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STATISTICS and STATISTICAL METHODS: Glossary for Int r odu ctory Statist ics –
(a bou t 400 ent rie s , abou t 31 5 defin ition s and descr iptio ns) Dist inc tions and Not ation

1. Backg round I – What is Statist ics Abo ut? [o ption a l re ading]

As sum marized in the two schema s at the rig ht, statis ti cs is con -
cer ned with data-base d invest iga ting (o r em pir ical proble m solv ing)
of the real world, whi c h means inv estig a t i ng some popula t ion or
proces s on the basis of data to answer on e or more qu est i ons.
Fo r this introducto ry dis cus sio n, only the inv estig a t ive met hods of
samp ling and me asuring are shown in the lowe r schema .

This introduction pre sup pos es initia l ly that dat a-base d inve s tig a t i ng is con cer ned with answe r(s) to que s tion(s) about a col lec-
tion of elements which compris e a popul ation. For exa mple:

a computer manufacture r may want to assess war ranty cla ims for one of its produ cts – an el ement woul d be one item of
the produ ct and the popu lation is all such items sol d ov er some speci fi ed per iod;

a gov ernment department may want to know the pro por tio n of Cana dian adult s who hav e conc e rns about the lev el of fun d-
ing of the health care sys tem – an el ement woul d be a Cana dian adult and the popu lation is all such Cana dians;

a financia l in stitution may wis h to find people whose profile makes them more likely to accep t an unsoli cit e d offer of a cre dit
card – an el ement woul d ag ain be a person but the popu lation is harde r to speci fy; it cou ld be people whose profile puts
them at or above an accep tanc e leve l de eme d li kely to make the cre dit card offer ing profit able for the financia l in stitution.

The que s tion(s) to be answe red may so met imes be con cer ned with an in dividua l to be selected in future from the popula t ion.
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2. Backg round II – Key Ide as: Unc ertainty, Error, Repet ition, Accur acy and Pre cision [o ption a l re ading]

A cent r al is s ue in dat a-base d inve s tig a t i ng is that ext e rnal con strain t s and the type of infor mation we requi re impose sam-
pling and measuring processes on mos t inve s tig a t i ng; we then need to assess the likely ‘co rre ctness’ of the answe r fr om the in-
ve s tig a t i ng in lig ht of the uncertainty in trodu c e d by thes e two processes. In essenc e, this is the problem of induc tion. An
ov ervie w of this matt e r is giv en in the schema at the rig ht bel ow; the main idea s are sum marized at the left.

* If we hav e co mplet e infor mation, we can ob-
tain a certai n answe r; that is, an answe r we
can know is cor rect.

* If we hav e inco mplet e infor mation, we can -
not know an answe r is cor rect (an uncer tain
answe r) – in fact, it is unli kely a numer ica l
answe r (a n ‘e s tim ate’) is (ex actly) cor rect;
−− sampling and measuring yield data (and,

henc e, infor mation) that are in her ently in complet e.

* An answe r which is a number (li ke a sample ave r age) is
called a point est imate of the cor responding popula t ion att ribute
(the popula t ion ave r age).

* To make such an answe r mo re us eful, we want to be able to giv e
an interval est imate, a quantit ative statement about how far the
poin t estim ate is li kel y to be from the true value – this differenc e
is the er ror of the estim ate. Un certainty is ign oranc e abou t er ror.

* In a particular inve s tig a t ion, the size of the error is (and usually re-
ma ins) unknow n; this is reflected in limitations on answe r(s). To
qu antify unc e rtain ty, we tur n to the beh aviour of error unde r rep-
et ition of the sampling and measuring processes;

−− an analog y is tos sing a coi n – we cannot pre dict the outco m e
of a particular toss but pr obabi lity can descr ibe the dis tribution
of outco m e s un d er re pet it i on of the process of tos sing the coi n.

* In the cla s sroom , we can do actual repetit ion (repeating ove r and ove r) to dem ons trate, for exa mple, the statis ti c a l beha -
viour of the value s of sample att rib u t es (e.g., ave r age s) and of the value s which arise from mea s uring processes;
−− the two charact e ris ti cs of sign and magn itude of (nume rical) er ror lea d, unde r repetit ion, to what we call inaccu racy and

impr ecision; the inverses of thes e two idea s – accu racy and pr ecision – provi de more famili ar ter min ology, but we must
re a lize that statis ti c a l methods (tr y to) manage the (un d e sir able) fo rmer to achieve needed lev els of their (desir able) inv erses.

* Ou tsi de the cla s sroom , we recog n ize that actual repetit ion is usually not a viable optio n – we use ins tea d hypoth etical repe-
tition base d on an appro priat e st atis ti c a l model (fo r the selecting and measuring processes, for exa mple) ;

−− we help maint ain the distin ction bet ween the real world and the model by usi ng bia s and variability as the model qu an-
tities whi c h repre sent inaccur acy and impre cisio n in the real world.

Complet e infor mation an answe r we can know is cor rect

Inco mplet e infor mation an answe r we cannot know is cor rect

how much is the answe r li kel y to be off?

the idea of er ror, whi c h im pos es li mit ations on answe rs

behaviour of error unde r re pet it i on

re a l-world repetit ion

a statis ti c a l model

Sa mpling Me asuring

inaccur acy

imprecisio n

accur acy

precisio n

bia s

variability

[in fact, it is unli kely a numer ica l answe r (a n ‘e s tim ate’) is (ex actly) cor rect]

[e rro r is (and usually rem ain s) of unknow n value in a particular inve s tig a t ion]

(e.g., of sampling and measuring)

(hypoth etical repetit ion)
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* A statis ti c a l mo del, inclu ding its assumptions, allow s us to achieve our aim of quantifyi ng (so m e of) the unc e rtain ty in our
estim ate(s); par t of identifyi ng the lim itation s on an Answe r is to assess model error arisi ng fr om the differenc e between
(‘i dealized’) mo delling assumpt ions and the real-world situation.

* We empha size samp le error and me asurement error in this introducto ry ove rvie w; other cat egor ies of error, whi c h ne e d
mo re backg rou nd to unde rst and, are (besi des mo del error) st udy error, non-response error and comparison error.
−− There can also be non-statis ti c a l er ror, alt hou gh ext r a-statis ti c a l know ledge is gene r ally requi red to assess it.
Er ror in our six cat egor ies is dis cus s ed in det ail in the sev ent e en St atis ti c a l Highlig hts #6 to #22; Hig hlig ht #6 provi des an
in trodu cto ry ove rvie w.

NO TES: 1. Another diagr am mati c summar y of what statis ti cs is about is giv en at the rig ht;
it shows a broad div isi on of the focus of statis ti c a l methods into data collec ting
and data analysis.

Inst anc es of impor tant que s tion s to be answe red (i.e., matt e rs needing dat a-
base d inve s tig a t i ng) are giv en by P. Calamai: Why jou rnali sts can’t add [Chap -
ter 3 (page s 15 -24) in St atist i cs, Sci ence, and Pub lic Polic y, A.M. Her tzberg
and I. Krupt a (e dit ors), Que en’s Unive rsity, Kingston, Ont ario K7L 3N6, 1998]:

Data

Info rmation

Know ledge

St atis ti c a l
methods of

data
collec ting

St atis ti c a l
methods of

data
analysis

What are the big things? They are issues such as silicon e brea st im p lants, the down -
si zi ng of the middle class, gende r pay equ ity, the con sum er price index, viole n ce aga inst women, the po-
ve rty lin e, drinking and pregnant women, race and crime, int e rnation a l debt comparisons , un emplo y-
ment rat es, the disappearanc e of the Atlantic cod, the taint e d bl ood scandal and, of cou rse, BSE and CJD,
two set s of init i als known only to a few res earche rs until Mad Cow Dis ease hit the headlin es in 1996.

2. The fol low ing are illust r ation s of the pre c ept that certai nty requ ire s co mplet e in formation and, conve rsely, inco m-
plet e infor mation ines capably yields uncer tain ty [ig noranc e (u sually of the size or mag n itude) of error]:

• In the proof of a theorem in mat hem ati cs, we hav e a set of axi oms and the rules of log ic; wit hin this sys tem of
co mplet e infor mation, the re can be certai nty the theorem is true.

• Games like ches s and bridge involve sma l l popula t ion s of ele ments (32 pie c es and 52 cards , re spectiv ely) and a
set of rules; wit hin thes e syst ems of complet e infor mation, the re can be certai nty which playe r ha s won a game.

• In dat a-base d inve s tig a t i ng, infor mation bou ndaries are sel d o m as cle arly defi ned as in mat hem ati cs, chess and
br idge, and practical con sid eration s im pos e sour ces of inco mplet eness and, henc e, of uncer tain ty, whi c h in clu de:
−− sampling: alt hou gh we want Answe r(s) to apply to a popu lation, we sel d o m have the resou rces to inv estig a te

mo re than a subset of the popula t ion (a sa m p le) – the idea of sample error rem inds us a sample sel d o m ag rees
exactl y with the popula t ion;

−− mea s uring : ev en app are n tly straig ht-for ward
qu antit ies like lengt h and weight hav e in her ent
un cer tain ty in the value s we obtain (the idea of
mea s urement error), while mea s uring quantit ies
li ke the number of cod in the Nor th At lantic
fis hing groun ds or people’s attitudes or opinions
(e.g., on mandato ry regis tration of fire arms, capi tal
punish ment, abortio n) may int roduce much gr eater mea s uring unc e rtain ty.

A diagr am mati c summar y of thes e matt e rs is giv en at the rig ht above.

DATA-BASED INVESTIGATING

Data Answer(s) to Que stion(s)
Complet e data

Inco mplet e data
Certain answe rs(s)

Uncer tain answe r(s)

Sa mpling Me asuring

Re asons for incomplet eness of dat a
[a n d, henc e, for unc e rtain ty in answe rs]

3. An illust r ation of sa m p le er ror is pol ling to estim ate a pro por tio n of interest, typically from a nation a l sample of
abou t 1,000 to 1,500 adult s. The sa m p le propor tio n is a poi nt estim ate of the popu lation propor tio n but is un-
li kely to be exactl y equal to it; howeve r, in a pro perly desig ned and exe cuted pol l, it is likely clo se enoug h (i.e., to
have sma l l en oug h sample error) to be an Answe r with acce pta b le li mit ation s, provi ded that measurem ent er ror
(e.g., arisi ng fr om the que s tionnaire, the int e rvie wer and the int e rvie w proces s) has als o been adequ ately manage d.

3. Backg round III – Why Do Terminology and Not ation Matt er in Statist ics? [o ption a l re ading]

Li terary dis ciplin e is usually needed for cle ar and succi nct pre sent ation of idea s in any respect able sub ject are a, but int ro-
du cto ry statis ti cs teaching mat e ria ls are not able for one or more of their obs cur ity, careles sness and muddled thinking. This un-
happy state of affairs may be becau se:

• st atis ti c a l id e as tend to be more than usually troub lesome to exp lain,

• st atis ti c a l writ e rs tend to be more than usually undisciplin ed and carele ss.

What eve r the rea son s fo r in adequ ate teaching mat e ria ls , the con seque n ces are that:

−− it is diffic ult for students trying to learn from such mat e ria ls to maint ain their int ellectual int egr ity,
−− students’ int ellectual challenge s arising from ina dequ acy of pre sent ation compromise their capacity to eng age wit h the (im -

portant and usef ul) sta tis tical id e as bei ng pres ented .
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STATISTICS and STATISTICAL METHODS: Glossary for Int r odu ctory Stat ..... (continue d 1)

Three exc e rpts (fr om among many like them) illust r ate the foregoi ng ble a k assessment – shoul d the rea de r lau gh or cry?

Tw o ex pla n ato ry variable s or lur king variable s are con founded when their effects on a respons e
variable are mixed tog ether. When many variable s in teract wit h each othe r, confou nding of sev eral
variable s can preve n t us from drawing con clu sio ns about cau s ation. In the diag ram at the rig ht
which illust r ates confou nding, bot h the exp lanato ry variable x and the lur king variable z may influ-
enc e the respons e variable y – the dash ed lin e sh ows an association, the arrow s sh ow a cau se-and -ef fect
li nk. Becau se x is confou nde d with z, we cannot dis tinguis h the influe n ce of x fr om the influe n ce of z.
We cannot say how strong the direct effect of x on y is. In fact, it is hard to say if x influe n ces y at all.

A Google search in May, 2022, yields a varie ty of res ult s fo r the law of lar ge nu mbers; for exa mple:

As a sample size gro ws, its mea n ge ts closer to the average of the whole popu lation. (Inve s t opedia)

A theorem that des cribes the res ult of perfo rmi ng the same experiment a lar ge number of times. (Wi k iedia)

If you rep eat an expriment a lar ge number of times, what you obtain shoul d be close to the expected valu e. (Probability Cou rse)

As the number of ident i cally dis tributed randomly gen era ted variables incre ases , th eir sample mea n (a ver age) approaches their
th eore tical mean . (Encycl opedia Britannica)

A theorem that des cribes the res ult of rep eating the same experiment a lar ge number of times. (Corporate Fin a n ce)

If we tak e a sample of n obser vations of a random variable, the sample mea n appr oaches the expected valu e of the random
vara b le as n approaches infinity. (Khan Aca demy)

The frequ encies of eve nts wit h th e sa m e li kel ihood of occur ren ce eve n ou t, given enou gh trials or insta nces. As the number of ex-
periments incre ases , th e actual ratio of outco mes will conver ge on the expected, or theoret i cal, ratio of outco mes . (Whatis.co m)

As a sample size bec omes lar ger, the sample mea n ge ts closer to the expected valu e. (St atology)

Wh en we do an exper iment a lar ge number of times, the average res ult will be ver y cl o se to the expected res ult.
In oth er wor ds, in the long run , ra n dom eve nts ten d to average out at the expected valu e. (Ma th is Fun)

The rel ative frequ enc y of an eve nt will conver ge on the probabi lity of the eve nt, as the number of trials incre ases .
(St atis ti cs Diction ary)

The statis ti c a l ter min ology of de grees of freedom is often first encou ntered in int roducto ry statis ti cs cou rses when the divi-
so r, n−1, in the calcula t ion of s2 is introduced . The sample y− is use d as the location from whi c h to measure dev iation s when
co mputing s2, so it has been arrange d arbitrarily to make the sum of the devi a t io ns (y−y−) add to zero, whi c h it wou ld not ordi-
narily do if we use d the location value µ. This con strain t on the devi a t io ns is called los s of a deg ree of fre e dom . Its effect is
mos t seve re when the sample size is 1. Then y is the only obs ervation, y− = y, and the devi a t io n is y−y− = 0. Howeve r, when we
squ are this and try to div ide by n−1, we find ourselves illega l ly trying to div ide by zero. Wit h only one obs ervation, we thu s
have no way of usi ng only sample dat a to compute s2 as an estim ate of σ 2. When we hav e only 1 obs ervation and want to esti-
mate σ 2, we los e the only deg ree of fre e dom we hav e by estim ating µ by y, and we say we hav e no deg rees of fre e dom left for
estim ating σ 2.

When we want to estim ate σ 2, we hav e to ‘pay’ a degree of fre e dom for hav ing to estim ate µ, and this leave s us wit h n−1 de -
grees of fre e dom , or essentia l ly n−1 obs ervation s wo rth of infor mation, for estim ating σ 2. A 2 × 2 continge n cy table los es 3 de-
grees of fre e dom becau se of con strain t s im pos ed by margi nal totals. The idea of deg rees of fre e dom keeps coming up in more
co mplicted statis ti c a l methods, and so we need to become comfo rtable wit h it. Such statis ti c a l methods may los e addition a l de -
grees of fre e dom by estim ating more things.

x y

z

Introducto ry statis ti cs teaching mat e ria ls are a vast body but, rat her than quantity, we need mat e ria ls that are correct, cle ar
and usef ul. Achievi ng any on e of thes e thre e charact e ris ti cs is a dem anding task; tog ether, the three are a dau nting unde rtaking.
If the current dism al situation is to be rectifie d, teaching mat e ria ls ne e d to be built aroun d thre e distin ction s between:

* the popula t ion and the sample, * the real world and the model , * the indivi d ual case and beh aviour unde r repetit ion.

Su ch teaching mat e ria ls can be achieve d by appro priat e ter min ology and not ation pre sent e d and maint aine d with unrem itting
disciplin e; it is als o us eful to dis card some (unhelp f ul) current ter min ology. Rig orously maint aining thes e distin ction s fo sters a
mind -set whi c h routin ely recog n izes what statis ti c a l methods can, and cannot, accomplis h. [Thes e thre e distin ction s are a sem-
in a l in sig ht of the writer’s col le ag ue, Prof. R. Jock MacKay. ]

4. Backg round IV – Te rminology, Not ation and Distinc tions [o ption a l re ading]

From the star t, we avo id unt hinking ado ptio n fr om mat hem ati cs of matt e rs unsuit e d to statis ti cs.

* Rather than (dependent and independent)‘v ariable s ,’ we hav e‘v ariat es’
which (as summarized in the schema at the rig ht) are desig n ated as respons e
(le tter y) or exp lanato ry, wit h the latt e r being focal (le tter x) or non -focal (le tter z).

* Inst ea d of only usi ng it ali cs as is com mon for types etting mat hem ati cs, we exp l oit more broadly letter case and face/style:

Variat e Re spons e (y)
Explanato ry Focal (x)

No n-focal (z)

−− up per case bold le tters are for popul ation qu antit ies, −− lowe r ca s e Ro man letters are for (sample) dat a,
−− up per case it ali c le tters are for ra ndom var iables, −− lowe r ca s e it ali c le tters are for va lues of random variable s;
−− also, lowe r ca s e Greek letters [e.g., µ (m u), σ (s igma), π (pi)] are use d fo r (probability and respons e) mo del parameters.
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As indicated for a respons e variat e in the first lin e of Table HL91.1 at the rig ht, thes e notation conve n tio ns
enable maint aining the popula t ion -sample and real world-model dis tin ction s.

• The lin e throug h the bold le tter (we sa y ‘y cross’) is to dis tinguis h Y− fr omY in handwrit ten symbols.

• From the beginning, we us e le tter y as the ge ner ic variat e, whi c h is a resp onse fo r mu ch of the
discus sio n in introducto ry statis ti cs; this hel ps avo id conf usi on from (the surprisingly com mon
practi ce in int roducto ry tex ts of) st arting wit h x as the gen eric
variat e (a car r y-ove r fr om mat hem ati cs?) and then havi ng to
sw itch to y when (say) lin ear reg res sio n is dis cus s ed.

The secon d li ne of Table HL91.1 is for an att ribute [o f a gr oup of ele ments (or units) like a popula t ion (or a sample)], speci fi cally
an aver age in the con tex t of our sim p lest respons e model of equ ation (HL91.1). We say (or write): th e population aver age Y

−− is
re prese nte d by the model mean µ, fo r wh ich the es timator is the random variableY

−
and the es timate is the sample average y− (= y−).

• Implicit (and easi ly ove r looke d) in this statement is the invest iga tor’s re sponsib i lity to ens ure that the Pla n fo r the inv estig a-
tion makes it rea son able to tre at y− (the sample ave r age – a number – calcula ted from dat a) as y− (the value of the random
variable repre senting the sample ave r age in the model).

• The lengt h of the stat ement makes it tem pting to try to sho rten it but, as words are omitt e d, the distin ction s it makes become
obs cure d or are los t altoge the r (e.g., ‘µ is estim ated by y−’) – see als o Ta ble HL91. 2 below.

• Sy mbols are often sub scr ipt e d; e.g., Yj and Rj in model (HL91.1) and Z−1, Z− 2, ....., Z− k fo r mu ltiple non -focal exp lanato ry variat es.

The thi rd lin e of Table HL91.1 shows another (us eful) att rib u t e, a pr oportion (le tter p); res erving letter ‘p’ for pro por tio ns ent ails
ou r using ‘Pr( )’(Ro man letters) for pr obabi lity, in con trast to the (random variable look-ali ke) ‘P’of mos t in trodu cto ry statis ti cs tex ts.

Ta ble HL91.1
Re al
wo rld Model

Y−, y Y, y

Y
−−, y− Y

−
, y−, µ

−P, p P, p, π

Yj = µ +Rj, j =1, 2, ....,n, Rj ∼ N(0, σ),
prob. independent, EPS

-----(HL91.1)

A feature of thes e Ma ter ials is their empha sis on st andard dev iat ion rather than va rianc e – the latt e r, whi c h (u nhelp f ully) is the
focus of tradit ion a l st atis ti cs teaching, is rarely mentio ned here and, when it is, wit h relu ctanc e fo r re asons giv en on pag e HL91. 22
[s ee als o the com ment (•) above Not e 9 on pag e 2.138 in Fig ure 2.1 7 in the STAT 332 Course Mat e ria ls (1995 cur riculu m)] .
−− St andard dev iation s ent ail the rou tin e typesetting of squ are roots, an on erous task for achievi ng aest heti c ou tco m e s.

Fo r st andard dev iation s (and av erage s), maint aining the real-world/model dis tin ction is aid ed by ter min ology giv en in Table HL91. 2
at the rig ht bel ow; we exp l oit the availa b i lity of two words in Englis h fo r mea s ure s of location but, wit h on e wo r d fo r va riation and
va riability, thes e Ma ter ials sugge s t, par ticularly for beginning students, (ment ally) adding the adj ectiv es ‘data’ and ‘probabilis ti c.’
++ The av erage -me an distin ction is absent from cur rent statis ti-

cal discou rse – the re als o se ems to be alm o st
wilf ul (unne c essar y) use of ‘mean,’ perhaps to
soun d er udit e, becau se we learn about ave r age s
in grade school whe re it wou ld be inappro priat e
to raise the (nu anced) matt e r of a div iso r oth er than the number of obs ervation s (w idely den oted n, Roman ‘n’ in thes e Ma ter ials) .

++ The (unprofitable) n−1 vs.n saga is abou t the ‘co rre ct’ div iso r fo r calcula t i ng (u nde r cons train t s) the ave r age dev iation from
the ave r age for a (data) standard dev iation – see Appendix 3 on pag es HL100.7 to HL100.9 in Statis ti c a l Highlig ht #100.

++ In con trast to (nu anced) av eragi ng of data, at lea st in introducto ry statis ti cs the re is no disagreement about how to calcula te the
mean and standard dev iation of a random variable – see, for exa mple, Fig ure s 5.9 and 7.11 in the STAT 220 Course Mat e ria ls.

Ta ble HL91.2
At tribute Real Wor ld Model

Location Ave r age Mean
Variation/variability (Data) standard dev iation (Probabilis ti c) standard dev iation

The foregoi ng matt e rs can be seen in use in Appendix 1 on pag es HL91. 22 to HL91. 24 and, in a reg res sio n cont ext, in Fig ure
16 .1 in the STAT 231 Cou rse Mat e ria ls; relevant Glo ssary ent rie s on pag es HL91.7 to HL91. 22 als o prov ide more det ail.

We distinguis h fo ur popula t ion s by evocative adj ectiv es:

* the target popula t ion; * the st udy popula t ion; * the re spon dent popula t ion; * the non-respondent popula t ion.
Thes e popula t ion s are cent r al to deve loping the first two catego rie s of er ror in Table HL91. 3 at the rig ht bel ow; we see them ,
fo r in stanc e, as par t of the rig ht-hand schema on the lowe r half of pag e HL91.6 and of the diag ram at the upper rig ht of pag e
HL91.11. [Some con tex ts inv olve a process rather than a popula t ion – for exa mple, see Statis ti c a l Highlig ht #94].

Thes e Ma ter ials maint ain throu ghout that (re a l-world) popula t ion s in statis ti cs are finit e; infin ite ‘popula t ion s’ are a (so m etim e s
us eful) model – see, for exa mple, Appendix 4 on pag e HL77.1 0 in Statis ti c a l Highlig ht #77.

