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RESPONSE MODELS IN STAT 231 Leas Squares Esimating of Parameters

This Satistical Highlight #73 simmarizes the @astsquaesestmating process using bath calcdus and Inear dgebra, for
the parameers of the @mmnon STAT 231 reponsemodds; amoreevacaive rame hanleast squares would be minimum sum
of squared resduals Matters amittedfrom some deivationsin this Hghlight #73 whichthe readeshaild sypply, indude:

e seonddeivative cemastaionsof minima (Step 6); e ddinitionsof vedor natation (Step 3J;
o for Modd 2, edtendon from the cae i=1, 2to the cae i=1,2, ..., G, e vedor diagans (Step 4.
A general form for a eponsemodd — a reposevariate expesedas a Y=y +R, j=12.

structural component plusnoise — is own in two versians d the iight; X DG(O a)
@ in the ypper \ersim, the stucturd component ; is a Inear @mbinaton of q URRA= N B indgoendent EPS
(unknowr) parameers 8, and (knowr) explanaory varatevaluesx;g; L= 01+ o+ O X+ .. HOgXiq
e in the bwer versimn, the eplanaory varate valuesform the nxqg matix X [explandory variates X, ..., Xy, .., Xq
and the prameers ae the gx1 cdumn vedor
- mandﬁ are nx1 cdumn vedors with n>q; 1.e, thee ae many moreobsevationsthan @rameers to be simaed.
The reponsemodds gven below are Pecid cases of tis geerafornt thar numbering (1, 1a, b, 2 3, 3, 4 44) is aly for
conveniencein this Hghlight #73 @nd n #72) and desnot carry overto the @urse Notes ‘EPSdenoesenuiprobable sdecting

Modd I Y=p+R, j=1,2..,n; RUG(@, 0); independent EPS

Sepl Y=pu+R, j=L2...n Sepl Y=u+R, j:L2,....,n.
Sep 2 y=p+r,  j=12...0 Sep 2 y=p+r,  j=L2..
S 3 [=y-4 =120 gepi %:Ifgﬁ?s ""he’aﬁ A=
n o on ) e leastsquaes : ;
Sep 4 9(1) :_erz = Z[M“/f]- ® estimae (;‘:I U is : J :
. yn 1 r|"|
49 _ deternined by the
Sep 5 g = —ZZ[y H vedor f, the \edor
which is zero when Z[y a=0; of minimum lergtf
, this ocaurs whe
e, Zy ni =0, perpendicular to
. ; vedor & so we st he dot
or #= ﬁiglyi =Y, theesimateofu. (or inn% produd f to zer.
. dg _ _,2 _ S ; T, a7 —
Sep 6. g = 221 =2, Sep 5 #H=0, i e, Hy-H) =0,
which is positive, & ie, %—ﬁ@ =0,

requiredfor aminimum. or fi= (ETE_P*(@ = ,%y =y, theestimate of ..

L/t [Ely-Ar fElyer ooz /2y
Al §= /1= / _/_n—l _ Also: / _ ﬁu)w M) _ /& 1y

Modd 1la: ,¥=r+3+R, j=12...m; ROUG0O,0);, indpendent EPS

If we take the egponsevariateasy =Y —r, the difference beween the measured value and thetrue value

Modd 1b: Y=4+R, j=12...m; RIGQ,o0);, indpendent EPS

Modd 3:

thus, Mbdel 1a rewritten as Model b is equivalent to Model 1, except the stucturd component is d ingtead d 4.
Leag squaesesimating of dando in Model Ib is theefore equivalent to ha for z ando in Model 1akove.

Y, =p+¥+R;, i=12 j=12..,n; R;[JG(0,0); independent EPS

Using this nodel whichis appropriatefor a blocked Plan we work with the differences of the egponse of the mirs o
units within the n locks

Y=Y =t~ - Ry — Ry, whichbecomes

Modd 3a: ¥Y=u,+R, j=12...,n; RGO, 0y); indpendent EPS

Modd 4a: Y=px+R, j=12...,n; RGO 0); indgpendent EPS " éXj){
estlishthe resuts at the ight usingboth calcdus and Inear dgebra. B= isz

