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RESPONSE MOD ELS IN STAT 231: Least Squ are s Estimating of Par ameters

This Statis ti c a lHighlig ht #73 sum marizes the lea stsqu are sestim ating process, usi ngboth calculu s and lin ear alg ebra, for
the parameters of the com mon STAT 231 respons emodels; amo reev ocative name thanle ast squ ares woul d bemi nimum sum
of squ are d resi dua ls. Ma t ters omitt e dfr om some derivation sin this Highlig ht #73, whi c hthe rea de rsh oul d supply, inclu de:

• se con dde riv ative dem ons tration sof mi nima (St ep 6);

• fo r Model 2, ext ensio n fr om the case i=1, 2 to the case i=1, 2, ...., q;
• defin ition sof vecto r notation (St ep 3);

• ve cto r diag rams (St ep 4).

A ge neral fo rm for a respons emodel – a respons evariat e ex pre sse das a
structur al compone nt plusnoise – is shown in two versi ons at the rig ht;

• in the upper versi on, the structur al component µ j is a lin ear combin ation of q
(u nknow n) parameters θ k and(know n) exp lanato ry variat evalue sxjk;

• in the lowe r ve rsi on, the exp lanato ry variat e value sfo rm the n× q mat rix X
and the parameters are the q×1 colu mn vecto r Θ∼.
−− Y∼ andR∼ are n×1 colu mn vecto rs wit h n>>q; i.e., the re are many mo reobs ervation sthan parameters to be estim ated .

The respons emodels giv en bel ow are speci al cases of this gene r al for m; their number ing (1, 1a, 1b, 2, 3, 3a, 4, 4a) is only for
conv enienc ein this Highlig ht #73 (and in #72) and doesnot carry ove r to the Cou rse Not es; ‘EPS’ den oteseq uiprobable sel e cting.

Yj = µ j +Rj, j =1, 2, ....,n,

Y∼ = XΘ∼ +R∼
Rj ∼ G(0, σ),
in d ependent, EPS;

µ j = θ1xj1 +... +θ kxjk + ... +θqxjq

[e xplanato ry variat es X1, ..., Xk, ..., Xq]

Mo del 1: Yj = µ +Rj, j =1, 2, ....,n; Rj ∼ G(0, σ); independent, EPS.

St ep 1: Yj = µ +Rj, j =1, 2, ....,n.

St ep 2: yj = µ +rj, j =1, 2, ....,n.

St ep 3: rj =yj − µ, j =1, 2, ....,n.

St ep 4: g(µ) = Σ
j =1

n
rj

2 = Σ
j =1

n
[yj −µ]2.

St ep 5: dg = −2Σ
j =1

n
[yj −µ],

which is zero when: Σ
j =1

n
[yj − µ̂] = 0;

i.e., Σ
j =1

n
yj − nµ̂ = 0,

or: µ̂ = 1
nΣ

j =1

n
yj = y−, theestimate of µ.

St ep 6: d2g
dµ2 = −2Σ

j =1

n
[−1] = 2n,

which is posit ive, as
requ ire dfo r a minimum.

Also: σ̂ =
Σ
j =1

n
rj
^2

n− q =
Σ
j =1

n
[yj − µ̂]2

n−1 =
Σ
j =1

n
[yj −y]2

n−1 .

dµ

√ √ √ √ √ √

.....
.....

.....

y∼

1∼ 1∼µ̂
1∼µ

r∼̂

r∼

r∼̂
Tr∼̂ (y∼ −1∼µ̂)T(y∼ −1∼µ̂)

St ep 1: Yj = µ +Rj, j =1, 2, ....,n.

St ep 2: yj = µ +rj, j =1, 2, ....,n.

St ep 3: y∼ = 1∼µ + r∼, whe re: y∼ = y1 , 1∼ = 1 , r∼ = r1 .
y2 1 r2

yn 1 rn

St ep 4: The lea stsqu are s
estim ate of µ is
deter min ed by the
ve cto r r∼̂, the vecto r r∼
of minimum le ngt h;
this occurs whenr∼ is
perpendicul ar to the
ve cto r 1∼, so we set the dot
(o r inne r) produ ct 1∼.r∼̂ to zero.

St ep 5: 1∼
Tr∼̂ = 0, i.e., 1∼

T(y∼ −1∼µ̂) = 0,

i.e., 1∼
Ty∼ −1∼

T1∼µ̂ = 0,

or: µ̂ = (1∼
T1∼)−1(1∼

Ty∼) = n−1Σ
j =1

n
yj = y−, theestimate of µ.

Also: σ̂ = n− q = n−1 =
Σ
j =1

n
[yj −y ]2

n−1 .

Mo del 1a: MYj =τ +δ +Rj, j =1, 2, ....,m; Rj ∼ G(0, σ); independent, EPS.