The indivi d ual case -repetit ion dis tin ction is alrea dy implicit in our use of:

• er ror, whi c h aris es in an in dividua l inve s tig a t ion, AND:

• a respons e model li ke the one in equ ation (HL91.1) abov e, becaus e
su ch model s only des cribe behaviour unde r re pet it i on.

The dis tin ction is explicit in the ter min ology for our six cat egor ies of
er ror; as shown in Table HL91. 3 at the rig ht, (nume rical) er ror unde r
repetit ion can become eit her inaccur acy or impre cisio n, depending
on whether its sig n or mag n itude is inv olved . Re pet it i on is evo k ed by
adding ‘-ing’ to the eleve n adje ctive s fo r in accur acy and impre cisio n.

• Studyi ng and non -re sponding impre cisio n are de-em pha sized in the rig ht-hand colum n of Table HL91. 3 becaus e thes e Ma -
ter ials assume a de t erministic (not a stochast ic) process for speci fyi ng the study popula t ion and, for people as ele ments or

Ta ble HL91.3
Indivi du a l case
Er ror Ina ccu racy Imp recision

Study Studying (Studyi ng)
No n-respons e No n-responding (No n-responding)

Sa mple Sampling Sampling
Me asurement Mea s uring Mea s uring
Comp arison Comparing Comparing
Model Model ling -----

. . . . . . . . . . . Re pet ition . . . . . . . . . . .
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un its, deci ding whether to respond (un d er giv en inc entiv es) . [Elsewhere, the re are stocha stic model s fo r the respons e proces s.]

• Me asurement error arises for an indivi d ual measurement but over all er ror inv olves attr ibute me asurement error.
−− Us u ally, att rib u t e mea s urement error erro r is manage d in an inv estig a t ion by managi ng mea s urement error.
−− The ef fec t of mea s urement error may differ bet ween variat es and an att rib u t e (li ke the slo pe of a reg res sio n li ne) .
−− Our usual con cer n is wit h sa m p le att rib u t e mea s urement error becau se a census is rare in practic e.

• Model error (in the last lin e of Table HL91. 3) is the only cat egor y of error not defin ed in ter ms of att rib u t es; its nature
means it is sel d o m ap pro priat e to con sid er model ling impre cisio n, as indicated by the final dash (-----) in Table HL91. 3.

Our six error cat egor ies are useful becau se, con tinge n t on pro per Questio n fo rmu lation in ter ms of the targe t popula t ion/proces s,
they hel p us identify so urces of error; in a par ticular inv estig a t ion, we then incorporate Pla n co mponents whi c h we expect wil l
ma n age inaccur acy and manage impre cisio n (by managi ng variation) in ways that wil l re duce, to a lev el accep table in the Que s-
tion con tex t, the lim itation s im pos ed on Answe r(s) by (the likely size or chanc e of) each catego ry of error. Pla n co mponents to
ma n age the six cat egor ies of error are sum marized in Table HL6.1 on pag es HL6.4 and HL6.5 in Statis ti c a l Highlig ht #6.

NO TE: 4. It is unfor tun ate that, for two essentia l conc epts, statis ti cs deals direc tly with inaccur acy and imprecisio n, whe rea s co m-
mon useag e involves the (mo re fa m ili ar and, seemingly, more straig ht for ward) inve rses, namely accur acy and pre cisio n.

5. Backg round V – The FDE AC Cyc le [o ption a l re ading]

A charact e ris ti c of statis ti cs cou rses is their con cer n (s ome might say obs essio n) wit h data analysi s. Fo r la ter speci ali zed
courses, this con cer n is usually appro priat e but, in int roducto ry cou rses whe re students typically encou nter the sub ject at a se-
riou s leve l fo r the first tim e, it is imper ative they learn that the re is much more to statis ti cs than data analys is. They need to
re cognize the hard truth that unle ss many di fficult task s of error management are unde rtake n su ccessfully befo re data analys is,
it s answe r(s) are likely to be fat ally compromise d by sev erity of lim itation s. The tab ular sum mar y of the components of the
FDEAC cycle in Table HL91.4 bel ow (a n ov ervie w of a pr ocess fo r data -base d inve s tig a t i ng) prov ides a basis for students to
st art to assim ila te thes e vital idea s; Table HL91.4 is ela borated in Statis ti c a l Highlig hts #88 and #89.

An othe r le sson to learn is that inadequate management of any on e catego ry of error can res ult in sev ere lim itation on answe r(s),
despi te all oth er er ror cat egor ies bei ng adequately manage d.

St age Formu lat ion stage Desig n st age Exe cut ion stage Ana lys is stage Conclusion stage

In put Ques tion(s) clear Ques tion(s) a Plan Data Infor mat ion

Target ele ment
Target popula t ion/proces s
Variat es: • Re spons e

• Explanato ry
At tributes
Fishbone diagr am
Aspect: • Descriptiv e

• Causative

Study ele ment/un it
Study popula t ion/proces s
Re spondent popula t ion/proces s
Refi ne respons e variat e(s)
Deal wit h ex pla n ato ry variat es
Protocol for: • Sele cting units

• Choosi ng gr oups

• Setting lev els
Me asuring process(e s)
Plan for the: • Executio n st age

• Analys is stage

Execute the Pla n
Mo nit or the data
Examine the data
St ore the data

Info rma l analys is:

• Num erical att rib u t es

• Graphi c a l att rib u t es

• Othe r infor mal methods

As s ess model ling assump tion s

Fo rma l analys is:

• Confid e n ce int e rvals
Prediction inter vals

• Si gnific a n ce tests

• Othe r fo rma l methods

In the langu age of
the Que s tion con tex t:

Answe r(s)
Li mit ation s
Re com mendation s

[‘Ev idence-base d de cisio ns,
im prove ments, .....’ means
using Answe rs from data-
base d inve s tig a t i ng wit h
an adeq uate Plan.]

Output clear Ques tion(s) a Plan Data Infor mat ion Knowl edge

Ta ble HL91.4: The FDE AC cyc le: a struct ure d pr ocess fo r data-based inv est igating

C
o
m
p
o
n
e
n
t
s

The kudos from bei ng party to arcan e mathem ati c a l and computation a l technique s , and the ‘excitement’ of reaching more
qu ickly the goa l of answe rs, combin e to make it wid e spre ad in statis ti cs teaching and practic e to devo te inadequate resou rces to
er ror management in the rela t ive drudge ry of Que s tion for mulation, dev elo ping a pro per Pla n and its careful exe cutio n ; the
cons equ enc e of answe rs that likely embody fa lsehoods can easi ly be (and rou tin ely is) ign ore d.

The diagr am at the rig ht makes the fol low ing poi nts about the FDEAC cycle in rela t ion to the model:

the periph era l ar row s remind us each stag e ha s im p lication s fo r the stage s befo re and after it; for exa mple:

−− the For mulation stage may need to con sid er the type of Pla n (e.g.., exper iment al or
obs ervation a l) and the Pla n mu s t have appro priat e co mponents to addre ss the Que s tion(s);

−− the Pla n mu s t specify the data which are requ ire d and the Exe cutio n st age must be sure
the Pla n as devel oped is car rie d ou t to gen erate such dat a;

−− the Exe cutio n st age gene r ates the data for the Analys is stage and the Analys is stage must
us e modelling assump tion s that can be justifie d in lig ht of the Exe cutio n st age;

−− the Analys is stage must obtain from the data the infor mation needed in the Con clu sio n st age to

F
DC

EA

Model
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answe r the Que s tion(s) and the Con clu sio n st age must giv e Answe r(s) that can be justifie d fr om (proper) dat a analys is;

−− the Con clu sio n st age must giv e Answe r(s) whi c h addres s the Que s tion(s) wit h li mit ation s accep table in the Que s tion con-
text and the For mulation stage must have pos ed Que s tion(s) for which such Answe r(s) ca n be prov ide d;

the ra dia l ar row s remind us the (re spons e) model ha s im p lication s fo r the last fo ur st age s of the FDEAC cycle; speci fi cally:

−− on ce the re are cle ar Que s tion(s), par t of the Pla n to answe r thes e Questio n(s) is an appro priat e model (e.g., for sampling
and measuring processes, inclu ding calcula t i ng sample size) [discus s ed in Fig ure 2.1 3 of STAT 332];

−− the Exe cutio n st age gene r ates dat a us ed to estim ate model parameters repre senting study popula t ion attributes, and error
in thes e estim ates depends on how the data are gen erated (e.g., impre cisio n and inaccur acy of mea s uring processes) ;

−− the Analys is stage may use model-base d fo rma l methods of dat a analys is and then the model must be appro priat e fo r
the met hod(s) of analys is that wil l obtain from the data the infor mation needed to answe r the Que s tion(s);

−− the Con clu sio n st age must con sid er the model and its assump tion s in assessing lim itation s on Answe r(s) and the model
mu s t be chosen wit h Answe r(s) and their accep table limitation s in the Que s tion con tex t in min d.

The three diagr ams bel ow are picto ria l reminde rs of, respectiv ely, the respondent popula t ion -model-sample seque n ce, our
vie w of the model as a link in this seque n ce, and of how our fou r popula t ion s, the sample and the six cat egor ies of error com-
pris e a process for dat a-base d inve s tig a t i ng.

Model-base d methods of analys is in statis ti cs use dat a fr om
a sample to es tim ate value s of model parameters whi c h
then repre sent plau sible value s (in lig ht of the data) for re-
spon d e n t popula t ion attributes and, henc e, for Answe r(s) to
Questio n(s); we distinguis h a poin t estim ate from an in ter val
estim ate (defin ed on pag e HL91.1 2). When the nor mal model is
ap pro priat e fo r the dis tributio n of the respons e variat e value s ,
the model mean µ is estim ated by the sample ave r age y− (= y−)
and σ is estim ated by the sample standard dev iation s (= s) – bot h
poin t estim ates. As il lust r ated at the rig ht, we can think of the process
of estim ating µ by y− and σ by s as approxi mating the his t ogr am of a dat a
set by the nor mal p.d.f. wit h the same ‘cent re’ and same ‘w idt h’ as the his t ogr am .

Y−

Y
−−

µ

y−

Propor tio n per unit
of mea s ure d re spons e

Dist rib u tio n of
resp onden t popu lation

mea s ure d re spons e
variat e value s Mo del fo r the

dist rib u tio n of
re spondent popula t ion

mea s ure d re spons e
variat e value s Sa m p le of

mea s ure d
re spons e

variat e value s

E P S

Re al Wor ld Imaginat ion

RESPONDENT
POPULATION

SAMPLE

MODE L

Model
parameters

repre sent respon-
dent popula t ion

att rib u t es

Model
parameters are
estim ated from

sample dat a

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

MO DEL

(tr ue value s) (m e asure d value s)

Answe r(s) to Questio n(s)

Comp a-
rison
er ror

Study
er ror

No n-respons e
er ror

Sa mple
er ror

Me asurement
er ror

Model
er ror

Sa mple att rib u t e

6. Backg round VI – Te rminology to Avo i d or Use With Car e [o ption a l re ading]

As wel l as defi ning appro priat e and evocative ter min ology, clarity is aid ed by not duplicating exi sting ter ms wit h (e quivalent)
‘feel-good’ words (with pos sib ly amb iguou s st atis ti c a l connot ation s) – in statis ti cs, we eschew ‘elega n t variation’ in wording.

* Ap plicability (o f an Answe r) refers to study error and/or sample error.

* Gener ality (o f an Answe r) usually refers to sample error; in DOE, ge neral ity (o r a wide r induc tive basis) may
refe r to whether the Pla n involves a facto ria l treatment structure so that int e r actio n ef fect(s) can be estim ated .
−− Gener alizability refe rs to study er ror and ge neral ization to sa m p le er ror in the socia l scie n ces.

* Re liability [u sually] refers to adequ ate pre cisio n (a t taine d by managi ng imprecisio n) [so m etim e s to adequ ate accur acy].

* Sensitivity (a b i lity to det e ct an effect) refe rs to adequ ate pre cisio n (a t taine d by managi ng imprecisio n).

* St rength (o f an Answe r) means pre cisio n so we akness means imprecisio n.

* Trustworthiness (o f an Answe r) means accur acy so untrustworthiness means inaccur acy.

* Va lidity (o f an Answe r) means accur acy so inva lidity means inaccur acy.

As wel l as the clarity that res ult s fr om usi ng the idea s only of ‘accur acy’, ‘precisio n’ and ‘er ror’, the Glo ssary in Section 7 st arting
on the facing pag e HL91.7 sugge s t s re s trict e d us e or avo idanc e as statis ti c a l ter min ology for the fol low ing words or phrases:

degrees of fre e dom , er ror (in reg res sio n models), exper iment, hypot hesis testing/test of hypot hesis , in d ependent, piv otal/pivo tal
qu antity, popula t ion parameter, probable error, random , randomization, rela t ive frequ enc y, repre sent ative sample, sample statis ti c,
sampling bia s, sig n ific a n ce lev el, sim p le random sampling, statis ti c, sur vey, test of sig n ific a n ce, test statis ti c, unive rse, varia n ce.
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7. Glossary
[n umbers in brack ets () are pag e refe renc es to Par ts
4, 5 and 13 of the STAT 231 Cou rse Mat e ria ls.]

Abso lut e va lue sig ns: a sh orthand fo r what can be writt en in a
longe r fo rm that may be easie r to deal wit h. For exa mple:

−− Pr(|Y | > 2) means Pr(Y < −2) or Pr(Y > 2);
−− Pr(|Y | < 2) means Pr(−2 < Y < 2);
−− f (y) = e−|y | (−∞ < y < ∞) means f (y) = e−y

(−∞ < y < 0)
and f (y) = e−y (0 < y < ∞).

Acce ssibility selecting: se e No n-pro bab ility selecting.

Accu racy: the inv erse of inaccur acy. (5. 21)
In statis ti cs, an accu rat e answe r means an answe r that is (or is ade -
qu ately clo se to) cor rect (the "tr uth"), tak ing accou nt of its lim itation s.
St atis ti c a l methods deal rou tin ely wit h induc tion (r eason ing from in-
co mplet e infor mation), so accur acy is dis tinguis hed from pr ecision.

Ac ronym: the initia l le tters or syllable s of the words in a  phrase
us ed as a sho rt for m or another word .
Thir teen acrony ms in this Glossar y are ANOVA, CI, df, DOE, EPA,
EPS, EPSWIR, EPSWO R, FDEAC, IQR, mle, rms, SRS.
Abbrev iation s are p.f. for probability fun ction, p.d.f. for probability
density fun ction, r.v. for random variable, s.d. for standard dev iation.

Ad equ ate repl icating: to con ser ve resou rces. See Re plicating.

Al i-Bab a Par adox: se e St atis ti c a l Highlig ht #46.

α-leve l: to be avo ide d – dup licate terminology for cr itical value.

Alternat ive hypothesis: se e Hypothesis testing.

ANOVA: the acrony m fo r ANalys is Of VAr iance.
Despit e it s mellifluous appeal, ‘ANOVA’ is unhel pful ter min ology:

−− ‘a n a lys is’ stret ches the nor mal connotation s of this word;
−− ‘v arianc e’ does not have its usual statis ti c a l meaning and, any w ay,

‘v arianc e’ is unhel pful in practical statis ti cs;
−− tabular pre sent ation of ANOVA refers to ave r age s as means;
−− the div iso rs whi c h produce thes e av erage s are unhel pfully called

de grees of freedom.
ANOVA actually inv olves partit i oning sums of squ are d di ffere nces;
the evocative acrony m ‘PAS SDI’ has no chanc e of replaci ng ‘ANOVA’
but is useful to keep in min d when we encou nter ANOVA.

Ap plicability: a word to be av oided as amb iguou s duplication of
ex isting statis ti c a l ter min ology; appli c ability (of an Answe r) means
(but does not distinguis h) study error and/or sample error.

Ap p roximat e, Approximat ion: a value or process that (it is hoped)
is rou ghly cor rect, typi c a l ly obtaine d or use d mo re si mply or cheaply
than an ‘e xact’ value or process.
We distinguis h appr oximating fr om estimating – in Englis h, the two
wo r ds are often used int e rchange ably (e.g., estim ating a crowd size) .

Ar gument by contr adic tion: the three steps are:
−− an assump tion (a hypoth esi s);
−− de ductive rea son ing (a pr obabi lity calcula t ion);
−− a con tradiction (stre ngt h of evi den ce).

The phrases in brack ets ( ) are the cor responding sta tis tical ter min o-
logy in a te st of (s tat ist ical) significanc e.

An argum e n t by con tradiction is sometimes conf use d with a para-
dox – see Statis ti c a l Highlig ht #46.

Aspect: a bin ary cat egor ization of the primary con cer n of a Que s-
tion, identifie d in the For mulation stage of the FDEAC cycle.

• De scr ipt ive : a Que s tion whose Answe r will inv olve primarily
value s fo r popu lation/pr ocess att ribute s (past, pres ent, future).

• Cau sat ive: a Que s tion whose Answe r will inv olve primarily
whet her and/or how the focal exp lanato ry variat e is causally
rela ted to the respons e variat e in a popula t ion/proces s. (5.72)

Assigning: in an experimental Plan, the process by whi c h the value
of the focal variat e is set for each unit:

−− within each block in a block ed Pla n;
−− in the sample in an unbl ock ed Pla n. (5. 37, 5.48)

Se e also Equiprob abl e assig ning and Prob ability assig ning.

Asso ciation: if a scatt e r diag ram shows , say, a clu s ter ing of its poi nts
abou t a lin e with posit ive slo pe (i.e., we see that, as X− in cre ases, Y−
also tends to inc rea s e), we say X− and Y− sh ow a (posit ive) asso cia tion.

Character istics of an association of statis ti c a l in terest inclu de its:

• Fo rm: fo r ex ample, can the tre n d be model led by a straigh t li ne,
in d i c ating li near association?

• Magnit ude : fo r li near association, what is the mag n itude of the sl ope?

• Dire c tion: fo r li near association, is the slo pe posi tive or nega tive?
Introducto ry statis ti cs cou rses often empha size the distin ction be-
tween asso cia tion and causat ion.
Se e also Proportion ality. (5. 30 to 5.31)

At tribute: a quantity defi ned as a fun ction of the respons e (a n d, per-
haps, exp lanato ry) variat e(s) ove r a gr oup of ele ments/un its, typically:

−− the targe t popula t ion/proces s,
−− the study popula t ion/proces s,
−− the respondent popula t ion,
−− the non -re spondent popula t ion,
−− the sample. (5. 20)

Our useag e of popu lation attributes and sa m p le attr ibutes (w here
the latt e r can yield estim ates of the for mer) is to be con trast e d with
the unhel pful popul ation par ameter and samp le statist ic of some
in trodu cto ry tex ts.

At tribute measurement error: se e Er ror.

Av erage: a mea s ure of location (co mmonly, for dat a), calcula ted as
the sum of a set of entit ies (co mmonly, numbers), div ide d by the
number of the entit ies that are ‘in d ependent’ of each other. (5. 28)

A (re a l wo r ld) aver age is to be dis tinguis hed from a (model) me an.
Se e also n −1 vs. n saga.

Bar graph: se e Histog ram.

Base rat e: unev ocative ter min ology coi ned for inv estig a t i ng how
people process what can be model led as condit i onal probabilit ies.
Se e discus sio n of the silve r cab/grey cab ‘paradox’ in Statis ti c a l High -
lig ht #50, whe re the ‘base rat es’ are the popula t ion pro por tio ns of
cabs wit h the two col ours in equ ation s (1) and (2) on pag e HL50.1.

Bias: the mo del qu antity repre senting inaccu racy.
(5. 21, 5.46, 5.50, 5.63) Se e also Statis ti c a l Highlig ht #7.
Bi as inv olves beh aviour unde r repetition and is easily conf use d with
er ror which inv olves an indivi d ual case (an indivi d ual inv estig a t ion).
Our con cer n is usually wit h es tim ating bia s and/or measur ing bia s.
Se e page s HL77.1 2 and HL77. 13 in Statis ti c a l Highlig ht #77.

Binary (re sponse) var iat es take only two value s (o ften den oted 0
andand 1), such as Ye s or No, Fe male or Ma le, Succes s or Fa ilu re. (5.62)

Bl ind, Blinding: to wit hhold, for any unit, know ledge of whether it
is in the tr eatment gro up or the contro l group (w hos e un its usually
re c eiv e a dum my tre atment known as a placebo).
Bl inding is typically use d in a cl inical trial, a speci al cla s s of com -
parative exper iment al inve s tig a t ion use d in medical res earch to assess
the effic acy of new for ms of tre atment (e.g., drugs, sur ger y); up to
thre e leve ls of bli nding may the used – bli nding of:

−− the par ticip ants,
−− the tre atment adm inist r ato rs,
−− the tre atment assessors,

depending on fea sib i lity in the inv estig a t ion con tex t. (5. 39, 5.52, 5.61)

Bl ock: se e Bl ocking.

Bl ocking in an experimental Plan: for ming groups of units (the
bl ocks) wit h the sa m e (o r si milar) value s of one or more non -focal
ex pla n ato ry variat es; the units wit hin a block are then assig ned di f-
fere nt value s of the fo cal var iat e. [Se e also Matching] THUS:
Bl ock ing pre vents con founding of the focal variat e with the non -focal
ex pla n ato ry variat e(s) made the same wit hin each block, the reb y de -
crea sing the li kel y magnitude of comparison error. SO THAT:
By hol d ing one or more Z−s fixe d within block s in an exper iment al
Plan, block ing reduces variation in Y− and so has the addit ion a l bene -
fit of decre asi ng comparing imp recision, thu s re ducing the limitation
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im pos ed on Answe r(s) by comparison error. (5. 36 to 5.39, 5.52)

Bl ocking fac tor: a non -focal exp lanato ry variat e us ed as a basis for
fo rming block s in a block ed Pla n. (5. 37)

Bl ue car-green car: se e St atis ti c a l Highlig ht #50.

Box: George E.P. Box , a respect e d U. S. statis ti cia n, coi ned the maxim:
All model s are wrong, som e are use ful.

Box plot, Box and whiske r plot : se e Quantile s.

Ca libr ating: using known value(s) [st andard(s)] to quantify me asur-
ing ina ccu racy. (5. 20, 5.60)

Case -Contro l Plan: a (ret rospectiv e) obs ervation a l Plan inv olv ing
co mparing ca ses (w ith Y− =1) and mat che d contro ls (w ith Y− = 0).
Matching the con trols to the cases (us u ally) pre clu des selecting them
pr obabi lis tically, thu s fo rfe i ting its statis ti c a l advant age s. (5.40)

Categor ical: a cat egor ical (or qu a lit ative) variat e ha s value s which
are ca tegories; for exa mple, sex or marit al status.
Qu ant ita tive variat e value s can become catego rical; e.g., ages can be
cl assifie d in t o ag e gr oups. (5.61, 5.62)

Cau sal: the adj ectiv e fr om ca use (e asi ly mis rea d as ca sua l).

Cau sal cha i n: a (us u ally long) sequ enc e of exp lanato ry variat es int e r-
me diat e between the focal variat e X− and the respons e variat e Y−.
Preoccup ation in statis ti cs wit h wh eth er X− ca uses Y− ma kes it easy to
fo rge t that cau s ation always involves a causal chain, pot entia l ly ex-
tending backwards and/or for wards indefin itely.
(5. 32, 5.43, 5.7 6, 5.77)
In outli ne, Gerog e Lakoff ’s two world vie w s involve ‘cons ervative s’
who fav o ur direc t causation to deal wit h a problem by direct actio n,
and ‘prog res siv es’ who recog n ize cau s a l chai ns or ‘syst emic causa-
tion,’ whi c h Lakoff div ides into direct cau ses, int e r acting (or chains
of) direct cau ses, feedback loops and probabilis ti c caus es.
Lakoff cla ims that direct cau s ation appears to be repre sent e d in the
gr am mars of all langu age s , but sys tem i c causation is not repre sent e d
in grammar – it has to be learned .

