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STATISTICS and STATISTICAL METHODS: The FDE AC Cyc le – Experimental and
Observat ion al Plans

St atis ti c a l Highlig ht #88 prov ides an ove rvie w of the FDEAC Cycle. To avo id ext ending its
alrea dy-lengt hy dis cus sio n of the Desig n st age, the addit ion a l st atis ti c a l is s ues that arise when inv estig a t i ng rela tionships are de-
scribed in this Highlig ht #89, whi c h assumes knowledge of Section s 4 to 10 of Statis ti c a l Highlig ht #88. The goa l he re is to
prov ide an unde rst anding of the key con cep t s of experimenta l Plans and ob ser vational Plans and their distin ction s.

The mat e ria l in this Highlig ht #89 is, wit h slig ht adapt ation, that in Statis ti c a l Highlig hts #57 to #59, #61 to #63 and #68 (except
fo r Se ction 13 on pag e HL89.1 8, a sys tem ati c pres entation of idea s arising incid e n tally in scatt e red places els ewhe re in thes e
Ma ter ials) . Fo r il lust r ation s and ela boration s of this Highlig ht #89, refer to Statis ti c a l Highlig hts #60, #64 to #67, #69 and #70.

1. Inv est igating Statist ical Relationships: Changing and Comparing [St atis ti c a l Highlig ht #57]

Rela t ion s hips occur in mos t (perhaps all) area s of hum an endeavou r and
co m e in many for ms. In statis ti cs, we cast rela t ion s hips in ter ms of variates – in
the sim p lest case, bet ween one exp lanato ry variat e (X−, say, whi c h we call the fo-
cal variat e) and one resp onse variat e Y−, ove r the ele ments of a  popula t ion. How-
ev er, as por traye d pi cto ria l ly at the rig ht, in statis ti cs we can sel d o m ig nore oth er
(non-focal) ex pla n ato ry variat es (den oted Z−1, Z− 2, ....., Z−k) when answe ring a
Questio n abou t an X−-Y− rela t ion s hip, becau se the Answe r is pre dicated on Z−1,
Z− 2, ....., Z−k rema ining fixed when X− change s to make app are n t it s rela t ion s hip to Y−.
This idea arises mat hem ati c a l ly when, to analyze dat a fo r the k+2 variat es of
each unit in a sample of n units, we use
the respons e model (HL89.1) in whi c h Y−
ha s a first-powe r (o r ‘s traig ht-lin e’) rela t ion s hip to each exp lanato ry variat e; the int e rpret ation of β1 (the coefficie n t of the fo cal
variat e in the model) is the change in the ave r age of Y− fo r un it change in X− while Z−1, Z− 2, ....., Z−k all rem ain fixed in value.
[The int e rpret ation of any of the k+2 coef fi cents in the structur al component of (HL89.1) requ ire s a sim ilar cav eat, of cou rse.]

Yj = β 0 +β1xj +β 2z1j +.... +β k+1zkj +Rj, j =1, 2, ....,n,
Rj ∼ N(0, σ),
pr. indep., EPS -----(HL89.1)

X−-Y− Re l ationship? (ex ist enc e, association, cau s ation)
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A framewo rk of ter min ology for dis cus sing dat a-base d inve s tig a t i ng of statis ti c a l rela t ion s hips is giv en in the schema bel ow.

NO TE: 1. The method of inv estig a t i ng an X−-Y− rela t ion s hip in statis ti cs is by changi ng and co mparing – we compare value s of
Y− as the value of X− change s , des cribed above as X− changi ng to make app are n t it s rela t ion s hip to Y−. This is why ex-
periment al and obs ervation a l Plans are des cribed as comparative.

• Change s in the focal variat e X− may be those that occur natur ally in the popula t ion or they may be change s im -
pose d by the inv estig a tor(s) unde r an exper iment al Plan.

• After two variat es, the nex t leve l of complication is the rela t ion s hips among th ree variat es: two ex pla n ato ry vari-
at es X−1 and X−2 and a respons e variat e Y− [o r two respons es to on e ex pla n ato ry variat e, called ‘com mon cau se’].

Experimental Plan: a comparative Pla n in whi c h the invest iga tor (s) (actively) assig n the value of the focal (ex pla n a-
to ry) variat e to each unit in the sample (or in each block);
Observat ion al Plan: a comparative Pla n in whi c h, for each unit selected for the sample, the focal (ex pla n ato ry)
variat e (pa ssi vel y) takes on its ‘natural’ value unin fluenced by the inv estig a tor(s).

It is inv estig a tors’ inability to assig n elem e n t s’ focal variat e value s (e.g., of age, sex , marital status and income – change s
in people’s die tar y or exe rci se habits can be impos ed but complia n ce is diffic ult to achieve) that rest ricts choic e of
Plan type and so weakens ability to manage comparison error; this matt e r is pursued in det ail in Section s 9 and 10
on pag es HL89.1 2 to HL89.1 5 (a n d in Statis ti c a l Highlig hts #10 and #9).

* A relationship in statis ti cs arises from the fol low ing seque n ce of hap pening s.

−− We obs erve that the value of a resp onse variat e Y− change s (i.e., shows
variation) ove r the ele ments or units of a group, such as a targe t pop-
ulation, a study popula t ion, a respondent popula t ion or a sample.

It is implicit that the re are one or more ca use (s) of thes e change s
(i.e., of this variation) in Y−.

−− We wis h to accou nt for thes e change s (i.e., for this variation) – we in-
troduce the idea of an explanator y variat e X−.

−− We look for asso cia tion between the value s of Y− and X− (e.g., usi ng a
scatt e r diag ram – see bel ow) – a rela t ion s hip is the connec tion (if any)
between change s in X− and change s in Y− (o r in the aver age of Y−).

If (data est ablis h that) Y− rema ins unchange d while X− change s (o r vi ce
versa), the re is no X−-Y− rela t ion s hip, an idea of unconnectedness cap -
ture d by one sens e of the word independent – see pag e HL89.1 8.
++ We shoul d re cognize the distin ction bet ween the ‘behaviour al uncon -

ne ctedness’ of in dep enden ce and the ‘sp atial sep arateness’ cap ture d by disjoi nt, as in ‘disj oin t ev ents.’

Rela t ion s hip

Scatt e r diag ram

As sociation

Lurking variat es

Causation

Tw o variat es: X− , Y−
Three variat es: X−1, X−2, Y−

Data vis u ali zation software

Confou nding

Correla t ion
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* A scatt er diagram is a Car tesio n plo t with a respons e
variat e (o r estim ated residu al) on the ver tical axi s,
an exp lanato ry variat e on the horizont al axis.
−− A scatt e r diag ram – a graphi c a l att rib u t e – is

a useful way to lo ok at dat a fo r an X−-Y− rela -
tion s hip. Each ele ment appears as a dot (or
ot he r ap pro priat e sy mbol) located at the co-
ordin ates deter min ed by its X− and Y− value s;
thre e ex amples are show n at the rig ht.
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The task of looking at multivariat e data (i.e., dat a fo r thre e or more variat es) to det e ct pa tterns which answe r Ques -
tion s abou t rela t ion s hips can be aid ed by statis ti c a l software that shows , on a computer scre en, a poi nt cloud in three
dimensi ons , with addition a l possib i lit ies like:
++ using col our to dis tinguis h subs ets of the poi nts; ++ rotating the poi nt cloud in real tim e.

