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STATISTICAL TERMINOLOGY, NOTATIO N an d DISTINCTIONS

1. Backg round I – What is Statist ics Abo ut? [o ption a l re ading]

As sum marized in the two schema s at the rig ht, statis ti cs is con -
cer ned with data-base d invest iga ting (o r em pir ical proble m solv ing)
of the real world, whi c h means inv estig a t i ng some popula t ion or
proces s on the basis of data to answer on e or more qu est i ons.
Fo r this introducto ry dis cus sio n, only the inv estig a t ive met hods of
sa m p ling and measur ing are shown in the lowe r schema .

This introduction pre sup pos es initia l ly that dat a-base d inve s tig a t i ng is con cer ned with answe r(s) to que s tion(s) about a col lec-
tion of el ements which compris e a popu lation. For exa mple:

a computer manufacture r may want to assess war ranty cla ims for one of its produ cts – an el ement woul d be one item of
the produ ct and the popu lation is all such items sol d ov er some speci fi ed per iod;

a gov ernment department may want to know the pro por tio n of Cana dian adult s who hav e conc e rns about the lev el of fun d-
ing of the health care sys tem – an el ement woul d be a Cana dian adult and the popu lation is all such Cana dians;

a financia l in stitution may wis h to find people whose profile makes them more likely to accep t an unsoli cit e d offer of a cre dit
card – an el ement woul d ag ain be a person but the popu lation is harde r to speci fy; it cou ld be people whose profile puts
them at or above an accep tanc e leve l de eme d li kely to make the cre dit card offer ing profit able for the financia l in stitution.

The que s tion(s) to be answe red may so met imes be con cer ned with an in dividua l to be selected in future from the popula t ion.
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2. Backg round II – Key Ide as: Unc ertainty, Error, Repet ition, Accur acy and Pre cision [o ption a l re ading]

A cent r al is s ue in dat a-base d inve s tig a t i ng is that ext e rnal con strain t s and the type of infor mation we requi re impose sam-
pling and measuring processes on mos t inve s tig a t i ng; we then need to assess the likely ‘co rre ctness’ of the answe r fr om the in-
ve s tig a t i ng in lig ht of the un cer tai nty in trodu c e d by thes e two processes. In essenc e, this is the problem of in duction. An
ov ervie w of this matt e r is giv en in the schema at the rig ht bel ow; the main idea s are sum marized at the left.

* If we hav e co mplet e infor mation, we can ob-
tain a certai n answe r; that is, an answe r we
can know is cor rect.

* If we hav e inco mplet e infor mation, we can -
not know an answe r is cor rect (an uncer tain
answe r) – in fact, it is unli kely a numer ica l
answe r (a n ‘e s tim ate’) is (ex actly) cor rect;

−− sampling and measuring yield data (and,
henc e, infor mation) that are in her ently in complet e.

* An answe r which is a number (li ke a sample ave r age) is
called a poin t es tim ate of the cor responding popula t ion attr ibute
(the popula t ion ave r age).

* To make such an answe r mo re us eful, we want to be able to giv e
an in ter val est imate, a quantit ative statement about how far the
poin t estim ate is li kel y to be from the true value – this differenc e
is the er ror of the estim ate. Un certai nty is ign oranc e abou t er ror.

* In a particular inve s tig a t ion, the size of the error is (and usually re-
ma ins) unknow n; this is reflected in li mit ations on answe r(s). To
qu antify unc e rtain ty, we tur n to the beh aviour of error unde r re pe-
tition of the sampling and measuring processes;

−− an analog y is tos sing a coi n – we cannot pre dict the outco m e
of a particular toss but pr obabi lity can descr ibe the dis tribution
of outco m e s un d er re pet it i on of the process of tos sing the coi n.

* In the cla s sroom , we can do actual repetit ion (repeating ove r and ove r) to dem ons trate, for exa mple, the statis ti c a l beha -
viour of the value s of sample att rib u t es (e.g., ave r age s) and of the value s which arise from mea s uring processes;

−− the two charact e ris ti cs of sign and magn itude of (nume rical) er ror lea d, unde r repetit ion, to what we call inaccurac y and
impre c isi on; the inverses of thes e two idea s – accurac y and pre c isi on – provi de more famili ar ter min ology, but we must
re a lize that statis ti c a l methods (tr y to) manage the (un d e sir able) fo rmer to achieve needed lev els of their (desir able) inv erses.

* Ou tsi de the cla s sroom , we recog n ize that actual repetit ion is usually not a viable optio n – we use ins tea d hypoth etical repe-
tition base d on an appro priat e st atis ti c a l model (fo r the selecting and measuring processes, for exa mple) ;

−− we help maint ain the distin ction bet ween the real world and the model by usi ng bia s and variability as the model qu an-
tities whi c h repre sent inaccur acy and impre cisio n in the real world.

Complet e infor mation an answe r we can know is cor rect

Inco mplet e infor mation an answe r we cannot know is cor rect

how much is the answe r li kel y to be off?

the idea of er ror, whi c h im pos es li mit ations on answe rs

behaviour of error unde r re pet it i on

re a l-world repetit ion

a statis ti c a l model

Sa mpling Me asuring

inaccur acy

imprecisio n
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[in fact, it is unli kely a numer ica l answe r (a n ‘e s tim ate’) is (ex actly) cor rect]

[e rro r is (and usually rem ain s) of unknow n value in a particular inve s tig a t ion]

(e.g., of sampling and measuring)

(hypoth etical repetit ion)
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* A statis ti c a l model, inclu ding its assumptions, allow s us to achieve our aim of quantifyi ng (so m e of) the unc e rtain ty in our
estim ate(s); par t of identifyi ng the lim itation s on an Answe r is to assess model error arisi ng fr om the differenc e between
(‘i dealized’) modelling ass umptions and the real-world situation.

* We empha size sa m p le er ror and measurem ent error in this introducto ry ove rvie w; other cat egor ies of error, whi c h ne e d
mo re backg rou nd to unde rst and, are (besi des model error) study error, non-res pon se error and co mpariso n er ror.