Cau sal relationship: there is a causal rela t ion s hip between a re-
spon se variat e and a speci fi c ex pla n ato ry variat e (u sually the fo cal
va riate) if the value of an appro priat e att ribute of the respons e
(a n d, perhaps, exp lanato ry) variat e(s) change s when, for ever y ele-
ment of the target popul ation:

−− the speci fi c ex pla n ato ry variat e value is change d, AND:
−− all oth er ex pla n ato ry variat es hold thei r (s a m e) value s.

(5. 32 to 5.35, 5.47)

Cau sat ion: info rmally, the idea that deliberate change of (sole ly) ex-
planato ry variat e X− br ing s abou t a change in respons e variat e Y−.
Fo rmally, we state thre e cr iter ia to defi ne what we mean when we
say (a change in) X− ca uses (a change in) Y− in a target popul ation:
(1) LURKING VAR I ATES: Ensure all oth er ex pla n ato ry variat es Z−1,

Z− 2, ....., Z− k hold their (same) value s fo r ever y popula t ion ele ment
when X− = 0  and X− =1 (so m etim e s phrase d as: Ho ld all the Z− i

fixed fo r.....).

(2) FOCAL VAR I ATE: obs erve the popula t ion Y−-v a lue s and calcu -
la te an appro priat e att rib u t e, unde r two condition s:
. with all the ele ments havi ng X− = 0;
. with all the ele ments havi ng X− =1.

(3) ATTR IBUTE: The X−-Y− rela t ion s hip is ca usa l if:
At tribute(Y−, perhaps some of Z−1, Z− 2, ....., Z−k |X− = 0) ≠

At tribute(Y−, perhaps some of Z−1, Z− 2, ....., Z−k |X− =1),
pr ovi ded thos e of Z−1, Z− 2, ....., Z− k in cluded in the att rib u t e have
the sa m e value s when X− = 0  and X− =1. (5. 32)

Cau se-an d-effect diagrams: se e Ishikawa.

Census: an inv estig a t ion usi ng all the respondent (or study) popula -
tion ele ments/un its/bl ock s. (5. 26, 5.53, 5.55, 5.76)
A census is to be con trast e d with an inv estig a t ion base d on a samp le
(the usual situation). (5. 21, 5.50, 5.51, 5.53, 5.59, 5.84)

Cent ral Limit Theor e m (CLT): if the (probabilis ti c a l ly independent)
random variable s Y1, Y2, Y3, ....., Yn each have mean µ and standard
devi a t io n σ, and if the random variable T = Y1 +Y2 +Y3 +.....+Yn, then:

−− the standardized for m of T, (T− nµ)/(√nσ), has a sta n dar d normal
p.d.f. in the limit as n → ∞,

−− the standardized for m Y
−≡ T/n, (Y

−−µ)/(σ/√n), has a sta n dar d nor-
mal p.d .f. in the limit as n → ∞. (5.13)

The CLT is a key component of the theor y fo r interval est imating
in introducto ry statis ti cs cou rses.

Cent re: an info rma l ter m fo r the ‘middle’ of a dis tributio n, like the
me dian or the av erage.

Chance: fo r a process wit h two or more pos sib le outco m e s , ‘c h a n ce’
us u ally refers to the unpredictability of whi c h ou tco m e will occur in a
particular exe cutio n of the process. See Section 5 on pag es HL94.3
and HL94.4 in Statis ti c a l Highlig ht #94.
‘C hanc e’ is gen erally avo ide d as ter min ology in thes e Ma ter ials

Che ck sh eet s: se e Ishikawa.

Cher ry pie paradox: se e St atis ti c a l Highlig ht #47.

Chi squ are d distribution: if Z1, Z2, ....., Zν are probabilis ti c a l ly in-
dependent N(0,1) random variable s , the sum of their squares ha s a
χ 2 dist rib u tio n with ν degrees of fre e dom , den oted χ 2

ν (‘c hi’ rhy mes
with ‘hi’– it is pronoun ced ‘ki’). (13.1 4 to 13.16 , Ap.7, Ap. 8)

Clinical trial: se e Bl ind, Blinding. (5. 39, 5.49)

CI: se e Con fide nce interval.

Cluster: a (natural) gr oup of ele ments/un its of a popula t ion.
The clu s ters whi c h ma ke up a popula t ion can be of:

• equal size: fo r ex ample, cardboard car ton s of 24 cans in a pop -
ulation of cans of soup; OR:

• unequal size: fo r ex ample, hou seh olds in a popula t ion of people.
(5. 24, 5.55, 5.57, 5.85, 5.86, 5.96)
Clust e r sampling is dis cus s ed in Fig ure s 2.14 and 2.1 6 of STAT 332.

Co ld: we rou tin ely perceiv e ‘c old(n ess)’ and its degree can be quanti-
fie d by (low) tem perature.
Scie n ce identifie s temperature wit h en ergy lev els (e.g., transla t ion a l,
rotation a l, vibration a l) at an atomic lev el; a cons equ enc e is a lowe r
li mit for ‘cold’ (‘a bsolu t e zero,’ 0°K) when all ener gy lev els are in
thei r gr oun d st ate. (Se e also Post ulate s of Impotence.)
This model is incongr uou s to our senses in that it seems possib le, no
matt e r how ‘cold’ something is, to imagi ne it bei ng colde r.
The phy sical exper ienc e of ‘cold’ can thu s remind us that perceptio n
may be at odds wit h (m odels of) ‘r eality’ – see als o the more ab-
st r act situation s in Statis ti c a l Highlig hts #47 to #51.

Com mon cau se: the situation whe re variat e Z− (s ay)
caus es both variat es X− and Y−.
(5. 34, 5.35, 5.42, 5.73, 5.7 6, 5.77)

Com mon response: the situation whe re variat e Y− (s ay)
is the respons e to both variat es X− and Z−.
(5. 35, 5.42, 5.46, 5.7 6)

Comparative Plan: a Pla n involv ing changi ng and co mparing.
Changi ng and co mparing are the basis for inv estig a t i ng a relationship.
(a Que s tion wit h a causat ive aspect). (5. 28)

Comparing in clu des the processes of assig ning and estimating.
(5.45 to 5.49)

Comparison error: se e Er ror.

Complement: se e Ev ent.

Compr ehe n d i ng: se e Sensing.

Con fide nce interval (CI): an expre ssi on for an int e rval estim ate of
a mo del parameter, der ive d fr om the dist rib u tio n of an estim ato r;
the int e rval covers the value of the model parameter with a speci fi ed
probability called the con fide nce leve l (e.g., 95%). (13.1 to13.18)
A re alized confid e n ce int e rval is the expre ssi on evaluated from dat a
and is usually giv en in the Analys is stage of the FDEAC cycle. (13.3)

• Info rmal in terpret ation: a range of plausible va lues for a res pon-
dent popu lation attribute or a model para m eter represe nting it.

• Fo rmal in terpret ation: under rep etition of the sel e cting and measur -
ing pro ces ses and of calcu lating the CI fro m th e rele vant expression,
appr oximately the con fidence level pro por tion of these inter vals will
contain the value of the popu lation attribute or model para m eter.

X−
Z−

Y−

X−
Y−

Z−
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STATISTICS and STATISTICAL METHODS: Glossary for Int r odu ctory Stat ..... (continue d 4)

A CI quantifie s un cer tain ty in ter ms of beh aviour unde r repetit ion.

Con fide nce leve l: se e Con fide nce interval.

Con founded: variat es inv olved in confou nding can be said to be con-
fo unded (u nde r the Pla n). (5. 30)

Con founder an exp lanato ry variat e involved in confou nding (a ‘con-
fo unding variat e’) . (5. 30, 5.43, 5.7 0) Se e also Lu r king var iat e.

Con founding: info rmally, when non -focal exp lanato ry variat es Z− i

do not all hold their same value s as X− change s to make app are n t it s
rela t ion s hip to Y−, th eir ef fects on Y−, and that of X− , are conf use d or
mixe d up in such a way that they cannot be dis tinguis hed .
Fo rmally, differ ing dis tributio ns of value s of one or more non-focal ex-
planato ry variat e(s) among two (or more) groups of ele ments/un its [li ke
(s ub)popula t ion s or samples] wit h different value s of the focal variat e.
When Z− is a confou nde r, not tak ing accou nt of Z− value s may make
the Answe r to a Que s tion abou t a (ca usa l) rela t ion s hip between X−
and Y− meaning ful ly different from the correc t Answe r.
The fou r types of confou nding we distinguis h, in order of decrea sing
im por tanc e fo r in trodu cto ry statis ti cs, are:
Ty pe 2 (as defi ned above for Z−, X− and Y−) is the primary con cer n of
thes e Course Mat e ria ls , specific a l ly wit h refe renc e to comparison er-
ro r in comparative Pla ns.
Ty pe 1 (of two or more fo cal variat es) : in ability, unde r the Pla n, to se-
parate the effects of two (or more) focal variat es on a respons e variat e.
(Ty pe 1 confou nding may be exploite d in De sig n of Experiments.)
Ty pe 3 reflects disagreement among statis ti cia ns as to how broadly ‘con-
fo unding’ is to be int e rpret e d; for exa mple, whether a phen omen on like
Si mpson’s Paradox shoul d be regarded as an ins tanc e of ‘confou nding.’
Ty pe 4 is uniqu e to thes e Course Mat e ria ls and is so l ely to provi de
st atis ti c a l in sig ht from recog n izi ng co mmon themes of prob ability
assig ning and prob ability selecting. (5. 30, 5.7 0 to 5.72)
Fo r in trodu cto ry statis ti cs teaching, Types 1, 3  and 4 cou n fon d ing are
option a l enrich ment. See Statis ti c a l Highlig ht #3.

Con founding effect: in an observat ion al Plan, for a focal variat e with
q value s , we think of the respondent popula t ion as bei ng ma de up of
q subpopula t ion s; each subpopula t ion is those ele ments whi c h have
a par ticular value of the focal variat e. (5.49, 5.51, 5.54)

When q = 2 and the two subpopula t ion ave r age respons es are Y
−−0 and

Y
−−1, we hav e:

Y
−−1 − Y

−−0 = effect of change in X− + effect of change in Z−1, ....., Z− k

= treatment effect + con founding effect. -----(HL91. 2)

The ‘confou nding effe ct’ is ter min ology speci fi c to thes e Ma ter ials.

Con fusion: conf usi on of ter min ology (or its idea s) [in clu ding wit h or-
dinary Englis h us eage] can be a sou rce of obs cur ity in exp lanation s
of statis ti c a l id e as; for ty-two pairs of words easily conf use d are:

Some word pairs inv olve the sa m e is s ue, like the estim ate -estim ato r
or real world-model conf usi on.

Conting ency table: a rectang ular table of frequ encie s arising from

catego rizing each ele ment in a group (li ke a popula t ion or a sample)
according to its value s of two variat es.
The sim p lest case is a 2×2 (‘t w o by two’) table when the variat es
are bot h bin ary (e.g., each wit h value s of Ye s or No): the fou r cells of
the table show the number of ele ments wit h co mbin ed value s Ye s-
Ye s, Ye s-No, No -Ye s and No -No.
Tw o variat es wit h m and n value s yi eld an m×n con tinge n cy table.
Also usually shown, in addit ion a l cells at the rig ht and bottom of the
table, are the total frequ enc y of each row and each colum n and,
so m etim e s , at the bottom rig ht-hand cor ner, their sum , the number
of ele ments that produ c e d the dat a in the table.
A con tinge n cy table te st of (prob abilist ic) independence of the two
variat es that are the basis of the ele ment catego riz ation is a for mal
st atis ti c a l method of dat a analys is, base d on a χ 2 dist rib u tio n proba-
bility model wit h (m−1)× (n−1) deg rees of fre e dom (fo r an m×n ta-
ble) and the defin ition of probabilis ti c in d ependenc e.
Continge n cy table s are not discus s ed in STAT 231 but are des cribed
in Fig ure 12. 26 of the STAT 221 Cou rse Mat e ria ls.

Continu ity cor rection: a way to improve accur acy when a con tin u-
ou s dist rib u tio n is use d to approxi mat e a dis cret e dist rib u tio n (o r
when selecting with replacement is use d to approxi mat e sele cting
withou t replacement).
We encou nter this idea mainly in the nor mal approxi mation to the
bin omial and the Poi sson dis tributio ns (or the bin omial approxi ma-
tion to the hyper geometr ic dis tributio n).
Se e equation (2.10 .19) and Table s 2.10 .4 to 2.1 0.6 in Fig ure 2.1 0 of
the STAT 332 Course Mat e ria ls.

Continuou s: se e Random var iable and Samp le space.
We perceiv e mu ch of the (macroscopic) mat e ria l wo r ld as con tin u-
ou s and ‘soli d’), charact e ris ti cs int egr al to the fun ction of many enti-
ties, like pie c es of str ing, lamppos t s and hig hways .
The (highly successful) at o m i c model of the (mic r oscopic) world is
different – it is inherently discret e and the atom , with a nucle ar di-
ameter aroun d 10−5 of the atomic diameter, has about 15 orders of
magnitude more ‘em pty’ space than matt e r, alt hou gh this space is
permeated by effects of the nucle ar and ele ctron i c charges and is
modelled as the ‘qu antum vacuum.’ How to recon cile thes e dis-
parate vie w s of ‘re a lity’ has (of cou rse) been debat e d fo r de ca des.
In ou r routin e us e of math ematical contin uity, it is easy to for get that
the real world may actually be qu ant ized with , fo r ex ample, a lowe r
li mit for the sma l lest pos sib le lengt h. Con tin uity may be a mat he-
mati c a l extra pol ation fr om a dis cret e mater ial world but it is con-
ceiv able that con tin uity is achieved in the non-mater ial world. If the
mater ial world is discret e, usi ng contin uou s mathem ati cs in model s
coul d be a sou rce of model error.

Contr ast : se e Effe c t.

Contro l chart: se e Ishikawa.

Contro l group: in an exper iment al Plan, the par t of the sample as-
sign ed X− = 0; in practic e, this may mean receiv ing a placebo.
(5. 38, 5.39, 5.40, 5.45, 5.47 to 5.50, 5.53, 5.61, 5.80, 5.82)

Conve nience selecting: se e No n-pro bab ility selecting.

Correlation: a num erical measure of tigh tness of clu stering of the
poin t s on a scatt e r diag ram about a straig ht lin e – cor rela t ion is de-
noted r (c wou ld be better, leavi ng r for a ratio) and its value s li e in
the int e rval [−1, 1]. (4.9 to 4.24, 5.29, 5.30, 5.34)
Se e St atis ti c a l Highlig ht #66.

Co unt erfac tual: a variat e value not obs erved unde r the Pla n – for in-
st anc e, an ele ment’s respons e if it were to hav e been assig ned a focal
variat e value di ffere nt fr om the value actually assig ned . (5. 50, 5.7 4)
Su ch hypoth etical variat e value s may arise in statis ti c a l theory. (5. 51)

Cova rianc e: a mea s ure of association; (4.16) fo r random
variable s XandY: cov(X,Y) = E(XY) − E(X)•E(Y);
i.e., cov arianc e is th e mean pro duct minus the pro duct of the means.

-----(HL91. 3)

Cove ring: to try to manage of sample error, the value s of exp lana -
to ry variat es of the units in the sample are chosen to cov er the range
of value s that occur among (mos t of) the ele ments/un its of the re-

Accuracy Preci sion Me a n Av erage
As sociation Causation Mi nus Nega tive
Av erage Me an Mi stake Error
Bi as Error Model Re al world
Causation Associa tion Ne g a t ive Mi nus

Causation Correl ation Obse rvation Observational
Correla t ion Causation Obse rvation a l Observation
Data Ran. var. values Popula t ion Sa m p le
Data s.d. Pr obabilis tic s.d . Precisio n Ac c u rac y
Er ror Bi as Probabilis ti c s.d. Da ta s.d .

Er ror Mis t ake Probability Likelihood
Estimate Esti mator Ran. var. value s Da ta
Estimato r Esti mate Re a l wo r ld Mo del
Estimated s.d. S.d. Repetit ion In dividua l ca se
Experiment Exper imenta l Sa mple Po p ula tion

Experiment al Exper iment Si gnific a n ce test Hy poth esi s test
Hy pot hesis test Sig n ific a n ce test S.d. Esti mated s.d .
Indivi d ual case Re pet it i on Un cer tain ty Va ria tion
Interact In ter act i on Variability Va ria tion
Interactio n In ter act Variation Un certai nty

Li kelihood Pr obability Variation Va ria bility
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spon d e n t (o r study) popula t ion/proces s. (5. 24)
Cove ring is relev a n t to implem e n ting judgement selecting.

Cr itical value: se e Hypothesis testing.

Cr oss-ove r de sig n: a cli nical trial in whi c h all particip ants are assig n-
ed both value s of the focal variat e. (5. 51 to 5.52)
Fo r ex ample, the trial star ts wit h half the par ticip ants havi ng X− = 0
and half X− =1; after an appro priat e time, the value s of X− are int e r-
change d fo r the two groups at the cr oss-over poin t of the trial.

Data: value s (o ften num erical) of:
−− variate(s) in statis ti cs, −− ou tco me(s) in probability.

The FDEAC cycle inv olves the seque n ce from dat a to infor mation to
know ledge. See als o Wisdom and Sensing.

Deciles: se e Quantile s.

Deduc tion: re asoning from ge ner al infor mation to a particular con-
clusio n (o r answe r), usi ng the rules of log ic and relev a n t theory.
St eps of deductive rea son ing are consid ere d to embody log ical ne-
cessity, as in mat hem ati c a l ‘proofs,’ for exa mple. This implie s a ‘co r-
re ct’ answe r (o r at lea st an answe r consis tent wit h the starting ‘ax-
io ms’ ), to be con trast e d with uncer tain answe rs from induc tion.
A dange r on mat hem ati c a l models and their associat e d de ductive
re asoning is that the latt e r’s log ical necessity makes it easy to ove r-
look the effects of mo del error on answe rs.

Degrees of freedom (D.f.): the (unev ocative) name giv en (fo r his t orical
re asons) to one or more parameters of the t, K, χ 2 and F dist rib u tio ns;
the phrase is als o us ed in other con tex ts like ANOVA. (13.1 4 to 13.17)
Li ke its name, its ‘ex pla n ation s’ are often obs cure.

Deming: W. Edwards Dem ing was a pio neer in statis ti c a l methods
of quali ty improve ment. See Statis ti c a l Highlig ht #96.

Dependence: a charact e ris ti c of the mat e ria l wo r ld is the depen-
dence among its components, a matt e r of gre at complex i ty. This de-
pendenc e im pedes (but does not preve n t) ou r un d erstanding the real
wo r ld and deve loping useful model s fo r it s behaviour, two processes
aide d by int roducing the mul t i-facet e d id e a of independenc e, of whi c h
in d ependent measurements, fun ction a l in d ependenc e and probabilis ti c
in d ependenc e are ins tanc es we encou nter in statis ti cs.
Se e also Independence and the Appendix on pag e HL89.1 8 in Sta-
tis ti c a l Highlig ht #89.

Deterministic: this ter m aris es in thes e Ma ter ials mainly in the
cont ext of model s fo r non-re spons e, the sou rce of one of our six er-
ro r catego rie s. We cont r ast ‘deter min is ti c’ wit h ‘s t ocha stic,’ alt hou gh
the dis tin ction is complicated and (perhaps) equ ivocal. (5. 26)
The det e rminism of Laplace’s ‘demon’ – that knowledge at some in-
st ant of the forces on and posit ion s (a n d ve locit ies) of all the par ticle s
in the unive rse, plu s prodig i ous ability to calcula te, wou ld rev eal wit h
cer tain ty the past and the future – has been shown to be unt enable
fo r re asons inv olv ing mea s urement, cla s sical phy sics, quantum the-
or y, tim e and computation. See Re fer e nce s.
Some of thes e re asons inv olve idea s av a ila ble to Laplace.

Devi ation: se e Di ffe rence.

Di ffe rence: calcula t i ng a dat a st andard dev iation involves ‘devi a t io ns’
fr om the ave r age; calling them ‘differenc es’ wou ld avo id (unne c es-
sary) dup lication of ter min ology, but thus is unli kely to hap pen.

Discrepancy measure: se e Si gnificance test ing.
Elsewhere, a discrepa ncy mea sure may be called a pivo tal quant ity
or a te st statist ic; we av oid the latt e r two ter ms in thes e Ma ter ials.
It is reg rettable that statis ti cs has three (arcan e) syn onyms for one idea:
quant ifying the dis agree men t (o n the basis of a suitable probability
model) between what is ob ser ved and what wou ld be expected if the
(n ull) hy pot hesis is true.
Obviously, the greater the dis agreement, the more likely it is that the
null hypot hesis is not tr ue – that is, the more lilely the null hypot hesis
is fa lse (o r the probability model is not suit able) .
This parade of negative s – not true = false, nul l hy pot hesis is false =
the alt e rnative hupot hesis is true = the re is an effect – can enge n d er
conf usi on and is a dis advant age of argum e n t by con tradiction.

Discrete: se e Continuou s, Random var iable and Samp le space.

Disj oint: se e Ev ent. (5. 29)

Dispersion: how sprea d ou t (‘d isperse d’) a dat a set or probability
dist rib u tio n is – a sim ilar idea to spre ad.

Dist inc tions: fo r distin ction s im por tant in statis ti cs and its teaching,
se e the lowe r half of pag e HL91.3 and pag e HL91.4.

Distribution: fo r a quantity that can take two or more value s which
each may occur one or more tim e s , it s dist rib u tio n is the set of value s
and their frequ enc es, us u ally wit h the value s ar range d in an appro -
priat e order (e.g., in ascending num erical order).

DOE: acrony m fo r De sig n of Experiments; this wou ld be more
ev ocative as Design ing Exper imenta l Pl ans (DEP), to indicate its role
as a pr ocess [li ke the Desig n (a n d ot he r) stage s of the FDEAC cycle].
Se e also Experiment.

Ecological fallacy: using cor rela t ion s among att ribute s (li ke ave r-
ag es) to answe r a que s tion abou t co rrela t ion s among in dividua ls,
withou t re cognizi ng that the for mer are typically high er in mag n itude
than the latt e r.

Eddington: Ar thu r S. Eddington (1882 -1944) wa s a Britis h astron o-
me r and mat hem ati cia n; his ext ensiv e writ i ngs inclu de philo s ophy of
scie n ce and popularizi ng scie n ce. See als o Quantized.
His pos thu mou s book Fu n damenta l Theory pres ents in det ail his
cl aim that, becaus e scie n ce inv estig a tes the world by measur ing, it is
possib le to deduce a prior i the value s of some dimensi onles s qu an-
tities like the total number of atomic charged par ticle s in the uni-
ve rse, the ratio of the ele ctros tati c and grav itation a l fo rce bet ween
two ele ctron s, and the proton-to -electron mass ratio. See Sensing.

Effe c t: the effe c t of X− on Y− (u sually) refers to the change in the aver -
ag e of Y− fo r unit change in X− and:

−− im p lie s the X−-Y− rela t ion s hip is (beli eve d to be) ca usa l – a change
in X− ca uses (br ing s abou t) a change in Y−;

−− in clu des bot h the magn itude and direc tion of the rela t ion s hip –
fo r ex ample, the sl ope and its sign fo r a li near rela t ion s hip;

−− requ ire s that all non -focal exp lanato ry variat es Z− i hold their (same)
value s when X− change s;

−− is defi ned (the ‘tr ue’ effect) ov er the ele ments of the resp onden t
(o r study) popu lation. (5.43, 5.44)

• Main effe c t: the effect of a facto r in dividua lly. (5.44)

• Tr eatment effect: a more exp licit ter m fo r ef fec t. (5. 50, 5.51)
Tr eat ment effect is als o a broader term for main effects and in-
teractio n ef fects.

