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Figure 2.1a. DAT A-BASED INVESTIGATING: The FDE AC Cyc le

1. Int r odu ctory Over view

This Fig ure 2.1 dev elo ps the idea from Fig ure 1.1 that statis ti cs is con cer ned with dat a-base d inve s tig a t i ng. Succes sful data -
base d inve s tig a t i ng means obtaining a ‘c orrect’ answer to a qu est i on withou t unne c essar y ex penditure of resou rces (money,
time, etc.) . Althou gh a ‘c orrect’ answe r may occasio nally be obtaine d by gues sing or some othe r sh ort-cut, such met hods do
not hav e the pot entia l to succeed in re pea ted ap plication s. Fo r long-term su ccess, a structure d pr ocess is needed .

* A ‘correc t’ answe r is one whi c h is clo se enoug h to the actual st ate of affairs (the‘tr uth’) to be useful in the que s tion con tex t.
−− An answe r which is a number (li ke an ave r age, a standard dev iation or a pro por tio n) wil l rarely be eq ual to the true

value, becau se it comes (by in ductive re asoning) fr om inco mplet e data; howeve r, such an answe r can stil l be ‘co rre ct.’

−− An answe r which is one of two or more optio ns like‘Ye s’and ‘No’ (e.g., to a Que s tion like: Is X− a cau se of Y−?) is more
obviously ‘co rre ct’ [the (actual)‘t ruth’] or‘wrong’ [too far from the ‘tr uth’ to be useful in the que s tion con tex t].

In statis ti cs, ‘co rre ct’ and ‘wrong’ (nume rical) answe rs both involve er ror – the differenc e between what is stated [e.g., in an
answe r] or assume d [e.g., in a respons e model] and the actual st ate of affairs; the distin ction is that the likely deg ree of error
im pos es acce pta b le li mit ation on a‘c orrect’ answe r, unaccep table limitation on a‘wrong’one. Error is impor tant becau se:

−− si x ca tegories of error guide statis ti c a l practi ce and infor m deve lopment of statis ti c a l theory;
++ er ror lea ds to recog n izi ng the idea s of impre cisio n, inaccur acy and unc e rtain ty and to their succi nct defi nit ion s;

. we then see wh y st atis ti c a l methods aim to manage impre c isi on (by manag ing var iation) and inaccurac y;

−− er ror is the so urce of lim itation s im pos ed on Answe r(s).

* Our con cer n with long-term behaviour has a parallel in the wid ely-acknow ledge d su ccess of Jap anese manufacturing pro-
cesses – one of the rea son s cited for this success is the stre ss the Jap anese place on long-ter m thinking, rat her than on the
sh ort-ter m perfor manc e of manufactur ing processes that is a Nor th Amer ican preoccup ation.

−− W. Edwards Dem ing, in his fo urtee n poin t s, als o em pha sizes the impor tanc e of long-ter m thinking in his idea of con-
sta ncy of purpose, and he cit es empha sis on sho rt-ter m profits and sho rt-ter m thinking as ‘diseases that stand in the way
of the transfo rmation’ he advocat es for management style (se e Appendix1 on pag e 2.18).

−− Long -ter m behaviour is famili ar from the nume rical evaluation of probabilit ies by long-run propor tio ns.

A 5-stage str ucture d proces s fo r data -base d inve s tig a t i ng is the For mulation -Design -Executio n-A n a lys is-Conclu sio n (a b-
brev iat e d FDEAC) cycle. We refer to a cycle becaus e on e pass throu gh the five stage s may not be enoug h – sub -inve s tig a t ion s
(a n d, henc e, sub -FDEAC cycle s) are sometimes needed; an exa mple is assessing the measuring process(e s) that wil l be use d
in an inv es-
tigation. An
ov ervie w of
the five
st age s of the
FDEAC
cycle is:

For mulation: identifyi ng: what popula t ion or process is to be inv estig a ted
what woul d cons titute a‘c orrect’ Answe r(s) to the Que s tion(s);

Desig n: drawing up a Pla n fo r how to carry out the inv estig a t ion defi ned in the For mulation stage;
Exe cutio n : collecting the data according to the Pla n deve loped in the Desig n st age;
Analys is: sum marizing and analyzing the data from the Exe cutio n st age – goi ng from data to information;
Con clu sio n : using the infor mation from the Analys is stage to giv e a‘co rre ct’Answe r(s),

albeit wit h li mit ation s, to the Que s tion(s) – goi ng from in formation to knowle dge.

The components of the five stage s are sum marized in Table 2.1.1 bel ow; ela boration of this ove rvie w occupie s the rest of this
Figure 2.1. Unfor tun ately, the pre sent ation cannot be str ictly sequ ent ial – at tim e s , a defi nit ion or des criptio n ne e ds to use a
ter m not yet defi ned; the Glo ssary in Fig ure 2.1 7 can then be hel pful as a di ctionary when studyi ng this Fig ure 2.1.

St age Formu lat ion stage Desig n st age Exe cut ion stage Ana lys is stage Conclusion stage

In put Ques tion(s) clear Ques tion(s) a Plan Data Infor mat ion

Target ele ment
Target popula t ion/proces s
Variat es: • Re spons e

• Explanato ry
At tributes
Fishbone diagr am
Aspect: • Descriptiv e

• Causative

Study ele ment/un it
Study popula t ion/proces s
Re spondent popula t ion/proces s
Refi ne respons e variat e(s)
Deal wit h ex pla n ato ry variat es
Protocol for: • Sele cting units

• Choosi ng gr oups

• Setting lev els
Me asuring process(e s)
Plan for the: • Executio n st age

• Analys is stage

Execute the Pla n
Mo nit or the data
Examine the data
St ore the data

Info rma l analys is:

• Num erical att rib u t es

• Graphi c a l att rib u t es

• Othe r infor mal methods

As s ess model ling assump tion s

Fo rma l analys is:

• Confid e n ce int e rvals
Prediction inter vals

• Si gnific a n ce tests

• Othe r fo rma l methods

In the langu age of
the Que s tion con tex t:

Answe r(s)
Li mit ation s
Re com mendation s

[‘Ev idence-base d de cisio ns,
im prove ments, .....’ means
using Answe rs from data-
base d inve s tig a t i ng wit h
an adeq uate Plan.]

Output clear Ques tion(s) a Plan Data Infor mat ion Knowl edge

Ta ble 2.1.1: The FDE AC cyc le: a struct ure d pr ocess fo r data-based inv est igating
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To empha size the on erous nature of dat a-base d inve s tig a t i ng, the diag ram at
the rig ht conve ys three image s relevant to using the FDEAC cycle to
obtain Answe r(s), wit h accep table limitation s in the inv estig a t ion
cont ext, to sub stantiv e (s tatis ti c a l) Questio n(s):

the ef for t of pushing a (heavy) obj ect uphil l;
potentia l wa ste of resou rces by pre mature cessation of effor t;
the ci rcu lar obje ct is a rem inde r of the FDEAC cycle.

Despit e the ‘obviousness’ of matt e rs like for mulating cle ar Questio n(s)
and using mea s uring processes of accep table impre cisio n and inaccur acy
in the inv estig a t ion con tex t, often -poor implem e n tation of thes e and othe r
co mponents of the FDEAC cycle (unne c essarily) yields ‘wrong’ Answe r(s).

Investigator(s)

F
DC

EA

2. Proj ects, Inve stigations and Pro ble ms

To dev elo p the idea s encompasse d by the FDEAC cycle, we dis tinguis h between:

* a proj ect, whi c h is br oad and inv olves many qu estio ns [on e go al of proje ct fo rmulation is to pr ior itize thes e ma ny que s tion s];

* an inve stigation, whi c h is narrower and inv olves on e (or a few) que s tion(s) – this que s tion(s) may arise from a proje ct or it
may be of int e rest in its (or thei r) own rig ht.

−− The que s tion(s) to be answe red are the in put to the For mulation stage of the FDEAC cycle.

−− Within the FDEAC cycle, the ou tpu t of each stage is the in put to the nex t st age, exc ept that the knowle dge ou tput from
the Con clu sio n st age answers the input qu est i on(s) to the For mulation stage – to por tray this vis u ally, Table 2.1.1 ove r leaf
at the bottom of pag e 2. 3 coul d be for med into a cylin d er by joi ning the respectiv e le ft- and rig ht-hand edge s of the For-
mu lation and Con clu sio n colu mns.

Furthe r discus sio n of dependencie s between stage s of the FDEAC cycle, and bet ween fou r of the stag es and the model
(w hich is needed as a basis for fo rmal methods of dat a analys is) is giv en in Appendix 2 on pag e 2.18 .

In bot h proje cts and inv estig a t ion s, the re wil l in evitably be matt e rs of for mulation that requi re subj ect-matt e r ex per tize –  that is,
extra-statis ti c a l know ledge. Exa mples of proje cts (phrase d as Ho w can .... que s tion s) are:

How can the amou nt of scr ap produ c e d by a manufactur ing process be reduced?
How can the quali ty of drinking wat e r in a provi nce be improve d?
How can the per for manc e on standardized tests of students in a provi nce be improve d?
How can transpare n t de cisio n-mak ing processes in a large organization be achieve d?
How can a large software sys tem be made les s pron e to failu r e or easie r to maint ain?
How can satisfactio n fo r the custome rs of a company provi ding goods or ser vic es be inc rea s ed?

As indicated in thes e ex amples, a proje ct is a br oad un d ertak ing, inv olv-
ing answe rs to many qu estio ns and sub stantia l co mmitment of resou rces.
The tasks of fo rmulating a proje ct and pr ior itizing it s qu estio ns (on the
basi s of facto rs like impor tanc e, cos t, log ical necessity) requi re sub-
je ct-matt e r ex per tize. The display at the rig ht shows the prior i-
tized que s tion s fr om a proje ct as inputs to a seque n ce of
FDEAC cycle s; each ‘ma in’ FDEAC cycle (sh own large r)
may inv olve one or more (sm aller) sub -cycle s to answe r
qu estio ns that arise in answe ring each ‘ma in’ que s tion.

Fo r a que s tion arisi ng fr om a proje ct or of int e rest
in its own rig ht, we dis tinguis h between the need for:

• ex tra -st atis ti c a l know ledge, AND • data,
to answe r it. For exa mple, a quarterback may ask:

* How can I inc rea s e my pro por tio n of complet e d passes?
Obviously, extra-statis ti c a l know ledge is needed to dev elo p a
st r ategy that may produ c e im prove ment in passing; THEN:

an inv estig a t ion usi ng the FDEAC cycle can answe r the fol low-up que s tion:

* Ha s the desired inc rea s e in the pro por tio n of complet e d passes been achieve d?
To provi de a ‘c orrect’ answe r, such an inv estig a t ion wou ld likely need to go bey ond the sim p le-minde d co mparison of two pro -
portio ns calcula ted before and after implem e n ting the improve ment strategy. If the desired inc rea s e ha s not been achieve d, an-
ot he r st r ategy cou ld be dev elo ped, aga in using ext r a-statis ti c a l know ledge, and its res ult assesse d using the FDEAC cycle.

The defi ning charact e ris ti c of a (st atis ti c a l) qu est i on is the requi rement for data to answe r it – se e Appendix 4 on pag es 2.1 9 and 2.20.

As wit h answe ring a statis ti c a l qu estio n using the FDEAC cycle, a que s tion requi ring extra-statis ati c a l know ledge is usually
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Figure 2.1a. DAT A-BASED INVESTIGATING: The FDE AC Cyc le (continue d 1)

also best answe red usi ng a structure d pr ocess – for exa mple, the five -st age Defi neMea s ureAnalyzeImproveCon trol of Six Sig ma. St atis-
tical qu estio ns arise mos t obviously in the I stag e of DMAIC, but the FDEAC cycle is als o relevant to the tasks of proje ct de-
scriptio n and que s tion prior itizing in the D stag e; statis ti c a l consid eration s of mea s uring processes, int roduced in Section 9 on
page 2.1 6 and pursued in Fig ure 2.1 5 , are relev a n t in the M stag e.

• To hel p distinguis h cont ext s which requi re dis tin ct st ructure d proces s es li ke the FDEAC cycle and DMAIC, we can say:

−− the FDEAC cycle deals wit h answering (sta tis tical) Ques tions, −− DMAIC deals wit h (e xtra-sta tis tical) pr oblem sol ving.
We av oid equivocal phrases like a task to be don e or a con clu sion to be drawn.

3. The Formu lat ion Stage

The task of the For mulation stage is qu est ion formu lat ion – tur ning a Ques tion in t o a clea r Ques tion. This can be accom -
plis hed by addre ssi ng matt e rs inv olved in the components of the For mulation stage. We start wit h:

* A popul ation: a wel l-defi ned group of ele ments oth er than a sample; a process is defi ned ove r leaf in Not e1 on pag e 2.6.

* An element is the popula t ion c entity of int e rest to the Que s tion(s) to be answe red and for which variat e value s coul d be
obtain ed; target elem e n t s ma ke up the target popula t ion. [Info rmally, an ele ment is an ‘in d ivi d ual.’]

* The target popul ation is the group of ele ments to whi c h the inv estig a tor(s) want Answe r(s) to the Que s tion(s) to apply.

As sociat e d with each el ement are charact e ris ti cs called variates .

* Re sponse var iat e: a variat e defin ed in the For mulation stage of the FDEAC cycle; an Answe r des cribes some att rib u t e(s)
[d efin ed bel ow] of the respons e variat e ov er the targe t popula t ion; our nota tion fo r a respons e variat e is Y−.

* Explan atory var iat e: a variat e, defi ned in the For mulation stage of the FDEAC cycle, whose change accou nts, at lea st in
part, for change in the value of a respons e variat e; our nota tion fo r an exp lanato ry variat e is X− or Z− (o r Z− i).

In practic e, a useful respons e variat e may need to be a composit e of sev eral infor mation dim e nsi ons or the re may need to be
seve r al such variat es; howeve r, for sim p licity in int roducto ry dis cus sio ns, we often speak as thoug h there is just on e (s imple)
re spons e variat e in an appli c ation of the FDEAC cycle: e.g., an ele ment’s after-tax income in a speci fi ed year.

As sociat e d with each gr oup of ele ments are charact e ris ti cs called attr ibutes .

* At tribute: a quantity defi ned as a fun ction of the respons e (a n d, perhaps, exp lanato ry) variat e(s) ove r a gr oup of ele ments, like:
−− the targe t popula t ion, −− the study popula t ion, −− the respondent popula t ion, −− the non -re spondent popula t ion, −− the sample.

Si mple num erical att rib u t es are mea s ure s of location like an ave r age, media n or pro por tio n and measure s of variation like stan-
dard dev iation or the five -number sum mar y; sim p le graphical att rib u t es are stemplo t s , his t ogr ams, box plo t s , scatt e r diag rams.

* Fishbone diagram: a schemati c display (reminiscent of a fish skele ton) for or ganizing the names of explanator y variat es
which may affect a par ticular resp onse variat e; the re can be up to six ma in branches on the diag ram , with label s li ke me a-
surement, person, environment, method, material and machine.

−− Fishbone diagr ams are dis cus s ed in Appendix 5 on pag es 2.20 and 2.21.

* Aspect: a bin ary cat egor ization of the primary con cer n of the Que s tion to be answe red in an inv estig a t ion, identifie d in the
Fo rmu lation stage of the FDEAC cycle; pos sib le aspects are De scr ipt ive and Cau sat ive.

−− The Answe r fr om the inv estig a t ion of a de scr ipt ive Questio n addres s es prim arily the value(s) for target popula t ion attr i-
bute(s); thes e value s may be cur ren t or extra pol ations, and co mpariso ns among att rib u t e value s may be inv olved .

−− The Answe r fr om the inv estig a t ion of a causat ive Questio n addres s es prim arily some charact e ris ti c(s) of a ca usa l rela-
tionship between a respons e variat e and one (or more) exp lanato ry variat es, (us u ally) wit h the int ent that changi ng the
value(s) of the exp lanato ry variat e(s) wou ld (or will) change the value of the respons e variat e.