−− There can also be non-statis ti c a l er ror, alt hou gh ext r a-statis ti c a l know ledge is gene r ally requi red to assess it.

Er ror in our six cat egor ies is dis cus s ed in det ail in the sev ent e en St atis ti c a l Highlig hts #6 to #22; Hig hlig ht #6 provi des an
in trodu cto ry ove rvie w.

NO TES: 1. Another diagr am mati c summar y of what statis ti cs is about is giv en at the rig ht;
it shows a broad div isi on of the focus of statis ti c a l methods into data collec ting
and data analysis.

Inst anc es of impor tant que s tion s to be answe red (i.e., matt e rs needing dat a-
base d inve s tig a t i ng) are giv en by P. Calamai: Why jou rnali sts can’t add [Chap -
ter 3 (page s 15 -24) in St atist i cs, Sci ence, and Pub lic Polic y, A.M. Her tzberg
and I. Krupt a (e dit ors), Que en’s Unive rsity, Kingston, Ont ario K7L 3N6, 1998]:

Data

Info rmation

Know ledge

St atis ti c a l
methods of

data
collec ting

St atis ti c a l
methods of

data
analysis

What are the big things? They are issues such as silicon e brea st im p lants, the down -
si zi ng of the middle class, gende r pay equ ity, the con sum er price index, viole n ce aga inst women, the po-
ve rty lin e, drinking and pregnant women, race and crime, int e rnation a l debt comparisons , un emplo y-
ment rat es, the disappearanc e of the Atlantic cod, the taint e d bl ood scandal and, of cou rse, BSE and CJD,
two set s of init i als known only to a few res earche rs until Mad Cow Dis ease hit the headlin es in 1996.

2. The fol low ing are illust r ation s of the pre c ept that certai nty requ ire s co mplet e in formation and, conve rsely, inco m-
plet e infor mation ines capably yields uncer tain ty [ig noranc e (u sually of the size or mag n itude) of error]:

• In the proof of a theorem in mat hem ati cs, we hav e a set of axi oms and the rules of log ic; wit hin this sys tem of
co mplet e infor mation, the re can be certai nty the theorem is true.

• Games like ches s and bridge involve sma l l popula t ion s of ele ments (32 pie c es and 52 cards , re spectiv ely) and a
set of rules; wit hin thes e syst ems of complet e infor mation, the re can be certai nty which playe r ha s won a game.

• In dat a-base d inve s tig a t i ng, infor mation bou ndaries are sel d o m as cle arly defi ned as in mat hem ati cs, chess and
br idge, and practical con sid eration s im pos e sour ces of inco mplet eness and, henc e, of uncer tain ty, whi c h in clu de:

−− sampling: alt hou gh we want Answe r(s) to apply to a popu lation, we sel d o m have the resou rces to inv estig a te
mo re than a subset of the popula t ion (a sa m p le) – the idea of sample error rem inds us a sample sel d o m ag rees
exactl y with the popula t ion;

−− mea s uring : ev en app are n tly straig ht-for ward
qu antit ies like lengt h and weight hav e in her ent
un cer tain ty in the value s we obtain (the idea of
mea s urement error), while mea s uring quantit ies
li ke the number of cod in the Nor th At lantic
fis hing groun ds or people’s attitudes or opinions
(e.g., on mandato ry regis tration of fire arms, capi tal
punish ment, abortio n) may int roduce much gr eater mea s uring unc e rtain ty.

A diagr am mati c summar y of thes e matt e rs is giv en at the rig ht above.

DATA-BASED INVESTIGATING

Data Answer(s) to Que stion(s)
Complet e data

Inco mplet e data
Certain answe rs(s)

Uncer tain answe r(s)

Sa mpling Me asuring

Re asons for incomplet eness of dat a
[a n d, henc e, for unc e rtain ty in answe rs]

3. An illust r ation of sa m p le er ror is pol ling to estim ate a pro por tio n of interest, typically from a nation a l sample of
abou t 1,000 to 1,500 adult s. The sa m p le propor tio n is a poi nt estim ate of the popu lation propor tio n but is un-
li kely to be exactl y equal to it; howeve r, in a pro perly desig ned and exe cuted pol l, it is likely clo se enoug h (i.e., to
have sma l l en oug h sample error) to be an Answe r with acce pta b le li mit ation s, provi ded that measurem ent er ror
(e.g., arisi ng fr om the que s tionnaire, the int e rvie wer and the int e rvie w proces s) has als o been adequ ately manage d.

3. Why Do Terminology and Not ation Matt er in Statist ics?

Li terary dis ciplin e is usually needed for cle ar and succi nct pre sent ation of idea s in any respect able sub ject are a, but int ro-
du cto ry statis ti cs teaching mat e ria ls are not able for one or more of their obs cur ity, careles sness and muddled thinking. This un-
happy state of affairs may be becau se:

• st atis ti c a l id e as tend to be more than usually troub lesome to exp lain,

• st atis ti c a l writ e rs tend to be more than usually undisciplin ed and carele ss.

What eve r the rea son s fo r in adequ ate teaching mat e ria ls , the con seque n ces are that:

−− it is diffic ult for students trying to learn from such mat e ria ls to maint ain their int ellectual int egr ity,

−− students’ int ellectual challenge s arising from ina dequ acy of pre sent ation compromise their capacity to eng age wit h the (im -
portant and usef ul) sta tis tical id e as bei ng pres ented .
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STATISTICAL TERMINOLOGY, NOTATIO N an d DISTINCTIONS (continue d 1)

Three exc e rpts (fr om among many like them) illust r ate the foregoi ng ble a k assessment – shoul d the rea de r lau gh or cry?

Tw o ex pla n ato ry variable s or lur king variable s are con founded when their effects on a respons e
variable are mixed tog ether. When many variable s in teract wit h each othe r, confou nding of sev eral
variable s can preve n t us from drawing con clu sio ns about cau s ation. In the diag ram at the rig ht
which illust r ates confou nding, bot h the exp lanato ry variable x and the lur king variable z may influ-
enc e the respons e variable y – the dash ed lin e sh ows an association, the arrow s sh ow a cau se-and -ef fect
li nk. Becau se x is confou nde d with z, we cannot dis tinguis h the influe n ce of x fr om the influe n ce of z.
We cannot say how strong the direct effect of x on y is. In fact, it is hard to say if x influe n ces y at all.