thus, Mbdel 3a for the differencesis eqiivalent to Model 1, but with parameters y, andg, indead d ando.
Leas squaesesimating o 1, andgy in Model 3a is heefore equivalent to ha for z ando in Model 1above.
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Modd 2 Y, =u+R;, i=12 j=12..,n; R;UG0,0); indgpendent EPS [think of n,+n, as i
Sq)l Y':/,Ii+Rij, i:1,2, j:LZ,....,ni. SQ)]. Yi':ﬂi+Rij, i:1,2, j:LZ,....,ni.
Step 20y, = i+, i=1,2 j=1,2..,Nn. Step 20y, = pit, i=1,2 j=1,2....N0;
Step 3 =Y — i, i=1,2 j=1,2...,Nn;. Sep 3 ﬁ‘ﬁ”l Buﬁ@,
. — &S Sy 2 STy — 12 whee: anqﬁare n+n,x1 cdumn vedors,
Step 4 9 1) = 2207 = SV~ 1+ Yy~ 1]’ with g :E?nﬂ Bb=n., 4B =Ha=0
Sep 5 E‘% = —Zigll[yli—ﬂj] +0, Sep 4 The leastsquaes esimat&s d w and y, are deter

mined by the \edor # the \edor # of minimum

which is zero when iZl[yu‘/')l] =0 lergthy this acours wheng is perpendicular to the

; S plane which is span( , 0 we €t he dot ¢r
€ j;y“ nnll“l 0 inned produds Q 1 to zem.
or =AY, =Y, theestimateof .. (Illustate ths matterwith adiagram))
1j=1
~ noo . Sep 5 @f=0, ie, —ai,—l,) =0,
Similady: u,= nlzzyz,- =V, theestimate of u,. @S gh= ﬁ% ﬂul BUZ)
j=1

i.e, @% @@ul— 0 [because dh=d,

Step 6: Showthe two esimates ae minima or /= (da) (E@ = nllzyll v, theestimate of .

usng the burseondpartial deivatives

Simlaty: f,= 35]1@@' @@ = ngliyzj =y, theesimate of 1.
lell'z z[yl] ,ul] Z[yZ] /—12] (n 1)0-2+(n2 1)0-
o o= ; / n+n,— nlin2 2 2A|S)' /W E‘]”l B")Qﬁ @ul B") = etc
' n+n,—
Modd 4 Y=a+Bx-X)+R, j=12...,n; RGO, 0); indpendent EPS
Sepl Y=a+pX-X)+R, j=12...n. Sepl Y=a+p(X-X)+R, j:Lz....,n.
Sep 2 y=a+p(x—X) +r, i=12....n. Sep 2y =a+py(X%—X) +1, =12
Sep 31 =y - a—pBix —X), i=12...n. Sep 3 m:ﬁz+§6’1+|ﬁ wheleﬁ ;El §
n n 2 2 H
Sep 4 9(a, A1) =257 = 2[%—a — A~ X)) wix
Sep 5 ag = —zz[y a —Bux =X, Sep 4 The leastsquaes estrpat& d a and g, are deter
WhICh is 7210 when mined by the edor F the \edor # of minimum
n n A _ . lergthy this acaurs whengis perpendicular to the
J.Zl[){‘” ~BX=X) = 0, plane which is span(g; x), 0 we =t he dot ¢r
; S A A %) = inne) produds to zero.
&, EIX na ﬁ%(x’ X)=0 (Nustate ths ngrvw adiagram.)
ie, jgy—rlazo [becaJsejgl(x,—X)Eo], S 5 ﬁﬁ:(” ie. ﬁ%‘ﬁ;‘ﬁ@zo’
or: &:%g =y, theestimate of a. ie, ETM_@T A_ETE}EF
; Ty —a15 =
Asa 8 = 23y -0 ), o Ry =0 bease = hZ(X 0=
which is 720 when or a= () (g__ﬁ) =n Zy y, theestimate of a.
n gl[x—c?n—ﬁl(xi—i)]ijn—i) =0 Alsa ¥f=0, e, ﬁ% i —xp) =0,
ie, Jéx(xl_i)_azl(xl_i) _ﬁlgl(xj_i)zzov e, ﬁ% ﬁﬁ] ﬁéﬁl
i n . an v n _ i.e, 0 becwse
e, 3y —X) -2 (%)= 0 lbecause 3 (—X) =0, ﬁﬁ (ﬁﬁf”l( [ o g]ﬁl[ﬁ? d) ]
oo & = ) or; zx -X >(X—X)y
Sye%)  Bywn) A= 0 (6 = [0 0y
or Bi= — = S the estimate of 3. Zyj(xj—x) Zyj(xj_y)
A = J'nl( 7 = = 55— theesimate of 3,
2 (X=X
Sep 6: Showthe wo esimaes ae minima "i : s =
using the burseondpartial deivatives N /n[rﬂp] _ /%—EP_E}EI) M~ _ ot
) -q n-2
_ /2 fElyy- /zl(x I _ /ss-hss . g "
Also: i / ST ss=Ry-v) SSy= 3 X0-Y) = -y,
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