Prog ram 10 of Ag a inst All Odds: Inside Sta tis tics, entit led Mu lti dimensional Data Analysi s, shows such software in use.
[Ta king accou nt of lur king variat es when int e rpreting a scatt e r diag ram is dis cus s ed in Statis ti c a l Highlig ht #29.]

2. Comparison Error – Lurking Var iat es and Con founding [St atis ti c a l Highlig ht #57]

As backg rou nd to an X−-Y− rela t ion s hip, Z−1, Z− 2, ....., Z−k in the schema at the upper rig ht ove r leaf on pag e HL89.1 are called lu r k-
ing var iat es, a phrase that means lur king explanator y variat es in that each Z− accou nts, at lea st in par t, fo r change s fr om ele ment
to ele ment in the value of the respons e variat e. The impor tanc e of lur king variat es is that if the dist rib u tio ns of their value s di ffer
between groups of ele ments [li ke (sub)popula t ion s or samples] wit h different value s of the focal variat e, an Answe r abou t the X−-Y−
rela t ion s hip may differ from the true state of affairs unles s the differenc es in the value s of the relev a n t Z−s are taken into accou nt.

A practical diffic ulty for dat a-base d inve s tig a t i ng of an X−-Y− rela t ion s hip is that lur king variat es are often numer ous and so:

• im por tant Z−s or their differ ing dis tributio ns for different value s of the focal variat e can easi ly be ove r looke d, AND:

• subs tantia l re sour ces may be needed to mea s ure value s on the sampled units for thos e Z−s deeme d to be impor tant.

Variat es other than X− and Y− that are mea s ure d on the sampled units can be assesse d by:
++ look ing at a scatt e r diag ram of y aga inst zi to check if Z− i is an exp lanato ry variat e, AND:

++ co mparing box plo t s of zi value s fo r the different value s of x to che ck for differenc es among thes e different focal variat e value s.

The sa m e st atis ti c a l is s ue rais ed by lur king variat es is inv olved, wit h different ter min ology, in con founding; the differenc e
is that the beh aviour of lur king variat es (the entity responsib le) is wh y confou nding (the statis ti c a l is s ue) occurs.
An exp lanato ry variat e re sponsib le for confou nding is called a con founder or con founding var iat e; thes e two ter ms are syn o-
ny ms for a lur king variat e whos e dist rib u tio n of value s (o ver a group of units) differs for different value s of the focal variat e.

The fol low ing defi nit ion s summarize the foregoi ng dis cus sio n :

* Lu r king var iat e: a non -focal exp lanato ry variat e whos e differ ing dis tributio ns of value s (o ver groups of ele ments or units) for
different value s of the focal variat e, if taken into accou nt, wou ld meaning ful ly change an Answe r abou t an X−-Y− rela t ion s hip.

* Con founding: differ ing dis tributio ns of value s of one or more non-focal exp lanato ry variat e(s) among two (or more) groups
of ele ments or units [li ke (sub)popula t ion s or samples] wit h different value s of the focal variat e.
−− Con founder (con founding var iat e): a non -focal exp lanato ry variat e involved in confou nding.

‘Confou nding’ and ‘confou nde r’ hav e the conve n ienc e of bei ng on e-word terminology rat her than the mul t i-word phrases in-
volv ing ‘lu rking variat es’ whi c h conv ey the same idea s.

* Comparison error: fo r an Answe r abou t an X−-Y− rela t ion s hip that is base d on comparing att rib u t es of groups of ele ments or units
with different value s of the focal variat e, comparison error is the differenc e fr om the in ten ded (o r true) state of affairs arisi ng fr om:
−− differ ing dis tributio ns of lur king variat e value s between (or among) the groups of ele ments or units OR −− confou nding.

The alt e rnate wording of the last phrase accom modat es the equ ivalent ter min ologie s of lur king variat es and confou nding ;
in a par ticular con tex t, we use the versi on of the defin ition appropriat e to that con tex t:

• ‘l urking variat es’ can more rea dily accom modat e phen omena li ke Sim pson’s Paradox – see Statis ti c a l Highlig ht #51;

• ‘c onfou nding’ is more com mon in the con tex t of comparative Pla ns (e.g., as in Section 8 on pag es HL89.1 0 to HL89.1 2,
but the varie ty of usage of ‘c onfou nding’can be a sou rce of diffic ulty – see Statis ti c a l Highlig ht #3.

3. Association – Statist ical Issue s [St atis ti c a l Highlig ht #58]

The foregoi ng des criptio n of a rela t ion s hip in statis ti cs refers to the asso cia tion of Y− and X−; this Section 3 defi nes associa-
tion in statis ti cs. In doi ng so, it provi des backg rou nd for dis cus sing association bet ween (or among) ex pla n ato ry variat es, and
association bet ween them and the respons e variat e, in Section 6 on pag es HL89.8 to HL89.1 0.

* Asso ciation: if a scatt e r diag ram shows a clu s ter ing of its poi nts about, say, a lin e with posit ive slo pe (i.e., we see that, as
X− in cre ases, Y− also tends to inc rea s e), we say X− and Y− sh ow a (posit ive) asso cia tion; the re is modera te posit ive association
of X− and Y− in the left-hand diag ram of the three scatt e r diag rams at the upper rig ht on this pag e HL89.2; the rig ht-hand
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#HL89.3[St atistical Highlight #89]
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STATISTICS and STATISTICAL METHODS: The FDE AC Cyc le – Experimental and Obser va-
tion al Plans (continue d 1)

diag ram shows we ak neg ative association and the middle diagr am sh ows li ttle or no association.

−− Correlation: a num erical measure of tigh tness of clu stering of the poi nts on a scatt e r diag ram about a straig ht lin e – his-
to rically, cor rela t ion is den oted r (c wou ld hav e been a better choic e) and its value s li e in the int e rval [−1, 1]; the respec-
tive cor rela t ion s are about +0.7, 0 and −0. 25 for the three scatt e r diag rams at the upper rig ht of the facing pag e HL89.2.
++ If the poi nts of a scatt e r diag ram lie on a straig ht lin e with posit ive slo pe, r = +1;
++ if the poi nts of a scatt e r diag ram lie on a straig ht lin e with negative slo pe, r = −1;
++ if the poi nts of a scatt e r diag ram are haphazardly sprea d ov er its rectang ular are a, r is zero or clo se to it.
Correla t ion is dis cus s ed and illust r ated in det ail in Statis ti c a l Highlig ht #66.

Three que s tion s co mmonly of statis ti c a l in terest about an association are:

−− what is its fo rm? – for exa mple, can the tre n d be model led by a straigh t li ne (i.e., is the tre n d li near)?
−− what is its magnit ude? – for lin ear association, what is the mag n itude of the sl ope?
−− what is its dire c tion? – for lin ear association, is the slo pe posi tive or nega tive?

++ Proportion ality refe rs to a straig ht-lin e X−-Y− association th rou gh the origi n.

++ The sig n of the direction (posit ive or negative) of a lin ear association is also the sig n of cor rela t ion, but the conne ction
between the magn itudes of slo pe and cor rela t ion is more complicated – see Section 8 in Statis ti c a l Highlig ht #66.

