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ERROR : Me asurement Error – Youde n’s En dur ing Values

Much ing enuity and labou r ha s been expen -
de d on mea s urement of the value s of phy sical
cons tants; when eve r in dep enden t mea s urements
have been made, a criti c a l ap prais a l of the data is
ne e ded to pick a ‘best’ value for the con stant and
to set some lim it for the unc e rtain ty (or ‘er ror’)
of this value. The maj or theme of this Fig ure is
that much more can be don e by exper iment e rs
than has been don e in the past to assis t both the
ex per iment e r and the criti c a l ap prais er in their
task s , particularly wit h regard to the pr oper ev a l-
uation of inaccur acy (i.e., sys tem ati c er ror).

(a ) The Astron omical Unit

Miles ×10
6
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Kilom e tr es ×10
6

Ne wco mb, 1895
Hinks, 1901
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Spenc e r Jo nes, 1928
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Ad a ms, 1941

Br ouwe r, 1950
Rabe, 1950

Mi lls t one Hil l, 1958

Jodrel l Ba nk, 1959
S.T. L., 1960

Jodrel l Ba nk, 1961
Cal. Tech., 1961

Sovie ts, 1961

(b) The Speed of Light
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METHOD COD ES:

CR: Cav ity Reson at or

G: Geodim eter of Ber gst r and

MI: Mic r owave Int e rfe rometer

RI: Radio Int e rfe rometer

RU : Ratio of Units

Sh: Sho r an

COUNTRY COD ES:

Au: Aust r alia

G. B.: Gre at Britain

Sw: Swe den

U. S.: United States

(c ) The Acceler ation due to Gravity at Ott awa

December, 1959
(32 dro ps, Rule #2)
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August, 1958
(32 dro ps, Rule #1)
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Av erage: 980.6124 cm/se c2

S.d.: 0.0006 cm/se c2

Rang e: 0.0029 cm/se c2

Av erage: 980.6139 cm/se c2

S.d.: 0.0009 cm/se c2

Rang e: 0.00 41 cm/se c2

Me asurement error is usually con sid ere d to
be the net result of sev eral components:

• impre c isi on: variation among repeat res ult s
with no deliberate change in the app aratus or
procedure;

• inaccurac y (o r system atic error)

−− associat e d with the theor y of the method
of mea s urement;

−− re sul t i ng from the app aratus or obs erver.

Imprecisio n can be reduced and quantifie d by re-
petition and ave r agi ng and is usually min or; the
role of inaccur acy is app are n tly unde restim ated,
as illust r ated in the three diagr ams at the rig ht.

• Diag ram (a) shows the res ult s fr om 15 det e r-
mination s of the ast ron omical unit – the ave r-
ag e dist anc e between the earth and the sun;
the cent re of each circle ( ) giv es the ‘best’

(poin t) estim ate from the relev a n t inve s tig a-
tion, and the bars ( ) indicate the inv estig a-
to rs’ assessment of the lim its of error in their
value s. Each bar is label led with the name(s)
of the inv estig a tor(s) and the year of their re-
port of the work.

• Diag ram (b) shows the res ult s fr om 24 det e r-
mination s of the speed of lig ht, usi ng the same conve n tio ns as
in diagr am (a) , except that for non -la borato ry mea s urements,
the countr y rather than the inv estig a tor(s) is giv en; in addition,
a code for the experimenta l meth od fo r the det e rmination ap-
pears at the rig ht-hand end of each error bar. The studie s
cove r a per iod of about 30 years and the res ult s are ordered
according to the value obtaine d.

• Diag ram (c) shows the res ult s fr om a Cana dian deter min ation
of the acceleration due to gravity at Ott awa . The met hod in-
volved tim ing the dro p of a rule in an evacu ated tube; res ult s
we re repor ted fo r 32 dro ps of each of two equ ally caref ully
calib r ated rules. Each set of res ult s is shown as a his t ogr am ,
the numbers wit hin the bars being the last two digits of the
mea s urements (e.g., ‘06’ repre sents 980.6106 cm/se c2). The
ci r cle and bar unde r each his t ogr am repre sent the ave r age ±
on e st andard dev iation of the 32 value s.

REFERENCE: You den W. J.: Endur ing Value s ,
Te chnometr ics 14(18): 1-11 (1972).
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A not ewo rthy feature of the res ult s in diagr am (a) is that each inv estig a tor’s ‘best’ value lie s ou tsi de the lim its repor ted by
his immediat e predecessor, and the situation is not greatly improve d ev en if the ra nge s of the error bars are con sid ere d in stead
of the poi nt estim ates; this sugge s t s thes e inve s tig a tors do not have reliable infor mation abou t thei r sour ces of inaccur acy. In
diag ram (b) , the value s are sprea d ov er a range of 3.5 km/se con d ye t half the cla ime d er rors are wel l un d er 0.5 km/se con d,
sugg esting that indivi d ual inv estig a tors are unable to set realis ti c li mit s of error for thei r repor ted value s. In diagr am (c ), despi te
the equ ally caref ul calib r ation of the two rules, they cle arly lea d to different res ult s , prov iding us wit h a gli mpse of how inaccu-
racy is conne cted with some par t of the app aratus. The les son is that an es sent ial re sponsib i lity of all exper iment e rs is to try to
qu ant ify this and othe r types of inaccur acy. As dis cus s ed bel ow, by car r ying out an exper iment in a pro perly desig ned manne r,
in accuarc y fr om different sou rces can be estim ated ef fici entl y (i.e., wit hou t havi ng to make an exc essiv e number of mea s ure -
ments) and experimenta lly (i.e., wit hou t rely ing merely on‘paper’ estim ates base d on exper t ju dgement).