Fo r a Que s tion wit h a cau s ative aspect, the fo cal (explan atory) var iat e is the explanator y variat e whos e rela t ion s hip to the re-
sp onse variat e is involved in the Answe r(s) to the Que s tion(s); we us u ally con sid er Que s tion s involv ing only on e focal variat e in
in trodu cto ry cou rses. As in d i c ated in Not e 6 in the middle of pag e 2.7, a Que s tion wit h a ca usa tive (a s distin ct from a descrip-
tive) aspect raises addit ion a l matt e rs to con sid er in the For mulation and Desig n st age s of the FDEAC cycle.

The components of the For mulation stage
are sum marized at the rig ht, arrang ed to
remind us that variat es are associat e d with
an el ement, att rib u t es wit h a popu lation (o r sample) and that a fishbone diagr am or ganizes exp lanato ry variat e infor mation in
rela t ion to the respons e variat e. Als o, aspect refers to the Ques tion but its con cer n is wit h the nature of the An swer.

Target ele ment Variat es
re spons e

Aspect

Target popula t ion Att rib u t e(s)
ex pla n ato ry Fis hbone diagr am

A final matt e r in the For mulation stage of the FDEAC cycle, after an input Questio n ha s beco m e a cle ar Questio n, is to de-
ci de what wou ld con stitute a‘c orrect’ Answe r – what likely deg ree of error wou ld impos e acce pta b le li mit ation on the Answe r.
There are three complication s in addre ssi ng this matt e r:

• er ror has six catego rie s (li sted ove r leaf at the top of pag e 2.6);

• methods for assessing likely deg ree of error/seve rity of impos ed lim itation:
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−− differ for different error cat egor ies, AND: −− may inv olve assump tion s that are imperfectly met in practic e.
A sum mar y of assessment methods by error cat egor y (w hich are defi ned on the lowe r half of pag e 2.9) is:

St udy error: assessment is base d ma inly on extra-statis ti c a l know ledge and is usually diffic ult to quantify.

No n-response error: assessment is base d on statis ti c a l theory sel d o m cove red in int roducto ry cou rses (se e No te 8 on pag e 2.8).

Samp le error: in introducto ry cou rses, assessment is base d on statis ti c a l theory whi c h yi elds a confidence inter val.

Me asurement error: assessment is sim ilar to the method for sample error.

Comparison error: assessment is sim ilar to the method for sample error.

Mo del error: specific (often graphical) methods are use d to assess (so m ewhat sub jective ly) model ling assumptions.

In keepi ng wit h thei r cent r al role s in dat a-base d inve s tig a t i ng, the themes of cat egor ies of error, their assessment and their man-
ag ement recur throu ghout thes e Course Mat e ria ls (a n d the Statis ti c a l Highlig hts). An illust r ation of lim itation impos ed by sa m-
ple er ror on an Answe r which is a pr oportion is giv en in the first bul let (•) on the upper half of pag e 2.13.

The (unfamili ar) con cep t of error and its six cat egor ies, as we us e the ter m, is to be dis tinguis hed from the famili ar mistake,
which is a departure fro m th e Pl an; usually, mis takes arise from careles sness and are avo idable, in con trast to error which is
the unav oid able con seque n ce of incomplet e infor mation and, henc e, of lim itation s im pos ed on Answe rs.

Sy stemati c discus sio n of the manage men t of the fou r (o f si x) cat egor ies of error relev a n t in sur vey sampling (discus s ed in Par t 8
of thes e Course Mat e ria ls) is provi ded in the fol low ing Fig ure 2.2 and in Fig ure 2.1 6.

* Un certainty: in complet e infor mation abou t er ror [us u ally about its size or mag n itude].

−− Limita tions on Answe rs rem ind us of eve r-pres ent un cer tain ty – an Answe r we anticpate will be ‘co rre ct’may actually be
‘wrong’and an Answe r ex pected to be ‘wrong’ may be ‘co rre ct,’ alt hou gh dis ciplin ed and cor rect use of statis ti c a l methods
can make the first of thes e possib i lit ies unli kely.

NO TES: 1. The discus sio n of the For mulation stage in Section 3 ove r leaf on pag e 2.7 and above starts by defi ning a popu lation;
to answe r so m e types of Que s tion, we may ins tea d st art wit h a pr ocess, for which we dis tinguis h two cases:

* Process: • a set of opera tions that produ c e or affect ele ments, OR:

• the flow of an entity (li ke wat e r or ele ctron s).

The first case arises when the Que s tion is abou t im provi ng a manufactur ing or ser vic e-deliv ery process; we quantify
the per for manc e of the process by mea s uring variat e value s on the ele ments it produ c es or affects.

−− The targe t proces s is typically the process now and into the future for as long as the current (or improve d) im p le-
ment ation of the process operates.

The secon d ca s e aris es when the Que s tion is abou t an entity that flow s, like wat e r in a riv er or ele ctron s in a circuit
or net w ork; we quantify charact e ris ti c(s) of such processes by mea s uring variat e value s on the entity that flow s .

−− The targe t proces s is typically the process ove r a defi ned per iod of tim e.

2. Our variat e qu ali fi ers ‘re spons e’ and ‘ex pla n ato ry’ are the ordin ary Englis h wo r ds that best evo k e relevant statis ti c a l
is s ues for variat es; quali fi er pairs use d el sew here (us u ally wit h ‘v ariable’) inclu de:

• dependen t and in dep enden t; • ou tco me and pre dictor; • ou tco me and exposure.
No pair is as statis ti c a l ly evocative as‘re spons e’ and ‘ex pla n ato ry’; in addit ion, the first pair have mul t i p le ordin ary
and technical meaning s that are easily mis unde rstood and/or inv olve diffic ult idea s fr om outsi de statis ti cs – see,
fo r in stanc e, the entries for ‘Independenc e’ in the left-hand colum n of pag e 2.96 in Fig ure 2.1 7.

−− Our defi nit ion of ‘e xplanato ry’ makes it cle ar that a variat e T− whos e change does not accou nt, at lea st in par t,
fo r change in Y− is not an explanator y variat e and so need not be con sid ere d in the (alrea dy complicated) dis-
cus sio n of statis ti c a l rela t ion s hips.

−− We us e‘v ariat e’ rat her than ‘variable’ to avo id connotation s that come wit h the latt e r fr om other dis ciplin es.

3. The schema bel ow il lust r ates dis tin ction s among the ter ms qu ant itative and categor ical (o r qu a lit ative), me asure d
and co unt ed, and continuou s and discrete, when they are use d as a quali fi er of variate.

va riate mo del

qu antit ative
mea s ure d mea s ure d value

coun ted coun ted value
contin uou s

catego rical
qu ali tative

coun ted coun ted number discret e
(v a lue s are data)

a sim p le arttr ibute
of interest is often
an ave r age or tot al

a sim p le att rib u t e
of interest is often a
propor tio n or frequ enc y

Ma themati c a l

• The quantit ative measured and quantit ative counte d distin ction blu rs progres siv ely as cou nted value s beco m e
larger; it is als o affe cted by the lim ited resol ving powe r of real measuring ins truments/proces s es.

• Qu ant ita tive variat e value s can become (ordin a l) ca tegorica l – e.g., ages can be cla s sifie d in t o ag e gr oups; we
take qu ali tative to mean nominal (non-ordin a l) catego rical – e.g., marit al status or skin col our.

• A binary variat e is a cat egor ical variat e in two catego rie s.

Quantit ative and quali tative are use d mo re broa dly els ewhe re as adj ectiv es to cat egor ize ‘re search methods.’
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Figure 2.1a. DAT A-BASED INVESTIGATING: The FDE AC Cyc le (continue d 2)

NO TES: 4.
(c o nt.)

Elsewhere, our popula t ion attribute may be called a popula t ion parameter; we re ser ve‘parameter’ for one of the
co mponents of a sta tis tical (math ematical) model – see Appendix 3 on pag es 2.1 8 and 2.1 9.

5. Equ ation s (2.1.1) to (2.1. 3) at the rig ht bel ow give symboli c ex pre ssi ons for thre e si mple num erical att rib u t es:
an ave r age, a (data) standard dev iation and a pro por tio n, whe re:

• the (option a l) subs cript Y− on an att rib u t e in d i c ates to whi c h
re spons e variat e the att rib u t e refe rs – ge ner ic att rib u t e
notation is aY−(PTarget), whe re PTarget

den otes the targe t popula t ion;

• Y−(u) is the value of the respons e
variat e fo r elem e n t u;

• −NT is the number of ele ments in the targe t popula t ion;

• the sum mation s run ove r all ele ments of the targe t popula t ion;

• the pro por tio n refe rs to two catego rie s of unit s , C [fo r which Y−(u) =1] and C
− [fo r which Y−(u) = 0].

[Su ch use of a (bin ary) indicat or va riate ma kes the expre ssi on (2.1. 3) fo r a pro por tio n in two catego rie s a spe -
ci al case of the expre ssi on (2.1.1) fo r an ave r age.]

av erageY− (PTarget) =
Σ
all u

−Y(u)

−NT

st andard dev iationY− (PTarget) =
Σ
all u

[−Y(u) − av erageY−]
2

−NT −1

propor tio nC
(PTarget) =

Σ
all u

−Y(u)

−NT

-----(2.1.1)

-----(2.1. 2)

-----(2.1. 3)

√

6. The Que s tion aspect is int roduced as early as the Fo rmulation st age becau se of the fol low ing dichotomy.

* Experimental: to be con trast e d with ob ser vational – it indicates a comparative Pla n where the invest iga tor s
(actively) assig n the value of the focal (ex pla n ato ry) variat e to each unit in the sample/bl ock s.
[Bl ocking in an exper iment al Plan is for ming groups of units (the
bl ocks) wit h the sa m e (o r si milar) value s of one or more
non-focal exp lanato ry variat es; unit s within a block
are then assig ned di ffere nt value s of the focal variat e.]

* Observat ion al: to be con trast e d with experimenta l – it indi-
cates a comparative Pla n where, for each unit selected, the focal exp lanato ry
variat e (pa ssi vel y) takes on its ‘natural’ value unin fluenced by the inv estig a tor(s). [Se e Se ction 8 on pag e 2.15.]

Questio n aspect

des criptiv e

causative
ex per iment al Plan (‘activ e’)

obs ervation a l Plan (‘p a s siv e’)

To answe r a Que s tion wit h a ca usa tive aspect, an experimenta l Plan is use d, whe re fea sib le, to reduce the lim itation
on an Answe r im pos ed by co mpariso n er ror; what is fe asi ble is det e rmine d by:

• the nature of the focal variat e – sex and age, for exa mple, cannot be assig ned .

• the resou rces availa ble for the inv estig a t i ng – it is fe asi ble to change people’s die ts but a particular inve s tig a t ion
may not have the resou rces to do so;

• what is et hical – cig arette smoking or a hig h-fat die t, for ins tanc e, can no longe r et hically be assig ned to par ticip ants.

The exper iment al/obs ervation a l Plan distin ction is dis cus s ed in Section s 9 and 10 in Fig ure 9.2 in thes e Course Mat e ria ls.

Tw o wo r ds whi c h ev oke the essentia l differenc e between the two types of comparative Pla n are the ac tive assig n-
ment by the inv estig a tor(s) of focal variat e value s co mpare d with the passive accep tanc e of its ‘natural’ value s.

7. When using the FDEAC cycle in dat a-base d inve s tig a t i ng, it may be conve n ient to think of:

• Fo rmu lation stage components as addre ssi ng matt e rs dealing wit h What .....?

• Design stag e co mponents as more typically addre ssi ng matt e rs dealing wit h Ho w .....?

4. The Desig n St age I: Three Popul ations and the Sample

The task of the Desig n st age is to dev elo p a Plan fo r the dat a-base d inve s tig a t i ng that wil l answe r the cle ar Que s tion(s) that
are the output of the For mulation stage. A dange r to the Pla n is that a desire to proceed with an inv estig a t ion (i.e., eag ernes s to
un d ertake the Exe cutio n st age) makes it easy for too few resou rces to be com mitt e d to the Desig n st age.
The schema at the rig ht bel ow sh ows five groups of ele ments whi c h we distinguis h fo r data -base d inve s tig a t i ng; the last fou r
are defi ned in the Desig n st age. [Fo r conv enienc e, the defin ition of the target popula t ion is repeated here.]

* Ta rge t popul ation: the group of ele ments to whi c h the inv estig a tor(s)
wa n t Answe r(s) to the
Questio n(s) to apply.

* St udy popul ation: a gr oup of ele ments av ail-
able to an inv estig a t ion.

* Re spondent popul ation: thos e elem e n t s of the study popula t ion that woul d prov ide
the dat a requ est e d un d er the inc entiv es for respons e offered
in the inv estig a t ion [su ch inc entiv es arise pre dominantly when
the ele ments are people, but mis sing data may als o aris e when ele ments are inanimate].

* No n-respondent popul ation: thos e elem e n t s of the study popula t ion that wou ld not prov ide the data reque s ted unde r the
in centiv es for respons e offered in the inv estig a t ion.

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

(d efin ed) (s pecifie d)

(s ele cted)

No n-respondent popula t ion

(tr ue value s) (m e asure d value s)

2020 -08 -20 (cont inued overleaf )



Un ive rsity of Wat e r loo STAT 220 – W. H. Che rry

#2.8

* Samp le: the group of units/bl ock s sele cted from the respondent popula t ion actually use d in an inv estig a t ion – the sample
is a subset of the respondent popula t ion (as the ver tical lin e in the schema ove r leaf at the bottom of pag e 2.7 re-
minds us) . [A censu s us es all the respondent (or study) popula t ion ele ments/un its.]

* Unit : the entit ies se lec ted fo r the sample; a un it may be one ele ment (e.g., a person) or more than on e (e.g., a hou seh old).
The ele ment-unit dis tin ction is dis cus s ed in more det ail in Appendix 2 on pag e 8. 57 in Fig ure 8.11 of thes e Course Mat e ria ls.

The three terms defined, sp eci fied and se lec ted in brack ets () on the schema ove r leaf on pag e 2.7 rem ind us of the (ve ry) differ-
ent processes of origi n of two popula t ion s and the sample. Fur the r, we recog n ize that the respondent and non -re spondent pop -
ulation s, and differenc es between true and measure d value s , or igi nat e in hum an and measuring ins trument falib i lity.

Ju s t as targe t elem e n t s ma ke up the targe t popula t ion, so study ele ments make up the study popula t ion.
Target ele ments and study ele ments are often the same but may differ; for ins tanc e, when assessing drug
ef fi cacy and sid e ef fects using laborato ry anima ls, targe t elem e n t s are hum ans but study ele ments are
la borato ry anima ls. The pos sib i lity of different targe t and study ele ments may be ove r looke d by show-
ing the study popula t ion as a subset of the targe t popula t ion in a (mislea ding) diag ram as at the rig ht.

• Su ch a diagr am may als o sh ow the sa m p le as a subs et of the study popula t ion (but see the schema
at the bottom rig ht of pag e 2.7 ove r leaf and its ext ensio n at the top rig ht of pag e 2.10).

Target

popula t ion

Study
popula t ion !

An inv estig a t ion wit h a targe t popu lation will have a study popu lation; an in-
ve s tig a t ion wit h a targe t pr ocess that is a set of operation s will also hav e a study
popu lation – the availa ble ele ments produ c e d or affected by the process. An
inve s tig a t ion wit h a targe t pr ocess that flows wil l have a study pr ocess, usually
the targe t proces s ov er a rest ricted tim e period (se e Ta ble 2.1. 2 at the rig ht).

Ta ble 2.1.2

Po p u lat ions and Pro cesse s

Target popula t ion Study popula t ion

Target process: operation s Study popula t ion

Target process: flow Study process

As indicated in the diag ram at the rig ht, we consid er the study popula t ion
to be made up of the resp onden t and non-res pon den t popula t ion s. The set
of unit s sele cted from the study popula t ion is the sele c tion, and compris es
the samp le (fr om the respondent popula t ion) and the non-respondents (fr om
the non-respondent popula t ion). The diag ram has two catego rie s of symbols:
−− the −Ns and ns refer to number s of ele ments/un its;

−− the Y
−−s and the y−s are aver ages of an ele ment/un it respons e variat e Y−.