The backg rou nd dis cus sio n fo r co mparison error [e.g., in Section 2 near the middle of the facing pag e HL89.2] refe rs to a
gr oup of ele ments (or units) wit h a lur king variat e (Z−) whos e dist rib u tio n of value s differs, ove r the ele ments (or units) of the
gr oup, for different value s of the focal variat e X−. A cons equ enc e of this beh aviour of Z− is that the value s of X− and Z− are asso-
ci ate d, as illust r ated in the scatt e r diag rams giv en bel ow, for respondent popula t ion s with 4 or 9 ele ments and Z− value s (s how n
besi de the poi nts) like 0,1, 2  and 3. {Dist inct Z− value s fo r all popula t ion ele ments, as in diagr ams (1) [at the rig ht bel ow] and (5)
[o verleaf on pag e HL89.4], is rare in real-world popula t ion s.}

In diagr am (1) at the rig ht, the ele ment wit h Z− = 2  when X− = 0  has Z− =1 when X− =1; thu s , the
change in the ave r age of Y− (in d i c ated by a sho rt hor izont al li ne) from 2.6 to 3.6, as X− change s
fr om 0 to 1, no longe r refle cts on ly the effect of changi ng X−; a li mit ation is the refore impos ed
on the Answe r abou t the X−-Y− rela t ion s hip by comparison error due to the beh aviour of Z− not
being taken into accou nt (or due to confou nding by Z−).
++ Be cau se Z− change s with X−, the re is a (we a k) X−-Z− association, quantifie d by a cor rela t ion of

abou t −0.11 ove r the eig ht (X−, Z−) value s; by con trast, when Z− does not change wit h X−, the
X−-Z− co rrela t ion is zero; this is the case in di-
ag rams (6), (7) and (8) at the rig ht bel ow dia-
gr am (1) – thes e thre e diag rams are use d in
Se ction 6 on pag es HL89.8 and HL89.9 to
il lust r ate the for mal defin ition of what we mean
by causation in statis ti cs (the sho rt hor izont al
li nes aga in sh ow the ave r age of Y− fo r each X− value).

An ext ensio n of the illust r ation in diagr am (1) is
to the case of repeated value s involv ing more than
two X− value s.

(1)

5

4

3

2

1

0
0 1

Y−

X−

X− = 0Y
−−

X− =1Y
−−•

•

•

•

•

•

•
•

3
2

1

0

3

1

1

0

(6)

5

3

2

1

0
0 1

Y−

X−

X− = 0Y
−−T

X− =1Y
−−T

•
•

•

•

•
•

•

•

3
2

1

0

3
2

1

0

(7)

5

4

3

2

1

0
0 1

Y−

X−

X− = 0Y
−−T

X− =1Y
−−T

•
•

•

•

•

•

•
•

3
2

1

0

3

2

1

0

(8)

5

4

3

2

1

0
0 1

Y−

X−

X− = 0Y
−−T

X− =1Y
−−T

•
•

•

•

•

•••

3
2

1

0

3

2
1
0

In diagr am (2), if Z− ha s the sa m e value (say1)
fo r all nine units whose X− and Y− value s yi eld
this scatt e r diag ram , there is no X−-Y− rela t ion s hip
in the sense that the X−-Y− co rrela t ion is zero.

++ This la ck of X−-Y− rela t ion s hip is als o refle cted
by the slo pe of zero fo r the straig ht lin e
(s how n da she d) which sum marizes the tre n d
in the poi nts of the scatt e r diag ram .
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++ When int e rpreting a scatt e r diag ram like (2), it is easy to conf use explicit know ledge that the re is the same Z− value
among the ele ments, wit h assumi ng this to be the case by ig nor ing the ele ments’ Z− value(s) – see Statis ti c a l Highlig ht #29.

++ In diagr ams (6) to (8) above, rem iniscent of an experimenta l Plan wit h two value s of the focal variat e, we can accom mo-
date di ffere nt value s of the pot entia l confou nde r Z− among the ele ments; by con trast, in diagr am (2) above, rem iniscent of
an ob ser vational Plan, the ele ments must have the sa m e Z− value to meet the requi rement for Z− to rem ain fixe d to avo id
the lim itation impos ed on an Answe r abou t an X−-Y− rela t ion s hip by comparison error due to this lur king variat e.

Diag ram (3) above is vis u ally the sa m e as diagr am (2) but the Z− value s change with X− – the association of X− and Z− can be
qu antifie d as a cor rela t ion of abou t +0.7 ; as indicated by the dash ed lin es, the re is now a (st rong) posi tive X−-Y− association
among poi nts for which Z− value s are hel d fixed (i.e., for poi nts wit h the sa m e Z− value).
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In diagr am (4) [ov erleaf on pag e HL89.3], aga in vi sually the same as diagr ams (2) and (3), a di ffere nt dist rib u tio n of the
sa m e set of Z− value s as in diagr am (3) yields a (st rong) nega tive X−-Y− association – the X−-Z− co rrela t ion is aga in abou t +0.7.
++ In diagr ams (3) and (4), the X−-Y− rela t ion s hip is the sa m e fo r the three value s of Z−; the matt e r of di ffere nt X−-Y− rela t ion -

ships for different Z− value s is pursued in Statis ti c a l Highlig ht #29.
++ Li ke diagr am (1), diagr ams (3) and (4) illust r ate, in a broader con tex t, the lim itation impos ed on an Answe r abou t an X−-Y−

rela t ion s hip by comparison error, when the ele ments’ Z− value s do not rem ain fixe d (are not the same) as X− change s , and
this beh aviour is not take n in t o accou nt (e.g., when int e rpreting an X−-Y− scatt e r diag ram).

A speci al case is when Z− change s with X− but in such a way that their value s have zero co rrela -
tion; an illust r ation is shown at the rig ht in diagr am (5), whi c h is adapt e d fr om diagr am (6) ove r leaf
on pag e HL89.3 In such a situation, desp i te the confou nding, it is possib le (un d er an assump tion of
additive ef fects) to estim ate the effect of X− on the ave r age of Y−.

• This idea is exp l oit e d in Desig n of Experiments (DOE) when inv estig a t i ng a rela t ion s hip with two
or more focal variat es – see Not es 24 to 27 (s tar ting at the botom of pag e HL89.1 6).
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NO TE: 2. The dis cus sio n abov e sh ows that, when looking at a scatt e r diag ram of biv ariat e data to
assess an X−-Y− rela t ion s hip, exper ienc e ou tsi de statis ti cs wit h diag rams inv olv ing Car tesia n axes provi des poor pre -
paration for statis ti cs – in calculu s and algebra cou rses, for exa mple, the issue of another variat e affe cting the int e r-
pret ation of what we see in a diagr am seldom (or nev er) arises.

• As dis cus s ed in Statis ti c a l Highlig hts #60, #51 and #29, lur king variat es can affe ct the int e rpret ation of the pre s-
enc e, or the abs enc e, of an obs erved association (in eve n the sim p lest situation) inv olv ing X− and Y−.

4. Association Among Var iat es and Cau sat ion [St atis ti c a l Highlig ht #59]

The foregoi ng Section 3 deals wit h asso cia tion of two explanator y variat es, like the fo cal variat e X− and a lur king variat e
(o r confou nde r) Z−; in this Section 4, we dis tinguis h fo ur rea son s (‘ca s es’) for such association s, whi c h are als o sh own symboli-
cally at the rig ht, whe re an arrow den otes causation.