A Google search in May, 2022, yields a varie ty of res ult s fo r the law of lar ge nu mbers; for exa mple:

As a sample size gro ws, its mea n ge ts closer to the average of the whole popu lation. (Inve s t opedia)

A theorem that des cribes the res ult of perfo rmi ng the same experiment a lar ge number of times. (Wi k iedia)

If you rep eat an expriment a lar ge number of times, what you obtain shoul d be close to the expected valu e. (Probability Cou rse)

As the number of ident i cally dis tributed randomly gen era ted variables incre ases , th eir sample mea n (a ver age) approaches their
th eore tical mean . (Encycl opedia Britannica)

A theorem that des cribes the res ult of rep eating the same experiment a lar ge number of times. (Corporate Fin a n ce)

If we tak e a sample of n obser vations of a random variable, the sample mea n appr oaches the expected valu e of the random
vara b le as n approaches infinity. (Khan Aca demy)

The frequ encies of eve nts wit h th e sa m e li kel ihood of occur ren ce eve n ou t, given enou gh trials or insta nces. As the number of ex-
periments incre ases , th e actual ratio of outco mes will conver ge on the expected, or theoret i cal, ratio of outco mes . (Whatis.co m)

As a sample size bec omes lar ger, the sample mea n ge ts closer to the expected valu e. (St atology)

Wh en we do an exper iment a lar ge number of times, the average res ult will be ver y cl o se to the expected res ult.
In oth er wor ds, in the long run , ra n dom eve nts ten d to average out at the expected valu e. (Ma th is Fun)

The rel ative frequ enc y of an eve nt will conver ge on the probabi lity of the eve nt, as the number of trials incre ases .
(St atis ti cs Diction ary)

The statis ti c a l ter min ology of de grees of freedom is often first encou ntered in int roducto ry statis ti cs cou rses when the divi-
so r, n−1, in the calcula t ion of s2 is introduced . The sample y− is use d as the location from whi c h to measure dev iation s when
co mputing s2, so it has been arrange d arbitrarily to make the sum of the devi a t io ns (y−y−) add to zero, whi c h it wou ld not ordi-
narily do if we use d the location value µ. This con strain t on the devi a t io ns is called los s of a deg ree of fre e dom . Its effect is
mos t seve re when the sample size is 1. Then y is the only obs ervation, y− = y, and the devi a t io n is y−y− = 0. Howeve r, when we
squ are this and try to div ide by n−1, we find ourselves illega l ly trying to div ide by zero. Wit h only one obs ervation, we thu s
have no way of usi ng only sample dat a to compute s2 as an estim ate of σ 2. When we hav e only 1 obs ervation and want to esti-
mate σ 2, we los e the only deg ree of fre e dom we hav e by estim ating µ by y, and we say we hav e no deg rees of fre e dom left for
estim ating σ 2.

When we want to estim ate σ 2, we hav e to ‘pay’ a degree of fre e dom for hav ing to estim ate µ, and this leave s us wit h n−1 de -
grees of fre e dom , or essentia l ly n−1 obs ervation s wo rth of infor mation, for estim ating σ 2. A 2 × 2 continge n cy table los es 3 de-
grees of fre e dom becau se of con strain t s im pos ed by margi nal totals. The idea of deg rees of fre e dom keeps coming up in more
co mplicted statis ti c a l methods, and so we need to become comfo rtable wit h it. Such statis ti c a l methods may los e addition a l de -
grees of fre e dom by estim ating more things.

x y

z

Introducto ry statis ti cs teaching mat e ria ls are a vast body but, rat her than quantity, we need mat e ria ls that are correct, cle ar
and usef ul. Achievi ng any on e of thes e thre e charact e ris ti cs is a dem anding task; tog ether, the three are a dau nting unde rtaking.
If the current dism al situation is to be rectifie d, teaching mat e ria ls ne e d to be built aroun d thre e distin ction s between:

* the popula t ion and the sample, * the real world and the model , * the indivi d ual case and beh aviour unde r repetit ion.

Su ch teaching mat e ria ls can be achieve d by appro priat e ter min ology and not ation pre sent e d and maint aine d with unrem itting
disciplin e; it is als o us eful to dis card some (unhelp f ul) current ter min ology. Rig orously maint aining thes e distin ction s fo sters a
mind -set whi c h routin ely recog n izes what statis ti c a l methods can, and cannot, accomplis h. [Thes e thre e distin ction s are a sem-
in a l in sig ht of the writer’s col le ag ue, Prof. R. Jock MacKay. ]

4. Terminology, Not ation and Distinc tions

From the star t, we avo id unt hinking ado ptio n fr om mat hem ati cs of matt e rs unsuit e d to statis ti cs.

* Rather than (dependent and independent)‘v ariable s ,’ we hav e‘v ariat es’
which (as summarized in the schema at the rig ht) are desig n ated as respons e
(le tter y) or exp lanato ry, wit h the latt e r being focal (le tter x) or non -focal (le tter z).

* Inst ea d of only usi ng it ali cs as is com mon for types etting mat hem ati cs, we exp l oit more broadly letter case and face/style:

Variat e Re spons e (y)
Explanato ry Focal (x)

No n-focal (z)

−− up per case bold le tters are for popul ation qu antit ies, −− lowe r ca s e Ro man letters are for (sample) dat a,

−− up per case it ali c le tters are for ra ndom var iables, −− lowe r ca s e it ali c le tters are for va lues of random variable s;

−− also, lowe r ca s e Greek letters [e.g., µ (m u), σ (s igma), π (pi)] are use d fo r (probability and respons e) model para m eters.
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As indicated for a respons e variat e in the first lin e of Table 1 at the rig ht, thes e notation conve n tio ns enable
ma int aining the popula t ion -sample and real world-model dis tin ction s.

• The lin e throug h the bold le tter (we sa y ‘y cross’) is to dis tinguis h Y− fr omY in handwrit ten symbols.