The rela t ion s hips among the numbers of ele ments/un its are:
Study popula t ion = Re spondent popula t ion + Non -re spondent popula t ion

−Ns = −N + −Nnr

Sele ction = Sa mple + Non -re spondents
ns = n +  nnr

When using the ave r age, repre sent e d by the random variable Y
−
, of the sample

sele cted by EPS as the estim ato r of the study popula t ion ave r age, Y
−−s, the non-responding bias, the model quantity repre senting

non-re sponding inaccur acy, is:
E(Y

−) − Y
−−s ≡ Y

−− − Y
−−s = Y

−− − −N⋅Y− + −Nnr⋅Y−nr

−N + −Nnr
= −Nnr

−N + −Nnr
(Y
−− − Y

−−nr). -----(2.1.4)

Study popula t ion

Re spondent
popula t ion

No n-respondent
popula t ion

−Ns

Y
−−s

−N Y
−− −Nnr Y

−−nr

Sele ction

Sa mple No n-
re spondents

ns

y’−s

n y− nnr y−nr

St atis ti c a l theory, par ticularly of sample
surveys, is dev elo ped mainly in the

cont ext of the resp onden t popula t ion,
often wit hou t re cognizi ng it exp licit ly

[E(Y
−) = Y

−− is est ablis hed on the lowe r half of pag e 8. 52 in Fig ure 8.11.] To manage non -re spons e er ror, the Pla n fo r an inv estig a t ion
ne e ds to inclu de inc entiv es for respons e that try to reduce one or bot h of the ter ms on the rig ht-hand sid e of equation (2.1.4):

• the non -re spons e rate, (i.e., the non -re spondent popula t ion size as a pro por tio n of the study popula t ion size) , AND/OR:

• the differenc e in attribute value s (e.g., the ave r age s) for the respondent and non -re spondent popula t ion s.

−Nnr

−N + −Nnr

NO TES: 8. Whi c h elem e n t s of the study popula t ion fall in the respondent and non -re spondent popula t ion s depends on the
in cen tives offered for respons e – different inc entiv es wil l pres umably, in gen eral, res ult in di ffere nt sets of the study
popula t ion ele ments in the two popula t ion s. Fo r gi ven in centiv es for respons e (a s specifie d in the protocol for
sele cting units in a particular inve s tig a t ion), statis ti c a l theory to manage non -re spons e er ror can be base d on:

• a de t erministic model – a giv en unit wil l always ma ke the sa m e de cisio n abou t whet her or not to respond; OR:

• a stochast ic model – a giv en unit’s decisio n will inv olve unc e rtain ty and so is model led probabilis ti c a l ly.
Our respondent and non -re spondent popula t ion s are concep tua l in the sense that we only encou nter subset s of
them (as the sample and the non -re spondents); if a unit is not in clu ded in the selection, we gen erally do not know
(a n d do not need to know) to whi c h of the two popula t ion s it bel o ngs.
Complex i tie s of model ling non -re spons e is a rea son why, as alluded to at the top of pag e 2.6, trying to quantify
non-re spons e er ror is rarely cov ere d in introducto ry statis ti cs cou rses.

9. Inc entiv es for respons e offered in sample sur veys of hum an popula t ion s in clu de:

• ap pealing to alt ruism by poi nting out the ben efit s to the popula t ion of provi ding the data reque s ted;

2020 -08 -20
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Figure 2.1a. DAT A-BASED INVESTIGATING: The FDE AC Cyc le (continue d3)

NO TES: 9. •(c o nt.)
offer ing speci fi c rewards such as a chanc e to win a sub stantia l prize like a trip, or giv ing all un its selected for
the sample a sma l l gi ft like a pen or a dol lar coi n.

10 . The cle a n separation of respondents and non -re spondents is an idealiz ation – par tia l (o r ‘i tem’) non -re spons e is
also encou ntered in practic e when the ele ments/un its inv estig a ted provi de some, but not all, of the data reque s ted .

• The lim itation impos ed on Answe r(s) by non -re spons e er ror arises mos t co mmonly wit h a sa m p le (e.g., in a
sample sur vey) but it is equ ally of con cer n in the les s co mmon type of inv estig a t ion whi c h tr ies to gat her dat a
fr om a censu s of all the study popula t ion ele ments/un its.

−− Thus, ‘sample’ and ‘cens us’both refe r (s trictly) to the ele ments/un its of the resp onden t popula t ion.

11 . The empha sis in Section 4 is on non -re spons e among ele ments whi c h are peop le; ext r a-statis ti c a l know ledge to
deal wit h it inclu des que s tionnaire desig n and int e rvie wing technique s (w hich may inv olve exper tize in psychology).

−− We largely omit dis cus sio n of equipment malfu nction as a sou rce of mis sing dat a, whe re ext r a-statis ti c a l know-
le dge of the relev ent measuring process(e s) is likely to be needed .

12. Mos t pres entation s of introducto ry statis ti cs inv olve our resp onden t (not study) popula t ion becau se of an implicit
assump tion that the units selected for inv estig a t ion (the ‘sample’ ) all res pon d.

• The‘sele ction,’ den oting the sample plu s the non -re spondents, is a ter m unique to thes e Ma ter ials.

5. The Desig n St age II: Er ror Source s as Backg round to Deve l opi ng the Plan

The three popula t ion s and the sample defi ned early in the Desig n st age of the FDEAC cycle reflect con strain t s that real-
wo r ld condition s im pos e on dat a-base d inve s tig a t i ng.

• The study popula t ion/proces s av ail able to inv estig a tors is rarely a per fect mat ch to (the ideal of) the targe t popula t ion/proces s.

• Me asuring equ ipment malfunction or hum an imper fection (in knowledge, cooperation, truthfullness) mean that the respondent
popula t ion is rou tin ely a sou rce of mis sing data/non-res pon se co mpare d to what the study popula t ion, in principle, con tains.

• Re sou rce con strain t s co mmonly dictate usi ng a sa m p le fr om, rather than a ce nsus of, the (re spondent) popula t ion.

• Me asuring processes for ‘contin uou s’ variat e value s seldom yield (ex actly) cor rect res ult s.

The last two matt e rs, as unav oid able sou rces of sa m p le er ror and measurem ent error, were foresha dowe d as early as the int roduc-
tion of the earlie r Figure 1.1 (and likew ise Fig ure s 1.1 of bot h the STAT 231 and STAT 332 Course Mat e ria ls).

The defi nit ion s of our six error cat egor ies, whi c h fo rma lize the con strain t s of real-world inv estig a t i ng, are as fol low s .

* St udy error: the differenc e between [the (tr ue) value s of] the study popula t ion/proces s and targe t popula t ion/proces s att rib u t es.

* No n-reponse error: the differenc e between [the (tr ue) value s of] the respondent popula t ion and study popula t ion/proces s att rib u t es.

* Samp le error: the differenc e between [the (tr ue) value s of] the sample and respondent popula t ion attributes.

* Me asurement error: the differenc e between a mea s ure d value and the true (or long-ter m av erage) value of a variate.

−− At tribute measurement error: the differenc e between a mea s ure d value and the true (or long-ter m av erage) value of a
[popula t ion/proces s or sample] attr ibute.

* Mo del error: the differenc e between the model , toge the r with its model ling assump tion s, and the actual state of affairs in
the real world; mo delling assumpt ions in introducto ry cou rses are typically rest ricted to:

equiprobable selecting of units for the sample;
the nor mality of each residu al;
equal standard dev iation s of (re spons e) variat e value s among different groups of ele ments or units.

the for m of the structur al component of the respons e model;
probabilis ti c in d ependenc e of the residu als;

* Comparison error: fo r an Answe r abou t an X−-Y− rela t ion s hip that is base d on comparing att rib u t es of groups of ele ments wit h
different value s of the focal variat e, comparison error is the differenc e fr om the in ten ded (o r true) state of affairs arisi ng fr om:
−− differ ing dis tributio ns of lur king variat e value s between (or among) the groups of ele ments or units OR −− confou nding.

The alt e rnate wording of the last phrase of the defin ition of comparison error accom modat es the equ ivalent ter min ologie s
of lur king variat es and confou nding ; in a par ticular con tex t, we use the versi on of the defin ition appropriat e to that con tex t:

‘l urking variat es’ can more rea dily accom modat e phen omena li ke Sim pson’s Paradox , which is dis cus s ed in Fig ure 9.8;
‘c onfou nding’ is more com mon in the con tex t of comparative Pla ns (se e Se ction 7 in Fig ure 9.2), but the varie ty of usage
of ‘confou nding’can be a sou rce of diffic ulty (as dis cus s ed in Fig ure 9.9).

Study error, sample error, non -re spons e er ror and comparison error are defi ned in ter ms of att rib u t es of gr oups of ele ments
wherea s mea s urement error inv olves in dividua l mea s urements – this is why the addit ion a l (s ub)catego ry of attr ibute mea s urement
er ror is needed – see als o the dis cus sio n involv ing equ ation (2.15.1) near the bottom of pag e 2.71 in Fig ure 2.1 5 .

Re s tricting the discus sio n of model error for an int roducto ry cou rse is becau se model error gen erally is a  large and diffic ult
to pic; recog n izi ng the model ling assump tion s un d erlyi ng a par ticular dat a-base d inve s tig a t ion and assessing how well they are
met is an on erous (a n d vital) task. The re is fur the r discus sio n of model ling in Appendix 3 on pag es 2.1 8 and 2.1 9.
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The schema at the lowe r right of pag e 2.7 is giv en at the rig ht bel ow with fou r ex tensi ons.

• The model is shown as a link bet ween the respon-
dent popula t ion and the sample.

• The six error cat egor y names are show n at
the bottom and left, alt hou gh ‘mea s urement
er ror’ is really‘sample att rib u t e mea s ure -
ment error’.

• The arrow rising from each error name
sh ows the poi nt of imp act in the schema
of that cat egor y of error;

• The broad arrow from the sample ellipse of
mea s ure d value s back to the targe t popula t ion
repre sents Answe r(s) to the Que s tion(s) about the
target popula t ion that are in fer red fr om mea s ure d sample dat a on respons e (a n d us u ally exp lanato ry) variat es.

−− The thi ck lin es crossing this broad arrow at the arrow s risi ng fr om each error cat egor y repre sent li mit ations inpose d by
er ror on Answe r(s); the progres siv e decrea s e in widt h of the broad arrow after each error cat egor y reinforces this idea .

The fou r ar row s arising from comparison error poi nt to boxes repre senting gr oups of ele ments or units (a popula t ion or a
sample) rat her than, as for the other five error cat egor ies, to li nes joi ni ng boxes; the comparison error arrow at the rig ht is
to be taken as poi nting to both sample ellipses.

Mu ltiple co mparison error arrow s are a con seque n ce of its different manife s tation s in different Que s tion con tex ts – for ex-
ample, as sum marized in Table 9.1 2.2 near the middle of pag e 9.76 in Fig ure 9.1 2 of thes e Course Mat e ria ls.

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

MO DEL

(tr ue value s) (m e asure d value s)

Answe r(s) to Questio n(s)

Comp arison
er ror

Study
er ror

No n-respons e
er ror

Sa mple
er ror

Me asurement
er ror

Model
er ror

Sa mple att rib u t e

Refi ning resp onse variat e(s) from the For mulation stage may be needed in the Desig n st age as a con seque n ce of:

* turning a Que s tion into a cle ar Questio n – when deci ding on the ‘best’web brows er to buy, is the respons e variat e the
brow ser cos t or the number of hit s or the number of rele vant hits obtaine d in respons e to a set of ‘st andard’ search reque s t s?

* consid ering what can practically be measured – what shoul d be cla s sifie d as a ‘d efe ct’ in the paint of a new car or how can
the change in taste of a super marke t food item be mea s ure d when inv estig a t i ng shelf life?

Expla nator y variat es and their management is the cent r al is s ue in inve s tig a t i ng statis ti c a l rela t ion s hips, as indicated by the
le ngt hy dis cus sio n in, for exa mple, Fig ure 9.2 in thes e Course Mat e ria ls. An aid to this management is what we call a fishbone
diag ram; pro perly con str ucting a fishbone diagr am , as part of the process of dev elo ping a Pla n fo r a comparative inv estig a t ion,
enables the inv estig a tor(s) to sys tem atize their (st atis ti c a l and extra-statis ti c a l) know ledge abou t ex pla n ato ry variat es. As sum-
marized in the tre e diag ram at the rig ht bel ow, the re are then three option s fo r each (non-focal) variat e in the fishbone diagr am:

ig nore it – that is, do not mea s ure it;
mea s ure it and re str ict it s value;
mea s ure it and use it s value [e.g., to for m blocks or stra ta];

An exp lanato ry variat e may be ig nored fo r variou s re asons; for exa mple, it may be:
−− unknown to the inv estig a tor(s); OR:

−− de eme d unimpor tant in the inv estig a t ion con tex t;
a poor re ason to ign ore an exp lanato ry variat e is the cos t or other diffic ulty of mea s uring it – it is debat able whether to unde r-
take an inv estig a t ion whe re resou rce con strain t s will only allow a Pla n that may impos e un accep table limitation(s) on Answe rs.

Explanato ry variat e

Ig nore Me asure

Re s trict value(s) Us e value(s)

An exp lanato ry variat e may be restricted in value to reduce inv estig a t ion cos t – for exa mple:

• a cli nical trial of a new drug may decid e to use par ticip ants of one sex and/or a rest ricted age range;

• when inv estig a t i ng a manufactur ing process, the study popula t ion of par ts mig ht be speci fi ed as those parts stil l at the sit e
– thes e woul d us u ally be par ts produ c e d cons ecu tiv ely ove r a rela t ive ly sh ort tim e so their variation is likely to be sm aller
than the longe r-ter m proces s variation.

The thi rd optio n – using the value s of an exp lanato ry variat e – is dis cus s ed in Section 7 in Fig ure 9.2.

Choosi ng an appro priat e option for each exp lanato ry variat e consid ere d in an inv estig a t ion usually requi re s ex tra -st atis ti c a l know-
le dge and exper ienc e with dat a-base d inve s tig a t i ng; appropriat e choic e(s) can reduce lim itation(s) on Answe r(s), inap pro priat e
choic e(s) can impos e unne c essar y li mit ation(s). For exa mple, rest ricting exp lanato ry variat e(s) may speci fy a study popula t ion wit h
un accep tably lim ited ove r lap (e.g., due to mis sing target popula t ion ele ments, di ffere nt target and study popula t ion ele ments, too sho rt
a dura tion fo r the study pr ocess) wit h the targe t popula t ion, res ulting in an unaccep table leve l of lim itation impos ed by study error.

NO TE: 13. The exper iment al/obs ervation a l Plan distin ction has implication s fo r the expre ssi ons for study (o r re spondent) popu -
la t ion attr ibutes li ke those for the target popula t ion in equation s (2.1.1) to (2.1. 3) on pag e 2.7 in Not e 5.
Fo r an av erage, for ins tanc e:

• the (bin ary) focal variat e X− take s value s x of 0 or
1, repre senting the two‘t reatments’;

av erageY− |X− =x(PStudy) =
Σ
all u

−Y(u)| −X(u) = x

−NS
-----(2.1. 5)
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NO TES: 13. •
(c o nt.)

the ver tical lin e is con d ition a l probability not ation
and means gi ven that;

• Y−(u) is the value of the respons e variat e fo r elem e n t
u when X−(u) = x;

• −NS is the number of ele ments in the study popula t ion;

• summation s run ove r all ele ments in the study popula t ion but:

−− in equation (2.1. 5) fo r an experimenta l Plan, all −NS elem e n t s cont rib u t e to both nume r ato r and denominato r
and so, when es tim ating the two study popula t ion ave r age s fo r X− = 0  and X− =1, each sample provi des infor-
mation abou t the en tire study popula t ion for the relev a n t value of the focal variat e;

−− in equation s (2.1.6) and (2.1.7) fo r an ob ser vational Plan, only the study subpopula t ion ele ments wit h a giv en
value of X− cont rib u t es to the relev a n t ex pre ssi on and so neit her av erage (or its estim ate) appli es to the en tire
study popula t ion (or, at one stage rem ove d, to the entire targe t popula t ion).

av erageY− |X− =0(PStudy) =
Σ
all u

−Y(u)•[1 − −X(u)]

−NS −Σ
all u

−X(u)

av erageY− |X− =1(PStudy) =
Σ
all u

−Y(u)•−X(u)

Σ
all u

−X(u)

-----(2.1.6)

-----(2.1.7)

6. The Desig n St age III: Fu rther Backg round Terminology [A ful l Glo ssary is giv en in Fig ure 2.1 7.]

* Estimate: numer ica l va lue (s) fo r a model parameter: ++ de riv ed from the dist rib u tio n of the cor responding es tim ator, AND:
++ calcula ted from data .−− Po i nt est imate: a si ngl e value for an estim ate.