• Contr ast : any li near combi nation of tre atment effects whe re
the coefficie n t s sum to zero. (5.44)

Effron’s dice: se e St atis ti c a l Highlig ht #48.

Eikosog ram: a picto ria l display inv olv ing a unit squ are subdivi ded in-
to are as in a way that illust r ates combin ation s of eve n t s and their pro -
babilit ies; eikosogr ams do this more effective ly than Ve n n diag rams.
Se e St atis ti c a l Highlig ht #5.

Element: the popula t ion entity of int e rest to the Que s tion(s) to be
answe red by an inv estig a t ion and for which variat e value s coul d be
obtain ed. [Info rmally, an‘elem e n t’ is an‘in d ivi d ual.’]
An el ement is to be dis tinguis hed from a unit, whi c h is det e rmine d
by the sampling fr ame. (5. 55, 5.86)
An illust r ation is a Que s tion abou t peop le as ele ments but a frame of
househ ol ds us ed to select the units at the first stag e of sampling.
Elsewhere, ele ments may be called elementary units or observa-
tion units; units may be called samp ling units.
In STAT 231, the unit-ele ment distin ction is ign ore d and only‘un it’ is
us ed as ter min ology. See als o Fr ame and Unit.
In probability, a se t is made up of ele ments.
Se e also Appendix 2 on pag e HL77.9 in Statis ti c a l Highlig ht #77.

Empirical: base d on data.

EPA or EPS: se e Equiprob abl e assig ning or Equiprob abl e sele c ting.

EPSWIR: equiprobable selecting with replacement. See pag es
HL94.9 and HL100.10 (No te 4) in Statis ti c a l Highlig hts #94 and #100.

EPSWOR : equiprobable selecting wit hou t replacement – our defau lt
meaning of EPS.

Equations: equation s, whi c h involve eq uality of their rig ht- and left-
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hand sid e s , occur throu ghout mat hem ati cs; two famili ar cat egor ies
are alg ebraic equ ation s and differentia l equation s. A com mon task is
so lvi ng an equ ation to exhibit its ‘solu tio n,’ a proces s which appears
to be de t erministic, regardle ss of whether this process is analytic or
nume rical, exact or ap p roximat e.
If solv ing equ ation s is deter min is ti c, it may be that the sou rce of the
uncertainty inhe rent in quantum mechanics lie s in the con cep t of a
wave fun ction, whi c h ha s the (curiou s) pro per ty that its squ are is
us u ally int e rpret e d as a pr obabi lity. Deci ding how (or if) this un cer-
tain ty differs from that in statis ti cs needs its careful defi nit ion, avo id-
ing conf usi ng it wit h va riation.
The (unfor tun ately name d) conc ept of chaos – that some (rela t ive ly
si mple, differentia l) equation s are so sensit ive to initia l condition s that
thei r ap proxi mat e nume rical ‘solu tio n’ cannot be speci fi ed regardle ss
of the number of sig n ific a n t fig ure s carrie d in the calcula t ion s – may
ca st doubt on whether ‘solv ing’ equ ation s is (a lways) det e rministic.
Dir ac’s model for the ele ctron, a secon d-order differentia l equation,
allowe d fo r two solu tio ns, the secon d being phy sically realized when
the posit ron was (la ter) identifie d. Tw o solu tio ns here mig ht be the
analog ue of a pro per ty of secon d-deg ree alge brai c equation s. In the
model, posit ron s can be associat e d with (phys ically biz arre) idea s
li ke ele ctron s movi ng backwards in tim e or hav ing negative ene rgy.
Dir ac’s equ ation als o yi elds the con cep t of ele ctron ‘spin,’ wit h dimen-
si ons of ang ular momentum . Equation s are linke d in ext ricably to
Mo delling.

Equiprob abl e assig ning [EPA]: usi ng a probabilis ti c me chanism
(d e scr ibed in the protocol for choosing groups) in an experimental
Plan to assig n the value s of the focal variat e with eq ual probability:

++ across the units of each block in a bl ocked Plan;
++ to each unit in the sample in an unbl ock ed Pla n.

EPA is a speci al case (with eq ual assig nment probabilit ies) of prob-
ab ility assig ning.
EPA is usually called random assig ning or randomization el se-
where, but EPA is more evocative of the assig n ing process.
Equiprobable assig n ing provi des a basis for theory whi c h rela tes com -
paring impre cisio n to lev el of repli c ating; thu s , EPA, in conju nct i on
with EPS and adeq uate rep licating, provi des for quantifyi ng compar-
ing impre cisio n arising from unblock ed, unknow n and unm e asure d
non-focal exp lanato ry variat es and so allow s a par ticular inv estig a-
tion to set group sizes whi c h are likely to yield an Answe r(s) wit h
li mit ation impos ed by comparison error that is accep table in the
Questio n cont ext.

Equiprob abl e sele c ting [EPS]: all samples of size n units from a
st udy popula t ion of size −NS un its have probability 1/(−NS

n ) of bei ng
sele cted . This defi nit ion can also be stated in ter ms of the −N un its
of the re spon dent popula t ion. (5. 23, 5.56, 5.57, 5.86)
EPS is a speci al case (with eq ual in clu sio n probabilit ies) of the pro -
cess of prob ability selecting. (5.48, 5.56)
EPS is usually called simp le ran dom selecting (or sampl ing) (SR S)
el sew here, but EPS is more evocative of the selecting process.
We distinguis h two useage s of ‘EPS.’

−− EPS from an unstr atified popul ation: a protocol for select-
ing units whi c h is sel d o m us ed in practic e but which is the
basi s of sampling theor y; FROM:

−− EPS (unqu a lified): part of a protocol for selecting units whi c h
involves oth er st atis ti c a l id e as like stratifyi ng and/or clu s ter ing
and/or sys tem ati c sele cting – the more co mmon us eage of ‘EPS.’

Se e St atis ti c a l Highlig hts #21 (and #84) fo r fur the r discus sio n.

Er ror: the differenc e between what is stated [e.g., in an Answe r] or
assume d [e.g., in a respons e model] and the actual st ate of affairs.
We distinguis h si x catego rie s of error. (5.19, 5.25, 5.52 to 5.54, 5.84)

• St udy error: the differenc e between [the (tr ue) value s of] the
study popula t ion/proces s att rib u t e and targe t popula t ion/proces s
att rib u t e. (5. 20, 5.22, 5.23, 5.37, 5.40, 5.50, 5.84)

• No n-response error: the differenc e between [the (tr ue) value s
of] the respondent popula t ion/proces s att rib u t e and the study
popula t ion/proces s att rib u t e. (5. 25, 5.26)

• Samp le error: the differenc e between [the (tr ue) value s of] the
sample att rib u t e and the respondent popula t ion/proces s att rib u t e.

(5. 20, 5.22, 5.50, 5.80 to 5.82, 5.84)

• Me asurement error: the differenc e between a mea s ure d value
and the true (or long-ter m av erage) value of a variat e. (5. 22)

−− At tribute measurement error: the differenc e between a
mea s ure d value and the true (or long-ter m av erage) value of
a [popula t ion/proces s or sample] att rib u t e. (5. 20)

• Mo del error: the div ergenc e of the model ling assump tion s fr om
the actual st ate of affairs in the real world. (5. 27, 5.28, 5.43)

• Comparison error: fo r an Answe r abou t an X−-Y− rela t ion s hip
that is base d on comparing att rib u t es of groups of units wit h dif-
fe rent value s of the focal variat e, comparison error is the differ-
enc e fr om the in ten ded (o r true) state of affairs arisi ng fr om:
−− differ ing dis tributio ns of lur king variat e value s between (or

among) the groups of units OR −− confou nding.
The alt e rnate wording of the last phrase accom modat es the equ i-
valent ter min ologie s of lu r king var iat es and con founding; in
a par ticular con tex t, we use the versi on of the defin ition appro-
priat e to that con tex t. (5. 30, 5.36 to 5.39, 5.42, 5.45, 5.46, 5.50,
5. 51, 5.54, 5.7 0, 5.7 5, 5.80 to 5.82, 5.84)

We need to inclu de bot h tr ue value s and long-ter m av erage value s in
two error defi nit ion s becaus e:

−− ‘t rue’ value s fo r qu antit ies like lengt h, mass and tim e (a n d the
ma ny quantit ies derive d fr om them) can be inv oke d becaus e st an-
dards fo r mea s uring for such quantit ies are defi ned; BUT:

−− long-ter m av erage value s may be all we hav e av a ila ble when, for
in stanc e, inv estig a t i ng for a par ticular que s tionnaire the effect of
qu estio n wo r ding and/or que s tion order on the dist rib u tio n of
re spons es.

Our useag e of er ror as the differenc e between an Answe r and the true
st ate of affairs is evocative of the cent r al conc e rn of dat a-base d in -
ve s tig a t i ng and, more gen erally, of scie n tific enqui ry. We av oid dis trac-
tion from this cent r al conc e rn by our useag e of mistake and re sidual.
We neve r us e ‘e rro r’ to refer to the re sidual in a reg res sio n model.
The con cep t of error and its catego riz ation are impor tant in statis ti cs
fo r seve r al rea son s.

−− Er ror lea ds to recog n izi ng the idea s of impre cisio n, inaccur acy
and unc e rtain ty and to their succi nct defi nit ion s – we then see
why statis ti c a l methods aim to manage imprec ision (by manag ing
variat ion) and inaccu racy.
It is unfor tun ate that the more famili ar (and seemingly more
st r aight for ward) accu racy and pr ecision are the inverses of what
st atis ti c a l methods manage directly.

−− Er ror is the sou rce of limitations im pos ed on Answe r(s).
−− When estim ating an av erage to answe r a Que s tion wit h a des crip-

Ta ble HL91.5: SYMBOL DEFINITIONS

Y− Re spons e variat e
Y
−−T (Tr ue) targe t popula t ion ave r age
Y
−−S (Tr ue) study popula t ion ave r age
Y
−− (Tr ue) respondent popula t ion ave r age

y−t Tr ue ave r age for sample selected
y−m ≡ y− Me asure d av erage for sample selected

T Tr ue value of a sample ave r age
M Me asure d value of a sample ave r age

Overall error

Study
er ror No n-respons e

er ror

Sa mpleSa mple
er ror Sa mple att rib u t e mea s urement
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tive aspect, a conve n ient bre a kdown of the over all er ror is:
over all error = study error + non-res pon se error

+ sa m p le er ror -----(HL91.4)

+ sa m p le attr ibute mea surem ent error.

In the diag ram ove r leaf at the top of the rig ht-hand colum n (fr om pag e
HL18 .4 of Statis ti c a l Highlig ht #18), the black filled circle and squ are
(• and -----) repre sent the true and measure d av erage for the actual sam-
ple from among the set s of all pos sib le samples and measure d value s
(m odelled by normal dist rib u tio ns) . Fo r the true and measure d av-
erage s of the actual sample, desir able as the sub scr ipts t and m are
as a rem inde rs of a vit al dis tin ction, ret ain ing the latt e r fo r su ch a
widely-use d sy mbol is unrealis ti c; user s mu s t take responsib i lity for
remember ing that unsubs cript e d y− is a measured sample ave r age.
Li cenc e on two matt e rs improve s the clarity of the diag ram:

−− all fou r er ror components are posi tive – in practic e, ove r all error
may inv olve some ca ncell ation among error components of opp o-
si te sign;

−− the dis tributio n of measured sample att rib u t e value s ha s been
move d do wn.

It is rare in dat a-base d inve s tig a t i ng to need to manage fewer than
th ree catego rie s of error – typically study, sample, mea s urement error.

++ If for mal statis ti c a l methods of dat a analys is are use d, model
er ror must be manage d – up to 4 cat egor ies to manage.

++ With human un its (and sometimes wit h inanimate units), non -
re spons e er ror must be manage d – up to 5 cat egor ies to manage.

++ Comp arative Pla ns requi re ma n agi ng comparison error – up to
6 cat egor ies to manage.

Over all error in an inv estig a t ion refers to the net effect of all relevant
catego rie s of error on the Answe r(s) from the inv estig a t ion.
Se e also Re sidual. (5.19, 5.25, 5.54)

Estimate: numer ica l va lue (s) fo r a popula t ion attribute or model pa-
rameter:

−− de riv ed from (the dis tributio n of) the cor responding es tim ator, AND:
−− calcula ted from data .

• Po i nt est imate: a si ngl e value for an estim ate.

• Interval est imate: an in ter val of value s fo r an estim ate, usually in
a for m that quantifie s va riability (r e pre senting impre cisio n). (5. 21)

Estimate d (o r re alized) re sidual: se e Re sidual.

Estimating: a process whi c h us es st atis ti c a l theory to der ive the dis-
tr ibutio n of an estimator and data to calcula te an (in ter val) estimate.

In con trast to its statis ti c a l meaning, ‘estim ating’ in ordin ary Englis h
us u ally means ‘ap proxi mating,’ base d perhaps on intuition or com mon
sens e. A st atis ti c a l estim ate is, in a sense, an approxi mat e value, but:

−− is obtaine d by a defin ed process of inductive rea son ing, AND:

−− un d er appro priat e modelling assump tion s, (so m e) sou rces of er-
ro r are quantifie d un d er repetit ion.

Estimator: a random var iable whos e dist rib u tio n re prese nts the pos -
sible value s of the cor responding estimate un d er repetit ion of the se-
le cting, mea s uring and estim ating processes. (5. 21)

Ev en: se e Odd.

Ev ent : an eve n t (A, say) is a sub set the poi nts in the sample space S.

• Complement: the complem e n t of eve n t A is the set of poi nts
in S but not in A; we den ote it c

A.

• Disj oint eve nts have no poi nts in com mon. (5. 29)

Ev ocative ness: a com mitment to choosing symbols and ter min ology
that are evo cat ive: bring to min d the entity repre sent e d or name d.
Examples are random variable s R for residu al or ratio, S for standard
devi a t io n and T for tim e; EPS for equ iprobable selecting.
Unev ocative choic es are:

−− ANOVA for Analysis of Var ian ce, whi c h does not inv olve what
woul d us u ally be thoug ht of as eit her ‘analys is’ or ‘varianc e.’
An evocative acrony m woul d be PAS SDI for Pa rtitioni ng Sums
of Squ are d Differ ences – see ANOVA.

−− Degrees of fre e dom .
−− Diso r der as use d to descr ibe inc rea sing ent ropy – whateve r it s

technical merits, for mos t people it evo k es an image of the op-
posi te of increa sing uniformity.

−− r as the symbol for cor rela t ion – histo rically, c wou ld hav e been
preferable, leavi ng R and r for residu al and ratio.

Exchange Paradox : se e Al i-Bab a Par adox.

Experiment: in ordin ary Englis h, ‘ex per iment’ is often associat e d
with inv estig a t ive activ ity in a biologi c a l or chemical laborato ry.
In the ten stat ements of the law of large numbers on the upper half
of pag e HL91.3, five use the word ‘ex per iment’ alt hou gh the (im p lie d)
cont ext is repetit ion of a process inv olv ing probability – ‘tr ial’ (as in
the sev ent h and tent h st atements) is then a better term.
Us eag e li ke this shows it is best to avo id ‘ex per iment’ in statis ti cs be-
caus e of the key statis ti c a l meaning of experimental.
Us e of ‘Experiments’ in ‘DOE’ is reg rettable – see DOE.

Experimental: to be con trast e d with observat ion al – it indicates a
co mparative Pla n where the invest iga tor s (actively) assig n the value
of the focal variat e to each unit in the sample or in each block.
(5. 36, 5.38, 5.39, 5.45 to 5.50, 5.54)

Explor atory dat a an alysis: se e Quantile s.

External val idity: soci al scie n ce ter min ology for st udy error.
Se e also Internal val idity and Va lidity.

Fa ctor: an exp lanato ry variat e; (5.43) we dis tinguis h a facto r that is:
−− a fo cal variat e;
−− a non-focal variat e us ed as a bl ocking fac tor; (5. 36, 5.37)
−− a non-focal variat e value manage d fo r ot he r re asons. (5.45)

Fa ctor leve l: se e Leve l and also Con fide nce leve l.

Fa ctorial tre atment struc ture: all co mbin ation s of the lev els of the
(two or more) facto rs. (5.43, 5.44)

• Fr actiona l fa ctorial tre atment struc ture: a sub set of (the run s
of) a (full) fact orial tre atment structure.
Fo r in stanc e, 8 (properly-chosen) run s fr om a ful l fact orial struc-
ture of16 run s is a half fra ction. (5.44, 5.45)

Fa lsehood: in dat a-base d inve s tig a t i ng, an answe r whos e differenc e
fr om the true state of affairs is large enoug h to be practically impor-
tant in the que s tion con tex t. See als o Appendix 2 on pag e HL91. 24.
Su ch an answe r may eve n be harmful – see Appendix 8 on pag es
HL77.1 3 and HL77. 14 (and HL79. 2) in Statis ti c a l Highlig ht #77.
Tw o re asons falsehoods arise are:

−− bad luck, as in the rou ghly 5% of 95% confid e n ce int e rvals that
do not cove r the value of the popula t ion attribute or model pa-
rameter, OR, MORE COMMO NLY :

−− in adequ ate erro r ma n agement.
Proper appli c ation of statis ti c a l methods of error management can
ma ke falsehood unlikely in a par ticular inv estig a t ion but cannot pre -
clude it. Conv ersely, ign oring statis ti c a l precepts does not guarant e e
fa lsehood – a sample of size one obtaine d by conve n ienc e sele cting
may have a variat e value clo se to the popula t ion ave r age. See als o
Appendix 1 on pag es HL77.8 and HL77.9 in Statis ti c a l Highlig ht #77.

Fa lse posit ive : when the re is an X−-Y− association fo r which coi nci den ce
can be ruled out as the rea son, a par tia l or complet e fa lse posit ive is
causat ion of Y− that is not only, or eve n in par t, by X−. (5.74 , 5.75)

Fa lse negat ive: ab senc e of association of X− and Y− ev en thoug h they
have a causal rela t ion s hip. (5.74 , 5.75) Se e also
Se ction 4 on pag es HL60.3 and HL60.4 in Statis ti c a l Highlig ht #60.
Our defin ition s of false posit ive s and false negative s are for the speci-
fic con tex t of association/co rrela t ion and causation but the sa m e id e a
aris es on other con tex ts, althou gh differenc es in ter min ology may ob-
scure the unde r lyi ng com mon theme. Other con tex ts inclu de:

−− measur ing wit h a bina ry ou tco me (e.g., 0/1, Yes/No, Pass/Fa il,
Guilty/No t guilty, Pre sent/Ab sent): thes e occur in student as-
sessment and quali ty testing of manufacture d it ems, verdicts in
cr iminal trials, medical testing for a dis ease.

−− hy pothesis testing (a deci sion rule) whe re (unhelp f ully) accep t-
ing a false nul l hy pot hesis is called a Ty pe I error and rej ecting
a true nul l hy pot hesis is a Ty pe II error.
There is the same unde r lyi ng issue in significanc e te sting, but
it is les s obvious becau se of the empha sis on ‘s tre ngt h of evi-
denc e’ (as oppos ed to mak ing a decisio n).

The logi cal st ructure of thes e matt e rs is analog o us to con str ucting a
2 × 2 continge n cy table.

FDEAC cyc le: acrony m fo r a 5-stage structure d pr ocess fo r data -
base d inve s tig a t i ng (as in Table HL91.4 on pag e HL91. 5); the stag es are:
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• Fo rmu lat ion stage: fo rmu lating cle arly the Que s tion(s) for which
the inv estig a t ion is intende d to provi de Answe r(s).

• De sig n st age: draw ing up a Pla n fo r the processes that wil l
ge nerate Dat a that wil l prov ide Answe r(s) to the Que s tion(s).

• Execut ion stage: carrying out the Pla n – col lecting (sele cting,
mea s uring), exa m ining, mon ito ring and storing the Dat a.

• Analys is stage: summarizing and analyzing the Dat a in ways
that effective ly prov ide Answe r(s) to the Que s tion(s).

• Conclusion stage: givi ng Answe r(s) to the Que s tion(s) in con-
te xt, their lim itation s, and (if appropriat e) recom mendation s.

The FDEAC cycle is des cribed in det ail in Statis ti c a l Highlig hts #88
and #89. See als o PPDAC cyc le.

Feedback: se e Cau sal cha i n.

Fishbone diagram: a schemati c display (reminiscent of a fish skele -
ton) for or ganizing the names of explan atory variat es whi c h may af-
fe ct a par ticular re sponse variat e; the re can be up to six ma in bran-
ches on the diag ram , with label s li ke measurem ent, person, en vi-
ronment, meth od, material and mach i ne. (5. 23, 5.57 to 5.59)
Se e also Ishikawa.

Fo cal (explan atory) var iat e: fo r a Que s tion wit h a causat ive aspect,
the explan atory variat e whos e rela t ion s hip to the re sponse variat e
is involved in the Answe r(s) to the Que s tion(s). (5. 28, 5.72)

Fr ame: a lis t [r eal or con cep tual (e.g., a rule that wou ld, if implem e n-
ted, gen erate the lis t)] of the units that can be selected from the respon-
dent (or study) popula t ion. (5. 56, 5.57, 5.64, 5.84, 5.86)

Fu nctiona l dependence: se e Independence.

Fu n d a m e ntal Theor e m of Statist ics: un d er equ iprobable selecting
(EPS), the dist rib u tio n of the sample ave r age in the set of all pos sib le
samples of size n is the dist rib u tio n of the random variable Y

− repre -
senting the sample ave r age in a (re spons e) model. (5.91, 13.8)

Gam ma fu nction: The defi nit ion is:
Γ(α) =∫

0

∞
xα −1e−xdx.

Tw o proper tie s of the gam ma fun ction are:

• Γ(α) = (α −1)! if α is a posit ive int ege r; • Γ(½) = √π.

-----(HL91. 5)

We can think of the gam ma fun ction as a gen erali zation of the idea
of a facto ria l. (5.9)

Gauge: a syn onym for measur ing instrumen t, often used, for exa mple,
in manufactur ing indust rie s. See als o Me asuring pro cess.

Gauge R&R inv est igation: an inv estig a t ion to quantify the repeat a-
ab ility and the reproduc ibility of a gauge. (5.62)
Se e also Me asuring pro cess.

Gaussian distr ibution: us ed in STAT 231. See Normal distribution.

Gener ality: a word to be avo ide d as dup lication of exi sting statis ti c a l
ter min ology; gen erali ty (of an Answe r) usually refers to samp le error.
In DOE, ge ner ali ty (o r a wide r induc tive basis) may refer to usi ng a
fact orial tre atment structure so that int e r actio n ef fect(s) can be estim a-
ted . (5.85) Se e also pag e HL91.6.

Gener alization: an othe r wo r d to be avo ide d as statis ti c a l ter min o-
logy; like ge ner ali ty, it may refer to samp le error. (5.85)

Gener alizability: an othe r wo r d to be avo ide d as statis ti c a l ter min o-
logy; it may refer to st udy error. (5.85) Se e also pag e HL91.6.

Haphazard selecting: se e No n-pro bab ility selecting.

He isenber g: the Un certainty Princ iple is a staple of moder n phys ics ;
it s or igi n in mat hem ati cs (pres umably) makes it a model st atement.
It has profo und implication s fo r the model of ‘re a lity’ provi ded by quan-
tum mechanics.
Discus sio ns of the Unc e rtain ty Principle often leave it uncle ar whether
measur ing li mit ation s are incid e n tal to it or inherent in it and whether
‘knowing’ and ‘mea s uring’ are to be dis tinguis hed .
Se e also Un certainty and Va riation.