* X− caus es Z−;

* Z− caus es X−;

* Z− j caus es X− and Z− i – we say Z− j is the com mon cau se of X− and Z− i;

* coin cid e n ce [which often means bot h X− and Z− are associat e d with ti m e – i.e., coi nci-
denc e is often case (3) where Z− j is time (what eve r ‘c ausation’by tim e means)
– see Not e 8 on pag e HL89.9.

(1)

(2)

X− Z−

Z− X−
(X− caus es Z−)

(Z− caus es X−)

(3)

(4)

Z− j
Z− i

X−

X− Z−
(Z− j caus es X− and Z− i)

(c oin cid e n ce)

If extra-statis ti c a l know ledge can rule out coi nci denc e, two exp lanato ry variat es are associat e d fo r only two re asons:
direct cau s ation [ca s es (1) and (2)], OR : co mmon cau se [ca s e (3)].

The fou r causal structure s abov e can be ext ende d to inclu de the respons e variat e Y−; the re are now twel ve ca s es, in whi c h:

* X− and Y− are associat e d in all twel ve;

* Z− (o r Z− i) and Y− are associat e d in the
la st ni ne.

* Z− (o r Z− i) and X− are associat e d in the
la st ni ne [e xcep t perhaps in case (8),
so -called com mon response].

In the discus sio n below, the twelve cases
are reduced to eig ht by assuming ext r a-
st atis ti c a l know ledge is suf fi cie n t to:

rule out ‘coin cid e n ce’ in case (3), in
ca s e (5) [w hich then becomes case (1)] and case (7);
enable the adj ectiv es explanator y and resp onse to be correc tly ap plie d to the variat es X− and Y− and so rule out case (2).

(1)

(2)

(3)

X− Y−

Y− X−

X− Y−

(X− caus es Y− )

(Y− caus es X− )

(c oin cid e n ce)

(4)

(5)

(6)

(7)

Z− X− Y−

Z− X− Y−

X− Z− Y−

X− Z− Y−

(Z− caus es X− caus es Y− )

(c oin cid e n ce and X− caus es Y−)

(X− caus es Z− caus es Y− )

(c oin cid e n ce and Z− caus es Y−)

(8)

(9)

(10)

X−
Y−

Z−

X−
Z−

Y−

Z−
X−

Y−

(X− and Z− caus e Y−)

(Z− caus es X− and Y−)

(X− caus es Z− and Y−)

(11)

(12)

X−
Y−Z− j

Z− i

X−
Z− j

Z− i Y−

(Z− j caus es Z− i and X−
which caus e Y− )

(Z− j caus es X− and Z− i
which caus es Y− )

The diagr ams for the rem ain ing eig ht cases illust r ate two pos sib i lit ies:
++ X− and Y− are asso cia ted an d X− ca uses Y−: cases (1), (4), (6), (8), (10) and (11);
++ X− and Y− are asso cia ted but X− does not caus e Y−: cases (9) and (12).

Thus, key statis ti c a l is s ues in association and causation are:

* if X− caus es Y− [c ases (1), (4), (5), (6), (8), (10)and (11)], X− and Y− will be asso cia ted;

* if X− and Y− are associat e d [c ases (1) to (12)] and coi nci denc e can be ruled out, the re is causation involv ing Y− [a l l ca s es except
(3)] bu t not nec ess a rily by X− [c ases (7), (9) and (12)].

* Lack of association of X− and Y− does not rule out cau s ation of Y− by X− – as X− change s , a confou nde r Z− may change in such a
way that Y− rema ins unchange d – see diagr ams (5) to (8) at the top of pag e HL60.4 in Statis ti c a l Highlig ht #60.
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STATISTICS and STATISTICAL METHODS: The FDE AC Cyc le – Experimental and Obser va-
tion al Plans (continue d 2)

The twelve cau s a l st ructure s on pag e HL89.4 illust r ate pos sib le association -causation conne ction s
but a number of them are not relevant in practic e to Pla ns for comparative dat a-base d inve s tig a t i ng of an obs erved X−-Y− association.

• As sociation due to coi nci denc e is sel d o m of statis ti c a l in terest, eli min ating cases (3), (5) and (7).
−− Ca s e (7) is als o ca s e (8) when the X−-Y− rela t ion s hip is coi nci denc e.

• Correct identific ation of the respons e and exp lanato ry variat es eli min ates case (2).

• All association s can be thoug ht of in ter ms of cau s a l chains – see the first bul let (•) in Not e 6 on the lowe r half of pag e
HL89.8 – but inv estig a t i ng other steps in the X−-Y− chain is sel d o m of statis ti c a l in terest, eli min ating cases (4) and (6).

• Ca s e (8) is case (1) with lur king variat e Z− sh own exp licit ly and so is cov ere d un d er case (1) [a n d un d er case (11)], alt hou gh it
is wis e to keep case (8) in min d in dis cus sio ns of case (1).

• Be cau se Z− is an explanator y variat e, case (10) is really the causal structure at the rig ht, whi c h is in-
ve s tig a ted as case (1) or case (11) [s ee als o No te 2 at the top of pag e HL64.3 in Statis ti c a l Highlig ht
#64 and the discus sio n of Table HL10 .4 at the top of pag e HL10 .4 in Statis ti c a l Highlig ht #10].

(10) X−
Z−

Y−
(X− caus es Y− and Z−

which caus es Y− )

• Ca s e (12) is bot h: −− ca s e (9) [‘c ommon cau se’] wit h an int e rme diar y variat e sh own in the Z− j-Y− branch ,
−− ca s e (11) fo r the Que s tion Is X− a cau se of Y−? when the Answe r is No .

This leave s ca s es (1), (9) and (11); we dis cus s ca s es (1) and (9) in Section 7 pag e HL89.1 0. Thes e and cases (8) and (11) are als o
pursue d on pag es HL64.1 to HL64.3 in Statis ti c a l Highlig ht #64.

The foregoi ng dis cus sio n sh ows why, in statis ti cs, we dis tinguis h asso cia tion fr om ca usa tion: to rem ind us that, just becau se
we obs erve (fo r in stanc e, in a scatt e r diag ram) that X− and Y− are asso cia ted, we cannot say, wit hou t fur the r inve s tig a t i ng, that a
change in X− will br ing about (o r ca use) a change in Y−.

• St atis ti c a l Highlig ht #66 dis cus s es correl ation as a mea s ure of the tig htnes s of clu s ter ing of the poi nts of a scatt e r diag ram
abou t a straig ht lin e; cor rela t ion is the refore one way of quantifyi ng mag n itude (‘s tre ngt h’) of association bet ween X− and Y−
as seen in a scatt e r diag ram . Fo r this rea son, the distin ction bet ween association and causation may als o be refer red to els e-
where as the distin ction bet ween cor rela t ion and causation, alt hou gh this wording is better avo ide d.

• When refer ring to an X−-Y− rela t ion s hip, phrases use d in statis ti cs like asso cia tion is not (necessar ily) cau sation and correl a-
tion is not (necessar ily) cau sation encompass th ree possib i lit ies:

−− the X−-Y− rela t ion s hip is a coi nci den ce – this may pique our cur iosity but is sel d o m of practical impor tanc e;

−− X− and Y− are asso cia ted but X− does not ca use Y−;

−− X− is a (or pos sib ly th e) cau se of Y−.