−− Interval est imate: an in ter val of value s fo r an estim ate, usually in a for m that quantifie s variability (repre senting impre cisio n).

* Estimating: a process whi c h us es st atis ti c a l theory to der ive the dist rib u tio n of an es tim ator and data to calcula te an (in ter-
val) es tim ate.

* Estimator: a ra n dom variable whos e dist rib u tio n re prese nts the pos sib le value s of the cor responding es tim ate un d er repeti-
tion of the selecting, mea s uring and estim ating processes.

* Limitations: ap ply to Answe r(s) to the Que s tion(s) and must: ++ assess the likely impor tanc e of each cat egor y of error;
++ be expre sse d in the langu age of Que s tion context.

* Over all error: the net effect of all relevant catego rie s of error on the Answe r(s) from an inv estig a t ion.

Fo r a Que s tion wit h a de scr ipt ive aspect, the ove r all error is the sum of fou r er ror cat egor ies (se e page 2.32 in Fig ure 2.2):
over all error = study error + non-res pon se error + sa m p le er ror + sa m p le attr ibute mea surem ent error. -----(2.1.8)

* Impr ecision: sta n dar d devi ation of error (i.e., its haphazard co mponent exhibited as variation) unde r re pet it i on.

−− Samp ling imp recision: st andard dev iation of sample error unde r repetit ion of selecting and estim ating.
−− Me asuring imp recision: st andard dev iation of mea s urement error unde r repetit ion of mea s uring the sa m e qu antity.

* Va riability: the model quantity repre senting impre cisio n, whi c h we distinguis h fr om va riation.

* Inaccu racy: aver age er ror (i.e., its system atic co mponent) un d er re pet it i on.

−− Samp ling ina ccu racy: av erage sample error unde r repetit ion of selecting and estim ating.
−− Me asuring ina ccu racy: av erage mea s urement error unde r repetit ion of mea s uring the sa m e qu antity.

* Precision: the inv erse of imprecisio n. * Accu racy: the inv erse of inaccur acy.

* Bias: the model quantity repre senting inaccur acy. [Bi as is dis cus s ed in more det ail on pag es 8.59 to 8.61 in Fig ure 8.11.]

* Re plicating: sele cting more than one unit/bl ock from the study popula t ion for the sample.

−− Ad equ ate repl icating: sele cting ju st en oug h un its/bl ock s fr om the study popula t ion to make the likely mag n itude of sa m-
ple er ror [and, henc e, the lim itation it impos es on Answe r(s)] acce pta b le in the Que s tion con tex t.

* Re pet ition: repeating ove r and ove r (u sually hypoth etically) one or more of the processes of selecting, mea s uring and estim ating.
Re petit ion is inhe rent in our defi nit ion s of a confid e n ce int e rval, an estim ato r, inaccur acy and impre cisio n.

* Mo del: a provi sio nal idealized symboli c des criptio n of a real-world phen omen on.
We us e Greek letters (e.g., µ,σ and π) for parameters of statis ti c a l and probability model s .
In any situation whe re an Answe r is base d, in whole or in par t, on a statis ti c a l model, we shoul d bear in min d a maxim of
the lat e Dr. George E.P. Box , a respect e d U. S. statis ti cia n: All model are wrong, som e are use ful.

* Va riation: differenc es in (variat e or att rib u t e) value s:

−− across the indivi d uals (e.g., ele ments or units) in a group, such as;
a targe t popula t ion/proces s,
a non -re spondent popula t ion,

a study popula t ion/proces s,
a sample, and:

a respondent popula t ion,
. repeated mea s urements;

−− arising unde r repetit ion [e.g., for erro r or a sample ave r age].

* Lu r king var iat e: a non -focal exp lanato ry variat e whos e differ ing dis tributio ns of value s ov er groups of ele ments wit h different
value s of the focal variat e, if taken into accou nt, wou ld meaning ful ly change an Answe r abou t an X−-Y− rela t ion s hip.

* Con founding: differ ing dis tributio ns of value s of one or more non-focal exp lanato ry variat e(s) among two (or more) groups
of ele ments or units [li ke (sub)popula t ion s or samples] wit h different value s of the focal variat e.
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7. The Desig n St age IV: The Pro toco l fo r Selecting Units

The protocol for selecting units, sometimes called the samp ling pro toco l, is (a des criptio n of) the process (to be) use d to
to select, from the respondent popula t ion, the units (or block s) that compris e the sample.

Sa mpling (c omprisi ng the processes of selecting and estim ating) is involved in mos t data -base d inve s tig a t ion s fo r two rea son s:

* prim arily becau se resou rces are sel d o m av a ila ble to gat her dat a fr om all the ele ments of the popula t ion of interest:
−− er ror associat e d with sample att rib u t es as estim ates of popula t ion attributes is usually an accep table trade-off for the re-

du c e d cos t of usi ng a sample;
−− greater tim eli nes s of dat a and Answe r(s) from a (sm aller) sample than from the (larger) popula t ion may als o be advant ageou s;

* se con d arily, sampling is the only optio n in the unco mmon situation whe re the measuring process destroys the ele ment bei ng
mea s ure d (e.g., firing shot gun car tridge s to assess the quali ty of their manufactur ing process).

Three impor tant matt e rs about the sample use d in any dat a-base d inve s tig a t ion are:
how the sample was sele cted; the sample size; the non -re spons e rate.

Our primary con cer n he re is wit h the fir st of thes e matt e rs; the usual ter min ology for the statis ti c a l ly desir able process is ‘random
sele cting’ but we us e the more evocative equiprob abl e sele c ting (a bbrev iat e d ‘EPS’); we als o discus s the se con d matt e r he re.

There are many processes use d in practic e to select samples; three of them are dis cus s ed in this Fig ure 2.1:
equiprob abl e sele cting, systematic sele cting, judgement sele cting.

* Equiprob abl e (s imp le ran dom) selecting [EPS (SR S)]: all samples of size n un its from a (study) popula t ion of size −NS

un its have probability 1/(−NS

n ) of bei ng sele cted .
−− What we call eq uiprobable sele cting is likely to be called si m p le ra n dom (o r ra n dom) selecting (or sampling) el sew here.

−− Equipr obable refe rs to a pr ocess; we shoul d be caref ul to avo id refer ring to an equ iprobable (or random) sa m p le.

−− The definition of EPS is in ter ms of sa m p le sele cting probabilit ies, not unit in clu sio n probabilit ies; con seque n ces of this
distin ction for a sample of size n are:
++ un d er EPS, the inclu sio n probability is n/−NS fo r each unit in the study popula t ion;
++ ev en if the inclu sio n probability is n/−NS fo r each unit in the study popula t ion, the selecting process is not neces sar ily

EPS – see Appendix 8 on pag es 2.23 and 2.24;
++ the sample selecting process is not EPS if, for each study popula t ion unit, the inclu sio n probability is:

. not equ al to n/−NS OR: . not equ al to that of all othe r un it(s) .

Refi nem e n t of the useage of ‘EPS’ and ‘un it’ are dis cus s ed in Not e 29 on the lowe r half of pag e 2. 24 in Appendix 8.

* Sys tematic selecting: on e un it is selected by EPS from the first k units of the study popula t ion (k <<−NS) and then eve ry
kth un it is selected .

−− Refer ring to the fir st k units of the study popula t ion implie s an ordered (e.g., alphabeti c or num eric) lis t of thes e un its;
su ch a lis t (c a l led a fr ame) may be real or con cep tual (e.g., a rule that wou ld, if implem e n ted, gen erate the lis t).

−− Fo r conv enienc e, it is usually assume d that −NS = nk so all 1-in -k samples selected sys tem ati c a l ly are of the sa m e si ze n.

* Ju dge m e nt selecting: hu man judgement is use d to select n units from the −NS elem e n t s/un its of the study popula t ion.

NO TE: 14 . −NS is the number of el ements in the study popula t ion; its use above for the number of unit s im p lie s that sample
un its con tain on e popula t ion ele ment, a com mon sim p lific ation for conve n ienc e in introducto ry cou rses.

• In clu ster sampling, when units con tain more than on e elem e n t, addit ion a l notation (beyond our cur rent con cer n)
is needed (se e, for exa mple, Appendix 2 on pag e 8. 57 in Fig ure 8.11 in thes e Course Mat e ria ls).

St atis ti cs empha sizes EPS (or its equ ivalent), par ticulary in int roducto ry cou rses, becau se it is the basis of statis ti c a l theory
which provi des (un d er repetit ion):

• an (inve rse) rela t ion s hip between sampling impre cisio n and (the squ are root of) sa m p le size (o r degree of re pli cating);

• unbi ase d estim ating (i.e., zero sampling inaccur acy) of a popula t ion aver age (a n att rib u t e co mmonly of int e rest).

• an expre ssi on for a confidence inter val (CI) fo r a popula t ion ave r age – such an int e rval, unde r suit able model ling assump -
tion s, qu ant ifies sampling and measuring impre cisio n [discus s ed in Fig ure 6.3 (and Fig ure 6.1) in thes e Course Mat e ria ls].

[Of cou rse, an Answe r obtain ed from a particular sample rem ain s un cer tai n, as reflected by its lim itation s.]

• Also, a res ult from probability theor y (the Cent r al Li mit Theorem) makes approxi mat ely normal
(a s il lust r ated at the rig ht) the dis tributio n of the ave r age s of the set of all pos sib le samples of a
give n si ze from the respondent popula t ion; as a con seque n ce, under EPS there is a high er pro-
bability of selecting a sample wit h sample error of sm aller magnitude, a lo wer probability of se-
le cting one wit h larger sample error – see Fig ure 8.1 2e on pag e 8.67 in thes e Course Mat e ria ls.

0

Probability
(o r propor tio n)

Sa mple
er ror−− The ce ntre (o r ‘a verage’) of the (sy mmetr ical) no rma l dist rib u tio n in the diag ram bei ng at zero

sample error is what is meant above by unbi ase d estim ating – this matt e r is illu s trated in Appen -
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Figure 2.1a. DAT A-BASED INVESTIGATING: The FDE AC Cyc le (continue d 5)

dix 1 starting at the bottom of pag e 2.76 in Fig ure 2.1 6 and also in Not e 3 at the bottom of pag e 6.4 in Fig ure 6.1.

EPS does not, of its elf, re d uce sample error or sampling impre cisio n, as implie d in (wrong) st atements such as:
EPS gen erates a re prese nta tive sample – se e Appendix 3  on pag e 8. 57 in Fig ure 8.11 in thes e Course Mat e ria ls;
EPS gen erates a sample whi c h prov ides a pro per basis for ge ner alization; !

as wel l as mis repre senting the statis ti c a l benefit s fr om usi ng EPS, such statements conf use repetit ion (the pr ocess of EPS) with
a par ticular inv estig a t ion (a sample) . [St atements like thes e may arise from mis takenly int e rpreting langu age from statis ti c a l
theory as refer ring to the sample obtaine d in an in dividua l inve s tig a t ion when it actually refers to beh aviour of the selecting
pr ocess un d er re pet it i on.] A correc t st atement is:

EPS prov ides for quantifyi ng sampling impre cisio n and so, in conju nct i on wit h adeq uate rep licating (o r an adeq uate sample size),
allow s an Answe r to be obtaine d with accep table limitation impos ed by sample error in the con tex t of a par ticular inv estig a t ion.

• What con stitutes acce pta b le li mit ation impos ed by sample error depends on the inv estig a t ion requi rements for Answe r(s);
su ch requi rements are often quantifie d in ter ms of sampling impre cisio n.

−− An exa mple is a pro por tio n – like the percent age of wor king Cana dians who do not con tribute to their RRSP – to be
estim ated to wit hin 2 percent age poi nts wit h 95% probability or at a 95% leve l of confid e n ce.
++ In this exa mple, an Answe r is to be obtaine d that is ‘c orrect’ (un d er repetit ion) about 95% of the tim e (i.e., the CI do es

cont ain the popula t ion pro por tio n) and ‘wrong’ about 5% of the tim e (the CI does not cont ain this pro por tio n); such
un cer tain ty, quantifie d (u nde r repetit ion) in ter ms of probability or lev el of confid e n ce, is unav oid able for an Answe r
fr om incomplet e data (i.e., an Answe r obtain ed by in ductive re asoning).

Experienc e sh owns that EPS is th e proces s fo r sele cting the sample to answe r a Que s tion wit h a descript ive aspect, and that
sample error unde r ju dgement selecting usually impos es an unaccep table limitation on an Answe r.

• Fo r a Que s tion wit h a ca usa tive aspect whe re EPS is often not fea sib le, as dis cus s ed in Fig ure 9.1 2, the re are circumstanc es
un d er whi c h there ca n be accep table limitation impos ed on an Answe r by sample error from the judgement (or other) select-
ing process that is the fe asi ble alter native to EPS in the inv estig a t ion con tex t.

There is fur the r discus sio n in Fig ure 2.1 6 of the rea son s fo r the empha sis on EPS in (in trodu cto ry) statis ti cs cou rses.

NO TES: 15. A si mple image of how EPS is implem e n ted is to hav e, in a box , a sli p of paper label led for each ele ment/un it in the
study popula t ion; the −NS slips are th oroughl y mixe d and then n of them are selected withou t replacement – the
la bel s of thes e n sli ps speci fy the units that wil l co mpris e the sample (or, in ou r ter min ology, the se lec tion).

• In practic e, EPS wou ld usually be implem e n ted with computer software that makes use of an eq uiprobable dig it
(o r ra n dom number) ge ner ator – a sou rce that is equally likely to gen erate any of the digits 0 to 9 at any posit ion
of a str ing of dig its of speci fi ed lengt h. Equ iprobable dig its are als o av a ila ble in print e d tables. In this approach ,
the ele ments/un its of the study popula t ion are usually thoug ht of as bei ng numbered (la bel led) fr om1 to −NS.

16 . The res ult of statis ti c a l theory (st ated on the lowe r half of the facing pag e 2.14) which inv ersely rela tes (un d er
repetit ion) sampling impre cisio n to (the squ are root of) sample size appears to be wid ely recog n ized, perhaps in
part becau se it accords wit h in tuition that an Answe r fr om a ‘l arge’ sample is more likely to reflect the stat e of
affa i rs in the popula t ion than an Answe r fr om a ‘s mall’ sample. Howeve r, les s widely appre ciat e d (o r mo re ea sily
ov erlooke d) is that the statis ti c a l theory is base d on EPS of the sample. Henc e, in pro per statis ti c a l practi ce:

• inve s tig a tor(s) must make cle ar, and users take not e of, how a sample was sele cted;

• with a non-probability selecting process (e.g., judgement selecting), we must forego inv oking the sampling im-
precisio n-sample size rela t ion s hip;

• we shoul d re cognize that sampling inaccurac y ha s no ne c essar y rela t ion s hip to sample size – inaccur acy in‘large’
samples may thu s be more dange rou s st atis ti c a l ly than in‘sm all’ samples, regardle ss of the selecting process;
−− la ck of a ‘n umber of ins tanc es-inaccur acy’ rela t ion s hip is als o charact e ris ti c of the oth er fiv e catego rie s of

er ror – for exa mple, a ruler mis sing its first centim etre wil l yi eld lengt h mea s urements one centim etre too
high regardle ss of how many tim e s it is use d.

