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Figure 5.5. NORMAL DISTR IBUTIONS: Finding Normal Pro bab ilities

The fol low ing exa mples illust r ate use of the two(4- and 6-figure) standard nor mal dist rib u tio n tables, to find value sfo r
probabilit ies inv olv ing the nor mal family of dis tributio ns. A conv enient way to rea son is to use ske tches whi c h sh ow the
requ ire d probability as the appro priat e area under a normal p.d .f. [ f(z) or f(y)] . Throu ghout the dis cus sio n, Z andY are
random variable ssu ch that Z ∼ N(0,1) andY ∼ N(µ,σ).

1. Tab l e Look-up of N(0,1) Prob abilities
Pr(0 <Z ≤1) = are aun d er N(0,1) p.d.f. from 0 to 1

= are aun d er N(0,1) p.d.f. from −∞ to 1
− area unde rN(0,1) p.d.f. from −∞ to 0

= 0.8413 − 0. 5000 [fr om theN(0,1) Ta ble]

= 0.341 3 (o r 0. 34134 or 0.341 345)

[By sym met ry, Pr(−1<Z ≤ 0) is als o0. 3413]
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Pr(−1<Z ≤ 2) = are aun d er N(0,1) p.d.f. from −1 to 2

= are aun d er N(0,1) p.d.f. from −1 to 0
+ are aun d er N(0,1) p.d.f. from 0 to 2

= are aun d er N(0,1) p.d.f. from 0 to 1  [sy mmetr y]
+ are aun d er N(0,1) p.d.f. from 0 to 2

= 0.341 3+ 0.4772 [fr om theN(0,1) Ta ble]

= 0.818 5 (o r 0.818 59 or 0.818 595)

[By sym met ry, Pr(−2 <Z ≤1) is als o0.818 5]
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Pr(Z >1. 52) = are aun d er N(0,1) p.d.f. from 1.52 to ∞
= 1− area unde rN(0,1) p.d.f. from −∞ to 1.52

= 1− 0.9357 [fr om theN(0,1) Ta ble]

= 0.0643 (o r 0.06426 or 0.064 255)

[By sym met ry, Pr(Z ≤ −1. 52) is als o0.0643]
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NO TE: 1. Unles scont ext dictates other wise, we write Pr(a< Y ≤ b), the probability the random variableY (s ay) takes value s
between a and b, so as to exclude the lowe rend -poin t of the int e rval (a, b] and include the(fin ite) upper end -poin t.

• This conve n tio n ma int ains consis tenc ywhen we find a probability usi ngou r defin ition of the cumu lative dis tri-
butio n function F(y) on page 5.24 of Fig ure 5.9 of the STAT 220 Course Mat e ria ls.

How wou ld the value sof the probabilit ies calcula ted above be altere d if the inequ ali tie sinvolved a str ictly les sthan sig n (i.e.,
<) in place of each≤ sign? Justify you ranswe rby referenc eto appro priat eproper tie sof the defin ite int egr al.

• Answe rthe same que s tion if the≤ or ≥ signs were replaced by < or > sig ns.
−− What do you con clu de from you r prev iou sanswe rs about use of the nor mal dist rib u tio n fo r modelling con tin uou s

qu antit ies? Exp lain brief ly.

1

Draw a ske tch to illust r ate the probability fou nd by sym met ry in the last lin eof each of the three exa mples giv en above.2

Withou t furthe r look-up of a table of standard nor mal probabilit ies, use the infor mation in the three exa mples giv en above
to evaluate the five probabilit ies whi c hfo llow, and draw a ske tch to illust r ate each one:

• Pr(Z >1) • Pr(Z >2) ; Pr(Z ≤ −1) • Pr(Z ≤1. 52) ; Pr(Z > −1. 52).

3

Discus sbriefly the advant age(s) and disa dvant age(s) of a two-pan el table of N(0,1) probabilit ies on the ove r leaf sid e sof the
two nor mal dist rib u tio n tables, compare dwith the on e-pan el versi on on their front sid e s.
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(cont inued overleaf )
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2. Tab l e Look-up of N(µµ, σσ) Prob abilities
To find probabilit ies for nor mal dist rib u tio ns oth er than the standard [or N(0,1)]

ca s e, we use the operation of sta n dar dization (i.e., subtract the mean and divide the
differenc eby the standard dev iation) to obtain theequiva len t probability for the N(0,1)
dist rib u tio n ; the basis of this operation is the res ult giv en as equ ation (5. 5.1) at the rig ht above. We illust r ate this matt e rusing
probabilit ies equ ivalent to those in the three exa mples ove r leaf on page 5.13 ; re call that Y ∼ N(µ,σ) and Z ∼ N(0,1).

Y − µ
σ ∼ N(0,1) -----(5. 5.1)

Pr (µ <Y ≤ µ +σ)

= Pr(
µ − µ

σ < Y − µ
σ ≤ µ +σ − µ

σ )

= Pr[0 <N(0,1) ≤1]

= Pr(0 < Z ≤1)

= 0.341 3
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Pr (µ −σ <Y ≤ µ +2σ)

= Pr(
µ −σ − µ

σ < Y − µ
σ ≤ µ +2σ − µ

σ )

= Pr[−1< N(0,1) ≤ 2]

= Pr(−1< Z ≤ 2)

= 0.818 5
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Pr(Y > µ +1. 52σ)

= Pr(Y
− µ
σ >

µ +1. 52σ − µ
σ )

= Pr[N(0,1) >1. 52]

= Pr(Z >1. 52)

= 0.0643
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3. ‘Inve rse’ Tab l e Look-up of Normal Per c e ntile s
The probability calcula t ion sov erleaf and above for the nor mal random variable sZ andY involve ‘direct’ use of a table of

st andard nor mal probabiliies; i.e., we hav ea value (z) whi c h we locat ein the left and top margin s of the Table and we then
re ad off the value of the cor responding ta b le entry. Howeve r, in some situation swe need the ‘inve rse’ process of table look-up;
i.e., we hav ea pr obabi lity (o r area) whi c h is ,or is clo se to, the value of a table ent ry and we hav eto find the cor responding z-
va lue (a nor mal quantile or percentile) in the table margi ns.

As an illust r ation, sup pos ewe want the value of c such that Pr(Z ≤ c) = 0.98. We look in thebody of the table for 0.98000
and find 0.97982 for z = 2.05 and 0.98030 for z = 2.06; henc e, to 2 decim al places, c= 2.05. To obtain a more accur ate value
fo r c, we can use li near interpola tion between thez-value sof 2.05 and 2.06; we hav e:

c = 2.05+ (2.06− 2.05) × 0.98000− 0.97982
0.98030− 0. 97982 = 2.05375.

Althou gh it is impor tant to under sta n d this interpola t ion procedure for obtaining
addition a lde cim al places for z-value s ,we can often avo id hav ing to actually do it by
using the sep arate lowe r right section of the table s; thes eTa ble sgive z-value s[to 4
(o r 6) de cim al places] wit hou t in terpola t ion for selected probabilit ies [denot e dF(z)] .
We see that the c value for our exa mple is actually 2.0537 (or 2.053 749); thu s ,
li near int e rpola t ion giv es us, in this inst anc e, the cor rect value to five decim al places.
A diag ram mati crepre sent ation of this exa mple is giv en at the rig ht.
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Withou t furthe rtable look-up, use the infor mation in the exa mple to find the
value of d such that Pr(Z ≤ d) = 0.02; draw a ske tch to illust r ate you ranswe r.
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