Un due empha sis on the secon d possib i lity (e.g., in int roducto ry statis ti cs teaching) can obs cure three matt e rs:
++ association do es im p ly cau s ation if coi nci denc e can be ruled out; BUT:

++ the cau s ation may be, but is not necessar ily, bet ween Y− and X−, the variat es ob ser ved to be associat e d.
++ Lack of association of X− and Y− does not rule out cau s ation of Y− by X− – as X− change s , a confou nde r Z− may change in such

a way that Y− rema ins unchange d – see diagr ams (5) to (8) at the top of pag e HL60.4 in Statis ti c a l Highlig ht #60.

NO TES: 3. When (a change in) an exp lanato ry variat e −U (a focal variat e X− or a confou nde r Z−) ca uses (a change
in) a variat e −V (a respons e variat e Y− or a focal variat e X−), sev eral matt e rs det e rmine the stre ngt h of
the association (as quantifie d by the cor rela t ion, say, of −U and −V, if they are qu ant ita tive variat es) .

• If −U is the on ly caus e of −V and act s on a time scale that is sh ort rela t ive to the per iod of obs ervation, the re is a
high co rrela t ion of −U and −V; in the abs enc e of mea s urement
er ror, the mag n itude of r wou ld be 1.
−− An illust r ation is force X− causing acceleration Y−.

• We aker association of −U and −Vcan occur for sev eral rea son s, as illust r ated
by the data for the occur renc e of lung canc e r Y− in rela t ion to smoking
st atus X− in three non -sm oke rs and three smoke rs in Table HL89.1 at the
right. The strong (‘ per fect’) association in case (A) can weaken becau se:

−− on e non-smoke r in case (B) acqu ire d lu ng canc e r fr om an o t her cause (e.g., asbestos inhalation);

−− the smoke r withou t lu ng canc e r in case (C) may: yet dev elo p lu ng canc e r, OR: die before doi ng so, OR:
be in a popula t ion subgr oup for which X− does not caus e Y−;

the first two pos sib i lit ies have a tim e scale for cau s ation that is long rela t ive to the per iod of obs ervation and
the thi rd inv olves our de fi nit ion of cau sat ion (a t the bottom of pag e HL89.6 and the top of pag e HL89.7) in
ter ms of an attr ibute.

In thes e ways , we accou nt for differ ing strengt hs of asso cia tion obs erved in ca usa l X−-Y− rela t ion s hips or, expre s-
se d an othe r way, we accou nt for why (a change in) X− ca uses (a change in) Y− but, for so me popula t ion ele ments:

• Y− change s when X− does not change (e.g., some non-smoke rs get lung canc e r), OR:

• Y− does not change when X− change s (e.g., some smoke rs do not ge t lu ng canc e r).

Ta ble HL89.1: Sm o king Lu ng cancer
Unit statu s (A) (B) (C)

1 Non -sm oke r No No No
2 Non -sm oke r No No No
3 Non -sm oke r No Yes No
4 Smoke r Ye s Ye s No
5 Smoke r Ye s Ye s Ye s
6 Smoke r Ye s Ye s Ye s

−U −V

Y−X−
Z− X−
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NO TES: 4.
(c o nt.)

As sociation is a straig ht-for ward idea (we can se e it), cau s ation much les s so; the two causal
st ructure s at the rig ht [ca s es (8) and (9) fr om pag e HL89.4] give insig ht into their differenc e.
As dis cus s ed in Not e 9 on pag es HL89.9 and HL89.1 0, unde r ou r defin ition of cau s ation at the
bott o m of pag e HL89.6 and the top of pag e HL89.7 :

• in the causal structure of case (8) [c ommon resp onse], the re is asso cia tion of X− and Y− and of
Z− and Y− but no ne c essar y association of the (un conne cted) caus es X− and Z−; BUT:

• in the causal structure of case (9) [c ommon ca use], the re is asso cia tion of Z− and Y− and of Z−
and X− so the re is necessar ily association of Y− and X− .

The di ffere nce between the two structure s li es in the direc tion of the arrow s den oting cau s ation – if their direction
is re versed in eit her diagr am , they are the sa m e causal structure, apart from the variat e names. Our defin ition of
causation thu s sugg ests that cau s ation is direc ted associa tion, alt hou gh it is que s tion able whether this (model) con-
cept provi des much insig ht into the re al world differenc e between association and causation.

Ca s es (8) and (9) and three other sim ilar cau s a l st ructure s are compare d in Statis ti c a l Highlig ht #65.

(8)

(9)

X−
Y−

Z−
X−

Z−
Y−

5. Cau sat ion – An Int r odu ction [St atis ti c a l Highlig ht #61]

When we hear that a hou se fire was ca use d by an ele ctr ical fau lt, mos t people hav e li ttle troub le unde rst anding what is be-
ing said or recog n izi ng the implication that, if the ele ctr ical fau lt had not occur red, the re wou ld hav e been no fire. It is tem pt-
ing to con clu de from such eve ry- day exper ienc es that cau s ation is a straig ht-for ward idea but, when we try to make more pre -
ci se the notio n of what is meant by causation, complex i tie s aris e; an ove rvie w of the issues is giv en in the Encycl opaedia Bri-
ta nni ca, 1957 Edit ion, Wil lia m Be n t on, Chi c ago, Volum e 5, pag es 60-63 (Causality or Cau sation). The matt e rs bel ow are not a
defin itive dis cus sio n but are useful when dealing wit h sta tis tical aspect s of cau s ation.

• We think initia l ly of a change in a resp onse variat e Y− (i.e., an effect) being ca use d by a change in a fo cal (e xplanato ry) va-
riat e X−; in the illust r ation abov e, Y− is the fire status of the hous e (n ot on fire or on fire) and X− is the status of its ele ctr ical
syst em (wo rking pro perly or fau lty) and we say (a change in) X− ca use d (a change in) Y−.
−− There may als o be lu rking ex pla n ato ry variat e(s) Z− (o r Z−1, Z− 2, ....., Z−k).

• Caus es of Y− oth er than X−, if they exi st, may need to be con sid ere d.

• When coi nci den ce can be ruled out as a rea son, an X−-Y− asso cia tion in d i c ates ca usa tion of Y− but not nec ess a rily by X−.
−− St ating this pre c ept as asso cia tion is not cau sation or correl ation is not cau sation is more easily misun d erstood.
The association -causation dis tin ction is a rev ere d to pic in many statis ti cs cou rses.

• In a cau s a l rela t ion s hip, if the ca use is absent, the respons e does not occur (fr om that cau se) ; if the resp onse is absent, the
caus e may stil l be pres ent.

• We may need to con sid er the ti m e sc ale of a cau s a l rela t ion s hip – for exa mple, the re is a sh ort time scale for the mov e-
ment of a bat cau sing a baseball to mov e, there is a long time scale for cig arette smoking cau sing lung canc e r. Implicit in
the idea of a tim e scale is that the caus e always pre cedes the occur renc e (if any) of the respons e.
−− Even in something as sim p le as the baseball illust r ation, it is easy to dig res s in t o a dis cus sio n of what ca use d the batt e r

to hit the ball, by whi c h we usually mean the re aso ns (s)he did so; such dis cus sio n woul d then probably inv oke the be-
haviour and charact e ris ti cs of bot h the pit che r and the batt e r (a mong other things), quit e di ffere nt is s ues from those in our
il lust r ation and gen erally not relev a n t to our pre sent con cer ns.