Intuit ion abou t the likely sma l l magnitude of sample error in an Answe r fr om a ‘l arge’ sample may be cor rect in
the rare case whe re the sample con tains the maj ority (at lea st 80%, say) of the popula t ion unit s – the sta tis tical
is s ue is then the sample size in rel ation to the popula t ion size, not the sample size per se.

17. For tele phone surveys – use d fo r poli tical pol ling and marke t re search , fo r ex ample – a two-stage sele cting pro -
tocol for units is often emplo yed:

• in the first st age, (li sted) tele phone numbers of a sample of hou seh olds in the relev a n t geog raphi c area(s) are
ge nerated equ iprobably ;

• in the se con d st age, the person who first answe rs the call to each hous ehold in the sample is aske d to pass the
call to the elig ible hou seh old member (a Cana dian cit i zen for a poli tical pol l, a homema ker for marke t re search)
who had the mos t re c ent bir thd ay; this process implem e n t s (r oug hly) EPS of the elig ible hou seh old members.
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NO TES: 17.
(c o nt.)

An advant age of this two -st age selecting process is that, when the units are peop le but there is a rea dily availa ble
(i.e., cheap) frame of househ ol ds (i.e., clusters of unit s), the frame of hou seh old members need be gen erated on ly
fo r thos e hous eholds in the sample and each such frame exi sts only in the mind of the person who first answe rs
the call. How accur ately this person fol low s the int e rvie wer’s ins tructio ns affects the degree to whi c h EPS is
achiev ed at the secon d st age.

Be cau se hou seh olds hav e differ ing numbers of members, unit inclu sio n probabilit ies are unequal at the secon d
st age; thes e two st age s of equiprobable selecting the refore do not achiev e EPS ove r all.

Be cau se of non -re spons e, many more (typi c a l ly about fo ur times as many) hou seh olds need to be selected at
the first stage as are requ ire d fo r the final sample size; for exa mple, a nation a l poll of 1,500 people may re-
qu ire aroun d 6,000 telephone numbers to be gen erated, and some (or many) of thes e may hav e to be called
mu ltiple tim e s to reach the elig ible hou seh old member.

18 . Li mit ation impos ed by sample error on Answe r(s) to Que s tion(s) base d on dat a fr om a sample selected by EPS can
us u ally be re d uce d if the re is prior infor mation, exp l oit e d ap pro priat ely, about the study popula t ion. Exa mples inv olv ing
the thi rd optio n (s ee the tre e diag ram at the cent re rig ht on pag e 1.1 2) fo r dealing wit h ex pla n ato ry variat es are:

* St rat ifying: subdiv iding the study popula t ion into groups (called strata) so that units wit hin a stratum hav e
si mil ar re spons e variat e value s and units in different strata di ffer as much as fea sib le; the sample is obtaine d
by selecting units (e.g., by EPS) fr om ea ch st r atum. Alt hou gh the process of stratifyi ng refers to value s of the
resp onse variat e, it may be base d in practic e on value s of a suitable explanator y variat e.

St r atifyi ng is use d fo r two rea son s.

−− To make Answe r(s) more useful by subdivi ding them by stratum; for ins tanc e, in Cana da, the national un -
em p l oym e n t rate needs als o to be availa ble by provi nce and ter rit ory.

−− To manage sample error (by decrea sing sampling impre cisio n), provi ded the prior infor mation abou t the
study popula t ion allow s‘homog eneity wit hin strata, het e rog eneity among strata’ to be achieve d.

* Ratio or Reg ression Est imating: using infor mation abou t the value s of an exp lanato ry variat e, ove r the ele ments
of the study popula t ion, to decre ase impre cisio n of estim ating a study popula t ion attribute like an ave r age or
tot al; to accomplis h this , the exp lanato ry variat e mu s t have a (st rong) posit ive association wit h the respons e
variat e whos e att rib u t e is of interest – the strong er the association, the greater the decre ase in impre cisio n.

Us ing prior infor mation abou t the study popula t ion to reduce lim itation s im pos ed by sample error on Answe r(s)
is pursued in Appendix 7 on pag es 2.22 and 2.23. Ratio estim ating is dis cus s ed in Fig ure 2.1 7 in the STAT 332
Course Mat e ria ls; regres sio n estim ating is an ext ens tio n of ratio estim ating (e.g., in Section 6 of the Spring, 2016 ,
STAT 332 Course Not es).

19. Sys tem ati c sele cting is int roduced in this Fig ure 2.1 becau se it is com monly use d in practic e; howeve r, we think
of it as bei ng eq uiva len t to EPS by apply ing the rest rictive assump tion that the frame (fr om whi c h ev ery kth un it
is selected for the sample) has the units arrange d so any value of the respons e variat e is equally likely to be any-
where on the lis t (a n eq uiprobably ord ere d frame fo r a giv en respons e variat e). Three illust r ation s are:

• If a lis t of UW Facul ty of Mat hem ati cs students, arrange d in alphabeti c a l order by family name, is use d as a
fr ame for 1-in-8 sys tem ati c sele cting, the sample of about 500 students woul d mos t li kely be essentia l ly equ i-
valent to selecting the students equ iprobably from the lis t if the Que s tion(s) inv olve the lev el of student debt
but not ne c essarily equ ivalent to EPS if the Que s tion(s) inv olve cou ntr y of birth.

• If a lis t of family phy sicia ns lic ense d in Ont ario, arrange d in alphabeti c order by family name, is use d as a frame
fo r 1-in -100 sys tem ati c sele cting, the sample of about 300 phys ici ans wou ld mos t li kely be essentia l ly equ ivalent
to selecting the phy sicia ns equ iprobably from the lis t if the Que s tion(s) inv olve drug pre scr ibing charact e ris ti cs.

• If a lis t of all school teache rs in Ont ario, arrange d in order by year of graduation, is use d as a frame for 1-
in -500 sys tem ati c sele cting, the sample of about 300 teache rs wou ld mos t li kely not be equ ivalent to selecting
the teache rs equ iprobably from the lis t if the Que s tion(s) inv olve remun eration s leve ls (which tend to increa s e
with tim e si nce graduation).

Thus, in this Fig ure 2.1, we con sid er two approaches to achievi ng equ iprobability for selecting a sample:
vi a an equ iprobable sele c ting pro cess, appli ed to a frame in any order;
vi a a system atic sele cting process, appli ed to an equ iprobably or dere d fr ame (fo r a giv en respons e variat e).

The secon d ap proach achieve s (c los e to) equ iprobability only unde r mo re re s trictiv e condition s than the first approach.

20. Other named methods of selecting units for the sample, whi c h are largely omitt e d fr om our dis cus sio n, inclu de:

• acce ssibility selecting: sele cting units (ea sily) accessib le to the inv estig a tor(s) – for ins tanc e, the to p laye r in a
baske t of fruit or a trucklo ad of pot atoes or the fron t pallet s or car ton s in a large stack in a wareh ou se;

• conve nience selecting: sele cting units that are conven ien tly av a ila ble to the inv estig a tor(s) – for ins tanc e, peo -
ple wit h a medical con d ition of interest who are at a hospi tal or cli nic nearby to the inv estig a tor(s);

• haphazard selecting: sele cting units wit hou t (c ons cious) prefe renc e by the inv estig a tor(s) – sho ppers who pass
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Figure 2.1a. DAT A-BASED INVESTIGATING: The FDE AC Cyc le (continue d 6)

NO TES: 20.
(c o nt.)

the location of an int e rvie wer in a mall or rat s in a cag e which are more easily cau ght for a laborato ry test;

• quot a sele c ting: sele cting units according to value s of specifie d ex pla n ato ry variat es (li ke sex , ag e, income for
hu man units) so the sample dis tributio n of each variat e will (ap proxi mat ely) mat ch that of the study popula t ion;

• vo lunteer selecting: asking for (hu man) volun teers, usually after a brief exp lanation of what bei ng in the in-
ve s tig a t ion wil l ent ail for units of the sample.

Thes e names do not necessarily speci fy a unique sele cting met hod – the first two methods ove r lap and all five
involve some degree of ‘acces sib i lity’ and/or ‘conv enienc e.’

Haphazard selecting is sometimes wrongly equated with ‘random’ selecting,; i.e., wit h ou r eq uiprobable sele cting.

Quot a sele cting is the same idea as covering defin ed in Not e 22 below.

Vo lun teer selecting is not to be conf use d with vo lunteer response, a phrase sometimes used to indicate that human
un its can (us u ally) ch oose whet her to respond, i.e., whether to provi de the reque s ted dat a; a separate (mea s uring)
is s ue is whether thes e data are correct or truthful.

21. • In judg ement sel e cting, the invest iga tor’s ju dgement deter min es whether a unit is selected for the sample (or is
in the group of units not sele cted);

• in non-res pon se, a (hu man) unit’s ju dgement deter min es whether the unit is in the respondent or the non -re -
spon d e n t popula t ion.

22. * Re pre sentative sample: a sample whose sample error [and cor responding lim itation impos ed on Answe r(s)]
is acce pta b le in the Que s tion con tex t. [The repre sent ative nes s of a sample can rarel y be know n.]

In con trast to this 17-wo r d defin ition, Krusk al and Mos tel ler dev ote 50 pag es to dis cus sing the meaning s of repr e-
sent ative sampl ing in three article s in the In ter national Sta tis tical Revie w, 47, 13-24, 111 -127, 245 -265 (1979).
[UW Lib r ary call number HA 11. I505]

Be cau se of its variety of (so m etim e s il l-defi ned) meaning s in statis ti c a l cont ext s , us e of ‘repre sent ative’ is best
av oid ed in a sampling con tex t in statis ti cs – recall the two (wrong) st atements cit e d near the top of pag e 2.13 ;
se e also Appendex 3  starting on the lowe r half of 8.57 in Fig ure 8.11 of thes e Course Mat e ria ls.

* Cove ring: to try to lim it the mag n itude of sample error, value s of exp lanato ry variat es of the units of the
sample are selected to cov er the range of value s that occur among (mos t of) the study popula t ion/proces s un its.

Covering is a guiding principle in judgement selecting; a greater deg ree of repli c ating makes it easie r to apply.
The ben efit that (it is hoped) may accrue from cov ering has no fo rmal basi s in statis ti c a l theory.

8. The Desig n St age V: St atistical Language of Relationships

The protocol for selecting units (or block s) in Section 7 (st arting on pag e
2.12), is relev a n t to any us e of the FDEAC cycle; the protocols for choosing
gr oups and setting lev els are relevant only when answe ring a Que s tion wit h a
ca usa tive aspect – that is, when inv estig a t i ng a rela tionship. We first defi ne
the langu age of (st atis ti c a l) rela t ion s hips (the‘vocabulary of conne ctedness’)
– the schema at the rig ht shows a seque n ce for defi ning ter ms, conne ction s
among them, and types of (causative) Que s tion s.

* A relationship in statis ti cs is cast in ter ms of variates – the re are two
variat es in the sim p lest case: an explanator y variat e X− (the fo cal variat e)
and a resp onse variat e Y−.

−− An X−-Y− rela t ion s hip is the connec tion (if any) bet ween change s in X−
and change s in Y− (o r in the aver age of Y−).
++ If (data est ablis h that) Y− rema ins unchange d while X− change s (o r vi ce

versa), the re is no X−-Y− rela t ion s hip, an idea of unconnectedness cap -
ture d by one sens e of the word independent.

We shoul d re cognize the distin ction bet ween the ‘behaviour al unconne ctedness’
of in dep enden ce and the ‘sp atial sep arateness’ cap ture d by disjoi nt, as in ‘disj oin t ev ents.’

Rela t ion s hip

Scatt e r diag ram

As sociation

Confou nding

Causation

Tw o variat es: X− , Y−
Three variat es: X−1, X− 2, Y−

Data vis u ali zation software

Correla t ion

Fo rm: e.g., linear

Magnitude (‘S tre ngt h’)

Direction

Propor tio nality

Lurking variat es

Establis h

Accept e d

Magnitude

Direction

Prio rit i ze

Comp arison
er ror

−− Data -base d inve s tig a t i ng of a rela t ion s hip (t o answe r a Que s tion wit h a cau s ative aspect) involves change and comparing
– thes e activities are the refore inherent in the components of an appro priat e Plan.
++ This is why exper iment al and obs ervation a l Plans are des cribed as comparative.

After two variat es, the nex t leve l of complication is the rela t ion s hips among th ree variat es: two (focal) ex pla n ato ry variat es
X−1 and X−2 and a respons e variat e Y−.

To lim it the lengt h of the ove rvie w of the FDEAC cycle in this Fig ure 2.1, sep arate dis cusio n of the many st atis ti c a l is s ues in-
volved in inv estig a t i ng rela t ion s hips is taken up in Par t 9 of thes e Course Mat e ria ls , st arting in Fig ure 9.2.
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9. The Desig n St age VI: Me asuring Pro cess(es)

Me asuring processes are use d to obtain variate values (i.e., data); they exhibit wide variety and often inv olve technical matt e rs
fr om dis ciplin es other than statis ti cs. Some statis ti cia ns argue that mea s uring is the refore not part of Statis ti cs, but thes e Course
Ma ter ials and Statis ti c a l Highlig hts take the posit ion that:

St atis ti cs answe rs Que s tion(s) usi ng data-base d inve s tig a t i ng; AND:

data are gen erated by mea s uring processes; SO THAT:

st atis ti cia ns mu st be inv olved with the mea s uring process(e s) use d in an inv estig a t ion to the degree that enables them to as-
sess pro perly the lim itation(s) impos ed on Answe r(s) by mea s urement (and othe r catego rie s of) er ror.

−− As s essing mea s urement error will, of cou rse, often be don e in col laboration wit h ot he r inve s tig a tors who have the rele-
vant ext r a-statis ti c a l know ledge. (This may als o be true of oth er catego rie s of error.)

Li ke the detailed dis cus sio n of rela t ion s hips, that of mea s uring processes is giv en els ewhe re – see Fig ure 2.1 5 .

10. The Desig n St age VII: Plan ning for the Exe cut ion and Ana lys is Stage s

After the Pla n ha s been deve loped, inv estig a tors tur n thei r im mediat e att entio n to the Exe cutio n st age but the Desig n st age
sh oul d in clu de exp licit con sid eration of carr ying out the Exe cutio n and Analys is stage s; logi sti c a l is s ues in managi ng an inv es-
tigation include:

Sele cting the sample: who will do it and when?
Me asuring variat es: who will do it and when?
How wil l missing dat a (e.g., non -re spons e in a sample sur vey) be accom modat e d?

What che cks are in place to ens ure the Plan is followe d?
What mig ht go wrong? How can such eve n tuali tie s be manage d?
Who shoul d be informe d ab out, and who might be affe c ted by, the sche dule for car r ying out the Exe cutio n st age?

How wil l the data be proper ly re cor ded and appro priat ely or ganized in a computer?
Wil l the dat a and their analys is allow the Question(s) to be ade quately addr essed?
[In the dema n d ing task of dev elo ping the Pla n, it is easy to los e sight of the Que s tion(s)] .
−− It is useful (but unpopular) to make up and analyze, pr ior to the Exe cutio n st age, a (sm all) data set wit h the same struc-

ture as the (anticip ated) re a l data .
−− In a sample sur vey, a pilot sur vey (u sing up to 10%, say, of the final sample size) may be don e.

Is the mo del ap pro priat e, and are its assumpt ions li kely to be met, in lig ht of the Pla n?
−− The model may be needed in the Pla n fo r infor mation like the sample size whi c h will meet cost or impre cisio n cons train t s.

NO TE: 23. Pro per re cor ding of dat a is one of Ishikaw a’s Se ven Tools (d iscus s ed in Fig ure 11.1 9 of the STAT 221 Cou rse
Ma ter ials) and is com monly giv en too lit tle att entio n ; on e charact e ris ti c of pro perly-recorded dat a is they are fully
in tel lig ible at a sub stantia l ly lat e r date to an inv estig a tor oth er than the person who recorded them . Ne c essar y in -
fo rmation supplem entary to the data themselves inclu des:

• the person who did the measuring ;

• the mea s uring ins trument or gau g e us ed;

• the tim e, dat e and place of mea s uring ;

• the tim e order of the measurements;

• the mea s uring protocol use d and any dep arture s fr om it;

• document ation of inco mplet e or mis sing dat a.