Histog ram: a bar chart use d to display the dis tribution of the value s
of a variat e; the horizont al axis defi nes appro priat e in ter vals of vari-
at e value s and the area of a bar is the pr oportion of value s that fall

in the int e rval cov ere d by the bar.
A his t ogr am ha s a density scale on its ver tical axi s ; ma ny displays cal-
le d ‘his t ogr ams’ are only bar gra phs, whi c h have a freq uen cy scale
on their ver tical axi s .
Re placi ng the ‘st epped’ profile of a his t ogr am with a smoot h curve
can ease for students:

−− the transit ion from dis cret e to con tin uou s dist rib u tio ns;
−− the idea of usi ng a con tin uou s model (li ke the nor mal dist rib u-

tion) to approxi mat e a dis cret e model (li ke the bin omial dist ri-
butio n or the Poi sson dis tributio n).

Se e also Statis ti c a l Highlig ht #26 and Ishikawa.

Ho t: unli ke the lo wer li mit on ‘cold,’ the re seems to be no (hard)
upper li mit on ‘hot.’

Hypothesis: se e Hypothesis testing and Si gnificance test ing.

Hypothesis testing: this ter m sh oul d be use d on ly to refer to statis ti-
cal testing use d as a deci sion rule, to empha size the distin ction from
(s tat ist ical) significanc e te sting fo r assessing stre ngt h of evi den ce.

When using statis ti c a l testing as a decisio n rule:
−− the null hypothesis is a model parameter value cor responding

to no effec t;
−− the alternat ive hypothesis is a model parameter value cor res -

ponding to the re being an effect;
[o nly a posit ive effect or only a negative effect is a one -side d
alternat ive; accep ting both direction s is a two-sided alt ernat ive.]

−− with a low enoug h P-v a lue (e.g., bel ow .05), the null hypot hesis
is reje c ted, in fav o ur of accept ing the alt e rnative hypot hesis.
[This poi nt is obf uscat e d by addit ion a l unne c essar y ter min ol-
og y: A cr itical value (li ke .05 or .01) is the bou n dar y betwee n
th e acce ptance region (w her e th e null hyp oth ese is not rej ected)
and the reject ion region (th e null hyp oth esi s is rej ected).]

Su ch doub le negative s (li ke rej ecting no effect meaning the re is an
ef fect), phrase d in unfamili ar ter min ology, inv ite conf usi on.
We can think of rej ecting the null hypot hesis as (a cla im of) a sig n a l
being det e ct able above the noi se.
As a probabilis ti c argument by con tradiction wit h specia lized (and
unev ocative) ter min ology, hypot hesis testing has not been help f ul to
the image of statis ti cs as a sou c e of impor tant and usef ul idea s.
A cr itical value (li ke .05 or .01) is a probability [the tail are a(s) of a
probability dis tributio n] and is an idea that arises in three con tex ts:

−− as the bou ndary bet ween accep ting or rej ecting the null hy-
pothesis in hypot hesis testing use d as a decisio n rule,

−− as the bou ndary bet ween what is not or is statis ti c a l ly (or hig hly
st atis ti c a l ly) sig n ific a n t in (st atis ti c a l) signific a n ce testing use d
to assess str rengt h of evi denc e,

−− to deter min e the confid e n ce le vel in a con fide nce interval as a
way to quantify unc e rtain ty unde r repetit ion, alt hou gh the con -
cer n is now wit h the ce ntra l (n ot the tail) area of a dis tributio n.

Hy pot hesis testing as a deci sion rule un d er unc e rtain ty has been
(o ver)sol d as an appealing idea but stre ngt h of evi den ce in (st atis ti c a l)
signific a n ce testing is a better approach to the same problem .
Se e also Fa lse negat ive and Si gnificance test ing.

Ig nor anc e: in thes e Ma ter ials, uncertainty is ign oranc e of error.
Ig noranc e of subjec t-matter can lea d to imp aired decisio n-mak ing.

Impotence: se e Post ulate s of Impotence.

Impr ecision: standard dev iat ion of error (i.e., its haphazard co mpo -
nent, exhibited as va riation) unde r repetition. (5. 21)

• Samp ling imp recision: st andard dev iation of sample error unde r
repetit ion of selecting and estim ating. (5. 25, 5.37, 5.39, 5.86)

• Me asuring imp recision: st andard dev iation of mea s urement er-
ro r un d er repetit ion of mea s uring the sa m e qu antity.
(5. 25, 5.50, 5.60)

• Comparing imp recision: st andard dev iation of comparison er-
ro r un d er repetit ion of assig n ing and estim ating.
(5. 37, 5.40, 5.46, 5.50, 5.52)

Se e also Precision.

Imputing: the process of assig n ing value s fo r missing obs ervation s
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– e.g., assig n ing a value for the respons e of a non -re spondent on the
basi s of its value s fo r know n ex pla n ato ry variat es (li ke sex , ag e, loca-
tion) that (it is hoped) are rea son able ‘pre dicto rs’ of the respons e variat e.

• The purpose of imp u ting (or Imputation) is to sim p lify the data
analys is; it rarel y meaning ful ly inc rea s es the complet eness of the
infor mation in the data .

Inaccu racy: aver age er ror (i.e., its system atic co mponent) un d er repe -
tition. (5. 20)

• Samp ling ina ccu racy: av erage sample error unde r repetit ion
of selecting and estim ating. (5. 25)

• Me asuring ina ccu racy: av erage mea s urement error unde r re -
petition of mea s uring the sa m e qu antity. (5. 25, 5.60)

• Comparing ina ccu racy: av erage comparison error unde r repe-
tition of assig n ing and estim ating. (5. 50)

Inclusion pro bab ility: se e Selecting pro bab ility.

Independence , Independent: a diction ary defi nit ion is: not subje ct
to the con trol, influence or det ermination of anoth er or oth ers.

• Independent measurements: mea s urements are independent
when the operato r’s knowledge of the value arisi ng fr om one
executio n of the measuring process does not influence the value
fr om any other exe cutio n. (5. 28, 5.60)

• Independent eve nts (Prob abilist ic independence): eve nts A
and B are independent when the probabilit ies of even t s A and
B are such that Pr(A|B) = Pr(A) and Pr(B|A) = Pr(B). (5.60)

• Independent ran dom var iable s: two random variable s are in-
dependent when their jo i nt probability (density) fun ction is the
pr oduct of their marginal probability (density) fun ction s.

The idea of independenc e is a (mathem ati c a l) idea lization – the usual
st ate of affairs in the real world is one of dep enden ce (i.e., la ck of
in d ependenc e). (5.11 , 5.12, 5.29, 5.47, 5.7 5, 5.79)
Se e also the Appendix on pag e HL89.1 8 in Statis ti c a l Highlig ht #89.
In the respons e model (HL91.1) at the upper rig ht of pag e HL91.4:

−− the random variable s Rj are taken as bei ng pr obabi lis tically indep-
penden t, SO THAT:

−− the random variable s Yj are pr obabi lis tically indep enden t, BUT:

−− Yj and µ are fu nctiona lly dependent in the sense that Yj value s
are affected by the value of µ; the pos sib i lity of fun ction a l de -
pendenc e sh oul d be kep t in min d when int e rpreting a scatt e r
diag ram .

Indicat or va riate: a bin ary variat e which takes only value s of 0 or 1.
Se e also Binary (re sponse) var iat es. (5. 32, 5.7 4)

Indu ction: re asoning from particular ca s es, inve s tig a t ion s, or dat a to
a more ge ner al conclu sio n, usi ng the rules of log ic and relev a n t theory.
(5. 23) Indu ction is to be con trast e d with de duc tion.
We think of inductive rea son ing in ter ms of incomplet e infor mation
le ading to un cer tai n Answe rs to (st atis ti c a l) Questio ns.

Infinit y: a diffic ult con cep t (m ade more so by its mat hem ati c a l proper tie s).
We encou nter infin ity in, for exa mple, the seeming endle ssn ess of the
sequ enc e of (posit ive) int ege rs or real numbers.
It seems rea son able that the re wou ld be more re a l numbers than in-
tege rs and hence Canto r’s di ffere nt infin ities ℵ0 and ℵ1 (o r din a l num-
bers), but more than one infin ity seems paradox ical.
Li kely more famili ar is the infin ity that res ult s fr om div iding by zero,
which can be troub lesome in mat hem ati c a l modelling.

Influential observat ion: in reg res sio n, an obs ervation whose x-v a lue
differs sub stantia l ly from that of the othe r (bivariat e) obs ervation s.
We dis tinguis h an influe n tia l obs ervation from an outl ier which has a
devi ant y-v a lue; ‘ou tli er’ is use d in a broader con tex t than reg res sio n.
Se e data set s 4 and 3 on pag e HL53. 2 in Statis ti c a l Highlig ht #53.

Interact: a word with a different meaning in ordin ary Englis h fr om
interaction in statis ti cs. See Interaction.

Interaction of two facto rs X−1 and X−2 is said to occur when the effect
of one facto r on a respons e variat e Y− depends on the lev el of the
ot he r fact or. Int e r actio n means the combin ed effect of two facto rs is
not the sum of their indivi d ual effects. (5.44, 5.45, 5.75 to 5.79)
Interactio n may inv olve effects of more than two facto rs. (5.76 , 5.81)
Thus, three (or more) facto rs are inv olved in int e r actio n in statis ti cs;

in nor mal Englis h, ordin arily only two ‘fact ors’ int e r act.

Internal val idity: soci al scie n ce ter min ology for comparison error.
Se e also External val idity and Va lidity.

Interquartile range (IQR): se e Quantile.

Intersection: the int e rse ction [den oted A ∩ B (o r AB)] of eve n t s A
and B is the eve n t co mprising the set of all poi nts in A and in B.

• Union: the union (den oted A ∪ B) of eve n t s A and B is the eve n t
co mprising the set of all poi nts in A or in B or in both.

Interval est imate: an in ter val of value s fo r an estim ate, usually in a
fo rm that quantifie s im pre cisio n. (5. 21)
Se e also Con fide nce interval and Estimate.

Inve stigation: a data-base d inve s tig a t ive unde rtaking inv olv ing one
(o r a few) Que s tion s to be answe red .
An inv estig a t ion is to be con trast e d with a proj ect.
Se e Se ction 2 starting on pag e HL88.2 in Statis ti c a l Highlig ht #88.

Inva lidity: a word to be avo ide d as dup lication of exi sting statis ti c a l
ter min ology; inv a lid ity (of an Answe r) means inaccu racy. (5.85)

Ishikawa: se e No te 27 on pag e HL88.1 8 in Statis ti csl Hig hlig ht #88
and Statis ti c a l Highlig ht #97.

Jo i nt pro bab ility function: se e Prob ability function.

Ju dge m e nt selecting: hu man judgement is use d to select n units from
the −N (o r −NS) ele ments/un its of the respondent (or study) popula t ion.

−− Ju dgement selecting [im p lem e n ted to achieve pro per cove ring]
is com monly use d fo r a Que s tion wit h a cau s ative aspect inv es-
tigat e d using an exper iment al Plan.
Us u ally, judgement selecting is use d becaus e probability select-
ing wou ld be infea sib le to implem e n t.

(5. 22, 5.23, 5.24, 5.38 to 5.39, 5.52, 5.56, 5.80 to 5.82)
Se e also No n-pro bab ility selecting and Statis ti c a l Highlig ht #83.

Kν distribution: the dis tributio n of a random variable whi c h is the
squ are root of the ave r age of the squares of ν in d ependent N(0, 1)
random variable s; the parameter ν is called the de grees of freedom.
(13.1 5 to 13.17) Se e also Statis ti c a l Highlig ht #105.

Least squ are s: a process for estim ating respons e model parameters,
base d on min imizi ng the sum of the squ are d re sidu als. (8.1, 8.2)
Se e also Statis ti c a l Highlig ht #73.

Leve l: fac tor leve ls are the set of value(s) assig ned to a facto r; that is,
(u sually) the set of value s assig ned to the (or a) focal variat e. (5.43)

Like lihood function: the probability of the data as a fun ction of the
model parameter(s).

• Re l ative likel ihood function: a fun ction of the model parame -
ter(s) defi ned as the likelihood fun ction di vided by the maxi-
mum value of the likelihood fun ction.
The den ominato r is the likelihood fun ction evalue d at the maxi-
mu m li kelihood estim ate and is a number.

‘Likelihood’ in its statis ti c a l meaning is not a syn onym for ‘probability’.

Limitations: ap ply to Answe r(s) to the Que s tion(s) and must:
−− assess the likely impor tanc e of each cat egor y of error;
−− be expre sse d in the langu age of Que s tion context.

Li mit ation s are inherent in answe rs obtaine d fr om incomplet e infor-
mation (e.g., from sampling and measuring).
Er ror management aims to reduce lim itation s to a lev el accep table in
the inv estig a t ion con tex t; ideally, this reduction is only as much as is
needed, so as to con ser ve resou rces.

Location: refe rs to whe re (the ‘cent re’ of) a dis tributio n is posit ion ed;
in this sense, ave r age s and means are measures of location. (5. 28)
The same idea called a measure of cen tral ten den cy is best avo ide d.
Se e Ta ble HL91. 2 on pag e HL91.4.

Location-scale transformation refe rs to a mat hem ati c a l operation
that alt e rs the cent re and/or sprea d of a dat a set or probability dis tri-
butio n – for ins tanc e, tak ing the log arithm.
Su ch transfo rmation s are use d, for exa mple, in managi ng model error.

Lu r king var iat e/con founder: a non -focal exp lanato ry variat e whos e
differ ing dis tributio ns of value s (o ver groups of ele ments/un its) for
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different value s of the focal variat e, if taken into accou nt, wou ld
meaning ful ly change an Answe r abou t an X−-Y− rela t ion s hip.
Lurking variat es/confou nde rs are respon sib le for the lim itation impos ed
by comparison error on an Answe r abou t a rela t ion s hip.
(5. 30 to 5.33, 5.43, 5.65 to 5.7 6)

Main effe c t: se e Effe c t.

Marginal pro bab ility function: (5.68) se e Prob ability function.

Margin of error: wo r ding use d in pol ling to des cribe the half-widt h
of a confid e n ce int e rval, typically for a (popula t ion) pro por tio n.
A quali fi er of19 times out of 20 in d i c ates a confid e n ce le vel of 95%
fo r the confid e n ce int e rval; the beh aviour unde r repetit ion implie d
by this phrase is likely obs cure to mos t re ade rs.
It is als o seldom made cle ar that the ‘margin of error’ is on ly fo r
samp le error – ‘margin of error’so unds mo re li ke over all error.

Matching in an ob ser vational Plan: for ming groups of units wit h the
sa m e (o r si milar) value s of one or more non -focal exp lanato ry variat es
but di ffere nt value s of the fo cal var iat e. [Se e also Bl ocking] THUS:

Ma tching meets ‘lu rking variat es’ criter ion (1) [on the lowe r half of
the left-hand colum n on pag e HL91.8] fo r thos e non-focal exp lana-
to ry variat e(s) Z− i ma de the same wit hin each group. SO THAT:

Whet her the Que s tion involves establi shing cau s ation or quantifyi ng
a tre atment effect, mat ching pre vents confo u nding of the focal vari-
at e with the Z− i ma de the same wit hin each group, thu s de cre asi ng
co mparing impre cisio n and so reducing the lim itation impos ed on
Answe r(s) by comparison error.
(5. 37 to 5.40, 5.43, 5.49, 5.52)

Maximum likel ihood: a process for estim ating the value s of model
parameter(s), base d on maxim izi ng the likelihood fun ction.

Maximum likel ihood estimate [mle] : the value of the model para-
meter(s) whi c h maximize(s) the value of the likelihood fun ction.

Me an: a mea s ure of lo cat ion of a random var iable. (5. 5, 5. 28)
A (model) mean is to be dis tinguis hed from a (re a l wo r ld) av erage.
Se e Ta ble HL91. 2 near the middle of pag e HL91.4.

Me aning: what a sentie n t being can ext r act from infor mation to gen e-
rate knowledge.
The dis tin ction bet ween in formation and meaning is useful in sep a-
rating matt e rs that In formation Theor y can and cannot addres s.
It is cur iou s that pr obabi lis tic st ructure s , which compris e neur al net-
wo rks, coup led with immense computing powe r, can make it appear
that a computer has ext r act e d meaning from infor mation.

Me aningfu l : se e Prac tical importanc e.

Me asurement error: se e Er ror.

Me asuring: the process use d to deter min e the value of a variat e.
(5. 28, 5.59 to 5.62) Se e also Sensing.

Me asuring instrument: se e Me asuring pro cess.

Me asuring pro cess: a process for qu ant ifying a variat e value.
The co mponents of a mea s uring process are:

−− the measur ing instrumen t or ga uge;
−− the opera tor (s);
−− the measur ing pro tocol: the ins tructio ns for how to mea s ure;
−− the el ement/unit mea sured. (5. 59 to 5.62)

Se e also Statis ti c a l Highlig ht #38.
An exper ienc e d mea s ure r sh oul d ma int ain a healthy ske pti cism about
the value s of all mea s urements, especi ally those from automat e d
and/or complex mea s uring processes; skepticism of the res ult s of
calcula t ion s, par ticularly complex ones, is als o us eful.

Me asuring pro toco l: se e Me asuring pro cess.

Me dian: the half-way poi nt;
−− fo r a pr obabi lity dis tribution, the median divi des the are a un d er

the probability (density) fun ction in half;
−− fo r a data set with an odd number of obs ervation s, the median

is the cent r al obs ervation of the or der ed data set ;
−− fo r a data set with an even number of obs ervation s, the median

is half way bet ween (i.e., the ave r age of) the two cent r al obs er-

vation s of the or der ed data set. (5.64)
Se e also Quantile s.

Milne: Edward A. Mil ne (1896 -1950) wa s a Britis h mathem ati cia n
and ast rophy sicis t.
His writings inclu de a theor y know n as Kin emati c Rela t ivity (differ-
ent from Ein stein’s rela t ivity) base d on an a prior i prin ciple of equ ival-
enc e of "fundament al" obs ervers and stre ssi ng co mmu nicability among
obs ervers, different from Eddington’s em pha sis on measurability.

Se e Sensing.

Minu s: fa m ili arity from an early age wit h minus sig ns in mat hem a-
tis makes it easy to ove r look their different role s:

−− in d i c ating subtractio n,
−− arising from deductive rea son ing as a pre curso r to a symbol;

when the symbol repre sents a phy sical entity (li ke tim e or ene r-
gy), the phy sical implication s of a min u s sign may be equ ivocal,

−− part of a lowe r li mit of an int e rval – such a lim it may be unre-
aliz able phy sically (e.g, in a confid e n ce int e rval for weight),

−− the squ are root of −1 (us u ally den oted i) is mys ter iou s in its elf
(perhaps les s so as i2 = −1, i3 = −i, i4 = 1, etc), alt hou gh its use
opens up a valuable are a of mat hem ati cs and it arises in quan-
tum mechanics (e.g., in the Schrödinge r equation).
e iπ = −1 co mpoun ds the mys ter y but, if t is tim e, e it repre sents
a ci rcle (o f radiu s 1 in the complex pla ne) ; re solv ing e it in t o it s
cosin e and sin e co mponents bring s in the idea of a wave.

The dictum: ... multiplication by i in a physi cal diagr am mer ely
means tur ning the picture fro m horizonta l to ver tical ... may be
an ove rsi mplific ation.

Se e also Equations.

Missing dat a: (5. 24, 5.26, 5.52, 5.53) se e No n-respondent.

M.l.e.: se e Maximum likel ihood estimate.

Mo del: a model in statis ti cs is a mat hem ati c a l st ructure that tries to
des cribe the pro per tie s or beh aviour of a re a l-world phen omen on.
St atis ti c a l models usually inv olve probability dis tributio ns.
In any situation whe re an Answe r is base d, in whole or in par t, on a
mathem ati c a l model, we shoul d bear in min d a maxim of the lat e
Dr. George E.P. Box , a respect e d U. S. statis ti cia n:
All model are wrong , some are usefu l.
Se e also Re sponse model.

Mo del error: se e Er ror.

Mo delling assumpt ions: we only assess how well five modelling as-
sump tion s ap pear to be met – whether: (5. 27, 5.28, 5.43, 5.50, 13.8)

−− the selecting process for units is (e quivalent to) EPS;
−− the respons e model structur al compone nt fo rm is appro priat e;
−− a nor mal model is ap pro priat e fo r the dis tributio n of the re siduals;
−− there is equ ali ty among st andard dev iat ion(s) [o r they var y in

a known way, such as dependenc e on an exp lanato ry variat e];
−− the residu als can be taken as prob abilist ically independent.

Mo re gen erally, recog n izi ng the model ling assump tion s un d erlyi ng a
particular dat a-base d inve s tig a t ion and assessing how well they are
met is an on erous (a n d vital) task.

Mo delling: an early exa mple is the association of the five Pla ton i c
soli ds – tet r aha dron, oct ahe dron, dodecahed ron, cube and icos ahe -
dron – wit h the fou r ‘e lem e n t s’ –  fire, air, wat e r, ear th and the aet her.
The harmonies exe mplifie d by the Pla ton i c soli ds were seen as re-
fle ction s of harmonies in the structure of the unive rse. This model-
li ng implie d that it mig ht be pos sib le to achieve int e rconve rsi ons among
the ‘elem e n t s’ by appro priat e ma n ipula t ion s of the relev a n t regular
poly g ons – triangles and squ are s – but how to do so rem ain ed elu siv e.
Abou t two othe r his t oric model s, Dav id Bentle y Hart has com ment e d:
... th e Ar istotel ian model of the univer se was an objec t of rare bea uty,
with its immen se eth erial machin eries , it s imper ishable splen dor s, its
in numer able wel lsp rings of harmony and synch rony; and the Ptole-
maic sys te m, wit h it s in trica te coil s and spi rals and ela bor ately exact
actions, was as exquisi tel y gl itter ing a cag e as any rea son ing min d
coul d hope to inhabit. Pra ctically every educa ted intel lec t wa s in thrall
to that model and con fined to that cag e; a fe w percep tive sou ls wer e
aware that the two sys te ms did not perfec tly coi nci de, but wer e st ill
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more or les s condemned to cir cle back and for th between them.

Thes e il lust r ation s of olde r ‘d e scr iptiv e’ model ling may indicate that
su ch ‘modelling’ is like Lakoff ’s ‘fr aming,’ a ter m he uses to descr ibe
how thoug ht processes ration a lize our exper ienc e of ‘re a lity’.
Mo re recent ove rtly math ematical modelling inv olv ing equ ation s (li ke
the theor y of rela t ivity and quantum theor y) are not able for how
cl osely their calcula ted value s or pre diction s alig n with obs ervation
(li ke the rela t ivi sti c co rre ctio n to the advanc e of the per iheli on of
me rcury’s orbit). Howeve r, model ling like this raises the matt e r of
the unre asonable effective nes s of mat hem ati cs – a logi cal st ructure –
in des cribing ‘re a lity’ – a material st ructure.

Mo del parameter: a con stant (us u ally den oted by a Gr e e k le tter) in
a respons e model that re prese nts a respondent popul ation att ribute.
(5. 27, 5.28) Se e also At tribute.
We av oid the ter m popul ation par ameter.

Mo nty Hall: se e St atis ti c a l Highlig ht #49.

Muddle d thinking: Sh ould it (or, worse, gobbledygook) masqu era -
ding as ‘ex pla n ation’ in statis ti c a l mater ials provo k e st atis ti cia ns to
ruef ul lau ght e r, tears or a com mitment to do better? [Se e page s
HL94.4 and the bottom of HL94.10 in Statis ti c a l Highlig ht #94.]

n −1 vs. n saga: Unprofitable debat e abou t the ‘co rre ct’ div iso r fo r
calcula t i ng (u nde r cons train t s) the ave r age dev iation from the ave r age
fo r a (data) standard dev iation – see Appendix 3  on pag es HL100.7 to
HL100.9 in Statis ti c a l Highlig ht #100. See als o Av erage.

Ne gat ive: se e Minu s.