• There is a lev el at whi c h any cau s a l rela t ion s hip can be seen to be a mul t i-step seque n ce of eve n t s (a cau s a l chain) ; this se-
qu enc e is usually complex and imper fectly unde rstood, but may hel p us ration a lize the tim e scale we obs erve for the cau s ation.
−− Fo r a bat cau sing a baseball to mov e, the seque n ce is at a mole cular lev el.
−− Fo r cigarette smoking cau sing lung canc e r, before we go to a mole cular lev el, the re is the seque n ce of change s in duced in

lu ng tis s ue by the chemicals in tobacco smoke [in cid e n tally, such change s ex pla in why some fo rmer sm oke rs get lung
canc e r after the ces sation of smoking as a cau se] .

• A cau se may not produce a respons e if:
−− the in ten sity of the caus e is too low – a bat may not hit a ball hard enoug h to make it mov e ap pre ciably ;
−− the tim e scale is long in rela t ion to the per iod of obs ervation; this idea can be called censoring – a smoke r may not be

obs erved to get lung canc e r becaus e (s)he die s of some oth er caus e befo re the lung canc e r occurs.
The two facto rs may impinge on each other in that hig her int ensit ies of the caus e may sho rten the tim e scale; this is rela -
ted to the idea of dose -re sponse – the incid e n ce of lung canc e r increa s es with le vel of cig arette con sump tion.

• The dis cus sio n of cau s ation may need to be frame d so m ewhat di ffere ntl y in the two cases whe re:
−− the cau se makes the respons e happen – a bat cau ses a baseball to mov e;
−− the cau se pre vents the respons e fr om hap pening – seatbel ts cau se a re d uct i on in fat ali tie s in automobile accid e n t s.

To defi ne fo rmally in statis ti cs what it means to say X− ca uses Y− in a (target) popula t ion, we st ate thre e cr iter ia:

(1) LURKING VAR I ATES: Ensure all oth er ex pla n ato ry variat es Z−1, Z− 2, ....., Z− k hold their (same) value s fo r ever y popula -
tion ele ment when X− = 0  and X− =1 (so m etim e s phrase d as: Ho ld all the Z− i fixed fo r .....).
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STATISTICS and STATISTICAL METHODS: The FDE AC Cyc le – Experimental and Obser va-
tion al Plans (continue d 3)

(2) FOCAL VAR I ATE: Obse rve the popula t ion Y−-v a lue s , and calcula te an
ap pro priat e att rib u t e value, unde r two condition s:

. with ever y elem e n t havi ng X− = 0;

. with ever y elem e n t havi ng X− =1.

(3) ATTR IBUTE: At tribute(Y−, perhaps some of Z−1, Z− 2, ....., Z− k |X− = 0) ≠ At tribute(Y−, perhaps some of Z−1, Z− 2, ....., Z− k |X− =1);
thos e of Z−1, Z− 2, ....., Z− k in cluded in the att rib u t e will have the sa m e value s when X− = 0  and X− =1 unde r (1).

Fo r ex ample, the z value s mu s t be the sa m e when using lea st
squ are s estim ates [as giv en in equ ation (HL89.2) at the rig ht] to
co mpare si mple lin ear reg res sio n sl opes when X− = 0  and X− =1.

β 1̂ =
Σ
j =1

n
yj(zj −z)

Σ
j =1

n
(zj −z)

2
-----(HL89.2)

• Thes e cr iter ia are frame d in ter ms of the (target) popu lation and an appro priat e attr ibute, not elem e n t s and their variat es.

• The not ation X− = 0  and X− =1 for value s of the focal variat e is symboli c – 0 and 1 re prese nt two actual value s of X− in a par ti-
cular con tex t; actual value s of the focal variat e are set in the protocol for setting leve ls (s ee pag es HL89.1 6 and HL89.1 7).

• The combin ation of other cau ses, a long tim e scale and censo ring may make it di fficult to establi sh cau s ation; for exa mple,
diet ary fat (as the pro por tio n of the calor ic int ake it con tributes to the diet) ha s been implicated as a cau se of bre ast cancer
in women. Howeve r, die tar y fa t is stil l only cla s s ed officia l ly as a risk fac tor fo r brea st canc e r; the same idea is conve yed
by sayi ng fat is a we ak caus e of bre ast cancer in women, but risk factor is prefe rre d wo r ding.

−− Me asuring is s ues can also impede est ablis hing cau s ation – fo r in stanc e, when trying to est ablis h possib le harmful effect(s)
of wat ching ‘un d e sir able’ TV progr ams, how do we quantify the ‘harmful effect(s)’ and ‘un d e sir ability’ of a progr am?

• The three criter ia above and at bottom of the facing pag e HL89.6 imply that an Answe r abou t causation from an expr imenta l
Plan wil l us u ally hav e (s ubs tantia l ly) les s seve re lim itation due to comparison error than an Answe r fr om an ob ser vational Plan.

• Interest in cau s ation in statis ti cs is sel d o m li mit e d me rely to whether X− ca uses Y−; more usual con cer ns are wit h the direc tion
and/or the extent of the rela t ion s hip; for exa mple, does an inc rea s e in X− caus e an increa s e or a decrea s e in the att rib u t e fo r Y−
and/or by how much (or by what pro por tio n) does the att rib u t e value change when X− = 0  and X− =1.

The fou r numbered statements bel ow, and the poi nts whi c h fo llow, illust r ate the foregoi ng matt e rs in rela t ion to statis ti c a l
is s ues inv olv ing cau s ation; the stat ements are worded con cis ely by exc luding assump tion s or con tex t – for exa mple:
++ in 2, sex is assume d to be the on ly caus e of pregnanc y;
++ in 3, smoking refers to cigarette sm oking ;
++ in 4, seat bel t usage is con sid ere d in the con tex t of au tomobi le accid e n t s.

Also, outsi de the pre sent discus sio n, the word ca use might not be use d – for ins tanc e, statement 4 might be se at bel t s re d uce
fa ta lit ies. Character istics of the causal rela t ion s hips des cribed in the fou r st atements are sum marized in Table HL89.2 at their rig ht.

1. Force cau ses acceleration.
2. Sex cau ses pregnanc y.
3. Smoking cau ses lung canc e r.
4. Seat bel ts cau se a reduction in fat ali tie s.

Time Other
Ta ble HL89.2: #  Cau se X− Re sponse Y− scale cau ses?

1 force (qu antit ative) acceleration (qu antit ative) sho rt no
2 sex (catego rical) preg n a n cy (catego rical) in ter mediat e no
3 smoking (qu antit ative) lung canc e r (catego rical) long yes
4 seat bel t (catego rical) fa tality (catego rical) in ter mediat e ye s

• When the respons e Y− is abse nt, it does not im p ly the caus e X− is absent; speci fi cally, we recog n ize that:
−− no acceleration does not im p ly no force – buil d ings and bridge s are, of cou rse, eng ine e red to wit hst and (i.e., not accel-

erate unde r) so me of the forces they usually exper ienc e;
−− no pregnanc y does not im p ly no sex ;
−− no lung canc e r does not im p ly a non -sm oke r;
−− death in a car accid e n t does not im p ly a person was not wearing a seat bel t.

• When the caus e X− is abse nt, the respons e Y− will also be abs ent if X− is the on ly caus e of Y− (s tat ements 1 and 2) but not ne c-
es sarily if the re are oth er caus es (s tat ements 3 and 4).
−− Howeve r, if a person has lung canc e r, unde r current estim ates that aroun d 90% of lung canc e r is due to smoking, it as

highly pr obable the person has been (or is) a smoke r.