11 . The Exe cut ion Stage

The task of the Exe cutio n st age is to car r y ou t the Pla n as devel oped;

this is often diffic ult to accomplis h; AND SO:

inve s tig a tors shoul d rema in ale rt to departures fr om the Pla n. We dis tinguis h fo ur components of the Exe cutio n st age:

* Execut e the Pla n: gat her the dat a by carrying out the Pla n as dev elo ped .

* Mo nit or the dat a as they are collected: dat a that differ appre ciably from the actual value(s) of the variat e(s) may arise for
a varie ty of rea son s; the best tim e to identify such dat a and cor rect them is as they are obtai ned. Mon ito ring the data
aims to do this by che cks and conve n tio ns such as:

−− value s ou t of range: 11.6 met res for a person’s height, −2. 5 fo r a non-negative variat e;

−− wrong symbol type: letters ins tea d of numbers, numbers ins tea d of letters;

−− us e sy mbols for mis sing data di ffere nt fr om the symbols for dat a.

* Examine the dat a: more infor mal and earlie r monitoring of the data at the tim e of col lectio n me rge s in t o le ss infor mal and
la ter examining the dat a (u sually after retur n fr om the fiel d), whi c h in tur n me rge s in t o infor mal methods of dat a analysis
in the Analys is stage. Exa m ining the data uses the same check s as mon ito ring, sup ple ment e d by nume rical and graphi c a l
summarie s that may indicate unexpected (and pos sib ly erron eou s) dat a; the data sum marie s st art wit h on e variat e at a
time and proceed to two or more variat es.
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Figure 2.1a. DAT A-BASED INVESTIGATING: The FDE AC Cyc le (continue d 7)

* St ore the dat a: three log istical issues are:

−− Wil l the dat a be first recorded on paper or can they be ent e red directly into a computer?
++ Direct computer ent ry, if fea sib le, reduces the number of dat a transfe rs and, henc e, oppor tun ities for mis takes.

−− Which statisis ti c a l software package wil l be use d in the Analys is stage?
++ Choi ce of package may effect how the data need to be sto red and not ation conve n tio ns (e.g., for mis sing obs ervation s).

−− How wil l the long-ter m pres ervation of the data be ens ured and, after publication of Answe r(s) from the inv estig a t ion,
how wil l the dat a be made availa ble to others for fur the r inve s tig a t i ng?

12. The Ana lys is Stage

Data analysis is the maj or component of mos t st atis ti cs cou rses; only an ove rvie w is provi ded here. We dis tinguis h:

* Info rmal methods of analys is:

* Fo rmal methods of analys is: confidence inter val (fo r a model parameter repre senting a popula t ion attr ibute);
pre diction inter val (fo r a random variable repre senting an in dividua l unit);
test of sig nifi can ce (a lso called test of hypot hesis);
oth er fo rma l methods of dat a analys is.

numer ica l att rib u t es – mea s ure s of lo cation: av erage, media n, pro por tio n, quantile, tot al;

– mea s ure s of variation: (d ata) standard dev iation, int e rqu artile range;

– mea s ure s of li near associa tion: co rrela t ion, reg res sio n li ne;

gr aph ica l att rib u t es – univariat e: st emplo t, his t ogr am , dotplo t, box plo t ;

– bivariat e: scatt e r diag ram , qu antile plo t ;

oth er nume rical, tab ular or graphical att rib u t es.

Us eful pre c epts of dat a analys is are:
a pro per Pl an ma kes data analysis mo re st r aight-for ward;
the best analys is most simply answe rs the Que s tion(s) wit h acce pta b le li mit ation s in the inv estig a t ion con tex t.

NO TES: 24. Undue empha sis on dat a analysis, par ticularly in in tro ductory st atis ti cs cou rses, is undesir able; it can:

• obs cure the vit al role of the For mulation, Desig n and Exe cutio n st age s in dat a-base d inve s tig a t i ng;

• im p ly (wrongly) that dat a analysis can compens ate for ina dequ acie s in Pla n co mponents;

• ma ke unde rst anding basic statis ti c a l precepts, whi c h is impor tant for an infor med cit i zenry, seem bey ond the
capability of any one but a speci ali st in the disciplin e.

25. Assessing mo delling assumpt ions (fr om the perspective of an in tro ductory course) is dis cus s ed in Table 2.2.1
on the lowe r half of pag e 2. 31 in Fig ure 2.2.

13. The Conclusion Stage

The Answe r to a Que s tion must:
addres s the Que s tion; be int ellig ible to as wid e an audie n ce as is fea sib le;
be expre sse d in the langu age of the Que s tion con tex t; AND ALSO: be expre sse d in statis ti c a l ter min ology.

* Limitations: ap ply to Answe r(s) to the Que s tion(s) and must:

−− assess the likely impor tanc e of each cat egor y of error (pr ior itizing li mit ation s fr om mos t to lea st se rious is useful);

−− be expre sse d in the langu age of Que s tion context.

* Re com mendations, if par t of the inv estig a t ion mandate, giv e the br oader im p lication s of the Answe r(s) to the Que s tion(s).

NO TE: 26. Limita tions on an Answe r remind us of the unc e rtain ty in her ent in inco mplet e infor mation, arisi ng mos t obviously
in statis ti cs from the processes of sampling and measuring. Con seque n ces of this uncer tain ty are:

• proper use of statis ti c a l methods does not gu ara ntee a ‘co rre ct’ Answe r – it merely makes an Answe r li kel y to
be clo se enoug h to the actual state of affairs to be useful (i.e., pro per use of statis ti c a l methods yields an An-
swe r with acce pta b le li mit ation s);

• improper use of statis ti c a l methods does not gu ara ntee a ‘wrong’ answe r – it may (occasio nally) yield a ‘co r-
re ct’ Answe r; for ins tanc e, a respons e variat e mea s ure d inco rre ctly on a sample of on e un it may hap pen to be
cl ose to the value of the respondent (or eve n the study or targe t) popula t ion ave r age.

−− A statement like eq uiprobable (or ‘ra n dom’) assig ning is nei ther neces sar y nor sufficient to esta b lish causa-
tion is true but unhel pful becau se it can obs cure thes e two matt e rs – see als o Appendix 6 on pag es 2.21 and
2. 22 fo r fu t her dis cus sio n.

Experienc e sh ows it is diffic ult to dev elo p a min d-set in whi c h thes e two matt e rs are rou tin ely recog n ized; the
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NO TE: 26.
(c o nt.)

diffic ulty is compoun d ed by the care needed to frame Englis h st atements that deal wit h un cer tain ty in statis ti cs.

• It is als o diffic ult rou tin ely to recog n ize and expre ss the fact that, in statis ti cs, we quantify unc e rtain ty on ly in
ter ms of beh aviour unde r re pet it i on – Answe r(s) obtaine d in a particular inve s tig a t ion re mai n un cer tain, as re-
fle cted by their lim itation s.

14. Appendix 1: Deming’s Fourteen Points

W. Edwards Dem ing (mentio ned near the middle of pag e 2. 5 in this Fig ure 2.1), a pio neer in the appli c ation of statis ti c a l
methods to process improve ment, sum marized his broader management philo s ophy in his Fo urtee n Po ints; a ve rsi on of them
is giv en bel ow. Dem ing’s idea s are pre sent e d in more det ail in Fig ure 11.1 0 of the STAT 221 Cou rse Mat e ria ls.

1. Cre ate and pub lis h to all emplo yees a
st atement of the aims and purposes of
the company or other orga n ization. The
ma n agement must demons trate con stant-
ly their com mitment to this statement.

2. Learn the new philo s ophy, top manage -
ment and the entire wor k fo rce.

3. Unde rst and the purpose of inspectio n,
fo r im prove ment of processes and reduc-
tion of cos t.

4. Cea s e doing busin ess on price tag alon e.

5. Improve con stantly and forev er the sys tem
of produ ction and ser vic e.

6. Ins titute train ing and ret r ain ing of wor kers.

7. Teach and ins titute lea de rship.

8. Drive out fear. Cre ate trust. Cre ate a cli-
mate for innov ation.

9. Optim ize, toward the aims and purposes
of the company, the effor ts of teams,

gr oups, staff are as.

10 . Elim inate sloga ns, exh ortation s and tar-
ge ts for the wor k fo rce.

11 . Elim inate num erical quotas.

12. Giv e people a chanc e to take pride in
thei r wo rk.

13. Encou rag e education and self-improve -
ment for eve ryone.

14 . Do it!

15. Appendix 2: The FDE AC Cyc le and the Model

The diagr am at the rig ht makes two main poin t s abou t the FDEAC cycle:

the periph era l ar row s remind us each stag e ha s im p lication s fo r the stage s befo re and after
it ; fo r ex ample:

−− the For mulation stage may need to con sid er the type of Pla n (e.g.., exper iment al or obs er-
vation a l) and the Pla n mu s t have appro priat e co mponents to addre ss the Que s tion(s);

−− the Pla n mu s t specify the data which are requ ire d and the Exe cutio n st age must be sure
the Pla n as devel oped is car rie d ou t to gen erate such dat a;

−− the Exe cutio n st age gene r ates the data for the Analys is stage and the Analys is stage must use model ling assump tion s
that can be justifie d in lig ht of the Exe cutio n st age;

−− the Analys is stage must obtain from the data the infor mation needed in the Con clu sio n st age to answe r the Que s tion(s)
and the Con clu sio n st age must giv e Answe r(s) that can be justifie d fr om (proper) dat a analys is;

−− the Con clu sio n st age must giv e Answe r(s) whi c h addres s the Que s tion(s) wit h li mit ation s accep table in the Que s tion
cont ext and the For mulation stage must have pos ed Que s tion(s) for which such Answe r(s) ca n be prov ide d;

the ra dia l ar row s remind us the (re spons e) model ha s im p lication s fo r the last fo ur st age s of the FDEAC cycle; speci fi cally:

−− on ce we hav e cle ar Que s tion(s), par t of the Pla n to answe r thes e Questio n(s) is often an appro priat e model (e.g., for
sampling and measuring processes, inclu ding calcula t i ng sample size (discus s ed in STAT 332 Figure 2.1 3).

−− the Exe cutio n st age gene r ates dat a us ed to estim ate model parameters repre senting study popula t ion attributes, and error
in thes e estim ates depends on how the data are gen erated (e.g., impre cisio n and inaccur acy of mea s uring processes) ;

−− the Analys is stage may use model-base d fo rma l methods of dat a analys is; the model must then be appro priat e fo r the
method(s) of analys is that wil l obtain from the data the infor mation needed to answe r the Que s tion(s);

−− the Con clu sio n st age must con sid er the model and its assump tion s in assessing lim itation s on Answe r(s) and the model
mu s t be chosen wit h Answe r(s), and their accep table limitation s in the Que s tion con tex t, in min d.

F
DC

EA

Model

16. Appendix 3: St atistical Modelling [o ption a l re ading]

* Re sponse model: a mat hem ati c a l des criptio n, inclu ding model ling assumpt ions, of the rela t ion s hip between a respons e
variat e and exp lanato ry variat e(s); the for m of the rela t ion s hip is con tinge n t, in par t, on the Pla n fo r the inv estig a t ion.

−− The structur al compone nt models the effect of speci fi c ex pla n ato ry variat e(s) on the respons e variat e.
−− The stochast ic compone nt models variation abou t the str uctural component.

* Mo del parameter: a con stant (which we den ote by a Gr e e k le tter) in a respons e model that re prese nts a respondent popula -
tion attr ibute; for exa mple, µ repre sents Y

−− in the respons e model (2.1.9) below – see als o the diagr am at the top rig ht of
the facing pag e 2.19 and the discus sio n to its left.

The fou r ma in respons e models dis cus s ed in STAT 231 [which inclu de (2.1.9)] are sum marized in Statis ti c a l Highlig ht #71;
model symbols are defi ned in Statis ti c a l Highlig ht #72 and an ove rvie w of lea st squ are s estim ating of model parameters is giv en
in Statis ti c a l Highlig ht #73. [As the si m p lest of thes e models , the str uctural component of (2.1.9) is just a consta nt and so inv olves
no ex pla n ato ry variat es; this model als o aris es near the middle of pag e 8.49 in Fig ure 8.11 of thes e Course Mat e ria ls.]

Yj = µ +Rj, j =1, 2, ....,n, Rj ∼ N(0, σ), prob. independent, EPS -----(2.1.9)
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Figure 2.1a. DAT A-BASED INVESTIGATING: The FDE AC Cyc le (continue d 8)

Model-base d methods of analys is in statis ti cs use dat a fr om
a sample to es tim ate value s of model parameters whi c h then
repre sent plau sible value s (in lig ht of the data) for respondent
popula t ion attributes and, henc e, for Answe r(s) to Que s tion(s);
we dis tinguis h a poin t estim ate from an in ter val estim ate (de -
fin ed on the upper half of pag e 2.11). When the nor mal mo-
del is appro priat e fo r the dis tributio n of the respons e variat e
value s , the model mean µ is estim ated by the sample ave r age
y− and σ is estim ated by the sample standard dev iation s – bot h
poin t estim ates. As il lust r ated at the rig ht, we can think of the process
of estim ating µ by y− and σ by s as approxi mating the his t ogr am of a dat a
set by the nor mal p.d.f. wit h the same ‘cent re’ and same ‘w idt h’ as the his t ogr am .

Y−

Y
−−

µ

y−

Propor tio n per unit
of mea s ure d re spons e

Dist rib u tio n of
resp onden t popu lation

mea s ure d re spons e
variat e value s Mo del fo r the

dist rib u tio n of
re spondent popula t ion

mea s ure d re spons e
variat e value s Sa m p le of

mea s ure d re spons e
variat e value s

E P S

The schema at the bottom rig ht of pag e 2.7
can be ext ende d to inclu de the model , as shown at
the rig ht; ou r vie w of the model as a link bet ween
the respondent popula t ion and the sample is ela bo-
rated fur the r in the schema at the cent re rig ht of this pag e
2.19 above Table 2.1. 3. The ext ensio n of the schema to inclu de the
model and the six error cat egor ies is shown at the top rig ht of pag e 2.10 .

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

MO DEL

(tr ue value s) (m e asure d value s)

All mathem ati c a l models are idealiz ation s and are produ cts of the
in tel lect and the imagi nation. Eve n in the rest ricted con tex t of an in-
troducto ry cou rse, the (largely graphical) methods of assessing the
modelling assump tion s are somewhat sub jective, a diffic ulty that only
increa s es in the wid er sco pe of the topi c encou ntered more gen erally.

Re al Wor ld Imaginat ion

RESPONDENT
POPULATION

SAMPLE

MODE L

Model
parameters

repre sent respon-
dent popula t ion

att rib u t es

Model
parameters are
estim ated from

sample dat a

NO TE: 27. To maint ain the distin ction bet ween the real world (repre sent e d by
the dat a) and the model , we use different words – ‘av erage’ and
‘m e a n’ –  for thei r mea s ure s of location; unfor tun ately, we do not
have this optio n fo r the mea s ure s of variation/variability, whi c h
are bot h called ‘st andard dev iation.’ In the early stage s of learn -
ing statis ti cs, it is hel pful to, at lea st ment ally, add the respect-
tive adj ectiv es ‘data’ and ‘probabilis ti c’ to
distinguis h the two uses of standard
devi a t io n. This ter min ology is sum -
marized in Table 2.1. 3 at the rig ht.

Ta ble 2.1.3
At tribute Real Wor ld Model

Location Ave r age Mean
Variation/variability (Data) standard dev iation (Probabilis ti c) standard dev iation

17. Appendix 4: Questions and Statist ical Que stions

Questio ns come in wid e variety; those that statis ti c a l methods can fruit ful ly addre ss are que s tion s which requi re data to
answe r them . We call thes e sta tis tical quest i ons.

