.

N(1.45, 0.40)

0.666 2. 234

sh ade d area 0.95

0. 25 0.65 1.05 1.45 1.85 2. 25 2.65

NOX Exhau st Leve ls
(gm per mile)

N(0, 1)

−1.96 1.96

sh ade d area 0.95

−3 −2 −1 0 1 2 3

A2 – 8. (a) The (model) mean is 100 so that 50% of the popula t ion is bel ow a sco re of 100.

(b) A score of 80 is 1.3
.

s. d.s below the mean; from the N(0, 1) Ta ble (e.g., Fig ure 5.4 of the Cou rse Mat e ria ls), the
propor tio n is 9.1 21 −∼ 9.1% .

(c ) A sco re of 140 is 2.6
.

s. d.s above the mean; from the N(0, 1) Ta ble, the pro por tio n is 0.3831 −∼ 0.4%.

(d) A score bet ween 80 and 100 is bet ween the mean and 1.3
.

s. d.s above the mean; from the N(0, 1) Ta ble, the pro -
portio n is 40.879 −∼ 40.9%.

A2 – 9. (a) Let the random variable B repre sent the blood pres s ure (in mm of mercury) of an equ iprobably(‘ randomly’)-selected
person;

we use the model: B ∼ N(122.9, 13.74).

We want: Pr(B ≤ u) = 0.05, whe re u is the requi red upper lim it for a hypot ensive.

He n ce: Pr(B − µ
σ ≤ u − 122. 9

13 .74
) = Pr[N(0, 1) ≤ u − 122. 9

13 .74
] = 0.05,

so that: u − 122. 9
13 .74

= −1.6449 whi c h give s: u = 100.299 −∼ 100. 3 mm of mercury.

(b) We als o wa n t : Pr(B ≤ l) = 0.95, whe re l is the requi red lowe r li mit for a hyper tensiv e.

He n ce: Pr(B − µ
σ ≤ l − 122. 9

13.7 4
) = Pr[N(0, 1) ≤ l − 122. 9

13 .74
] = 0.95,

so that: l − 122. 9
13 .74

= 1.6449 whi c h give s: l = 145.501 −∼ 14 5.5 mm of mercury.

A2 –10. (a) Let the random variable W repre sent the weight of tomat o ju ice (in grams) in a an equ iprobably(‘ randomly’)-selected can;

we use the model: W ∼ N(µ, 8), whe re µ is the requi red machin e setting for the ave r age weight of fill.

We want: Pr(W < 454) = 0.1 0.

He n ce: Pr(W − µ
σ <

454 − µ
8

) = Pr[N(0, 1) <
454 − µ

8
] = 0.1 0,

so that:
454 − µ

8
= −1. 2816 whi c h give s: µ = 464.2528 −∼ 464.25 gm.

(b) Let the random variable R repre sent the amou nt of radiation (in roentge ns) abso r bed by an equ iprobably(‘ ran-
domly’)-selected indivi d ual;

we use the model R ∼ N(500, 150).

We want: Pr(R ≥ d) = 0.02, whe re d is the requi red criti c a l dose of radiation.

He n ce: Pr(
R − µ

σ ≥ d − 500
150

) = Pr[N(0,1) ≥ d − 500
150

] = 0.02,

so that: d − 500
150

= 2.0537 whi c h give s: d = 808.055 −∼ 808 roentge ns.
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Assignment 2 Out line Solut ion (continue d 4)

A2 –10. (c )
(c o nt.)

Let the random variable L repre sent the blood lea d leve l (in µg/dl) of an equ iprobably(‘ randomly’)-selected indivi d ual;

we use the model: L ∼ N(25, 11).

We want: Pr(L ≥ 60);

i.e.: Pr( L − µ
σ ≥ 60 − 25

11
) = Pr[N(0,1) ≥ 3.1

.
8
.
] = 0.000 7319 −∼ 0.000 73;

thus, about 73 people per 100,000 hav e bl ood lea d leve ls above 60 µg/dl.

A2 –11 . (a) Let the random variable V repre sent the volum e of pop (in ml) in an equ iprobably(‘ randomly)-selected 750 ml bottle;

we use the model: V ∼ N(µ, σ).

From the infor mation giv en in the que s tion, we can write:

Pr(V < 745) = 0.1 0;

He n ce: Pr(
V − µ

σ <
745 − µ

σ ) = 0.1 0,

so that: 74 5 − µ = −1. 2816σ ;

Solv ing thes e two equ ation s fo r the unknow ns µ and σ give s: µ = 752.10 4 −∼ 752.1 ml;

σ = 5. 543 391 −∼ 5. 543 ml.

Pr(V > 765) = 0.01.

Pr(V − µ
σ

>
765 − µ

σ ) = 0.01,

765 −µ = 2. 3263σ.

(b) We want: Pr(V >760);

i.e.: Pr(V − µ
σ > 760 − 752.10 4

5. 543 391
) = Pr[N(0, 1) > 1.4244] = 0.07717 −∼ 0.077;

thus, about 7.7% of the bottles con tain more than 760 ml.

A2 –12. (i) The CVs are: Gre at Dan es: 33. 3
.

−∼ 33%

Chihuahu a s: 51.85 −∼ 52%

i.e., despi te their appre ciably sm aller s. d., the Chihu ahu a s have the larger CV.

(ii) Great Dan es are much larger dogs than Chihu ahu a s so that, when their weights are mea s ure d in the sa m e unit s,
the Gre at Dan e weights wil l be numbers of appre ciably large r magnitude; it wou ld the refore be expected that
thei r variation, as reflected by their s.d., wou ld be large r. Henc e, a direct comparison of s.d.s, whi c h does not al-
low for this differenc e of mag n itude (or lo cation), wou ld not necessarily be expected to provi de the same infor ma-
tion as a comparison of CVs , which are s.d.-to -av erage ra tios and so do allow for differenc es of location. The
numbers in this que s tion provi de a num erical illust r ation of the matt e r.
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