Sup pos e we are conc e rne d with quantifyi ng th ree sour ces of mea s uring inaccur acy in the deter min ation of the acceleration
due to gravity: the calib r ation of the rule [which the data in diagr am (c ) ov erleaf on pag e HL15.1 addre ss] , and the tim ing clock
and the residu al pre ssure in the tube [which thes e data do not addres s]. Den ote the two rules by R1 and R2, two clock s by A
and B and two pre ssure s by P1 and P2; then the sa m e number of mea s urements (64) as in diagr am (c ) sh oul d be made compris-
ing 16 wit h each of the fol low ing fou r co mbin ation s of the three sou rces of inaccur acy (rule, clock, pre ssure): (1) R1AP1

(2)

R1BP2
(3) R2 BP1

(4) R2AP2. The comparison of rules is then made by comparing (1) +(2) with (3) +(4); the comparison is
fair in that it is not con taminated with clock or pre ssure inaccur acy and, bei ng base d on all 64 mea s urements, is of the sa m e
precisio n as for the dat a in diagr am (c ). Fur the r, the equ ivalent comparison of cl ocks now comes from (1) +(4) vs (2) +(3) and
that of press ures fr om (1) +(3) vs (2) +(4).

The basis of the exper iment al desig n des cribed in the pre c e ding parag raph, in whi c h the sa m e amou nt of dat a yi elds essen-
tia l ly th ree times as much infor mation as diagr am (c ), is the system atic chang ing of more than one factor at a time in different ex-
periment al ‘r uns.’ This is con trary to mos t people’s intuition, whi c h in stead gen erally lea ds to the inefficie n t practi ce of changi ng
on ly one factor at a time. For exa mple, if the fou r runs are base d on (1) R1AP1

(2) R2AP1
(3) R1BP1

(4) R1AP2, only half the
data are use d in mak ing each comparison, res ulting in an appre ciable los s of sensit ivity. Another dis advant age of the ‘change
on e variable at a tim e’ approach is that a sim p le ave r age of thes e fo ur combin ation s does not give equ al weight to the alter na-
tive s. Thes e matt e rs illust r ate impor tant statis ti c a l prin ciples: data gen era ted according to a pro p er exper imenta l design are
usually more informative and ea sier to analyse.

In his con clu ding parag raphs, You den says : What seems mos t in teresting to me is that when measuring a phy sical con stant usually
no change s are made in the variable s , or at mos t in one or two, as in the Ott awa study. Equ ally cle ar is the fact that when anot he r inve s tig a-
to r ma kes his effor t, ever y co mponent in the measuring sys tem is change d. Relia n ce is aga in placed upon calib r ation and variou s co rre ctio ns.
No thing is don e abou t the fact that the res ult s obtain ed by different inv estig a tors dis agree a gre at deal more than woul d be expected in vie w
of the ‘paper’ estim ates of sys tem ati c er ror use d by the inv estig a tors. It appears to be an all or non e situation. Eve ryt hing get s change d in
an othe r la borato ry. Alm o st not hing get s change d within a laborato ry. This makes it impos sib le to single out and measure the sou rces of mea-
suring inaccur acy. The exper t faced with finding a best value is equally in the dark. His role is more like the man judgi ng anima ls at a
coun ty fair than that of a scie n tis t. And it wou ld be so easy to improve on this state of affairs.

In the discus sio n on pag e HL15.1ove r leaf taken from You den, three so urces of mea s uring inaccur acy are mentio ned . What are they?

• Fo r what sou rces, oth er than mea s uring, do dat a beco m e in accur ate?

1

Diag ram (b) pre sents the res ult s of a sizeable col lectio n of ser iou s att emp t s to measure the speed of lig ht. From the infor-
mation in the diag ram , ex pla in brief ly what do you con clu de about:

• the ‘best’ value (or poi nt estim ate); • the lim its of error of this estim ate.

2

In diagr am (b) ove r leaf on pag e HL15.1, the 15 value s base d on the geodim eter met hod (code ‘G’) are sprea d ap proxi mat ely uni-
fo rmly ove r the whole range of the 24 value s , and the three Sho r an (‘Sh’) res ult s are 4th , 19th and 22nd in order of mag n itude.
What con clu sio n do you draw about inaccur acy associat e d with the th eory of thes e two methods of mea s uring the speed of lig ht?

3

In diagr am (c ) ov erleaf on pag e HL15.1, exp lain brief ly why the differenc e in the ave r age s of the two set s of 32 mea s urements
is more likely due to inaccurac y than to impre c isi on.

4

In lig ht of the diag rams ove r leaf on pag e HL15.1 and the discus sio n abov e, what re aso n(s ) do you infer for the fact that different
inve s tig a tors dis agree by more, sometimes far mo re, than their cla ime d er rors?

• What do you con clu de about ‘paper’ estim ates of inaccur acy base d on exper t ju dgement? Exp lain brief ly.

5

Explain brief ly the meaning of the fol low ing statements, whi c h occur in the secon d and thi rd parag raphs above:

• th e co mpariso n is fa i r in that it is not con t ami nated wit h cl ock or press ure inaccurac y;

• a simple average of these fou r co mbi nations does not gi ve equ al weigh t to the alternatives.

6

Explain what You den has in min d in his con clu ding statement: An d it wou ld be so easy to improve on this sta te of affai rs.7
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