• From the beginning, we us e le tter y as the ge ner ic variat e, whi c h is a resp onse fo r mu ch of the
discus sio n in introducto ry statis ti cs; this hel ps avo id conf usi on from (the surprisingly com mon
practi ce in int roducto ry tex ts of) st arting wit h x as the gen eric
variat e (a car r y-ove r fr om mat hem ati cs?) and then havi ng to
sw itch to y when (say) lin ear reg res sio n is dis cus s ed.

The secon d li ne of Table 1 is for an attr ibute [o f a gr oup of ele ments (or units) like a popula t ion (or a sample)], speci fi cally an
aver age in the con tex t of our sim p lest respons e model of equ ation (1). We say (or write): th e population aver age Y

−− is repre-
se nte d by the model mean µ, fo r wh ich the es timator is the random variableY

−
and the es timate is the sample average y− (= y−).

• Implicit (and easi ly ove r looke d) in this statement is the invest iga tor’s re sponsib i lity to ens ure that the Pla n fo r the inv estig a-
tion makes it rea son able to tre at y− (the sample ave r age – a number – calcula ted from dat a) as y− (the value of the random
variable repre senting the sample ave r age in the model).

• The lengt h of the stat ement makes it tem pting to try to sho rten it but, as words are omitt e d, the distin ction s it makes become
obs cure d or are los t altoge the r (e.g., ‘µ is estim ated by y−’) – see als o Ta ble 2 bel ow.

• Sy mbols are often sub scr ipt e d; e.g., Yj and Rj in model (1) and Z−1, Z− 2, ....., Z− k fo r mu ltiple non -focal exp lanato ry variat es.

The thi rd lin e of Table 1 shows another (us eful) att rib u t e, a pr oportion (le tter p); res erving letter ‘p’ for pro por tio ns ent ails ou r
using ‘Pr( )’(Ro man letters) for pr obabi lity, in con trast to the (random variable look-ali ke) ‘P’of mos t in trodu cto ry statis ti cs tex ts.

Ta ble 1
Re al
wo rld Model

Y−, y Y, y

Y
−−, y− Y

−
, y−, µ

−P, p P, p, π

Yj = µ +Rj, j =1, 2, ....,n, Rj ∼ N(0, σ),
prob. independent, EPS

-----(1)

A feature of thes e Ma ter ials is their empha sis on sta n dar d devi ation rather than varian ce – the latt e r, whi c h (u nhelp f ully) is the
focus of tradit ion a l st atis ti cs teaching, is mentio ned only wit h relu ctanc e fo r re asons giv en on pag e HL91. 22 in Statis ti c a l Highlig ht
#91 [see als o the com ment (•) above Not e 9 on pag e 2.138 in Fig ure 2.1 7 in the STAT 332 Course Mat e ria ls (1995 cur riculu m)] .

−− St andard dev iation s ent ail the rou tin e typesetting of squ are roots, an on erous task for achievi ng aest heti c ou tco m e s.

Fo r st andard dev iation s (and av erage s), maint aining the real-world/model dis tin ction is aid ed by ter min ology giv en in Table 2 at
the rig ht bel ow; we exp l oit the availa b i lity of two words in Englis h fo r mea s ure s of location but, wit h on e ter m fo r variation and
variability, thes e Ma ter ials sugge s t, par ticularly for beginning students, (ment ally) adding the adj ectiv es ‘data’ and ‘probabilis ti c.’

++ The aver age-mea n distin ction is absent from cur rent statis ti-
cal discou rse – the re als o se ems to be alm o st
wilf ul (unne c essar y) use of ‘mean,’ perhaps to
soun d er udit e, becau se we learn about ave r age s
in grade school whe re it wou ld be inappro priat e
to raise the (nu anced) matt e r of a div iso r oth er than the number of obs ervation s (w idely den oted n, Roman ‘n’ in thes e Ma ter ials) .

++ The (unprofitable) n−1 vs.n  sag a is abou t the ‘co rre ct’ div iso r fo r calcula t i ng (u nde r cons train t s) the ave r age dev iation from
the ave r age for a (data) standard dev iation – see Appendix 3 on pag es HL100.7 to HL100.9 in Statis ti c a l Highlig ht #100.

++ In con trast to (nu anced) av eragi ng of data, at lea st in introducto ry statis ti cs the re is no disagreement about how to calcula te the
mean and standard dev iation of a random variable – see, for exa mple, Fig ure s 5.9 and 7.11 in the STAT 220 Course Mat e ria ls.

Ta ble 2
At tribute Real Wor ld Model

Location Ave r age Mean
Variation/variability (Data) standard dev iation (Probabilis ti c) standard dev iation

The foregoi ng matt e rs can be seen in use in Appendix 1 on pag es TND -7 and TND -8 and, in a reg res sio n cont ext, in Fig ure 16.1
in the STAT 231 Cou rse Mat e ria ls; the Glo ssary ent rie s in Statis ti c a l Highlig ht #91 als o prov ide more det ail.

We distinguis h fo ur popula t ion s by evocative adj ectiv es:

* the target popula t ion; * the st udy popula t ion; * the re spon dent popula t ion; * the non-respondent popula t ion.

Thes e popula t ion s are cent r al to deve loping the first two catego rie s of er ror in Table 3 at the rig ht bel ow; we see them , fo r in -
st anc e, as par t of the rig ht-hand schema on the lowe r half of pag e TND - 6 and of the diag ram at the upper rig ht of pag e HL91.11
in Statis ti c a l Highlig ht #91. [Some con tex ts inv olve a pr ocess rather than a popula t ion – for exa mple, see Statis ti c a l Highlig ht #94].

Thes e Ma ter ials maint ain throu ghout that (re a l-world) popula t ion s in statis ti cs are finit e; infin ite ‘popula t ion s’ are a (so m etim e s
us eful) model – see, for exa mple, Appendix 4 on pag e HL77.1 0 in Statis ti c a l Highlig ht #77.