An inv estig a t ion to try to answe r a non-statis ti c a l qu estio n may requi re answe ring one or more sta tis tical qu estio ns – this
distin ction involves the need for ext r a-statis ti c a l know ledge as aga inst the need for dat a. For exa mple, a quarterback may ask:

How can I inc rea s e my pro por tio n of complet e d passes?
Obviously, extra-statis ti c a l know ledge is needed to dev elo p a strategy that may produ c e im prove ment in passing; THEN:

an inv estig a t ion usi ng the FDEAC cycle can answe r the fol low-up que s tion:
Ha s the desired inc rea s e in the pro por tio n of complet e d passes been achieve d?

To provi de a ‘c orrect’ answe r, such an inv estig a t ion wou ld likely need to go bey ond the sim p le-minde d co mparison of two pro -
portio ns calcula ted before and after implem e n ting the improve ment strategy. If the desired inc rea s e ha s not been achieve d, an-
ot he r st r ategy cou ld be dev elo ped, aga in using ext r a-statis ti c a l know ledge, and its res ult assesse d using the FDEAC cycle.

An othe r il lust r ation is the que s tion: Is this drug effective in tre ating dis ease D?
Ag ain, extra-statis ti c a l know ledge (me dical ex per tize) is needed to desig n and run a cli nical trial, albeit wit h sta tis tical input
abou t co mponents of the FDEAC cycle that is a statis ti c a l basi s fo r su ch a trial.
Si milar con sid eration s ap ply to answe ring que s tion s using a pol l; in the con tex t of this Appendix 4, in a pol l we see cle arly:

• the primacy of the que s tion s, AND:

• the need for ext r a-statis ti c a l know ledge to dev elo p the que s tionnaire, wit h it s adde d st atis ti c a l re sponsib i lity of bei ng the
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mea s uring ins trument – for exa mple, see pag es 2.7 1 and 2.72 in Fig ure 2.1 5 .

Thes e il lust r ation s remind us that when answe ring ‘co rre ctly’ (i.e., wit h li mit ation s that are accep table in the que s tion con -
text) a sub stantiv e qu estio n :

* there is often col laboration of statis ti cia ns wit h ot he rs who provi de con tex t and vit al ext r a-statis ti c a l ex per tize;

* using the FDEAC cycle directs att entio n to the essentia l init ial requ irements for cle ar for mulation and adequ ate desig n;
both are easily (and rou tin ely) ove r looke d, especia l ly unde r the mis ap prehensi on that ‘st atis ti cs’ is primarily ‘only’dat a analysis .

18. Appendix 5: Fishbone Diagrams for Comparative Plans [o ption a l re ading]

As sum marized in the diag ram at rig ht bel ow, the components of a fishbone diagr am are:

• a box on its rig ht con taining the name of the respons e variat e,

• a cent r al ho rizon tal arrow poi nting at this box ,

• subar row s sl ant e d fr om left to rig ht and poi nting eit her dow n or
up at the cent r al ar row;

each subar row has a label evocative (in the inv estig a t ion con tex t)
of a cat egor y of exp lanato ry variat es useful in organizi ng them;

names of exp lanato ry variat es (den oted ‘EV’in the diag ram) are
associat e d with the sla n ted subar row s ; so m e ex pla n ato ry vari-
at es may themselves be broke n down into components by sma l l
subs ub-, sub sub sub - (e tc.) arrow s ;
++ there can be more than one appro priat e choic e of subar row

fo r placing some exp lanato ry variat es;
++ the focal variat e (FV) is shown on the relev a n t subar row.

Re spons e
variat e

Label 1 Label 2 Label 3

Label 4 Label 5 Label 6

EV11

EV12

EV13

EV21

EV22

EV23

FV

EV31

EV32

EV33

EV43

EV42

EV41

EV53

EV52

EV51

EV63

EV62

EV61

An exa mple of a  fishbone diagr am is giv e below; its sou rce is ‘Laborato ry 4,’ one of five 2-hou r practi c a l exerci ses carrie d
ou t by students in STAT 231 (le cture s occupie d the other eig hteen 2-hou r time slo t s sche duled for the cou rse, one slo t per chap-
ter of the Cou rse Not es). Laborato ry 4 inv olved an exper iment al Plan to inv estig a te the effect of lig ht lev el on students’ reactio n
time. Students worked in pairs – the ‘dropper’ hel d a 30-centim etre ruler above a gap bet ween the catche r’s thu mb and forefi n-
ge r and reactio n time was quantifie d by the dist anc e the ruler fel l between the catche r’s fing ers befo re it was sto pped by clo sing
them , after it was relea s ed by the dro pper. The re were two lig ht lev els; the hig h leve l ha d the usual cla s sroom fluore scent
lig hting on, the low lev el had it off but an
an ove rhea d proje cto r on at the front
of the cla s sroom – the hig h lig ht lev el
wa s re asonably con sis tent across per-
fo rma n ces of the Laborato ry, the low
leve l wa s subj ect to the vagaries of the
number of win d ows in a cla s sroom
but was usually low enoug h that some
catche rs did not catch the ruler as it
dropped (an obs ervation censo re d at 30
cm). Exe cuting the Pla n involved one
run at each lig ht lev el; half the student
pairs (sele cted haphazardly) ran the
high lig ht lev el first, half ran the low
leve l first. A mea s ure d non-focal vari-
at e wa s the dis tanc e of each student
gr oup from the ove rhea d proje cto r
lig ht sou rce at the front of the cla s s-
room , qu antifie d as ‘floor tiles’ (which
we re rou ghly 30 cm squ are). The
fis hbone diagr am , produced as par t of
the Pla n deve lopment, was facilit ated
by the cou rse ins truct or from student
input; only five of the six subar row s
we re use d in this inve s tig a t ion con tex t.

Re actio n
time

temperature

nois e leve l

barometr ic pre ssure

gr avity

type of lig ht

air resis tanc e

dis t ance fro m ligh t

altitude

light leve l

att entiv eness

train ing

eyesig ht

fa t igue

ag e

perspi ration

ge n d er

alco h ol lev el

st res s

anticip ation

co r din ation

arm lengt h

thicknes s

colour

surface

weight

le ngt h

sh ape

in itia l speed

scale

refle ction

catche r posit ion

angle of dro p

poin t of mea s uring

rele ase delay

rele ase height

widt h of finge r gap

number of trials

censo re d drop dis tanc e

re actio n time defin ition

order of run s

zero of ruler scale

rule r in accur acy

im pre cisio n

Envi ron ment Pe rson

Ma ter ial (r ule r) Me thod Me asurement

NO TE: 28. Our fishbone diagr ams are
an adapt ation of cau se-and -ef fect diagr ams that are one of Ishikaw a’s sev en indust ria l proble m-sol ving tools:
1. Che ck she ets
2. Paret o diag rams

3. Cau se-and -ef fect diagr ams
4. Histogr ams

5. Stratific ation charts
6. Scatt e r diag rams

7. Con trol charts;
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Figure 2.1a. DAT A-BASED INVESTIGATING: The FDE AC Cyc le (continue d 9)

NO TE: 28.
(c o nt.)

co mparing the caus e-and -ef fect diagr am at the rig ht wit h
the fishbone diagr am on the lowe r half of the facing pag e
2. 20, we see that differenc es are:

• the box at the rig ht names the ‘proble m’;

• the subar row s sh ow pos sib le ca uses of the ‘proble m.’
It is said that Ishikaw a first used a cau se-and -ef fect dia -
gr am in 1941 in a problem -solv ing ses sio n with eng ine e rs
fr om a steel-mak ing process.

The label s often use d fo r the six subar row s are as shown
and they reflect the indust ria l cont ext of Ishikaw a’s problem -
solv ing. Howeve r, in an automotiv e in du s try cau se-and -ef fect
diag ram to addre ss a problem of exc essiv e transmissio n
ge ar noi se, for ins tanc e, the five subar row labels were the
co mponents of the gear box: pla net assemb ly, drum & sun gear, pla net car rie r, rev erse gear, ring gear.

Proble m

Envi ron ment Ma n Machin e

Ma ter ial Me thod Me asurement

Caus e1

Caus e 2

Caus e 3

Caus e1

Caus e 2

Caus e 3

Caus e1

Caus e 2

Caus e 3

Caus e 3

Caus e 2

Caus e1

Caus e 3

Caus e 2

Caus e1

Caus e 3

Caus e 2

Caus e1

REFERENCES: 1. Ishikaw a, K.: Gu ide to Qua lity Con trol. Asia n Productivity Orga n ization, 1982, and QR Quali ty Resou r-
ces, White Pla ins , Ne w Yo rk, ISBN 92-833-1035 -7 (Ca s eboun d), 92-833 -1036 -5 (Li mpboun d).

2. Kane, V.E.: De fec t Preven tion. Use of Simple Sta tis tical Tools . Marc el Dekker, Inc., New Yor k and
Ba s el, and ASQC Quali ty Pre ss, Milwau kee, 1989, ISBN 0-8247-7887-1 (e.g., pag es 552 and 556).

Ishi kaw a’s sev en tools are sum marized in Statis ti c a l Highlig ht #97 and are dis cus s ed in more det ail in Fig ure s
11 . 19 to 11. 22 of the STAT 221 Cou rse Mat e ria ls.

19. Appendix 6: Answers and ‘Correct’Answe rs [o ption a l re ading]

St atis ti cia ns hav e argued (unprofitably) about whet her EPA is ‘ne c essar y and/or suf fi cie n t’ in an exper iment al Plan to estab-
li sh a ca usa l rela t ion s hip between X− and Y−. The disagreements are resolved when it is recog n ized that:

• EPA operates pr obabi lis tically and in conj unction with adequate repli c ating – as dis cus s ed in Not e 30 on pag es 9.22 and
9. 23 in Fig ure 9.2 in thes e Course Mat e ria ls , non-focal exp lanato ry variat es may differ in their value s , among the groups
being compare d, to a deg ree that can meaning ful ly change the Answe r un d er the assig nment obtaine d in a particular in -
ve s tig a t ion – for ins tanc e, in Table 9.2.1 0 on pag e 9. 22 in Fig ure 9.2, the first and last assig nments have comparison error
of sub stantia l magnitude in the con tex t of the hypot heti c a l data in Table 9.2.9 on pag e 9. 21;

• the math ematical la ng uag e of necessity and suffici ency is inap pro priat e in the con tex t of inve s tig a t ive un cer tai nty and so a
st atement like eq uiprobable (or ‘ra n dom’) assig ning is nei ther neces sar y nor sufficient to esta b lish causation is true but un-
help f ul becaus e it can obs cure the fol low ing two matt e rs:

−− proper use of statis ti c a l methods does not gu ara ntee a ‘co rre ct’Answe r – it merely makes an Answe r li kel y to be clo se
en oug h to the actual state of affairs to be useful (i.e., pro per use of statis ti c a l methods yields an Answe r with acce pt-
able li mit ation s);

−− improper use of statis ti c a l methods does not gu ara ntee a ‘wrong’ answe r – it may (occasio nally) yield a ‘co rre ct’An-
swe r; for ins tanc e, a respons e variat e mea s ure d inaccur ately or inco rre ctly on a sample of on e un it may hap pen to be
cl ose (conc eiv ably eq ual) to the value of the respondent popula t ion ave r age.

It is diffic ult to dev elo p a min d-set in whi c h thes e matt e rs are rou tin ely recog n ized; the diffic ulty is compoun d ed by that of
fr aming in Englis h cle ar and cor rect statements that deal wit h un cer tain ty in statis ti cs.

• It is als o diffic ult rou tin ely to recog n ize and expre ss the fact that, in statis ti cs, we quantify unc e rtain ty on ly in ter ms of be-
haviour unde r re pet it i on – Answe r(s) obtaine d in a particular inve s tig a t ion re mai n un cer tain, as reflected by their lim ita-
tion s. Li mit ation s on Answe rs are unav oidable when using inco mplet e infor mation, whi c h aris es mos t obviously in statis-
ti cs from the processes of sampling and measuring.
−− The idea of lim itation s also reminds us to avo id phrases like th e va lidity of a cau sal infer ence.

REFERENCE: Sprott, D.A., R.M. Roy all in Re ce nt Con cep ts in Sta tis tical Infer ence. Proceedings of a Symposium in Hon our of Profe s-
so r V.P. Godambe, Unive rsity of Wat e r loo, Aug u s t 14 -16 , 1991, Randomization Dis cus sio n.

Tw o il lust r ation s of the foregoi ng matt e rs in the con tex t of non-probability assig n ing are:

Prog ram 12 of Ag a inst All Odds: Inside Sta tis tics des cribes (abou t 14 min-
utes into the vid eo) a cli nical trial of ribav irin as tre atment for a pre -AIDS
condition, swollen lymph nodes; the data for the three groups are show n
in Table 2.1.4 at the rig ht. The decrea sing number of cases that progres s ed
on to AIDS wit h in cre asi ng daily ribav irin dos e in d i c ated it was an effective tre atment. Lat e r, it transpi red that ribav irin is
not ef fective – the data were an artifact of the sicke s t patients bei ng assig ned to the con trol group and the healthie s t to the
gr oup receiv ing the hig her dos e of ribav irin.

Ta ble 2.1.4: Rib avirin Trial Dat a
RIBAVIR IN (mg/day)

0 600 800

Group size 52 55 56
Prog res s to AIDS 10 6  0
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. Scurvy is a dis ease cau sed by a defi cie n cy of vit amin C in the diet ; it is charact e rized by deb i lity, blood change s , spongy
gums and hemo rrhag es in bodily tis s ues. Up to the nineteent h centur y, it was com mon among sailo rs on long voy age s ,
soldiers on campaig n, inhabitants of beleagure d cities and in other such situation s where fre sh fr uit and/or vege table s in the
diet were abs ent or ins ufficie n t. As illust r ation s:
−− du ring Anson’s circumnav igation voy age in 1742-1744 (a per iod pr ior to Lin d’s 174 7 inve s tig a t ion des cribed bel ow), at

le ast 380 of a crew of 510 on one of his six ships die d of scurvy; BY CONTRAST:

−− on his secon d vo yag e in 1772-1775, cov ering 70,000 miles ove r mo re than 1,000 days , Cook (who knew of Lin d’s in-
ve s tig a t ion and act e d on it) lo st only 3 men to accid e n t s and 1 to ‘cons ump tion’ from a crew of 118 .

Li nd had direct exper ienc e of scurvy becau se he first went to sea wit h the Britis h Navy in the lat e 1730s; he spent many
ye ars inv estig a t i ng its caus e. Our in terest in Lin d’s wor k is becau se, in 174 7, he use d an experimenta l Plan to inv estig a te
possib le tre atments; dur ing a voyage whi c h in clu ded a ten-we ek abs enc e fr om sho re and in whi c h 80 of a crew of 350
saili ors were str uck dow n by scurvy, Lin d us ed a sample of 12 sailo rs wit h scur vy, whi c h he divi ded into groups of two
fo r administ e ring the fol low ing six daily tre atments:
−− two quarts of cid er; −− half a pin t of sea wat e r; −− two orang es and one lem on;
−− 25 dro ps of eli xir of vit riol; −− si x spoonf ulls of vin egar; −− a garli c, must ard seed, balsam and gum ele ctuar y.

Parts of Lin d’s des criptio n of his inve s tig a t ion, from the referenc e below, are:
On the 20th of May, 174 7, I took twelve patients in the scurvy, on board the Sa lisbury at sea . Thei r ca s es we re as sim ilar as
I cou ld hav e them . They all in gen eral had putrid gums, the spots and lassitude, wit h we a ken ed kne es. They lay tog ether in
on e place, ..... and had one die t co mmon to all, ..... . Tw o of the worst patients, wit h tendons in the ham rig id, (a symp t o m
none of the rest had), were put unde r a cou rse of sea -wa ter. .....

The con seque n ce was, that the mos t su dden and visib le good effects were perceiv ed for the use of the orang es and lem ons;
on e of those who had taken them, bei ng at the end of six days fit for duty. ..... The other was the best recov ere d of any in his
condition; ..... .

Next to the orang es, I thoug ht the cyder had the best effects. ..... those who had taken it, were in a fairer way of recov ery
than the othe rs at the end of a for tnight, whi c h wa s the lengt h of time all thes e different cou rses were con tin ued, exc ept the
orang es. .....