No n-pro bab ility selecting: a process for seleting a sample in whi c h
the unit inclu sio n probabilit ies are unknow n. (5. 56, 5.57)
In addit ion to judgement selecting, such met hods inclu de:

• Acce ssibility selecting: sele cting units (ea sily) accessib le to the
inve s tig a tor(s) – for ins tanc e, the to p laye r in a baske t of fruit or
a trucklo ad of pot atoes or the fron t pallet s or car ton s in a large
st ack in a wareh ou se.

• Conve nience selecting: sele cting units that are conven ien tly av a il-
able to the inv estig a tor(s) – e.g., people wit h a medical con d ition
of interest at a hospi tal or cli nic nearby to the inv estig a tor(s).

• Haphazard selecting: sele cting units wit hou t (c ons cious) prefe r-
enc e by the inv estig a tor(s) – sho ppers who pass the location of
an int e rvie wer in a mall or rat s in a cag e which are more easily
caug ht for a laborato ry test.

• Quota selecting: sele cting units according to value s of speci-
fie d ex pla n ato ry variat es (li ke sex , ag e, income for hum an units)
so the sample dis tributio n of each variat e will (ap proxi mat ely)
match that of the study popula t ion.

• Vo lunteer selecting: asking for (hu man) volun teers, usually
after a brief exp lanation of what the inv estig a t i ng wil l ent ail for
un its in the sample.

Thes e names do not necessarily speci fy a unique sele cting met hod –
the first two methods ove r lap and all five inv olve some degree of
‘acces sib i lity’ and/or ‘conv enienc e.’
Haphazard selecting is sometimes wr ong ly equated with ‘random’
sele cting; i.e., wit h ou r equiprob abl e sele c ting.
Quot a sele cting is a sim ilar idea to cove ring.
Vo lun teer selecting is not to be conf use d with vo lunteer (o r vo lun-
tary) re sponse, a phrase sometimes used to indicate that human un its
can (us u ally) ch oose whet her to respond, i.e., whether to provi de the
requ est e d data; a separate (mea s uring) is s ue is whether thes e re spon-
ses are correct or truthful – see Randomized response.

No n-respondent: an ele ment/un it wit h so m e or all of its data mis -
si ng at the end of the Exe cutio n st age of the FDEAC cyc le.
Mi ssi ng (s a mple) dat a may be due to:

−− non-con t act with the unit, OR TO:

−− non-re spons e (partia l or complet e) when the unit is cont act e d.
‘Non -re spondent’ usually refers to a human un it, whe rea s ‘m issing
data’ is more com monly appli ed to an inanimate unit and may arise
fr om mea s uring ins trument malfunction. (5. 24, 5.26, 5.52, 5.53)

The non-res pon den t s plus the samp le co mpris e the sele c tion in our
ter min ology – see Selection.

No n-respondent popul ation: se e Re spondent popul ation.

No n-response error: se e Er ror.

Normal distribution: a probability dis tributio n with a sym met rical
bell-shaped probability density fun ction on the int e rval (−∞, ∞); this
p.d.f. is of the for m e−y2

. It is als o called a Gaussian distr ibution.
The nor mal dist rib u tio n is den oted N(µ,σ) [or G(µ,σ)] , where:

−− µ is the me an AND:

−− σ is the (probabilis ti c) st andard dev iat ion. (5.15 to 5.1 8, 5.28)
Elsewhere, the not ation may be N(µ, σ 2), in whi c h the secon d para -
meter is (unhelp f ully) the varian ce – see als o Va rianc e.
The st andard normal distribution is N(0,1); value s fo r it s probabi-
li tie s (are as unde r it s p.d.f.) are tab ula ted in many tex ts.
Se e St atis ti c a l Highlig ht #10 4.

No t hingness: a diffic ult con cep t, easily conf use d with:
−− ‘n othing,’ meaning zero or zero mag n itude;
−− ‘a bsenc e of differenc e,’ as in undifferentiat e d samen es s.

Null hypothesis: se e Hypothesis testing.

Observat ion: an indivi d ual datum.
Be s t av oided becaus e of the key statis ti c a l meaning of observat ion al.

Observat ion al: to be con trast e d with experimental – it indicates a
co mparative Pla n where, for each unit selected, the focal exp lanato ry
variat e (pa ssi vel y) takes on its ‘natural’ value unin fluenced by the in-
ve s tig a tor(s). (5. 36 to 5.43, 5.49, 5.51, 5.54, 5.82 to 5.84)
Some statis ti cia ns use ob ser vational as the adj ectiv a l fo rm of ob ser -
va tion, a fun d a m e n tal component of the scie n tific met hod; becau se
obs ervation is always involved in dat a-base d inve s tig a t i ng, this non-
technical (tautol ogical) us e of ‘obs ervation a l’ is to be avo ide d in statis ti cs.

Odd: the dis tin ction bet ween ‘odd’ and ‘ev en,’ as exhibited by the in-
tege rs 2 and 3, appears profou nd – for ins tanc e, no powe r of 2 is
(e xactly) div isible by 3 (and vi ce ver sa?).

Operator: se e Me asuring pro cess.

Orde r of mag nit ude : a facto r of 10, so ‘two orders of mag n itude’
is a facto r of 102 or 100.
The phrase is typically use d to conve y su cci ntly (and approxi mat ely)
a differenc e of large mag n itude – for ins tanc e, the atomic nucleus is
arou nd 5 orders of mag n itude sma l ler than the atom .

Ortho gon al: a gen erali zation of the geometr ic con cep t of perpen-
dicular; ‘or thog onal’ and ‘perpendicul ar’ are often (carele ssly) use d
in terchange ably.

Outcom e: the res ult gene r ated by one exe cutio n of a pr obabi lis tic
proces s. See als o Data and pag e HL94.3 in Statis ti c a l Highlig ht #94.

Outl ier: an obs ervation whose variat e value(s) differ sub stantia l ly
fr om those of other obs ervation s in the data set.
Se e also Influential observat ion.

Over all error: se e Er ror.

Pa iring: A matched pai r is a bl ock of size two un its.

Pa irwise diffe rence: se e St andard pairwise diffe rence.

Par ameter: se e Mo del parameter.

Par e to diag ram: se e Ishikawa.

Pe rceivi ng: se e Sensing.

Pe rcentage s: se e the bottom of pag e HL46.2 in Statis ti c a l Highlig ht #46.

Pe rcentile s: se e Quantile s.

Pe rpendicul ar: an angle of 90° (or π/2 radia ns) bet ween two direc-
tion s (o r axes); this (se emingly) allow s entit ies associat e d with the
two direction s to be tre ated as thoug h they were ‘in d ependent’; we
ex ploit perpendicularity in:

−− Cartesia n axes, conve n tio nally label led x and y and refer red to
as ‘ho rizon tal’ and ‘ve rti c a l,’

−− the real and ‘i mag inary’ axe s of the complex pla ne,
−− squ aring and adding unde r a squ are root to calcula te the lengt h

of the hypot enuse of a rig ht-angled tria ngle, whi c h is als o the
way statis ti cs combin es (in d ependent) st andard dev iation s; a
dist r actio n fr om this idea is the fact that varia n ces add.

−− obtain ing the ‘le ast’ in lea st squ are s minimization usi ng li near
algebra – see step 4 in three places in the rig ht-hand colum ns
of Statis ti c a l Highlig ht #73.

Pivo tal quant ity: se e Discrepancy measure.
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STATISTICS and STATISTICAL METHODS: Glossary for Int r odu ctory Stat ..... (continue d 8)

Placebo: se e Bl ind.

Pleonast ic fallacy: The belief that an absolu t e qu ali tative differenc e
can be ove rco m e by a successiv e accumulation of ext rem ely sma l l
and entirely rela t ive qu ant ita tive st eps.
Se e page HL46. 2 in Statis ti c a l Highlig ht #46.

Plus: The (long famili ar and seemingly straig ht for ward) operation
of addit ion. See als o Minu s.

Po i nt: se e Samp le space and pag e HL94.3 in Statis ti c a l Highlig ht #94.

Po i nt est imate: a single value for an estim ate.
Se e also Interval est imate.

Po isson distr ibution: Conv entio nally (but unhelp f ully) des cribed as
being use d to model ‘random eve n t s in space or tim e.’
It is useful to recog n ize that the Poi sson probability fun ction is suc-
cessiv e ter ms of the powe r-ser ies exp ansio n of eµ, div ide d by eµ.
This (of cou rse) is why the (infin ite) sum of the Poi sson probability
function ter ms is 1.
Se e also pag es HL4.4 and HL94.11 to HL94.1 2 St atis ti c a l Highlig hts
#4 and #94.

Po p u lat ion: a wel l-defi ned group of el ements, othe r th an the sample.
An infin ite ‘popula t ion’ is a (so m etim e s us eful) model. (5.19, 5.55)

Po p u lat ion par ameter: se e Mo del parameter and At tribute.

Post ulate s of Impotence: St atements about the impos sib i lity of achie -
vi ng cer tain con d ition s in the mat e ria l wo r ld, like a speed gre ater than
that of lig ht.
Se e page s HL9.9 and HL9.1 0 in Statis ti c a l Highlig ht #9.

PPDAC cyc le: the acrony m fo r a origi nal (early 1990s to early 2000s)
5-st age structure d pr ocess in STAT 231 for dat a-base d inve s tig a t i ng;
this Glossar y us es in stead the FDEAC cycle becau se:

−− fo r the first three stage s , Fo rmulation, Design and Exec ution are
mo re ev ocative names than Pr oble m, Pl an and Da ta; als o, our
Design stag e co rre sponds to the meaning of ‘Design’ in ‘DOE.’

−− thes e thre e revi sed names avo id conf usi ng the stage name with
it s in put or ou tpu t.

Some lat e r ve rsi ons of PPDAC became QPDAC, naming the first
st age for the Ques tion, but this stil l invites conf usi on of the first stag e
name wit h it s input.

Prac tical importanc e: a practi c a l ly impor tant nume rical Answe r is
on e whos e value is not neg lig ible in the Que s tion con tex t in rela t ion
to a pre scr ibed value.
The issue of practical impor tanc e aris es mos t co mmonly wit h an
Answe r that is a di ffere nce or a ra tio, when the respectiv e pres cribed
value s are often 0 and 1.
A practically impor tant change (o r di ffere nce) (e.g., in an Answe r) can
also be called a me aningfu l change (or differenc e).
We mu st distinguis h practi c a l im por tanc e fr om statis ti c a l signific a n ce
– see Si gnificance test ing. (5. 30, 5.46, 5.47, 5.7 1)

Precision: the inv erse of imprecisio n. See als o Re liabl e. (5. 21)
‘P recisio n,’ whi c h involves beh aviour unde r repetit ion, arises when:

−− a num erical answe r to a (st atis ti c a l) qu estio n is bei ng soug ht,
−− in ductiv e re asoning (base d on inco mplet e infor mation) is use d

to obtain the answe r which likely inv olves (ov erall) er ror (and
so has lim itation s).

We con sid er how the answe r woul d vary if the processes whi c h
ge nerated it (li ke selecting, estim ating and measuring) we re to be re-
peat e d ov er and ove r; sm all variation means a pre c ise answe r, in-
crea sing variation repre sents inc rea sing imprecisio n of the answe r.

++ As s essing the effect of repetit ion is, in practic e, rarely achieve d
by repeating an inv estig a t ion s but rather by mo delling; we see
this in answe rs whi c h are interval est imate s.

++ The goa l of pre c ise answe rs (i.e., answe rs wit h fe wer li mit aio ns)
is sou ght by adequ ate management of relev a n t er ror cat egor ies.

++ Precisio n’s con cer n with variation unde r repetit ion is (of cou rse)
dis tin ct fr om accur acy’s focus on clo sen es s to the ‘tr uth’ –  the
actual stat e of affairs in the real world.
Howeve r, accu racy may become inv olved with pre cisio n when

there is (estim ating and/or mea s uring) bia s so ave r age error is
not zero – see pag e HL77.1 3 in Statis ti c a l Highlig ht #77.

Precisio n (a s, say, the pro por tio n of answe rs in each cat egor y) is les s
co mmonly assesse d fo r categor ical answe rs, like ‘Ye s’ or ‘No’ to the
Questio n : Is X− a cau se of Y−?
Precisio n and accur acy are easily conf use d;

−− the standard dev iation s which quantify the pre cisio n of estim at-
ing a popula t ion ave r age or pro por tio n un d er EPS are some -
times (wrongly) refer red to as ‘the accur acy of ave r age s’ or ‘the
accur acy of pro por tio ns’ – se e equation s (HL77.9) and (2.10 .4)
on pag es HL77. 5 of Statis ti c a l Highlig ht #77 and 2.81 in Fig ure
2.10 of the STAT 332 Course Mat e ria ls ,

−− in ordin ary Englis h, a ‘pre cis e’ answe r often means an accurate
answe r, di ffere nt fr om its statis ti c a l meaning.

To exper ienc e precisio n (o r imprecisio n) first-hand, the rea de r can
st and on their bat hroom scales three tim e s 15 secon ds apart, or ask
thei r health profe ssi onal to giv e them the res ult s of mea s uring their
bl ood pres s ure twice (in stead of onc e).

Prisoner’s Dilem ma: se e St atis ti c a l Highlig ht #49.

Predic tion int erval: an expre ssi on for an int e rval estim ate of a ran-
do m va riabl e repre senting a respons e variat e, der ive d fr om a respons e
model and the dist rib u tio n of an estim ato r; the int e rval cov ers the
value of the random variable wit h a speci fi ed cove rage pro bab ility.
A re alized prediction inter val is the expre ssi on evaluated from dat a
and is usually giv en in the Analys is stage of the FDEAC cycle.
(16 .5, 16.10 , 16 .13, 16.14)

Prob ability (de nsity) function: a table or fun ction whi c h give s the
probability dis tributio n of a dis cret e (c ontin uou s) random variable.

• Jo i nt pro bab ility (de nsity) function: a probability (density)
function for two or more discret e (c ontin uou s) random variable s.

• Marginal pro bab ility (de nsity) function: a probability (den -
sity) fun ction for on e of two or more dis cret e (c ontin uou s) ran -
dom variable s. (5. 5, 5.65, 5.68)

Prob ability (or pro bab ilist ic) assig ning: using a pr obabi lis tic me -
chanism , des cribed in the protocol for choosing gro ups, in an ex-
perimenta l Plan to gen erate a known (e.g., equ al) probability of as-
signing the value of the focal variat e to the units:

−− within each block in a bl ocked Plan;
−− in the sample in an unbl ock ed Pla n.

Probability assig n ing is the basis of statis ti c a l theory for:
−− un biase d estim ating of mo del parameters repre senting tre atment

ef fects,
−− the rela t ion s hip of comparing imp recision to degree of repl icating

in the groups bei ng co mpare d,
−− an expre ssi on for a con fide nce interval fo r estim ating a differenc e

of ave r age s.
Probability assig n ing re d uces the risk of (ou r type 2) confou n ding of
the focal variat e with unblock ed, unknow n or unm e asure d non-focal
ex pla n ato ry variat es; the greater the deg ree of repl icating, the greater
the reduction in risk. (5. 37, 5.47, 5.48, 5.49, 5.72) Se e also EPA.

Prob ability (or pro bab ilist ic) selecting: using a probabilis ti c me -
chanism , des cribed in the protocol for selecting units, to gen erate a
known (e.g., equ al) probability of selecting each respondent popula -
tion unit for the sample. (5. 23, 5.48, 5.52, 5.56)
Probability selecting is the statis ti c a l id e a l but is not always fea sib le in
practi ce (5.79 to 5.82); it is the basis of statis ti c a l theory for:

−− un biase d estim ating of mo del parameters,
−− the rela t ion s hip of samp ling imp recision to degree of repl icating,
−− the expre ssi on for a con fide nce interval fo r estim ating an ave r age.

Probability selecting manage s ou r type 4 con founding. (5.72)
Se e also Equiprob abl e sele c ting and Selecting pro bab ility.

Prob abl e er ror: Unhelp f ul ter min ology to be avo ide d.
A ‘defin ition’ of it – in sta tis tics, probable error defines the half-range
of an inter val abou t a cen tral poi nt for the dis tribution, such that
half the values fro m th e dis tribution will lie wit hin the inter val and
half will lie outsi de – sou nds (so rt of) li ke the interquartile range.
If this is so, ‘probable error’ is neit her ‘probable’ nor ‘er ror’.
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Process: • a set of opera tions that produ c e or affect ele ments, OR:

• the flow on an entity (li ke wat e r or ele ctron s).
Thus, in statis ti cs, a process may inv olve elements. WHEREAS:

In pr obabi lity, a proces s is any set of opera tions fr om whi c h there
are at lea st two pos sib le ou tco mes; obs erving wh ich ou tco m e occurs
in any exe cutio n of the process gen erates data .

Su ch dat a may yield value s fo r probabilit ies associat e d with , or for
ot he r charact e ris ti cs of, the process. (5. 55)

Process thinking: Thinking of an activ ity as a ser ies of step s which
fo rm a process; the aim is usually to improve the process by, for ex-
ample, eli min ating unnecessar y st eps.
A ‘proces s’ in this con tex t is als o called a ‘s yst em.’
Proces s thinking is a basis for st atist ical thinking.

Proj ect: a br oad inve s tig a t ive unde rtaking inv olv ing many qu estio ns.
A proje ct is to be con trast e d with an inve stigation.

Proportion ality refe rs to a straig ht-lin e X−-Y− association th rou gh the
or igi n – see als o Asso ciation. (5. 31)

Protocol for choosing gro ups specifie s whet her the units of the
sample wil l be selected so they for m gr oups that can be use d to re-
du c e the lim itation impos ed on an Answe r by comparison error or
sample error. (5. 36 to 5.38)

Protocol for selecting units [( unw isely) als o called the samp ling pro-
to col] is (a des criptio n of) the process (to be) use d to select, from
the respondent popula t ion, the units that compris e the sample. (5. 56)

Protocol for setting leve ls specifie s the va lues to be taken by rele-
vant exp lanato ry variat e(s). (5.43 to 5.45)

P-v alue: se e Si gnificance test ing.

Qual itative an adj ectiv e ap plie d to ‘variat e’ and denoting a nomi nal
ca tegorica l variat e (li ke marit al status or skin col our).
We us e ‘q ualit ative’as a syn onym for categor ical. (5.61, 5.62)

Quantile: Fo r the components of a dat a set ordered by mag n itude
(s ay, from sma l lest to large s t), if the data set is div ide d in t o a speci-
fie d number of par ts wit h eq ual numbers of components, the two
ends and the poi nts of div isi on are the quantiles of the data set.
Fo r ex ample, for an ordered dat a set wit h 29 components divi ded
in t o fo ur par ts each wit h si x co mponents, the qu artiles (s ignifying
fo ur divi sio ns) are the 1st, 7th , 15th , 21st and 29th components,
called respectiv ely the minimu m, the first quartile, the median or
se con d qu artile, the thi rd quartile and the maximum .

−− Thes e names compris e the five number summary of the data set.
−− The differenc e between the thi rd and first quartiles is the in-

terquartile range.
−− Havi ng 29 components in the data set in this illu s tration means

the five -number sum mar y co mponents are all co mponents of
the dat a set. Had there been 30 components, the fou r divi sio ns
woul d each have 7½ components and the first, secon d and
thir d qu artiles woul d conv entio nally be taken as the ave r age of
the two components eit her sid e of the three div isi on poi nts
(a n d so wou ld not be dat a set components).

Havi ng sev en div isi on poi nts for an ordered dat a set wou ld yield its
octile s; sim ilarly, nin e divi sio n poin t s give de ciles.
Ninety-nin e divi sio n poin t s yi eld percentile s.
We hear percentiles used to indicate where a person in a popula t ion
st ands in rela t ion to its othe r members – for exa mple, the 40th per-
centile means 40% of others are bel ow the person, 60% are above.
Quantiles can also refe r to dist rib u tio ns; we are famili ar wit h this use -
ag e fr om looking up, say, the 2.5 and 97. 5 perc entiles of a t dist ri-
butio n to use in a 95% confid e n ce int e rval for a popula t ion ave r age.
A picto ria l display of the five number summar y is a box plot which
consis t s (a s sh own bel ow) of a (us u ally long thin) rectangle whose
le ngt h is the IQR and wit h a lin e across it at the median; at its two
ends are ‘T’-shaped ‘whiske rs’ from the minimu m to the first quartile
and from the thi rd quartile to the maximum . The five value s can be
sh own on the box plo t or (as bel ow) on an adj acent scale.

Box plo t s can be orient e d ho rizon tally (as here) or ver tically, and are
often use d si de by sid e to provi de a co mpariso n of key feature s of
two or more dat a sets. They are one tool for explor atory dat a
an alysis and their use was promo ted by statis ti cia n Jo hn Tukey.

Quantized: re s tricting the mag n itude of the units (‘s ubdiv isi ons’) of
a variable repre senting a  phy sical quantity, so it can take only cer tain
discret e value s – for exa mple, the en ergy level s of ele ctron s in atoms.
Curiou sly, Eddington (cited by Mas call – see Re fer e nce s) cla ime d
that Dir ac’s theor y of the ele ctron and Kum mer’s qua dric sur face are
homol ogou s mathem ati c a l st ructure s. This raises the (tant alizing but
se emingly unlikely) pos sib i lity that picto ria l or phy sical realiz ation s
of the members of Kum mer’s sur face mig ht repre sent the quantized
electron orbit al model of atoms that ‘ex pla ins’ the discret e li nes of
at o m i c em issio n spectra and chemical bon d ing in mole cules – for ex-
ample, the first ‘disc-like’ Kum mer sur face cou ld repre sent the in-
ne rmos t 1s orbit al.

Quartile: se e Quantile:.

Quantitative an adj ectiv e ap plie d to ‘variat e’ and denoting a measured
or counte d variat e (li ke lengt h or number of ins tanc es). (5.61, 5.62)

Quota selecting: se e No n-pro bab ility selecting.

Random: Me a ns eq uiprobable in a selecting (or sampling) cont ext
or an assig n ing con tex t. See als o Simp le ran dom sampl ing.
‘Random’ is best avo ide d as statis ti c a l ter min ology, but it is (unfor tu-
at ely) perpetuat e d in random var iable and randomized response.

Random assig ning: se e Equiprob abl e assig ning.

Randomization: a syn onym for equiprob abl e assig ning. (5. 37, 5.48)
The latt e r ter m is prefe rre d as bei ng mo re ev ocative of the process.

Randomized response: a mea s uring process in whi c h an int e rvie wer
(e.g. in a sample sur vey) can ask a sensit ive que s tion but cannot wit h
cer tain ty int e rprer t the unit’s respons e in ter ms of the que s tion. (5.62)

Random sampl ing: a (carele ss) syn onym for equiprob abl e sele c ting.
The latt e r ter m is prefe rre d as bei ng mo re ev ocative of the process.

Random var iable (r.v.) : info rmally, a variat e that takes on different
value s according to chanc e.
Fo rmally, a random variable is a function which assig ns a re a l num-
ber to each poi nt of the sample space (S); i.e., a random variable is
a fun ction wit h domain S and range RR – it is a map ping from the
sample space to the real numbers. (5.17, 5.5 to 5.9)
Us u ally, a discrete r.v. is use d to model a variat e with counte d value s ,
a continuou s r.v. to model a variat e with measured value s. (5.61)

Ratio and regre ssion est imating: using infor mation abou t the value s
of an exp lanato ry variat e, ove r the ele ments of the respondent popula -
tion, to decre ase impre cisio n of estim ating a popula t ion attribute like
an ave r age or tot al; to accomplis h this , the exp lanato ry variat e mu s t
have a (st rong) posit ive association wit h the respons e variat e whos e
att rib u t e is of interest – the strong er the association, the greater the
de cre ase in impre cisio n. (5. 22, 5.24, 5.53)
Ratio estim ating is dis cus s ed in Fig ure 2.1 7 of STAT 332.