The indivi d ual case -repetit ion dis tin ction is alrea dy implicit in our use of:

• er ror, whi c h aris es in an in dividua l inve s tig a t ion, AND:

• a respons e model li ke the one in equ ation (1) abov e, becaus e
su ch model s only des cribe behaviour unde r re pet it i on.

The dis tin ction is explicit in the ter min ology for our six cat egor ies of
er ror; as shown in Table 3 at the rig ht, (nume rical) er ror unde r repe-
tition can become eit her inaccur acy or impre cisio n, depending on
whet her its sig n or mag n itude is inv olved . Re pet it i on is evo k ed by
adding ‘-ing’ to the eleve n adje ctive s fo r in accur acy and impre cisio n.

• Studyi ng and non -re sponding impre cisio n are de-em pha sized in the rig ht-hand colum n of Table 3 becau se thes e Ma ter ials
assume a determinis tic (not a stochast i c) process for speci fyi ng the study popula t ion and, for people as ele ments or units,

Ta ble 3
Indivi du a l case
Er ror Ina ccu racy Imp recision

Study Studying (Studyi ng)
No n-respons e No n-responding (No n-responding)

Sa mple Sampling Sampling
Me asurement Mea s uring Mea s uring

Comp arison Comparing Comparing

Model Model ling -----

. . . . . . . . . . . Re pet ition . . . . . . . . . . .
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de cid ing whether to respond (un d er giv en inc entiv es) . [Elsewhere, the re are stocha stic model s fo r the respons e proces s.]

• Me asurement error arises for an indivi d ual measurement but over all er ror inv olves attr ibute measurem ent error.

−− Us u ally, att rib u t e mea s urement error erro r is manage d in an inv estig a t ion by managi ng mea s urement error.

−− The ef fec t of mea s urement error may differ bet ween variat es and an att rib u t e (li ke the slo pe of a reg res sio n li ne) .

−− Our usual con cer n is wit h sa m p le att rib u t e mea s urement error becau se a census is rare in practic e.

• Model error (in the last lin e of Table 3) is the only cat egor y of error not defin ed in ter ms of att rib u t es; its nature means it
is sel d o m ap pro priat e to con sid er model ling impre cisio n, as indicated by the final dash (-----) in Table 3.

Our six error cat egor ies are useful becau se, con tinge n t on pro per Questio n fo rmu lation in ter ms of the targe t popula t ion/proces s,
they hel p us identify so urces of error; in a par ticular inv estig a t ion, we then incorporate Pla n co mponents whi c h we expect wil l
ma n age inaccur acy and manage impre cisio n (by managi ng variation) in ways that wil l re duce, to a lev el accep table in the Que s-
tion con tex t, the lim itation s im pos ed on Answe r(s) by (the likely size or chanc e of) each catego ry of error. Pla n co mponents to
ma n age the six cat egor ies of error are sum marized in Table HL6.1 on pag es HL6.4 and HL6.5 in Statis ti c a l Highlig ht #6.

NO TE: 4. It is unfor tun ate that, for two essentia l conc epts, statis ti cs deals direc tly with inaccur acy and imprecisio n, whe rea s co m-
mon useag e involves the (mo re fa m ili ar and, seemingly, more straig ht for ward) inve rses, namely accur acy and pre cisio n.

5. The FDE AC Cyc le

A charact e ris ti c of statis ti cs cou rses is their con cer n (s ome might say obs essio n) wit h data analysi s. Fo r la ter speci ali zed
courses, this con cer n is usually appro priat e but, in int roducto ry cou rses whe re students typically encou nter the sub ject at a se-
riou s leve l fo r the first tim e, it is imper ative they learn that the re is much more to statis ti cs than data analys is. They need to
re cognize the hard truth that unle ss many di fficult task s of error management are unde rtake n su ccessfully befo re data analys is,
it s answe r(s) are likely to be fat ally compromise d by sev erity of lim itation s. The tab ular sum mar y of the components of the
FDEAC cycle in Table 4 bel ow (a n ov ervie w of a pr ocess fo r data -base d inve s tig a t i ng) prov ides a basis for students to star t to
assim ila te thes e vital idea s; Table 4 is ela borated in Statis ti c a l Highlig hts #88 and #89.

An othe r le sson to learn is that inadequate management of any on e catego ry of error can res ult in sev ere lim itation on answe r(s),
despi te all oth er er ror cat egor ies bei ng adequately manage d.

St age Formu lat ion stage Desig n st age Exe cut ion stage Ana lys is stage Conclusion stage

In put Ques tion(s) clear Ques tion(s) a Plan Data Infor mat ion

Target ele ment

Target popula t ion/proces s

Variat es: • Re spons e

• Explanato ry

At tributes

Fishbone diagr am

Aspect: • Descriptiv e

• Causative

Study ele ment/un it

Study popula t ion/proces s

Re spondent popula t ion/proces s

Refi ne respons e variat e(s)

Deal wit h ex pla n ato ry variat es

Protocol for: • Sele cting units

• Choosi ng gr oups

• Setting lev els

Me asuring process(e s)

Plan for the: • Executio n st age

• Analys is stage

Execute the Pla n

Mo nit or the data

Examine the data

St ore the data

Info rma l analys is:

• Num erical att rib u t es

• Graphi c a l att rib u t es

• Othe r infor mal methods

As s ess model ling assump tion s

Fo rma l analys is:

• Confid e n ce int e rvals
Prediction inter vals

• Si gnific a n ce tests

• Othe r fo rma l methods

In the langu age of
the Que s tion con tex t:

Answe r(s)

Li mit ation s

Re com mendation s

[‘Ev idence-base d de cisio ns,
im prove ments, .....’ means
using Answe rs from data-
base d inve s tig a t i ng wit h
an adeq uate Plan.]

Output clear Ques tion(s) a Plan Data Infor mat ion Knowl edge

Ta ble 4: The FDE AC cyc le: a struct ure d pr ocess fo r data-based inv est igating

C
o
m
p
o
n
e
n
t
s

The kudos from bei ng party to arcan e mathem ati c a l and computation a l technique s , and the ‘excitement’ of reaching more
qu ickly the goa l of answe rs, combin e to make it wid e spre ad in statis ti cs teaching and practic e to devo te inadequate resou rces to
er ror management in the rela t ive drudge ry of Que s tion for mulation, dev elo ping a pro per Pla n and its careful exe cutio n ; the
cons equ enc e of answe rs that likely embody fa lse hoo ds can easi ly be (and rou tin ely is) ign ore d.