If we take the respons evariat easYj = MYj −τ, thedi ffe rence between theme asure d value and thetrue value:
Mo del 1b: Yj = δ +Rj, j =1, 2, ....,m; Rj ∼ G(0, σ); independent, EPS;

thus, Model 1a rewritt en as Model 1b is equ ivalent to Model 1, exc ept the structur al component isδ in stead of µ.
Least squ are sestim ating of δ andσ in Model 1b is the refore equ ivalent to that for µ andσ in Model 1abov e.

Mo del 3: Yi j = µ i +γj +Ri j, i =1, 2, j =1, 2, ....,n; Ri j ∼ G(0,σ); independent, EPS.

Us ing this model whi c h is appropriat efo r a bl ocked Plan, we wor k with the di ffe rence s of the respons es of the pairs of
un its wit hin the n block s:
Y1j −Y2j = µ1−µ2 + γj −γj +R1j −R2j, whi c hbeco m e s:

Mo del 3a: Yj = µd +Rj, j =1, 2, ....,n; Rj ∼ G(0, σd); independent, EPS;
thus, Model 3a for the di ffe rence s is equivalent to Model 1, but with parametersµd andσd in stead of µ andσ.
Least squ are sestim ating of µd andσd in Model 3a is the refore equ ivalent to that for µ andσ in Model 1abov e.

Mo del 4a: Yj = βxj +Rj, j =1, 2, ....,n; Rj ∼ G(0, σ); independent, EPS;
est ablis h the res ult s at the rig ht usi ngboth calculu sand lin ear alg ebra . β̂ =

Σ
j =1

n
xj yj

Σ
j =1

n
xj

2
σ̂ =

Σ
j =1

n
yj

2 − β̂ Σ
j =1

n
xj yj

n−1√
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Mo del 2: Yi j = µ i +Ri j, i =1, 2, j =1, 2, ....,ni; Ri j ∼ G(0,σ); independent, EPS. [think of n1+n2 as n]

St ep 1: Yi j = µ i +Ri j, i =1, 2, j =1, 2, ....,ni.

St ep 2: yi j = µ i +ri j, i =1, 2, j =1, 2, ....,ni.

St ep 3: ri j =yi j − µ i, i =1, 2, j =1, 2, ....,ni.

St ep 4: g(µ1, µ2) = Σ
i =1

2

Σ
j =1

ni

ri j
2 = Σ

j =1

n1

[y1j −µ1]2 +Σ
j =1

n2

[y2j −µ2]2.

St ep 5: ∂g = −2Σ
j =1

n1

[y1j −µ1] + 0,

which is zero when: Σ
j =1

n1

[y1j − µ̂1] = 0;

i.e., Σ
j =1

n1

y1j − n1µ̂1 = 0,

or: µ̂1 = 1
n1

Σ
j =1

n1

y1j = y−1, theestimate of µ1.

Si milarly : µ̂ 2 = 1
n2

Σ
j =1

n2

y2j = y−2, theestimate of µ2.

St ep 6: Sh owthe two estim ates are minima
using the fou rse con dpartia l de riv ative s.

Also: σ̂ =
Σ
i =1

2

Σ
j =1

ni

ri j
^2

n− q =
Σ
j =1

n1

[y1j −µ1
^ ]2 +Σ

j =1

n2

[y2j −µ 2
^ ]2

n1+ n2 −2 = (n1−1)σ̂ 2
1 + (n2−1)σ̂ 2

2

n1+ n2 −2 .

∂µ1

√ √ √
√ √

r∼̂
Tr∼̂ (y∼ − a∼µ̂1 − b∼µ̂ 2)

T(y∼ − a∼µ̂1 − b∼µ̂ 2)

St ep 1: Yi j = µ i +Ri j, i =1, 2, j =1, 2, ....,ni.

St ep 2: yi j = µ i +ri j, i =1, 2, j =1, 2, ....,ni.

St ep 3: y∼ = a∼µ1 +b∼µ 2 + r∼,
where: y∼, a∼, b∼ andr∼ are n1+n2 ×1 colu mn vecto rs,
with a∼

Ta∼ = n1, b∼
Tb∼ = n2, a∼

Tb∼ = b∼
Ta∼ = 0.

St ep 4: The lea stsqu are sestim ates of µ1 and µ2 are det e r-
mine d by the vecto r r∼̂, the vecto r r∼ of minimum
le ngt h; this occurs whenr∼ is perpendicul ar to the
plan e which is sp an(a∼, b∼), so we set the dot (or
inne r) produ cts a∼.r∼̂ andb∼.r∼̂ to zero.
(Il lu s trate this matt e rwith adiag ram.)

St ep 5: a∼
Tr∼̂ = 0, i.e., a∼

T(y∼ − a∼µ̂1 − b∼µ̂ 2) = 0,

i.e., a∼
Ty∼ − a∼

Ta∼µ̂1 = 0 [becaus e: a∼
Tb∼ = 0],

or: µ̂1 = (a∼
Ta∼)−1(a∼

Ty∼) = n1
−1Σ

j =1

n1

y1j = y−1, theestimate of µ1.

Si milarly : µ̂ 2 = 3s11(b∼
Tb∼)−1(b∼

Ty∼) = n2
−1Σ

j =1

n2

y2j = y−2, theestimate of µ2.