• Establis hing or recog n izi ng a cau s a l rela t ion s hip is usually ea sier when the tim e scale is sh ort and it tends to become hard er
as the tim e scale get s long er; los s of bi ologi cal elem e n t s fr om obs ervation (e.g., due to death) compoun ds this diffic ulty.
−− Sh ort time scales are more common for cau s ation in the phy sical scie n ces, whe re cau s a lity is often rela t ive ly un a mbiguou s

on the basis of eve n sm all numbers of ins tanc es.
−− Long time scales are common in the biologi c a l and medical scie n ces, and causality must then rou tin ely be approache d

on the basis of rela t ive ly large agg regat es of ele ments and an att rib u t e of thes e ag gregat es.
This may imply that the steps in the mul t i-step seque n ce (or cau s a l chain) tend to be more numer ous and/or to proceed
mo re sl owl y in biol ogical than in phy sical sys tems.

• Specific facto rs may complicate the process of est ablis hing cau s ation in par ticular ins tanc es.
−− Canc e r due to smoking occurs at sit es (e.g., the urinary bla dde r) re mote fr om the sit e directly expos ed (the lungs).
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−− Seat bel ts do not preve n t all fa talit ies and they occasio nally ca use fa talit ies that mig ht other wise not hav e occur red.
−− A ske pti c coul d argue that seat bel ts do not th emse lves caus e fe wer fat ali tie s but, rat her, wearing them rem inds people to

drive more caref ully; eve n if this were true, it does not remove the causation or mit igat e ag ain st the desir ability of wear-
ing seat bel ts.

• Five criter ia use d to establi sh smoking as a ca use of lung canc e r (fr om an assessment of the infor mation from ove r 6,000
inve s tig a t ion s, pre dominantly wit h ob ser vational Plans) in the 1964 U.S. Sur geon Gen eral’s Repor t are giv en in Progr am 11
of Ag a inst All Odds: Inside Sta tis tics (a bou t 22 min utes into the vid eo) as que s tion s abou t charact e ris ti cs of the association:
−− consistency : do the different methods of studying the association provi de consis tent re sul ts?
−− strength: are the lung canc e r rates for smoke rs much greater than those for non -sm oke rs?
−− specificity: can smoking habits be pre dicted from lung canc e r in cid e n ce and can lung canc e r in cid e n ce be pre dicted

fr om smoking habits?
−− temporal relationship: does the pre sum ed cau se (sm oking) always pre cede the pre sum ed effect (lu ng canc e r)?
−− coher e nce: does the association make sense in lig ht of what we know about the his t ory and biology of the disease?

NO TE: 5. The not ation use d in this Highlig ht #89 is X− fo r the fo cal variat e and Z− fo r ot he r non-focal exp lanato ry (‘l urking’) vari-
at es; els ewhe re, you may see the meaning of X− and Z− in terchange d. The re can also be more than one focal variat e.

6. Cau sat ion – Statist ical Issue s [St atis ti c a l Highlig ht #62]

Our fo rma l defin ition of what it means in statis ti cs to say (a change in) X− ca uses (a change in) Y− in a ta rge t popula t ion is
give n in Section 5 at the bottom of pag e HL89.6 and the top of pag e HL89.7.

Three illust r ation s, inv olv ing only on e lu rking variat e Z−, of this for mal defin ition are giv en at the rig ht bel ow fo r a targe t
popula t ion of 4 ele ments wit h re spectiv e Z− value s (s how n besi de the poi nts) of 0, 1, 2 and 3.

In diagr am (6), Y− value s in cre ase by 1 as X− change s
fr om 0 to 1 and, cor respondingly, the aver age of
Y− (in d i c ated by a sho rt hor izont al li ne) inc rea s es
by 1 from 2.6 to 3.6.

In diagr am (7), the Y− value s ag ain increa s e as X−
change s fr om 0 to 1  but by di ffering amou nts.

In diagr am (8), three Y− value s increa s e but one
decrea s es as X− change s , althou gh the aver age of
Y− ag ain increa s es by 1 fr om 2.6 to 3.6.

In con trast to diag rams (1) to (5) on pag es HL89.3 and HL89.4 whe re the re is confou nding, diagr ams (6) to (8) illust r ating our
defin ition of cau s ation hav e (o f course) no confou nding – the value s of Z− do not change as X− change s , so the re is no X−-Z− asso-
ci a t io n (zero X−-Z− co rrela t ion). Als o, the Y

−−s hav e a sub scr ipt T den oting ‘target popula t ion.’
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NO TES: 6. The first two of the three criter ia giv en on pag es HL89.6 and HL89.7, whi c h we take as a for mal defin ition of cau s a-
tion in a target popula t ion, are idea lizations – no Pla n can ful ly satisfy thes e two criter ia in practic e. For exa mple:

• Fo r the Que s tion: Do es smoking cau se lung can cer?, we can think of a (long) causal cha i n of exp lanato ry vari-
at es lea ding to the respons e of interest (he re, lu ng can cer sta tus). The Que s tion identifie s (arbit r arily) on e vari-
at e in this chain (he re, smoking sta tus), but we recog n ize that this variat e is pre ceded by ‘focal’variat es (fact ors
that cau sed the indivi d ual to deci de to smoke) and it is fo llo wed by othe rs [fact ors that des cribe the damag e (a t
a cel lular lev el, say) that is ultimately manife s ted as canc e r]. When ‘lu rking variat es’ criter ion (1) refers to en s ur-
ing all oth er expla nator y variates hol d th eir (sa m e) values for every tar get popu lation ele men t, it does not in -
clude variat es in the causal chain inv olv ing the ‘ma in’ focal variat e.

−− The Que s tion identifie s on e (focal) explanator y variat e in the causal chain as bei ng of interest; it als o (arbi-
trarily) defi nes the en d of the chain in ter ms of a par ticular resp onse variat e. Howeve r, this respons e can be-
co m e part of an explanator y variat e chain if a different Que s tion identifes a di ffere nt (la ter) respons e variat e
– for ins tanc e, alive or dead in stead of lu ng can cer sta tus in our exa mple.

−− When a causal chain loops back upon its elf, the situation is com monly refer red to as feedback.

• In ‘focal variat e’ criter ion (2), the ideal of obs erving all elem e n t s of the targe t popula t ion unde r each of two val-
ue s of the focal variat e is attaine d mo re cl osely in practic e in an experimenta l Plan – the two samples to whi c h
the inv estig a tor(s) assig n equiprobably the two value s of the focal variat e st and in for the respondent popula t ion
(a n d, henc e, at two stag es rem ove d, for the targe t popula t ion) unde r the two value s.

−− In an ob ser vational Plan, the two value s of the focal variat e defin e subpopula t ion s of the respondent (and
the study) popula t ion and the two samples wit h the two value s of the focal variat e st and in only for thes e
subpopula t ion s; this matt e r is dis cus s ed in Section 1 on the first sid e (page HL9.1) of Statis ti c a l Highlig ht #9.
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STATISTICS and STATISTICAL METHODS: The FDE AC Cyc le – Experimental and Obser va-
tion al Plans (continue d 4)

NO TES: 6.
(c o nt.) • −− In some inv estig a t ion s, the re may, of cou rse, be more than two focal variat e

value s of interest.
−− Coming clo ser to meeting criter ion (2) is one rea son why an experimenta l Plan is prefe rre d, whe re fea sib le.