As to the eli xir of vit riol, I obs erved that the mou t hs of those who had use d it by way of gargling, were in a  much cle a ner
and better con d ition than many of the rest, especia l ly those who used the vin egar; but perceiv ed other wise no good effects
fr om its int e rnal use upon other symp t o ms. .....

There was no rem arkable alt e r ation upon those who took the ele ctuar y, the sea -wa ter, or vin egar, upon comparing their con-
dition, at the end of the for tnight, wit h ot he rs who had taken not hing but a lit tle lenative ele ctuar y and cre a m of tar tar, ..... .

It may be now pro per to confi rm the effic acy of thes e fr uits (orang es and lem ons) by the exper ienc e of others.

• In the con tex t of the Con clu sio n st age of the FDEAC cycle, becau se Lin d obtain ed what is now known to be a correc t
Answe r, it is easy to ove r look the sev ere li mit ations on his Answe r im pos ed by:

−− the sma l l sample size of 12 sailo rs;
−− the non -probability selecting: likely conven ien ce sele cting of sailo rs who were on the ship and had scurvy;
−− the non -probability assig n ing – not surprisingly, the re is no mentio n by Lin d of the ‘mode rn’ idea of probability assig n-

ing (e.g., EPA) but some implication of judg ement assig n ing in the descr iptio n quot e d abov e.

REFERENCE: Tr öhler, U. (2003). James Lin d and scurvy: 174 7 to 1795. The James Lin d Li brary (www.jamesli ndlib r ary.org). Repub-
li she d in the J. Roy. Soc. Medicin e 98: 51-522 (2005). [DC Lib r ary call number: PER R35.R7]

20. Appendix 7: Br oader Perspectives on the Pro toco l fo r Selecting Units – Clu stering and Str atifying [o ption a l re ading]

Equiprobable (or sim p le random) selecting of units con sis ting of in dividua l el ements fr om an unst r atifie d (r espon d e n t) popula t ion
is useful for model ling the selecting process but, in practic e, more complex sampling protocols are use d. Two such protocols are:

* cluster selecting: sele cting equ iprobably units from the (re spondent) popula t ion that are gr oups of ele ments – clu s ters may
be of eq ual si ze (e.g., cardboard boxes of 24 cans of soup) or unequal size (e.g., hou seh olds) ;

* stratified selecting: subdiv iding the (re spondent) popula t ion into groups (called strata) so that ele ments wit hin a stratum hav e
si mil ar re spons e variat e value s (‘homog enity of strata’) and ele ments in different strata di ffer as much as practicable from
each othe r; the sample is obtaine d by equ iprobable selecting of units con sis ting of indivi d ual ele ments from ea ch st r atum.
[The ele ment-unit dis tin ction is dis cus s ed in Appendix 2 on pag e 8. 57 in Fig ure 8.11 in thes e Course Mat e ria ls.]

Example 2.1.1 bel ow il lust r ates the effects of clu stering and stra tifying on sa m p ling impre c isi on, als o bearing in min d that :

−− clu stering is com monly use d becaus e of the availa b i lity of a clu s tered frame, the reb y av oid ing the cos t of gene r ating a frame
as part of the inv estig a t i ng – a fr ame can be thoug ht of as a li st of the (re spondent) popula t ion sampling units (he re, clu s ters) ;

−− stra tifying is com monly use d becaus e it provi des (the often usef ul addit ion a l) subdivision of Answe rs by stratum.

Example 2.1.1: A respondent popula t ion of −N = 4  ele ments (or units) has the fol low ing int ege r Y−-v a lue s fo r it s re spons e variat e:
1, 2, 4, 5  [so that the popula t ion ave r age and (data) standard dev iation are: Y

−− = 3, S− −−∼1.8257];
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Figure 2.1a. DAT A-BASED INVESTIGATING: The FDE AC Cyc le (continue d 10)

Example 2.1.1:
(c o ntinue d)

we exa m ine the sa m p ling impre c isi on, unde r equiprobable selecting (EPS) with a sample size of n = 2, of the ran -
dom variableY

−
, whose value s are the sample ave r age y−, as an estim ato r of Y

−−, usi ng thre e sampling protocols:

• EPS of two units, each con sis ting of one ele ment, from the unst r atifie d popula t ion;

• EPS of one clu ster, of size L = 2  ele ments, from the unst r atifie d popula t ion;

• EPS of one unit, con sis ting of one ele ment, from each of two stra ta of size −N1 = −N2 = 2.

No te that ea ch estim ato r is unbia s ed, becaus e E(Y
−) =Y

−− or E(Y
−) −Y

−− = 0 [the aver age sample error is zero].

Ta ble 2.1.5
Unstratified popul ation

EPS of two el ements
Samp le y− Er ror

(1, 2) 1½ −1½ large
(1, 4) 2½ −½ medium
(1, 5) 3 0 sm all
(2, 4) 3 0 sm all
(2, 5) 3½ ½ me dium
(4, 5) 4½ 1½ large

Designation of sample error as large,
medium or sm all is on ly fo r conv eni-
enc e in the con tex t of Example 2.1.1.

Ta ble 2.1.6a
Unstratified popul ation

Clust e rs: [1, 2], [4, 5]

EPS of one clus ter (L = 2)
Samp le y− Er ror

(1, 2) 1½ −1½ large
(4, 5) 4½ 1½ large

Ta ble 1.2.6b
Unstratified popul ation

Clust e rs: [1, 4], [2, 5]

EPS of one clus ter (L = 2)
Samp le y− Er ror

(1, 4) 2½ −½ medium
(2, 5) 3½ ½ me dium

Ta ble 2.1.6c
Unstratified popul ation

Clust e rs: [1, 5], [2, 4]
EPS of one clus ter (L = 2)
Samp le y− Er ror

(1, 5) 3 0 sm all
(2, 4) 3 0 sm all

Ta ble 2.1.7a
St rat ified popul ation

St r ata: [1, 2], [4, 5]

EPS of one el ement per str atum
Samp le y− Er ror

(1, 4) 2½ −½ medium
(1, 5) 3 0 sm all
(2, 4) 3 0 sm all
(2, 5) 3½ ½ me dium

Ta ble 2.1.7b
St rat ified popul ation

St r ata: [1, 4], [2, 5]

EPS of one el ement per str atum
Samp le y− Er ror

(1, 2) 1½ −1½ large
(1, 5) 3 0 sm all
(2, 4) 3 0 sm all
(4, 5) 4½ 1½ large

Ta ble 2.1.7c
St rat ified popul ation

St r ata: [1, 5], [2, 4]
EPS of one el ement per str atum

Samp le y− Er ror

(1, 2) 1½ −1½ large
(1, 4) 2½ −½ medium
(2, 5) 3½ ½ me dium
(4, 5) 4½ 1½ large

Example 2.1.1 illust r ates that:

−− The effect on (sampling) im pre cisio n of clu s ter-
ing and of stratifyi ng depends on how each is
implem ented in the Pla n – that is, it depends
on this component of the sa m p ling pro tocol .

−− Clust e ring and stratifyi ng affect impre cisio n
by deter min ing whi c h of the possib le samples
of size n hav e non-zero sele cting probabilit ies.

−− Decrea s ed impre cisio n is fav o ure d by hetero -
ge nei ty of clu sters but by homoge nei ty of stra ta
with respect to the respons e(s) of int e rest.

In the middle and rig ht-hand colum ns of Exa mple
2.1.1, het e rog eneity inc rea s es do wn the three clu s tered
sampling protocols , homog eneity inc rea s es up the three stratifie d protocols.

[As an exe rcise, quantify the sample error variation by calcula t i ng the relev a n t (d ata) sta n dar d devi ation fo r each of the sev en
sampling protocols; com ment on what is illust r ated by the value s obtain ed.]

−− There is a sense in whi c h clust e ring is pa ssi vel y accep ted in the int e rests of reducing inv estig a t ion cos t, whe rea s st r atifyi ng
may be actively im pos ed by the inv estig a tor(s) on [or may be a natur al feature of] the study (or respondent) popula t ion.

−− While EPS from an unst r atifie d popula t ion implie s eq ual in clu sio n probabilit ies for all popula t ion el ements, the conve rse does
not hold – in the three clu s tered and three stratifie d sampling protocols , all el ements have equ al inclu sio n probabilit ies but all
si x sa m p les of size 2 are not equally probable [fo ur samples and two samples (re spectiv ely) hav e zero sele cting probability] .

21. Appendix 8: Samp le Selecting and Unit Inc lusion Pro bab ilities – An Illustr ation [o ption a l re ading]

To illust r ate the dis tin ction (in trodu c e d in the discus sio n of EPS on pag e 2.12) between sample selecting and unit inclu sio n
probabilit ies, and also idea s li ke clu s ter ing and stratifyi ng, we con sid er a (re spondent) popula t ion of −N =10,000 ele ments and a
sample of n =100 ele ments, obtaine d using six protocols for selecting units (li sted rou ghly in order of inc rea sing complex i ty) :

equiprobable selecting of100 units (elem e n t s) from the unst r atifie d popula t ion;
syst emati c sele cting: selecting equ iprobably 1 un it from the fir st100 popula t ion unit s (e lem e n t s) and then eve ry100th un it;
equiprobable selecting of10 clu sters of 10 ele ments from the popula t ion of 1,000 such clu s ters;
equiprobable selecting of10 units (elem e n t s) from each of the 10 popula t ion stra ta each of −Nh =1,000 ele ments (h = 1, 2, ..., 10);
two -st age selecting: selecting100 clu s ters equ iprobably and then selecting1unit (elem e n t) equiprobably from each clu s ter;
two -st age selecting: selecting 2 strata equ iprobably and then selecting 50 units (elem e n t s) equ iprobably from each stratum.

Ta ble 2.1.8 ove r leaf on pag e 2. 24 us es the symbol (−N
n ), the number of ways n items can be selected from −N it ems if order of

sele cting is unim por tant. [This symbol and its use are dis cus s ed in Fig ure 7.5 of thes e Course Mat e ria ls].

Relev a n t calcula t ion s fo r this illu s tration are sum marized in Table 2.1.8 ove r leaf on pag e 2. 24, whe re the six protocols are lis ted
in order of decrea sing number of pos sib le samples. The sh ort names for the protocols in the secon d colu mn of Table 2.1.8
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sh oul d ge nerally be avo ide d becaus e thei r brev ity can (temporarily) obs cure the nature of, and differenc es among, the protocols.

Ta ble 2.1.8
Ratio . . . . . . . . . .Selecting or inc lusion pro bab ility. . . . . . . . . . .

Protocol for selecting units Short name Number of samples to EPS Sample . . . . . . . . . . . . Unit . . . . . . . . . .

EPS from an
EPS –∼ 6. 5 ×10241 1 1.5 ×10−242

un stratifie d popula t ion

2-Stage EPS from a popula t ion 2-Stage –∼ 6.4 ×10239 ∼10−2 1.6 ×10−240

in equal-sized clu s ters clu s ter selecting

EPS from a
St r atifie d sele cting –∼ 1.6 ×10234 ∼10−7 6. 2 ×10−235

st r atifie d popula t ion

2-Stage EPS from a  2-Stage –∼ 4.0 ×10171 ∼10−70 2. 5 ×10−172

st r atifie d popula t ion stratifie d slecting

1-St age EPS from a popula t ion
Clust e r sele cting –∼ 2.6 ×1023 ∼10−218 3.8 ×10−24

in equal-sized clu s ters

1-in -100 Sys tem ati c sele cting
Sy stemati c sele cting 100 =102 ∼10−240

fr om an uns tratifie d popula t ion

(10 ,000
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) (1
1
)(9,999
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100
) = 1

100
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1
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1
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1
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1
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9
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) = 1
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)
2

(1
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)(9

1
)/(10
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1
)(999
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) = 1

5 •
1
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) (1
1
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9
)/(1,000
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) = 1

100

1
100 =10

−2 1
100

The last fou r colu mns of (so m etim e s ap proxi mat e) numer ica l table ent rie s are, for each of the six protocols:
. the number of samples that can be selected; i.e., the size of the set of all pos sib le samples;
. the ratio of the number of samples a protocol can select to the number for EPS from an uns tratifie d popula t ion;
. the probability any sa m p le is selected; here, the re c i procal of the number of samples [but see the first com ment (++) bel ow];
. the probability any unit is included in the sample.

−− In con trast to the extrem e variation (ov er nearly 240 orders of mag n itude) of the sa m p le sele cting probabilit ies among
the protocols , the six unit in clu sio n probabilit ies are all 1 in 100 in this illu s tration (the eq uality of thes e si x probabilit ies
is a charact e ris ti c of this illu s tration, not a gen eral res ult).

++ Us e of EPS at the one or bot h st age s of each protocol means that, in this il lust r ation, all sa m p les the protocol can se-
le ct are eq ually li kely; as a con seque n ce, the sa m p le sele cting probability for each protocol in the fifth (‘S ample’) col-
um n of Table 2.1.8 above is the re c i procal of its number of samples [but see the first com ment ( ) in Not e 17 near the
to p of pag e 2.14]. Thu s , fr om the perspective of sa m p les, the protocols are:

alik e in hav ing their pos sib le samples eq uiprobable; di ffere nt in their numbers of pos sib le samples.

++ Althou gh ca lcu lations fo r unit in clu sio n probabilit es for the one -st age and the two-stage clu s tered and stratifie d pro-
tocols hav e the sa m e st ructure, they yield vastly different numbers of samples; the re are als o ot he r im por tant sta tis--
tical distin ction s between clu s tered and stratifie d protocols – see Exa mple 2.1.1 ove r leaf on pag e 2. 23.

NO TES: 29. EPS from an uns tratifie d popula t ion yields the (ex hau s tiv e) set of all possib le samples of a giv en size from a popula t ion
tion of a giv en size; this set cont ains about 6.5 ×10

241
samples when −N =10,000 ele ments and n =100 units (or ele ments).

• Each of the othe r fiv e sampling protocols can select only a subset of this (ex hau s tiv e) set of samples.
−− Thes e fiv e protocols are useful becau se EPS from an uns tratifie d popula t ion can rarely meet Pla n requ irements.
−− When thes e protocols are pro perly implem e n ted, they pre fer ent iall y exclude samples wit h an ext rem e value

fo r an att rib u t e li ke an ave r age, thu s decrea sing sampling impre cisio n (e.g., see Fig ure 2.1 6).

• As wel l as yielding all pos sib le samples, EPS is empha sized in int roducto ry dis cus sio ns becau se it is:

−− involved in more practically useful protocols like the last five in Table 2.1.8 above on this pag e 2. 24;

−− the basis of sampling theor y fo r qu antifyi ng the beh aviour of sample error unde r repetit ion, i.e., for quan-
tifyi ng sampling impre cisio n – see Fig ure 2.1 6.

Thus, we need to dis tinguis h:

* EPS from an unstr atified popul ation: a protocol for selecting units whi c h is sel d o m us ed in practic e but which
is the basis of sampling theor y; FROM:

* EPS (u nqu ali fi ed): part of a protocol for selecting units whi c h involves oth er st atis ti c a l id e as like stratifyi ng and/or
clust e ring and/or sys tem ati c sele cting – this is the more co mmon usage of ‘EPS.’

30. In practic e, selecting uses a fr ame – a real or con cep tual li st of the (re spondent) popula t ion unit s; ‘popula t ion’ in
the protocol des criptio ns in the first colum n of Table 2.1.8 above cou ld thu s also be‘fr ame.’

• An advant age of two -st age selecting protocols is that, at the secon d st age, a frame is requi red on ly fo r thos e
clust e rs or strata selected at the first stag e (a s in Not e 7 on pag e 2.81 in Fig ure 2.1 6).

−− A protocol for selecting units wit h thre e or more stage s (s ee Not e 7 on pag e 2.81 in Fig ure 2.1 6) enhanc es
this advant age.

SOURCE: MacKay, R.J. Exper imenta l Design and Sampling. Cou rse Not es fo r St atis ti cs 332 /362, Unive rsity of Wat e r loo, Fall, 2005, pag e VII –1.
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