Re alized: se e Con fide nce interval, Predic tion int erval, Re sidual.

Re fer e nce s: Barnett, V. Sa m p le Sur vey Princip les and Met hods.
Se con d edit ion, Edward Arnol d, Lon d on, 1991.
Cochran, W. G. Sa m p ling Techniques. Jo hn Wiley & Son s, Inc.,
Ne w Yo rk, 3rd Edition, 1977.
Be n tle y Hart, D. Atheis t Delu sion s. Ya le Unive rsity Pre ss, New Hav en
& Lon d on, 2009, pag e 59.
Lakoff, G. Mo ral Polit i cs: How Lib era ls and Con ser vatives Thin k.
The Unive rsity of Chi c ago Pre ss, 1996.
Ma scall, E.L. Ch ris tia n Theology and Natural Sci ence. Long mans,
Green and Co. , London, New Yor k, Toron t o, 1957, pag es 65-76
(m odels), 104 -131 (Eddington and Mil ne) , 129 (Ku mme r’s qua dric
surface) , 181 - 195 (deter min ism) .
The last three authors provi de a broader perspective on statsit ical is-
sues like cau s ation, knowing, model ling and unc e rtain ty.

Re gre ssion effect: se e St atis ti c a l Highlig ht #55.

Re gre ssion est imating: se e Ratio est imating.

Re l ationship: a rela t ion s hip in statis ti cs is cast in ter ms of va riate s
– the re are two variat es in the sim p lest case: an explan atory variat e X−0 10 20 30 40 50 60 70 80 90 100
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(the fo cal variat e) and a re sponse variat e Y−.
Data -base d inve s tig a t i ng of a rela t ion s hip (to answe r a Que s tion wit h a
causative aspect) involves change and co mparing – thes e activities are
therefore essentia l in the components of a pro per comparative Pla n.
(5. 28, 5.29, 5.35, 5.36)

Re l ative frequ ency : an obs cure ter m to be avo ide d as dup lication of
‘pro por tio n.’

Re l ative likel ihood function: se e Like lihood function.

Re liabl e or rel iab ility: wo r ds to be avo ide d as statis ti c a l ter min o-
logy; reliability (of an Answe r) may mean:

• adequate pr ecision; OR:

• (over all) er ror that is likely to impos e acce pta b le li mit ation s on
the Answe r(s) in the Que s tion con tex t. (5.85)

Re peatability of a gauge is the va riation [e xpres s ed as an appro pri-
at e (d ata) standard dev iation] of repeated mea s urements on each of a
sample of (10 , say) par ts by on e operato r using the gau g e;

• Re pro ducibility of a gauge is the betwee n-opera tor va riation
[e xpres s ed as an appro priat e (d ata) standard dev iation] of two
mea s urements, one by each operato r using the gau g e, on each
of a sample of (10 , say) par ts. (5.62)

We might think of ‘variation’ in thes e two defin ition s as va riability.
Se e also Gauge R&R inv est igation.

Re pet ition: repeating ove r and ove r (u sually hypoth etically) one or
mo re of the processes of selecting, mea s uring and estim ating – see
also CI, estimator, inaccu racy and impr ecision. (5. 20, 5.21)

Re plicating: sele cting more than one unit/bl ock from the respondent
(o r study) popula t ion for the sample. (5. 23, 5.50)
Un d er prob ability selecting, inc rea s ed repli c ating reduces samp ling
impr ecision, thu s re ducing the li kel y magnitude of sample error.

• Ad equ ate repl icating: sele cting ju st en oug h un its/bl ock s fr om
the respondent popula t ion to make the likely mag n itude of sa m-
ple er ror [and, henc e, the lim itation it impos es on Answe r(s)]
acce pta b le in the Que s tion con tex t. (5. 24, 5.50)

Re pre sentative sample: a sample whi c h ha s sample error (and cor-
re sponding lim itation) that is acccep table in the Que s tion con tex t.
Be cau se the repre sent ative nes s of a sample can rarel y be know n, this
phrase shoul d be av oided as statis ti c a l ter min ology. (5. 21)
Se e also Appendix 3 on pag e HL77.9 in Statis ti c a l Highlig ht #77.

Re pro ducibility: se e Re peatability.

Re sidual: the stochast ic compone nt of a respons e model; it mod -
el s variation abou t the str uctural component of the model.
In STAT 231, we den ote the residu al by Rj or Rij, a random var iable
with a N(0, σ) dis tributio n. (5.88 to 5.91, 5.97, 5.98)

• Estimate d (o r re alized) re sidual: a number de riv ed from dat a
and a model parameter estim ate; it is not a value of the resid -
ual random variable R.

In STAT 231, we den ote the estim ated residu al by rĵ or rijˆ ; an
(unknow n) value of R is den oted rj or rij. (7. 1 , 7. 2)

Elsewhere, the residu al may be called the er ror ter m in the model;
we (rigo rou sly) av oid this ter min ology becau se we use ‘er ror’ for a
different (pervasiv e) statis ti c a l (a n d scie n tific) con cer n.
In a reg res sio n cont ext, use of (the misle ading) ‘e rro r’ ins tea d of (the
ev ocative) ‘re sidu al’ compoun ds the problem when ‘er ror’ car rie s ov er
in t o analysis of var ian ce – see als o ANOVA.

Re spondent popul ation: thos e elem e n t s of the study popula t ion that
woul d prov ide the data reque s ted unde r the inc entiv es for respons e
offered in the inv estig a t ion; (5. 24)

• No n-respondent popul ation: thos e elem e n t s of the study pop -
ulation that wou ld not prov ide the data reque s ted unde r the in-
centiv es for respons e offered in the inv estig a t ion. (5. 25)

Thes e two popula t ion s can also be processe s in some (rare) con tex ts.
The diagr am at the top of the rig ht-hand colum n sh ows thes e two
popula t ion s (w ith relev a n t notation) in rela t ion to the st udy popul ation.

Re sponse model: a mat hem ati c a l des criptio n, inclu ding model ling
assump tion s, of the rela t ion s hip between a respons e variat e and exp la-
nato ry variat e(s); the for m of the rela t ion s hip is con tinge n t, in par t,

on the Pla n. (5.97, 5.98)

• The structur al compone nt models the effect of speci fi c ex-
planato ry variat e(s) on the respons e variat e.

• The stochast ic compone nt models variation abou t the str uc-
tural component. (5. 27, 7.1, 7.2, 8.1, 8.2)

Se e St atis ti c a l Highlig hts #71 to #73.
Re spons e modelling of the beh aviour of er ror un d er (hy pot heti c a l)
repetit ion, wit hou t doing actual repetit ion, is the basis for estimating.
We rigo rou sly avo id ‘er ror term’ for the stochestic component of a (st a-
tis ti c a l) model – see Re sidual.

Root mean squ are: an adj ectiv a l phrase (abbrev iat e d rms and often
ap plie d to ‘er ror’) den oting the three processes of tak ing the square
ro o t of a mean of entit ies square d. (5.63) Se e St atis ti c a l Highlig ht #7.
In re al-world cont ext s , ‘r oot average squ are’ is prefe r able. (5. 28)

Root n law: a ‘law’ said to be famili ar to phy sicis t s , but a cle ar des -
cr iptio n is elu siv e; the ‘defin ition’ – th e pr obable error involved in
asserting that the number of individua ls in an aggrega te is n, is itself
of the ord er of the squ are root of n – is of lit tle hel p.
Possib le sta tis tical candidates are:

−− fo r n probabilis ti c a l ly independent random variable s with mean
µ and standard dev iation σ :

thei r sum ha s st andard dev iation √nσ,
thei r aver age ha s st andard dev iation σ/√n;

−− fo r the Poi sson dis tributio n, the standard dev iation is the squ are
root of the mean. [This may be the ‘root n law of ran dom
co unt s’ – th e s.d. of a random cou nt var iable is equ al to the
square root of the expected valu e or mea n of that var iable.]

Ro unding: se e Si gnificant figure s.

Run: part of the Exe cutio n st age of an exper iment al Plan in whi c h
all the data are collected for on e treatment. (5.43, 5.44)

R.v., r.v.: sh ort for m fo r random var iable.

Samp le: the group of units/bl ock s sele cted from the respondent popu -
la t ion actually use d in an inv estig a t ion. (5.19)
A sample is a subset of the respondent popula t ion, a ce nsus us es all
the respondent (or study) popula t ion unit s/bl ock s. (5. 20, 5.24)
A com mon (im p licit) assump tion is that the re are no missing dat a fo r
the units of the sample; our ter m sele c tion ma kes this assump tion
explicit. (5. 25) Se e also Census.

Samp le error: se e Er ror.

Samp le of conve nience: using as the sample units conven ien tly av a il-
able to the inv estig a tor(s) – e.g., par ts stil l at a manufactur ing site or
patients at a hospi tal or cli nic clo se to the res earch sit e. (5.40, 5.48)

Samp le size: the number of units/bl ock s in the sample.
No tation for sample size is n (Ro man, not it ali c). (5. 25)
(5. 22 to 5.24, 5.39, 5.40, 5.48, 5.50 to 5.52, 5.57, 5.59, 5.63, 5.72,
5.80, 5.85, 5.86) Se e also Re plicating.

Samp le space: the set of all pos sib le outco m e s of one exe cutio n of
a process (‘ process’ is use d he re wit h it s pr obabi lity meaning ).
As a ter m in pr obabi lity, the adj ectiv e ‘s a mple’ in sa m p le sp ace ha s

Study popula t ion

Re spondent
popula t ion

No n-respondent
popula t ion

−Ns

Y
−−s

−N Y
−− −Nnr Y

−−nr

Sele ction

Sa mple No n-
re spondents

ns

y−s

n y− nnr y−nr

St atis ti c a l theory, par ticularly of sur vey
sampling, is dev elo ped mainly in the
cont ext of the resp onden t popula t ion,
often wit hou t re cognizi ng it exp licit ly.

‘S ele ction’ is ter min ology speci fi c to
thes e Ma ter ials; it draws attentio n to
(hu man) non -re spons e as an ins tanc e
of the per vasiv e is s ue of mis sing dat a.
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none (or few) of its sta tis tical connot ation s.
Our not ation of (Ro man) S for sample space trie s to minimize conf u-
si on wit h the symbols s, s, S and S− us ed for standard dev iation s.
A discrete sample space has counta b ly ma ny poi nts, a continuou s
sample space has uncoun tably many.

• A point is on e ou tco m e of one exe cutio n of a process.

Samp le statist ic: means a sa m p le attr ibute – it implie s prob ability
sele c ting of the sample alt hou gh this is rarely recog n ized by its users.
It is ter min ology to be av oided becaus e it :

−− is on e ambiguou s and redun d a n t ter m which run s toge the r two
ex isting ter ms: att ribute and estimator;

−− invites conf usi ng es tim ator with es timate and bot h with attr ibute.

Samp le sur vey: se e Su rve y. (5.84)

Samp ling: the processes of sele c ting and estimating. (5. 20)

Scale: an (unne c essar y) unev ocative ter m with the same meaning as
dispersion and spre ad. See als o lo cat ion-scale transformation.

Scatt er diagram (or scatt er plot): a Car tesio n plo t with a respons e
variat e or estim ated residu al on the ver tical axi s, an exp lanato ry vari-
at e on the horizont al axis. (5. 29, 5.31, 5.65) Se e also Ishikawa
and Statis ti c a l Highlig hts #29 to #31.

Selecting: the process by whi c h the units/bl ock s of the sample are
obtain ed from the respondent popula t ion – it is des cribed in the pro-
to col for selecting units in the Desig n st age of the FDEAC cycle.
(5. 20, 5.22, 5.26 to 5.28, 5.37 to 5.40, 5.48, 5.49, 5.52, 5.53, 5.56,
5. 57, 5.64, 5.7 1, 5.72, 5.79 to 5.82, 5,84 to 5.86)
Sele cting can inv olve more than one st age; in two-stage sele cting:

−− at the fir st st age, clu sters (gr oups of el ements) are selected from
the respondent (or study) popula t ion;

−− at the se con d st age, one (or more) ele ment(s) are selected from
each clu s ter selected at the first stag e. (5. 57)

Se e also Equiprob abl e sele c ting and Prob ability selecting;
se e also Ju dge m e nt selecting and Vo luntary response.

Selecting pro bab ility: fo r any unit selecting process, we dis tinguis h:

• the probability a par ticular sa m p le is selected, FROM:

• the probability a par ticular unit is selected . (5.85)
The latt e r is als o called the unit inclusion pro bab ility. (5. 56)
Se e page s HL21.6 to HL21.8 in Statis ti c a l Highlig ht #21.

Selection: the group of units selected from the study popula t ion,
co mprising the samp le and the non-respondents. (5. 25)

The rela t ion s hips among the numbers of ele ments/un its are:

Se e also the diag ram at the upper rig ht ove r leaf on pag e HL91.1 9.

Sensing: an illust r ation of how process thinking might approach
the complex (and much debat e d) to pic of how infor mation from our
sens es becomes our personal exper ienc e of ‘re a lity’ is:

−− se nsi ng – stimu lation of one or more of the senses,
−− percei ving – int e rpreting the infor mation the sense(s) provi de,
−− co mpre hen ding – recog n izi ng the int ellig ibility of what is perceiv ed,
−− measur ing – in a (scie n tific) inv estig a t ive con tex t, quantifyi ng the

in tel lig ible ‘st ructure’ compreh e n d ed,
−− co mmu nicating – sharing wit h ot he rs knowledge of the quanti-

fie d ‘s tructure.’
The purpose of this illu s tration here is to sugge s t a recon cil liation of
Eddington’s and Milne’s se emingly incompatible starting poi nts for
thei r a prior i theories, whi c h cr iti cs hav e us ed as evi denc e ag ain st
thes e theories. See als o Data.

Sensitivity: a word to be avo ide d as dup lication of exi sting statis ti c a l
ter min ology; sensit ivity (ability to det e ct an effect) refe rs to adequ ate
pr ecision (a t taine d by managi ng impr ecision). (5.85)

Sh ort form: se e Ac ronym.

Si gnificance leve l: a ter m to be avo ide d – a syn onym for P-v alue,
althou gh it may then be called the obse rve d significanc e leve l.

Si gnificance test ing: a five-step probabilis ti c ar gument by contr a-

dic tion fo r assessing the stre ngt h of evi den ce prov ide d by data ag a inst
a hypot hesized value of a model parameter;

1. State the hy pothesis in ter ms of a mo del parameter.
2. Estimate relevant model parameters.
3. Choos e a discrepancy measure (D), a random variable whose

value (d ) mea s ure s the ‘dist anc e’ bet ween what is ob ser ved and
what is expected if the hypot hesis is true.

4. Fin d the P-v alue, the probability of a value of D at lea st as
ex treme as the value (d) actually obtaine d.

5. In terpre t the P-v a lue in (fo rma l) st atis ti c a l la ng uag e. ALSO:

Give the An swer in the langu age of the Que s tion con tex t.
Si gnific a n ce testing is to be dis tinguis hed from Hypothesis testing;
unfor tun ately, the two ter ms are (carele ssly) use d in terchangably.
The useful process of (st atis ti c a l) signific a n ce testing is not wel l se rve d
by its arcan e ter min ology, some of it in more than one versi on.
Se e also Hypothesis testing and Discrepancy measure.

Si gnificant figure s: the number of dig its in a num erical value, not
in clu ding lea ding and trailing zeros; for exa mple:

−− 356 has three sig n ific a n t digits,
−− 0.6024 has fou r signific a n t digits,
−− 600 has one, two or three sig n ific a n t digits – we can’t tel l whet her

the last two zeros are actual value s or are due to rou nding.
Conc e rns about sig n ific a n t fig ure s us u ally arise in the con tex t of a
nume rical answe r and knowing how many of its digits are meaning-
ful; the dile mma arises becau se people sometimes (un thinkingly)
give a number of dig its base d on the number giv en by the calcula tor
or computer that produ c e d the answe r.
The meaning ful dig its in such an answe r are (us u ally) det e rmine d by
the meaning ful dig its in the input to the calcula t ion s. In dat a-base d
inve s tig a t i ng whe re this input is num erical data, three (say) sig n ifi-
cant figure s in the data sugge s t at mos t thre e su ch figure s in an an-
swe r de riv ed from them, perhaps one fe wer (two sig n ific a n t fig ure s).

++ This rem inds us that use rs of dat a sh oul d assess the rea son able -
ness of their number of sig n ific a n t fig ure s – too many or too
fe w can be a war ning sig n of poor dat a qu ali ty.
Fo r ex ample, people’s weights in kilogr ams to three decim al pla -
ces or lengt hs in met res to five decim al places are suspect. The
cons tants of nature, like the speed of lig ht, whi c h have been
mea s ure d innmue r able tim e s by exper ts ove r de ca des, are giv en
to ni ne to twel ve signific a n t fig ure s; an exc eptio n to thes e num-
bers is the hig her number of known figure s fo r so m e freq uen-
ci es associat e d with cesi u m at o m i c cl ock s.

The number of sig n ific a n t fig ure s give n in an answe r also depends
on its use – for exa mple, an indust ria l st andard has more str ing ent
requ irements than, say, a pub lic health or die tar y guid eli ne.
Fo r calcula t ion s involv ing sev eral or many steps, sig n ific a n t digits also
se rve as a rem inde r not to compromise final answe rs by ina dver tent
rounding part-way throu gh the calcula t ion s; this is why the statis ti-
cal table s in thes e Ma ter ials are unus u al in giv ing six de cim al places.
The table s of the standard nor mal dist rib u tio n in Statis ti c a l Highlig ht
#10 4 cont ain two usef ul not ation a l id e as:

−− a table that is rea d naturally to fou r de cim al places can, wit h only
mino r ex tra effor t, be rea d to five or to six places,

−− co mpact pre sent ation of decim al numbers wit h (m any) lea ding nin es.

Simp le ran dom sampl ing (SR S): a syn onym for equiprob abl e sele c t-
ing and, like random sampl ing, is best av oided as statis ti c a l ter min ology
– ‘si mple’ and ‘random’ are uncle ar, ‘sampling’ is really selecting. (5. 56)

Simpson’s Par adox: a name that refers to the (surprising) behaviour
of pro por tio ns when they are use d to assess the direc tion of an X−1-Y−
rela t ion s hip fo r un its in groups base d on variat e X−1 and when thes e
gr oups are subdivi ded on the basis of variat e X−2. (5.65 to 5.7 0)
Se e also Statis ti c a l Highlig ht #51.

Skep tic ism: se e Me asuring pro cess.

Sp read: refe rs to the width of a dis tributio n – for exa mple, the dis-
tanc e between the minimu m and maximum value s of a dat a set.

St age: on e (o f possib ly two or more) steps in a selecting process –
se e also Selecting and Unit. (5. 57, 5.86).

St andard: an ele ment wit h a known variat e value, use d to calibr ate

Study popula t ion Re spondent popula t ion + No n-respondent popula t ion
−Ns −N + −Nnr

Sele ction Sa mple +No n-respondents
ns n +  nnr

(HL91.6)----
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a mea s uring process. (5. 20, 5.60)

St andardization: fo r a random variable, the process of subtracting
it s mean and divi ding this differenc e by its standard dev iation, so the
sta n dar dized random variable has mean 0 and standard dev iation 1.

St andard dev iat ion (s.d.) : a mea s ure of va riation or va riability fo r:
−− a set of data (o r number s) – a ‘d ata’s.d.; (8.1, 8.2) OR:
−− a random var iable – a ‘probabilis ti c’s.d. (5.6)

Re call Table HL91. 2 on pag e HL91. 3 and the rela ted ave r age -mean
(r eal world-model) distin ction for a mea s ure of lo cat ion. (1. 20, 5.28)
Se e also Va rianc e.

St andard pairwise diffe rence (s.p.d.) : a mea s ure of data va riation,
unfamili ar eve n to statis ti cia ns, wit h no agreed -on name.
Our ‘st andard pair wis e differenc e’ in thes e Ma ter ials uses ‘st andard’
to indicate that its calcula t ion involves the sa m e thre e operation s as
st andard dev iation: squ aring, ave r agi ng and tak ing the squ are root.
Where the s.d. is base d on dev iation s (d ifferenc es) of the data value s
fr om their ave r age, the s.p.d. is base d on pair wis e differenc es among
the dat a value s , a more ‘natural’ mea s ure of dat a variation.
The s.d. and the s.p.d. are (algebraically) eq uiva len t mea s ure s of vari-
ation becau se of equ ation (HL91.7); they merely dif-
fe r in mag n itude by a facto r of √2:

–
s.p.d. = √2

–×s.d. -----(HL91.7)
i.e., the s.p.d. is about 40% large r.
Unli ke dev iation s fr om the ave r age whi c h add to zero for any data
set, the set of pair wis e differenc es ha s no (ge reral) cons train t that is
in d ependent of the particular data value s; henc e, its ave r agi ng inv ol-
ve s a div iso r of (n

2), the number of pos sib le (unordered) pair wis e dif-
fe renc es of n dat a value s. Be cau se the s.d. and the s.p.d. are equ i-
valent alge brai cally, the s.p.d. justifie s the n−1 divi sor for s.d.
In principle, the s.p.d. cou ld be calcula ted from the set of all n2 (o r-
de red) pair wis e differenc es that includes the n se lf-differenc es of
value zero; this statis ti c a l ly biz arre mea s ure of (data) variation cor-
re sponds to calcula t i ng the (data) s.d. wit h a div iso r of n (or −N).
The s.p.d. is dis cus s ed in Statis ti c a l Highlig ht #100.

St atistic: se e Samp le statist ic.

St atistical sig nificanc e: a statis ti c a l ly sig n ific a n t nume rical Answe r is
on e with a P-va lue below 0.05 in an appro priat e test of sig n ific a n ce.
A highly st atis ti c a l ly sig n ific a n t nume rical Answe r is one wit h a P-
va lue below 0.01 in an appro priat e test of sig n ific a n ce.

St atistical thinking: buil d ing on process thinking, statis ti c a l think-
ing sees activ ities as processes (or col lectio ns of processes) , which
ex h ibit va riation; identifyi ng the sou rces of variation and managi ng
them so as to reduce variation improves the process(e s).

St e mplot : se e St atis ti c a l Highlig ht #32.

St ochast ic: varying unpredictably or errati c a l ly – probabilis ti c.
Se e also Re sponse model.

St rat u m, str ata: se e St rat ifying.

St rat ificat ion, str atifying: subdiv iding the respondent (or study)
popula t ion into groups (called strata) so that ele ments wit hin a stra-
tum hav e si mil ar re spons e variat e value s and ele ments in different
st r ata di ffer as much as fea sib le in the inv estig a t ion con tex t; the sam-
ple is obtaine d by selecting units from ea ch st r atum. (5.85)
St r atifyi ng (properly implem e n ted) can manage samp ling imp recision.
(5. 24, 5.38, 5.40, 5.59, 5.86, 5.96) Se e also Ishikawa.

St rength: means pr ecision (o f an Answe r); it is to be avo ide d as
duplication of exi sting statis ti c a l ter min ology. (5.85)

St ruc tur al compone nt: se e Re sponse model.

St ude nt’s tν distribution: the dis tributio n of a random variable whi c h
is the quot ien t of independent random variable s with N(0, 1) and Kν
dist rib u tio ns; the parameter ν is called the de grees of freedom.
(13.1 4, 13.15, Ap. 3, Ap. 4)

St udy : se e Inve stigation.

St udy error: se e Er ror.