The diagr am at the rig ht makes the fol low ing poi nts about the FDEAC cycle in rela t ion to the model:

the periph era l ar row s remind us each stag e ha s im p lication s fo r the stage s befo re and after it; for exa mple:

−− the For mulation stage may need to con sid er the type of Pla n (e.g.., exper iment al or
obs ervation a l) and the Pla n mu s t have appro priat e co mponents to addre ss the Que s tion(s);

−− the Pla n mu s t specify the data which are requ ire d and the Exe cutio n st age must be sure
the Pla n as devel oped is car rie d ou t to gen erate such dat a;

−− the Exe cutio n st age gene r ates the data for the Analys is stage and the Analys is stage must
us e modelling assump tion s that can be justifie d in lig ht of the Exe cutio n st age;

−− the Analys is stage must obtain from the data the infor mation needed in the Con clu sio n st age to

F
DC

EA

Model
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answe r the Que s tion(s) and the Con clu sio n st age must giv e Answe r(s) that can be justifie d fr om (proper) dat a analys is;

−− the Con clu sio n st age must giv e Answe r(s) whi c h addres s the Que s tion(s) wit h li mit ation s accep table in the Que s tion con-
text and the For mulation stage must have pos ed Que s tion(s) for which such Answe r(s) ca n be prov ide d;

the ra dia l ar row s remind us the (re spons e) model ha s im p lication s fo r the last fo ur st age s of the FDEAC cycle; speci fi cally:

−− on ce the re are cle ar Que s tion(s), par t of the Pla n to answe r thes e Questio n(s) is an appro priat e model (e.g., for sampling
and measuring processes, inclu ding calcula t i ng sample size) [discus s ed in Fig ure 2.1 3 of STAT 332];

−− the Exe cutio n st age gene r ates dat a us ed to estim ate model parameters repre senting study popula t ion attributes, and error
in thes e estim ates depends on how the data are gen erated (e.g., impre cisio n and inaccur acy of mea s uring processes) ;

−− the Analys is stage may use model-base d fo rma l methods of dat a analys is and then the model must be appro priat e fo r
the met hod(s) of analys is that wil l obtain from the data the infor mation needed to answe r the Que s tion(s);

−− the Con clu sio n st age must con sid er the model and its assump tion s in assessing lim itation s on Answe r(s) and the model
mu s t be chosen wit h Answe r(s) and their accep table limitation s in the Que s tion con tex t in min d.

The three diagr ams bel ow are picto ria l reminde rs of, respectiv ely, the respondent popula t ion -model-sample seque n ce, our
vie w of the model as a link in this seque n ce, and of how our fou r popula t ion s, the sample and the six cat egor ies of error com-
pris e a process for dat a-base d inve s tig a t i ng.

Model-base d methods of analys is in statis ti cs use dat a fr om a sample to es tim ate value s
of model parameters whi c h then repre sent plau sible value s
(in lig ht of the data) for respondent popula t ion attributes and,
henc e, for Answe r(s) to Que s tion s; we dis tinguis h a poin t
estim ate from an in ter val estim ate (defin ed on pag e HL91.11
in Statis ti c a l Highlig ht #91). When the nor mal model is ap-
propriat e fo r the dis tributio n of the respons e variat e value s , the
model mean µ is estim ated by the sample ave r age y− (= y−) and
σ is estim ated by the sample standard dev iation s (= s) – bot h
poin t estim ates. As il lust r ated at the rig ht, we can think of the process
of estim ating µ by y− and σ by s as approxi mating the his t ogr am of a dat a
set by the nor mal p.d.f. wit h the same ‘cent re’ and same ‘w idt h’ as the his t ogr am .

Y−

Y
−−

µ

y−

Propor tio n per unit
of mea s ure d re spons e

Dist rib u tio n of
resp onden t popu lation

mea s ure d re spons e
variat e value s Mo del fo r the

dist rib u tio n of
re spondent popula t ion

mea s ure d re spons e
variat e value s Sa m p le of

mea s ure d
re spons e

variat e value s

E P S

Re al Wor ld Imaginat ion

RESPONDENT
POPULATION

SAMPLE

MODE L

Model
parameters

repre sent respon-
dent popula t ion

att rib u t es

Model
parameters are
estim ated from

sample dat a

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

MO DEL

(tr ue value s) (m e asure d value s)

Answe r(s) to Questio n(s)

Comp a-
rison
er ror

Study
er ror

No n-respons e
er ror

Sa mple
er ror

Me asurement
er ror

Model
er ror

Sa mple att rib u t e

6. Terminology to Avo i d or Use With Car e

As wel l as defi ning appro priat e and evocative ter min ology, clarity is aid ed by not duplicating exi sting ter ms wit h (e quivalent)
‘feel-good’ words (with pos sib ly amb iguou s st atis ti c a l connot ation s) – in statis ti cs, we eschew ‘elega n t variation’ in wording.

* Ap plicability (o f an Answe r) refers to study error and/or sample error.

* Gener ality (o f an Answe r) usually refers to sample error; in DOE, ge neral ity (o r a wide r induc tive basis) may
refe r to whether the Pla n involves a facto ria l treatment structure so that int e r actio n ef fect(s) can be estim ated .

−− Gener alizability refe rs to study er ror and ge neral ization to sa m p le er ror in the socia l scie n ces.

* Re liability [u sually] refers to adequ ate pre cisio n (a t taine d by managi ng imprecisio n) [so m etim e s to adequ ate accur acy].

* Sensitivity (a b i lity to det e ct an effect) refe rs to adequ ate pre cisio n (a t taine d by managi ng imprecisio n).

* St rength (o f an Answe r) means pre cisio n so we akness means imprecisio n.

* Trustworthiness (o f an Answe r) means accur acy so untrustworthiness means inaccur acy.