Also: σ̂ = n− q = n1+ n2 −2 = et c.

Mo del 4: Yj = α +β1(xj −x−) +Rj, j =1, 2, ....,n; Rj ∼ G(0, σ); independent, EPS.

.....

St ep 1: Yj = α +β1(xj −x−) +Rj, j =1, 2, ....,n.

St ep 2: yj = α +β1(xj −x−) +rj, j =1, 2, ....,n.

St ep 3: y∼ = 1∼α +x∼β1 + r∼, whe re x∼ = x1 − x−
x2− x−

xn− x−

St ep 4: The lea stsqu are s estim ates of α and β1 are det e r-
mine d by the vecto r r∼̂, the vecto r r∼ of minimum
le ngt h; this occurs whenr∼ is perpendicul ar to the
plan e which is sp an(1∼, x∼), so we set the dot (or
inne r) produ cts 1∼.r∼̂ andx∼.r∼̂ to zero.
(Il lu s trate this matt e rwith adiag ram.)

St ep 5: 1∼
Tr∼̂ = 0, i.e., 1∼

T(y∼ −1∼α̂ −x∼β1̂) = 0,

i.e., 1∼
Ty∼ −1∼

T1∼α̂ −1∼
Tx∼β1̂ = 0,

i.e., 1∼
Ty∼ −1∼

T1∼α̂ = 0 [becaus e: 1∼
Tx∼ =Σ

j =1

n
(xj −x) ≡ 0],

or: α̂ = (1∼
T1∼)−1(1∼

Ty∼ ) = n−1Σ
j =1

n
yj = y−, theestimate of α.

Also: x∼
Tr∼̂ = 0, i.e., x∼

T(y∼ −1∼α̂ −x∼β1̂) = 0,

i.e., x∼
Ty∼ −x∼

T1∼α̂ − x∼
Tx∼β1̂ = 0,

i.e., x∼
Ty∼ − x∼

Tx∼β1̂ = 0 [becaus e: x∼
T1∼ = 1∼

Tx∼ ≡ 0],

or: β1̂ = (x∼
Tx∼)−1(x∼

Ty∼) = [Σ
j =1

n
(xj −x)2]−1[Σ

j =1

n
(xj −x)yj]

=
Σ
j =1

n
yj(xj −x)

Σ
j =1

n
(xj −x)2

≡
Σ
j =1

n
yj(xj −x)

SSx
, theestimate of β1.

Also: σ̂ = n− q = n −2 = et c.√ √
r∼̂

Tr∼̂ (y∼ −1∼α̂ − x∼β1̂)
T(y∼ −1∼α̂ − x∼β1̂)

St ep 1: Yj = α +β1(xj −x−) +Rj, j =1, 2, ....,n.

St ep 2: yj = α +β1(xj −x−) +rj, j =1, 2, ....,n.

St ep 3: rj =yj − α −β1(xj −x−), j =1, 2, ....,n.

St ep 4: g(α, β1) = Σ
j =1

n
rj

2 = Σ
j =1

n
[yj −α −β1(xj −x)]2.

St ep 5: ∂g = −2Σ
j =1

n
[yj −α −β1(xj −x)],∂α

which is zero when:

Σ
j =1

n
[yj −α̂ −β1̂(xj −x−)] = 0;

i.e., Σ
j =1

n
yj − nα̂ − β1̂Σ

j =1

n
(xj −x−) = 0,

i.e., Σ
j =1

n
yj − nα̂ = 0 [becaus e: Σ

j =1

n
(xj −x) ≡ 0],

or: α̂ = 1
nΣ

j =1

n
yj = y−, theestimate of α.

Also: ∂g
∂β1

= −2Σ
j =1

n
[yj −α − β1(xj −x)](xj −x),

which is zero when:

Σ
j =1

n
[yj − α̂ −β1̂(xj −x−)](xj −x−) = 0;

i.e., Σ
j =1

n
yj(xj −x−) − α̂Σ

j =1

n
(xj −x−) −β1̂Σ

j =1

n
(xj −x−)2 = 0,

i.e., Σ
j =1

n
yj(xj −x−) −β1̂Σ

j =1

n
(xj −x−)2 = 0 [becaus e: Σ

j =1

n
(xj −x) ≡ 0],

or: β1̂ =
Σ
j =1

n
yj(xj −x)

Σ
j =1

n
(xj −x)2

≡
Σ
j =1

n
yj(xj −x)

SSx
, theestimate of β1.

St ep 6: Sh owthe two estim ates are minima
using the fou rse con dpartia l de riv ative s.

Also: σ̂ =
Σ
j =1

n
rj
^2

n− q =
Σ
j =1

n
[yj − y − β̂1(xj −x)]2

n−2 = SSy − β̂1SSxy

n−2 ; SSy = Σ
j =1

n
(yj − y)2, SSxy = Σ

j =1

n
(xj −x)(yj − y) ≡ Σ

j =1

n
(xj −x)yj.√ √ √
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