St udy popul ation: a group of ele ments av ail able to an inv estig a t ion.
(5. 22, 5.52)

Su bdivi d i ng: a for m of matching us ed in an observat ion al Plan in
which the each value of the focal variat e fo r the units of the sample

is subdivided on the basis of the value s of one or more non-focal ex-
planato ry variat es that may be con founded with the focal variat e
un d er the Pla n. (5. 37, 5.38) Se e also Table HL89.6 and its discus -
si on on pag es HL89.1 3 and HL89.1 4 in Statis ti c a l Highlig ht #89.
We can think of subdividing as matching at an ag grega te (r ather than
an in dividua l) leve l; subdivi ding the refore has the sa m e st atis ti c a l
benefit (ma n agi ng confou nding and comparing impre cisio n) as mat-
ching fo r the non -focal exp lanato ry variat e(s) that are the basis for
the subdivi ding – see pag e HL91.1 5 , up per half of left-hand colum n.

−− If subdivi ding is goi ng to manage on ly one non-focal exp lana -
to ry variat e that is a (potentia l) sour ce of comparison error, it
may not be cos t ef fective to dev ote the resou rces needed to ob-
tain the relev a n t addition a l data . (5.43, 5.49)

Su rve y: an inv estig a t ion to answe r a Que s tion(s) with a descript ive aspect.
−− The ter m samp le sur vey ma kes it exp licit that the sur vey inv ol-

ve s a sa m p le, not a census; survey sampl ing is the are a of sta -
tis ti cs dealing wit h the theor y and practic e of sample sur veys.

−− Elsewhere, a sur vey may be des cribed as an inv estig a t ion wit h
a Pla n that is observat ion al (u sed in its non-statis ti c a l sens e).

Su rve y (u nqu ali fi ed) is better av oided as statis ti c a l ter min ology.

Sys tematic selecting: sele cting one unit by EPS from the first k re-
spon d e n t (o r study) popula t ion unit s [k<<−N (o r k<<−NS)] and then
sele cting eve ry kth un it. (5. 56)

Ta rge t popul ation/process: the group of ele ments/operation s to whi c h
the inv estig a tor(s) want Answe r(s) to the Que s tion(s) to apply.
(5.19 to 5.23, 5.25, 5.26, 5.29, 5.32, 5.33, 5.36, 5.38, 5.52, 5.54,
5. 55, 5.58, 5.63, 5.83, 5.84)

t-distr ibution: se e St ude nt’s tν distribution.

Te aching int r odu ctory statist ics: to do it effective ly is not an un-
de rtaking for the faint-hearted .
As wel l as the com ments in Section s 3 to 6 on pag es HL91. 2 to
HL91.6, the re is dis cus sio n on pag es HL94.1 0 and HL94.11 and
HL100.7 to HL100.9 in Statis ti c a l Highlig hts #94 and #100.

Te st of hypothesis: an ins tanc e of hy pothesis testing.

Te st of sig nificanc e: an ins tanc e of significanc e te sting; the re are many
su ch tests – con tex t deter min es whi c h (if any) test is appro priat e.
A more evocative phrase is test of stat ist ical sign ifican ce, to empha -
si ze the (ea sily ove r looke d) differenc e between st atist ical sig nificanc e
and pr actical importanc e.

Te st statist ic: a ter m to be avo ide d. See Discrepancy measure.

Tr eatment: a co mbi nation of the lev els of the facto r(s) that can be
ap plie d to a unit (in the sample/bl ock s). (5.43)

Tr eatment effect: se e Effe c t.

Tr eatment gro up: in an exper iment al Plan, the par t of the sample
assig ned X− =1; in practic e, this often means receiv ing the ‘treat-
ment.’ (5. 38, 5.39, 5.40, 5.45, 5.47 to 5.50, 5.53, 5.61, 5.80, 5.82)

Tr ial: on e executio n of a probabilis ti c proces s. See Experiment.

Trustworthiness: means accu racy (o f an Answe r); it is to be avo ide d
as dup lication of exi sting statis ti c a l ter min ology. (5.85)

Tw o-stage selecting: se e Selecting.

Ty pe I error, Ty pe II error: se e Fa lse negat ive.

Un certainty: ig noranc e (in complet e know ledge) of error; for exa mple:
−− fo r a num erical Answe r, ign oranc e of the mag n itude and/or the

sign/direction of error;
−− fo r a cat egor ical Answe r (li ke Ye s or No), ign oranc e of whether

the Answe r is the cor rect cat egor y. (5. 20)
Se e also Va riation and §11 on pag e HL94.1 2 in Statis ti c a l Highlig ht #94.
Mo re broadly in statis ti cs, the ‘amou nt’ of sa m p ling un cer tain ty is de-
ter min ed by two matt e rs.

−− va riation among the ele ments of the popula t ion – this cannot
be alt e red but can be manage d by stratificat ion,

−− the samp le size, (we a kly) in rela t ion to the popula t ion size.
Give n the Pla n co mponents whi c h deal wit h thes e two matt e rs in a
particular inv estig a t ion, inv estig a tors can deci de how to pre sent the
re sul t i ng unc e rtain ty in an answe r which is a confid e n ce int e rval by
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thei r choic e of trade-off bet ween con fide nce leve l and in ter val width.

Me asuring un cer tain ty is als o deter min ed by two matt e rs.
−− va riation among repeated mea s urements of the same variat e,

which can (so m etim e s?) be influe n ced by the resou rce -in tensive -
ness of the measuring process,

−− the nu mber of mea s urement repetit ion s, alt hou gh repeated mea s-
ur ing is rare in dat a-base d inve s tig a t i ng; als o, the ‘popula t ion’
of repetit ion s is , in principle, no longe r boun d ed in size.

If mea s urement error were to be model led like sample error and wit h
give n Plan components, the res ulting confid e n ce int e rval answe r woul d
pres umably exhibit the same type of trade-off as wit h sampling un-
cer tain ty. [Se e also Section 5 on pag e HL74 .3 and the com ment at
the top of pag e HL74 .5 in Statis ti c a l Highlig ht #74 .]
This sta tis tical backg rou nd makes the Hei senberg Unc e rtain ty Prin-
ci le in phy sics look like an analog ue of the confid e n ce int e rval trade-
off; a differenc e is that its components are cannonical ph ysi cal vari-
able s li ke posit ion and momentum or (the more cur iou s) tim e and
en ergy. The analog ue in phy sics of the sou rce of sampling unc e r-
tain ty in statis ti cs mig ht be wav e-par ticle duali ty; mea s uring mig ht
be a co mmon sour ce of unc e rtain ty in phy sics and statis ti cs. Clarifi-
cation of such matt e rs wou ld be useful. See He isenber g.

Union: se e Intersection.

Unit : an entity whi c h can be selected for the sample – it may con tain
on e or more than one element. (5.86)
Multis tag e sampling Pla ns hav e pr imary sampl ing units, se con d ary
samp ling units, etc., at their successiv e st age s. (5. 57, 5.86)
In STAT 231, a unit is a basic entity for which variat e value s coul d
be obtaine d; ‘el ement’ is better terminology than ‘un it.’ (5. 55)

Un trustwo rthiness: means inaccu racy (o f an Answe r); it is to be
av oid ed as dup lication of exi sting statis ti c a l ter min ology. (5.85)

Urn: an (im agi nar y) con taine r fo r coloure d balls, used to dem ons trate
proper tie s of EPSWIR and EPSWO R. See Statis ti c a l Highlig ht #94.

Universe: refe rring to a popula t ion as a ‘unive rse’ is unhelp f ul in
st atis ti cs becau se of its:

−− unne c essar y duplication of ter min ology;
−− wide r meaning in ordin ary Englis h.

Va lidity: valid ity means accu racy (o f an Answe r); it is to be avo ide d
as dup lication of exi sting statis ti c a l ter min ology. (5.47, 5.85)
Se e also External val idity and Internal val idity.

Va riability: the model qu antity repre senting impr ecision; we see it
arising unde r repetit ion (e.g., for erro r or a sample ave r age).
Un for tun ately, in ordin ary Englis h, ‘variability’ and ‘va riation’ seem to
be use d in terchange ably. See als o St andard dev iat ion and Va rianc e.

Va rianc e: a mea s ure of va riability – it is the square of the (pr ob-
abilis tic) stan dard deviation. (5.11)

From the perspective of int roducto ry statis ti cs, the wid e spre ad use
of varia n ce (in stead of standard dev iation) in pre senting statis ti c a l
theory is unfor tun ate becau se:

−− it s un its are unnatural (e.g., varia n ce of lengt h ha s un its of area);

−− it is (mu ch) easie r to vi sua lize st andard dev iation than varianc e;
−− so m e ex pre ssi ons inv olv ing varia n ce imply that variabilit ies add,

wherea s (n atural) variation s add lik e Pythag ora s.

−− st andard dev iation, not varianc e, is use d in confid e n ce int e rvals
and con trol charts. (5.11 to 5.1 4)

Emphasis on varia n ce produ c es the (unhelp f ul) N(µ, σ 2) parameter-
iz ation of the nor mal dist rib u tio n. See als o St andard dev iat ion.

Va riate: a charact e ris ti c associat e d with each element of a popula -
tion/proces s.

• Re sponse var iat e (Y−): a variat e defin ed in the For mulation
st age of the FDEAC cycle; an Answe r give s so m e att rib u t e(s)
of the respons e variat e ov er the targe t popula t ion/proces s.

• Explan atory var iat e (X− or Z−): a variat e, defi ned in the For mula-
tion stage of the FDEAC cycle, that accou nts, at lea st in par t, fo r
change s fr om ele ment to ele ment in the value of a respons e variat e.

Va riation: differenc es in (variat e or att rib u t e) value s:

• across the ele ments/un its/it ems in a group, such as;
−− a targe t popula t ion/proces s, −− a study popula t ion/proces s,
−− a respondent popula t ion, −− a non -re spondent popula t ion,
−− a sample, and ++ repeated mea s urements.

We distinguis h variation from va riability

Variation is com monly qu ant ified by (data) st andard dev iat ion, much
le ss com monly in practic e by st andard pairwise diffe rence.
(5. 21, 5.28). See als o St atis ti c a l Highlig ht #100.
Variation is easily conf use d with Un certainty. A re ason may be that,
in a popula t ion whe re a variat e of interest has no variation (ev ery el-
em e n t ha s the same value), a sample of size on e yi elds this value
with zero sample error [no sa m p ling un cer tain ty] , althou gh measure-
ment er ror (and its att endant unc e rtain ty) may stil l be inv olved .
Su ch popula t ion s are rarely of sta tis tical in terest, alt hou gh it is star-
tling to realize that the popula t ion of, say, the ele ctron s in the uni-
ve rse – a number Eddington cla ime d wa s arou nd 1079 – are regarded
as identical so that any on e is suitable for det e rmining a unive rsal
cons tant like the ele ctron charge or mass.
Se e also Section 6 on pag es HL94.6 to HL94.8 and Not e 4 on pag e
HL100.10 in Statis ti c a l Highlig hts #94 and #100.

Ve n n diag ram: or igi nally dev elo ped to illust r ate ove r lap among (un i-
ve rsal) pr oposi tions in logi c, Venn diagr ams were (unfor tun ately) ado p-
ted more recently to illust r ate combin ation s of even t s and their proba -
bilit ies – Eikosog rams are better suited to the latt e r task.
Se e also Statis ti c a l Highlig ht #5.

Vo luntary response: an unne c essar y ter m which acknowledge s that
it is not fea sib le to co mpel a person to respond (to a que s tion); ins tea d,
we use in cen tives . Wil lingn es s to respond is a se p ara te st atis ti c a l is -
sue from accur acy or truthfuln ess. See Randomized response.
Vo lun tar y re spons e is not to be conf use d with vo lunteer selecting –
asking for volun teers, usually after a brief exp lanation of what the
inve s tig a t i ng wil l ent ail for units of the sample. (5. 52, 5.56)

We akness: means impr ecision (o f an Answe r); it is to be avo ide d
as dup lication of exi sting statis ti c a l ter min ology. (5.85)

Wide r induc tive basis: a (dubiou s) phrase sometimes used to des cribe
the advant age of Answe rs about rela t ion s hips obtaine d fr om a full
fa ctor ial treatment structure – see als o Gener ality. (5.45, 5.85)

Wisdom: the last (ex tra -st atis ti c a l) st ep in the progres sio n fr om dat a
to infor mation to knowledge, alt hou gh ‘data’ may now need to be un-
de rstood more broadly than is customar y in a statis ti c a l cont ext.
Davi d Be n tle y Hart, an Easter n Or thodox scholar of relig i on, defi nes
wisdom as th e re cover y of innocen ce at the far end of exper ien ce.

Ac qui ring wisdom is usually an arduous life-long endeavou r which ,
it seems, is not com monly taken up and is rarely broug ht to fruit ion.

Wrong answe r: se e Fa lsehood.

8. Appendix 1: The Not ation in Use – Illustr ations from
the STAT 332 Course Mat erials

The fol low ing table s (w ith STAT 332 pag e refe renc es)
il lust r ate the not ation advocat e d and used in thes e Ma ter ials.

Figure 2.3, page 2.37
Ta ble 2.3.1: SYMBOL DESCR IPTION

Random Respondent
va riabl e popul ation

Y y Y− Re spons e variat e
– j i Su mmation index
– x X− Focal exp lanato ry variat e
– z Z− Explanato ry variat e

– n −N Number of units/elem e n t s
Y
−

y− Y
−− Av erage (sum ÷ number)

R r −R Re sidu al [or Ratio]
S s S− St andard dev iation

Va lue

Figure 2.3, page 2.38

Ta ble 2.3.2: SU MMARY OF STA NDA RD DEVI ATIONS
Re sponse Models Sur vey Sampl ing

σ Model parameter S− Re spondent popula t ion standard dev iation – an att rib u t e
σ̂ Estimate of σ s Sa mple standard dev iation – we take s = s to estim ate S−
σ∼ Estimato r of σ S Estimato r co rre sponding to s – a random variable
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Figure 2.3, page 2.38

Ta ble 2.3.3
Re spondent popula t ion standard dev iation S−

data st andard dev iation
Sa mple standard dev iation s

St andard dev iation of the sample ave r age s.d.(Y
−)

pr obabi lis tic st andard dev iation
Estimated standard dev iation of the sample ave r age s.d.ˆ (Y

−)

Figure 2.3, page 2.40
Ta ble 2.3.5: ....QUA NTITY...... RESPONDENT POPULATION ....... SAMPLE [MODE L].....................

Si ze (elem e n t s/un its) −N n

Re spons e Y−i (i =1, 2, ...., −N) yj (j =1, 2, ...., n) [r.v.s areYj with value yj]

Av erage

To tal

St andard dev iation

Y
−− = 1

−NΣ
i =1

−N

Y−i = 1
−N TY− y− = 1

n Σ
j =1

n
yj [r.v. isY

−
with value y−]

TY− = −NY− = Σ
i =1

−N

Y−i T
y = −Ny− [r.v. is TY with value

T
y]

S− = 1
−N −1

SSY− ≡ 1
−N −1Σ

i =1

−N

(Y−i −Y− )
2 s = 1

n −1
SSy ≡ 1

n −1
Σ
j =1

n
(yj −y)

2 [r.v. is S with
value s]√ √ √ √

Figure 2.3, page 2.45
Ta ble 2.3.7: Elements Clu sters Relationships

Re spondent popula t ion −N −M −N = −ML, L = −N/−M
Sa mple n m n = mL, L = n/m
Also: Y

−−i = 1
L

Σ
k =1

L

Y−ik is the ave r age respons e of the ith popula t ion clu s ter,

y−j
= 1

LΣ
k =1

L

yjk is the ave r age respons e of the jth sampled clu s ter,

the sub scr ipt ec in Table 2.3.8 at the rig ht den otes ‘equal-sized clu s ters.’

Figure 2.3, page 2.45
Ta ble 2.3.8

EPS of ele m e nts Page EPS of clu sters Page

2.40 2.105

2.40 2.106

2.40 2.105

2.41 2.1 05

2.42 2.106

y− = 1
nΣ

j =1

n
yj

s = 1
n −1

Σ
j =1

n
(yj −y)

2

S− = 1
−N −1Σ

i =1

−N

(Y−i −Y− )
2

s.d.(Y
−) = S− 1

n − 1
−N

y− ± αt*n−1s 1
n − 1

−N

y−ec = 1
mΣ

j =1

m
yj

sec = 1
m −1

Σ
j =1

m
(yj −yec)

2

S−ec = 1
−M −1Σ

i =1

−M

(Y−i −Y− )
2

s.d.(Y
−

ec) = S−ec
1
m − 1

−M

y−ec ± αt*m−1sec
1
m − 1

−M

√

√

√

√

√

√

√

√
Figure 2.10, page 2.81

Ta ble 2.10.1: .......QUA NTITY....... RESPONDENT POPULATION ............... SAMPLE [MODE L]................

Si ze (elem e n t s/un its) −N n

Indicato r variat e −Vi (i =1, 2, ...., −N) vj (j =1, 2, ...., n) [r.v.s are Vj with value vj]

Propor tio n

Number (or frequ enc y) −N−P (n umber in sample = np)

−P = 1
−N

Σ
i =1

−N
−Vi = −V

−
p = 1

n Σ
j =1

n
vj = v− [r.v. is P with value p (= v−)]

Figure 2.10, page 2.88
Ta ble 2.10.9

QUANTITY SYM BOL

Popula t ion pro por tio n −P
Sa mple pro por tio n p

Random variable P
A value of P p

Model parameter π
Probability Pr

Figure 2.14, page 2.112

Ta ble 2.14.7: . . . . . . Figure . . . . . . .
2.3 2.10 2.14

Popula t ion Respons e Y−i Ci or
c
Ci Y

−−i

At tribute(s) Y
−−, S− −P Y

−−, S−ec

Si ze -N −N −M

Model Random variable(s) Y
−
, S P Y

−
ec, (Sec)

Va lue(s) y−, s p y−ec, sec

Sa mple Respons e yj Cj or
c
Cj y−j

At tribute(s) y−, s p y−ec, sec

Si ze n n m

Figure 2.1 5, page 2.113 and Figure 2.17, page 2.131
Ta ble 2.1 5.1: Re spondent Sample (Estimate) Mo del

Quantity Popul ation (= model va lue) (Esti mator)

Av erage Y
−− X

−− y− (= y−) x− (= x−) Y
−

X
−

To tal TY− TX− T
y = −Ny− (=

T
y) Tx = −Nx− (= Tx) TY TX

Ratio −R = Y
−−/X

−− ≡ TY−/TX− r = y−/x− ≡
T
y/Tx (= r) R
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Figure 2.16, page 2.1 25

Figure 2.1 5 −R Y−i X− i Y
−− −N

Ta ble 2.16.1:

Figure 2.1 6 Y
−− TY−i

−Li TY
−− −M

−R = −Y
−X

= T−Y
T−X =

Σ
i =1

−N

−Yi

Σ
i =1

−N
−Xi

Y
−− =

Σ
i =1

−M

T−Yi

Σ
i =1

−M

−L i

= sum of cluster totals

sum of cluster sizes

Figure 2.16, page 2.1 25

Ta ble 2.16.2: ......QUA NTITY...... RESPONDENT POPULATION ................ SAMPLE [MODE L].................

Si ze: units ≡ clust e rs −M m

elem e n t s

Clust e r si ze −Li (i = 1, 2, ....., −M) l j (j = 1, 2, ....., m) [r.v. is Lj with value lj]

Av erage clu s ter size −L
− = −N/−M = l

−
= n/m =

Re spons e Y−ik (i = 1, 2, ....., −M; k = 1, 2, ....., −Li)

Clust e r av erage

Clust e r tot al

Av erage clu s ter tot al

Av erage

To tal

−N = Σ
i =1

−M

−Li n = Σ
j =1

n

l j

= 1
−M

Σ
i =1

−M

−Li
1
m Σ

j =1

m

l j [r.v. is L
−

with value l
−]

yjk (j = 1, 2, ....., m; k = 1, 2, ....., lj) [r.v. is Yjk with
value yjk]

Y
−−i = 1

−Li
Σ
k =1

−Li

Y−ik = 1
−Li

TY−i y−j = 1
lj

Σ
k=1

l j

yjk = 1
lj

T
yj [r.v. isY

−
j with value y−j]

TY−i = Σ
k =1

−Li

Y−ik = −LiY
−−i T

yj = Σ
k=1

l j

yjk = l jy−j [r.v. is TYj with value
T
yj]

TY
−− = 1

−M
Σ
i =1

−M

TY−i T
y− = 1

mΣ
j =1

m

T
yj [r.v. is TY

−
with value

T
y−]

Y
−− = Σ

i =1

−M

TY−i Σ
i =1

−M

−Li y−uc = Σ
j =1

m

T
yj Σ

j =1

m

l j [r.v. is Y
−
uc with value y−uc]

TY− = Σ
i =1

−M

TY−i = −NY
−− = −MTY

−−
T
y = −Ny−uc

(if −N is known) [r.v. is TY with
value

T
y]

T
y = −M

T
y− (if −N is unknow n)

9. Appendix 2: No tat ion – Man aging Falsehood

The foregoi ng twelve table s fr om the STAT 332 Course Mat e ria ls occur near the star t of the relev a n t Figure to sum marize
the not ation that wil l be use d in that Fig ure. The table s also hav e a broader purpose – they provi de con tin uing empha sis on
ma int aining the three dis tin ction s, lis ted on the lowe r half of pag e HL91. 3, whi c h are vit al for effective statis ti cs teaching. The
tables have the fol low ing feature s:

* the ter ms ‘re spondent popula t ion,’ ‘sample’ and ‘model’ are prominent in the colum n and row hea ding s ,

* the sample is taken as the sou rce of real-world dat a, as is the case in mos t data -base d inve s tig a t i ng,

* the respondent popula t ion colum ns not ation is upper-case bold le tters wit h high vis u al imp act,

* the sample colum ns hav e low-vis u al-imp act lowe r-case Roman letters, empha sizing the popula t ion -sample dis tin ction

* the model colum ns are dis tinguis hed by their it ali c le tters and (us u ally) ‘random variable’ (r.v.) label(s),

* as illust r ated in equ ation s (HL91.8) and (HL91.9) at the rig ht
[take n fr om the upper half of pag e 2.125 in Fig ure 2.1 6],
a quantity and its estim ate are not ation a l ly di ffere nt in
ap pearanc e, a useful rem inde r (not dependent on know-
ing the meanings of the symbols) of the distin ction be-
tween beh aviour unde r repetit ion and the indivi d ual case.

This illu s tration is for standard dev iation, but the same is true of estim ating bia s, wit h mu ltiple exa mples in Fig ure s 2.15,
2.16 and 2.1 7; the differenc e in vis u al imp act is hig her in the more complicated expre ssi ons in thes e thre e la ter Fig ure s than
in the first ins tanc e encou ntered as equ ation s (2. 3.9) and (2. 3.1 7) on pag e 2.41 in Fig ure 2.3.

Distig uis hing ob ser ved (Ro man) y from a model (it ali c) y to distinguis h the obs erved sample ave r age and standard dev iation,
y− and s, from the model quantit ies y− and s, rem inds us of the impor tanc e in the Desig n st age of the FDEAC cycle of dev elo p-
ing a Pla n that makes it re aso nable to tre at y− as y− and s as s (a s in, for exa mple, Table 2.3.5 near the top of pag e HL91. 23).

Fa ilu r e to obs erve the foregoi ng dis tin ction s ma kes it easie r to ove r look the que s tion to be aske d abou t all data: Ho w were they
ge ner ate d? If this que s tion is not aske d, it becomes more likely that statis ti c a l methods wil l be appli ed in situation s where their
un d erlyi ng assump tion s (li ke probability selecting, accur ate mea s uring processes, independent measuring, dis tributio nal assump -
tion s) are viola ted, lea ding to answe rs wit h su ch sev ere lim itation s that they are likely to embody falsehoods.

• Our error cat egor ies (fo r ex ample, study error, non -re spons e er ror, sample error, mea s urement error and model error in the
ca s e of sample sur veys) provi de a framewo rk for assessing the sev erity of the lim itation s im pos ed by error on answe rs.

s. d.(R) −−∼ 1

(−N −1) −X2 Σ
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s.d.ˆ (R) −−∼ 1
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