* Va lidity (o f an Answe r) means accur acy so inva lidity means inaccur acy.

As wel l as the clarity that res ult s fr om usi ng the idea s only of ‘accur acy’, ‘precisio n’ and ‘er ror’, Statis ti c a l Highlig ht #91, in the Glo s-
sary starting on pag e HL91.7, sugge s t s re s trict e d us e or avo idanc e as statis ti c a l ter min ology for the fol low ing words or phrases:

degrees of fre e dom , er ror (in reg res sio n models), exper iment, hypot hesis testing/test of hypot hesis , in d ependent, piv otal/pivo tal
qu antity, popula t ion parameter, probable error, random , randomization, rela t ive frequ enc y, repre sent ative sample, sample statis ti c,
sampling bia s, sig n ific a n ce lev el, sim p le random sampling, statis ti c, sur vey, test of sig n ific a n ce, test statis ti c, unive rse, varia n ce.
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7. Appendix 1: The Not ation in Use – Illustr ations from the STAT 332 Course Mat erials [o ption a l re ading]

The fol low ing table s (w ith STAT 332 pag e refe renc es) illust r ate
the not ation advocat e d and used in thes e Ma ter ials.

Figure 2.3, page 2.37
Ta ble 2.3.1: SYMBOL DESCR IPTION

Random Respondent
va riabl e popul ation

Y y Y− Re spons e variat e
– j i Su mmation index
– x X− Focal exp lanato ry variat e
– z Z− Explanato ry variat e

– n −N Number of units/elem e n t s
Y
−

y− Y
−− Av erage (sum ÷ number)

R r −R Re sidu al [or Ratio]
S s S− St andard dev iation

Va lue

Figure 2.3, page 2.38

Ta ble 2.3.2: SU MMARY OF STA NDA RD DEVI ATIONS
Re sponse Models Sur vey Sampl ing

σ Model parameter S− Re spondent popula t ion standard dev iation – an att rib u t e
σ̂ Estimate of σ s Sa mple standard dev iation – we take s = s to estim ate S−
σ∼ Estimato r of σ S Estimato r co rre sponding to s – a random variable

Figure 2.3, page 2.38

Ta ble 2.3.3
Re spondent popula t ion standard dev iation S−

data st andard dev iation
Sa mple standard dev iation s

St andard dev iation of the sample ave r age s.d.(Y
−

)
pr obabi lis tic st andard dev iation

Estimated standard dev iation of the sample ave r age s.d.ˆ (Y
−

)

Figure 2.3, page 2.40

Ta ble 2.3.5: ....QUA NTITY...... RESPONDENT POPULATION ....... SAMPLE [MODE L].....................

Si ze (elem e n t s/un its) −N n

Re spons e Y−i (i =1, 2, ...., −N) yj (j =1, 2, ...., n) [r.v.s areYj with value yj]

Av erage

To tal

St andard dev iation

Y
−− = 1

−NΣ
i =1

−N

Y−i = 1
−N TY− y− = 1

n Σ
j =1

n

yj [r.v. isY
−

with value y−]

TY− = −NY− = Σ
i =1

−N

Y−i T
y = −Ny− [r.v. is TY with value

T
y]

S− = 1
−N −1

SSY− ≡ 1
−N −1

Σ
i =1

−N

(Y−i −Y− )
2

s = 1
n −1

SSy ≡ 1
n −1

Σ
j =1

n

(yj −y)
2 [r.v. is S with

value s]√ √ √ √

Figure 2.3, page 2.45
Ta ble 2.3.7: Elements Clu sters Relationships

Re spondent popula t ion −N −M −N = −ML, L = −N/−M
Sa mple n m n = mL, L = n/m

Also: Y
−−

i = 1
L

Σ
k =1

L

Y−ik is the ave r age respons e of the ith popula t ion clu s ter,

y−j
= 1

LΣ
k =1

L

yjk is the ave r age respons e of the jth sampled clu s ter,

the sub scr ipt ec in Table 2.3.8 at the rig ht den otes ‘equal-sized clu s ters.’

Figure 2.3, page 2.45
Ta ble 2.3.8

EPS of ele m e nts Page EPS of clu sters Page

2.40 2.105

2.40 2.106

2.40 2.105

2.41 2.1 05

2.42 2.106

y− = 1
nΣ

j =1

n

yj

s = 1
n −1

Σ
j =1

n

(yj −y)
2

S− = 1
−N −1

Σ
i =1

−N

(Y−i −Y− )
2

s.d.(Y
−

) = S− 1
n − 1

−N

y− ± αt*n−1s 1
n − 1

−N

y−ec = 1
mΣ

j =1

m

yj

sec = 1
m −1

Σ
j =1

m

(yj −yec)
2

S−ec = 1
−M −1

Σ
i =1

−M

(Y−i −Y− )
2

s.d.(Y
−

ec) = S−ec
1
m − 1

−M

y−ec ± αt*m−1sec
1
m − 1

−M

√

√

√

√

√

√

√

√
Figure 2.10, page 2.81

Ta ble 2.10.1: .......QUA NTITY....... RESPONDENT POPULATION ............... SAMPLE [MODE L]................

Si ze (elem e n t s/un its) −N n

Indicato r variat e −Vi
(i =1, 2, ...., −N) vj (j =1, 2, ...., n) [r.v.s are Vj with value vj]

Propor tio n

Number (or frequ enc y) −N−P (n umber in sample = np)

−P = 1
−N

Σ
i =1

−N
−Vi = −V

−
p = 1

n Σ
j =1

n

vj = v− [r.v. is P with value p (= v−)]

Figure 2.10, page 2.88

Ta ble 2.10.9
QUANTITY SYM BOL

Popula t ion pro por tio n −P
Sa mple pro por tio n p

Random variable P
A value of P p

Model parameter π
Probability Pr

Figure 2.14, page 2.112

Ta ble 2.14.7: . . . . . . Figure . . . . . . .
2.3 2.10 2.14

Popula t ion Respons e Y−i Ci or
c
Ci Y

−−i

At tribute(s) Y
−−, S− −P Y

−−, S−ec

Si ze -N −N −M

Model Random variable(s) Y
−
, S P Y

−
ec, (Sec)

Va lue(s) y−, s p y−ec, sec

Sa mple Respons e yj Cj or
c
Cj y−j

At tribute(s) y−, s p y−ec, sec

Si ze n n m
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Figure 2.1 5, page 2.113 and Figure 2.17, page 2.131
Ta ble 2.1 5.1: Re spondent Sample (Estimate) Mo del

Quantity Popul ation (= model va lue) (Esti mator)

Av erage Y
−− X

−− y− (= y−) x− (= x−) Y
−

X
−

To tal TY− TX− T
y = −Ny− (=

T
y) Tx = −Nx− (= Tx) TY TX

Ratio −R = Y
−−/X

−− ≡ TY−/TX− r = y−/x− ≡
T
y/Tx (= r) R

Figure 2.16, page 2.1 25

Ta ble 2.16.2: ......QUA NTITY...... RESPONDENT POPULATION ................ SAMPLE [MODE L].................

Si ze: units ≡ clust e rs −M m

elem e n t s

Clust e r si ze −Li (i = 1, 2, ....., −M) l j (j = 1, 2, ....., m) [r.v. is Lj with value lj]

Av erage clu s ter size −L
−

= −N/−M = l
−

= n/m =

Re spons e Y−ik (i = 1, 2, ....., −M; k = 1, 2, ....., −Li)

Clust e r av erage

Clust e r tot al

Av erage clu s ter tot al

Av erage

To tal

−N = Σ
i =1

−M

−Li
n = Σ

j =1

n

l j

= 1
−M

Σ
i =1

−M

−Li
1
m Σ

j =1

m

l j [r.v. is L
−

with value l
−
]

yjk (j = 1, 2, ....., m; k = 1, 2, ....., lj) [r.v. is Yjk with
value yjk]

Y
−−i = 1

−Li

Σ
k =1

−Li

Y−ik = 1
−Li

TY−i y−j =
1
lj

Σ
k=1

l j

yjk = 1
lj

T
yj [r.v. isY

−
j with value y−j]

TY−i = Σ
k =1

−Li

Y−ik = −LiY
−−i T

yj = Σ
k=1

l j

yjk = l jy−j [r.v. is TYj with value
T
yj]

TY
−− = 1

−M
Σ
i =1

−M

TY−i T
y− = 1

mΣ
j =1

m

T
yj [r.v. is TY

−
with value

T
y−]

Y
−− = Σ

i =1

−M

TY−i Σ
i =1

−M

−Li
y−uc = Σ

j =1

m

T
yj Σ

j =1

m

l j [r.v. is Y
−
uc with value y−uc]

TY− = Σ
i =1

−M

TY−i = −NY
−− = −MTY

−−
T
y = −Ny−uc

(if −N is known) [r.v. is TY with
value

T
y]

T
y = −M

T
y− (if −N is unknow n)

8. Appendix 2: No tat ion – Man aging Falsehood

The foregoi ng eleve n tables from the STAT 332 Course Mat e ria ls occur near the star t of the relev a n t Figure to sum marize
the not ation that wil l be use d in that Fig ure. The table s also hav e a broader purpose – they provi de con tin uing empha sis on
ma int aining the three dis tin ction s, lis ted on the lowe r half of pag e TND -3, whi c h are vit al for effective statis ti cs teaching. The
tables have the fol low ing feature s:

* the ter ms ‘re spondent popula t ion,’ ‘sample’ and ‘model’ are prominent in the colum n and row hea ding s ,

* the sample is taken as the sou rce of real-world dat a, as is the case in mos t data -base d inve s tig a t i ng,

* the respondent popula t ion colum ns not ation is upper-case bold le tters wit h high vis u al imp act,

* the sample colum ns hav e low-vis u al-imp act lowe r-case Roman letters, empha sizing the popula t ion -sample dis tin ction

* the model colum ns are dis tinguis hed by their it ali c le tters and (us u ally) ‘random variable’ (r.v.) label(s),

* as illust r ated in equ ation s (2) and (3) at the rig ht [take n fr om
the upper half of pag e 2.125 in Fig ure 2.1 6], a quantity
and its estim ate are not ation a l ly di ffere nt in appearanc e, a
us eful rem inde r (not dependent on knowing the meanings
of the symbols) of the distin ction bet ween beh aviour un-
de r repetit ion and the indivi d ual case.

This illu s tration is for standard dev iation, but the same is true of estim ating bia s, wit h mu ltiple exa mples in Fig ure s 2.15,
2.16 and 2.1 7; the differenc e in vis u al imp act is hig her in the more complicated expre ssi ons in thes e thre e la ter figure s than
in the first ins tanc e encou ntered as equ ation s (2. 3.9) and (2. 3.1 7) on pag e 2.41 in Fig ure 2.3.

Distig uis hing ob ser ved (Ro man) y from a model (it ali c) y to distinguis h the obs erved sample ave r age and standard dev iation,
y− and s, from the model quantit ies y− and s, rem inds us of the impor tanc e in the Desig n st age of the FDEAC cycle of dev elo p-
ing a Pla n that makes it re aso nable to tre at y− as y− and s as s (a s in, for exa mple, Table 2.3.5 on the upper half of pag e TND -7).

Fa ilu r e to obs erve the foregoi ng dis tin ction s ma kes it easie r to ove r look the que s tion to be aske d abou t all data: Ho w were they
ge ner ate d? If this que s tion is not aske d, it becomes more likely that statis ti c a l methods wil l be appli ed in situation s where their
un d erlyi ng assump tion s (li ke probability selecting, accur ate mea s uring processes, independent measuring, dis tributio nal assump -
tion s) are viola ted, lea ding to answe rs wit h su ch sev ere lim itation s that they are likely to embody falsehoods.

• Our error cat egor ies (fo r ex ample, study error, non -re spons e er ror, sample error, mea s urement error and model error in the
ca s e of sample sur veys) provi de a framewo rk for assessing the sev erity of the lim itation s im pos ed by error on answe rs.
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