• ‘A ttr ibute’ criter ion (3) defi nes causation in ter ms of an attr ibute, not indivi d uals – this is con sis tent wit h the
predominant con cer n of statis ti cs wit h popu lations, not ele ments. A cons equ enc e of criter ion (3) is that X− ne e d
not bring about a change in Y− fo r ever y elem e n t of the popula t ion for us to say X− ca uses Y−.

−− A ration a liz ation of this dep arture from the intuitive idea that cau s ation always produces an effect is [li ke cri-
ter ion (1)] in ter ms of non -focal exp lanato ry variat es Z− i – the re may be ele ments wit h (s ome) such variat e(s)
whos e value(s) hav e the con seque n ce that a change in X− does not br ing about a change in Y−; we wou ld nor-
ma l ly think of thes e elem e n t s as bei ng a sm all propor tio n of the popula t ion.

++ An illust r ation is the re may be indivi d uals for whom smoking wou ld never br ing about lung canc e r; at our
pres ent leve l of (ge netic) knowledge, we cannot identify such indivi d uals (if they exi st) but it is stil l good pub -
li c health poli cy to dis cou rag e sm oking in lig ht of the known lung canc e r ra tes fo r non-sm oke rs and smoke rs.

7. Our three criter ia at the bottom of pag e HL89.6 and the top of pag e HL89.7 defi ning cau s ation are frame d in
ter ms of the (target) popu lation and an appro priat e attr ibute, not elem e n t s and their variat es. Criter ion (1) speci-
fie s all non-focal exp lanato ry variat es (ou r Z−s) rem ain fixe d; three approaches try to meet this criter ion to man-
ag e co mparison error in practic e:

• hold so me Z−s fixe d ph ysi cally by block ing, mat ching or subdivi ding (e.g., see Section 8 on pag es HL89.1 0 to HL89.1 2;

• un d er probability assig n ing of ele ments’ focal variat e value s , us e st atis ti c a l theory to manage under rep etition
differenc es among unblock ed, unm e asure d and unknow n Z−s (se e St atis ti c a l Highlig ht #10);

• us e a resp onse model in the Analys is stage of the FDEAC cycle to hol d so m e Z−s fixe d math ematically, but
ev en a quite ela borate model , li ke equ ation (HL89.1) on the upper half of pag e HL89.1, cannot inv olve all pos-
sible Z−s in its structur al component, and only those k variat es inclu ded are refle cted in the int e rpret ation of β1,
the model coefficie n t of the fo cal variat e. [The stochast i c co mponent of a respons e model like that in equ ation
(HL89.1) deals mat hem ati c a l ly wit h ef fects on Y− of Z−s not in clu ded in the structur al component.]

The challenge in inve s tig a t i ng statis ti c a l rela t ion s hips is to come clo se enoug h to the ideal repre sent e d by the three
cr iter ia to obtain an Answe r with lim itation s whos e leve l of sev erity is accep table in the Que s tion con tex t.

8. For ‘focal variat e’ criter ion (2), the re are focal variat es (li ke age and sex) whose value s cannot be assign e d to ele -
ments by the inv estig a tor(s) in an exper iment al Plan. For such variat es, we avo id the strong er langu age of sayi ng
in cre asi ng age causes los s of vis ual acuity in fav o ur of in cre asi ng age is asso ciated with los s of vis ual acuity.

• Su ch association s are impor tant in con tex ts like dis crimination by sex or race whe re, for exa mple, we compare
the relev a n t popula t ion pro por tio n with the pro por tio n of women or a racia l gr oup in an emplo ym e n t or other
catego ry. Causation (in the sense of our three criter ia) by sex or race is not the issue wit h su ch association s,
becaus e there is no int entio n to change the value of the focal variat e.
−− We may als o speak of the re aso n (r ather than the ca use of ) why a popula t ion subgr oup is unde r- or ove r-

repre sent e d – for exa mple, in an emplo ym e n t cont ext we may con sid er relev a n t qu ali fica tions.

• Some focal variat es (li ke cig arette smoking) cannot et hically be assig ned to hum an ele ments, whi c h im pos es lim i-
tation s that arise from usi ng anima l elem e n t s in an exper iment al Plan or hum an ele ments in an obs ervation a l Plan.

Thes e matt e rs are pursued in a dis cus sio n of Sim pson’s Paradox in Statis ti c a l Highlig ht #51.

• The ideal of criter ion (2) ign ore s any ti m e differenc e between the realiz ation of the two con d ition s X− = 0  and
X− =1. In actual inv estig a t ion s, the two groups (us u ally samples) wit h elem e n t s havi ng X− = 0  and X− =1 are ob-
se rve d concurrently but, in a cross -ov er Pla n (li ke the oat bran inv estig a t ion des cribed in Not e 3 on pag e
HL9.6 in Statis ti c a l Highlig ht #9), the re is a tim e differenc e between X− = 0  and X− =1 for bot h half samples;
any change s in ele ments’oth er ex pla n ato ry variat es value s ov er tim e may then be a sou rce of comparison error.

9. ‘At tribute’ criter ion (3) inv olves different att rib u t e value s fo r different value s of the focal variat e (but with relev a n t
Z− is rem ain ing the sa m e); our defi nit ion the refore implie s that if X− ca uses Y−, the re is asso cia tion of ele ments’X− and
Y− value s ov er the targe t popula t ion unde r the two value s of X−; we hope this association car rie s ov er into the
study popula t ion, the respondent popula t ion and the sample.

• If a cau se has more than one ef fect (e.g., smoking is a cau se of sev eral different cancers) ,‘a t tribute’ criter ion (3)
mu s t be broaden ed to inclu de inequ ali ty of the att rib u t es of all the relev a n t re spons e variat es. Extending the
preceding argum e n t fo r on e re spons e, the value s of thes e (s eve r al) re spons e variat es wil l each be associat e d
with the value s of X− ov er the ele ments of the targe t popula t ion unde r the two value s of X−; the value s of thes e
Y−s wit h the com mon cau se X− will also be associat e d.

This cau s ation -association conne ction unde r ou r defin ition of cau s ation in statis ti cs is use d in Statis ti c a l Highlig ht #60.
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NO TES: 10 .
(c o nt.)

Idea s abou t inve s-
tigating X−-Y− rela -
tion s hips are sum -
marized at the rig ht
in Table HL89.3.

• The di ffere nce in attribute value s in criter ion (3) must be such as to be pr act i cally impor tant in the Que s tion con tex t.

• A dange r of appropriating ‘confou nding’as statis ti c a l ter min ology is that a word for failure to meet criter ion (1)
may shift the focus away from this ove rriding ideal.

Ta ble HL89.3: Summary of Ide as Abo ut Inv est igating X−-Y− Re l ationships

Crit e rio n (1): the ideal Ens ure all the Z− i hold their (same) value s fo r ev ery popula t ion ele ment when X− = 0  and X− =1
Crit e rio n (3) Fo r causation, a relev a n t attr ibute mu s t differ in value when X− = 0  and X− =1
Confou nding Confou nding arises when one or more of the Z− i change in value when X− = 0  and X− =1
Comp arison error A differenc e, due to confou nding, from the re al or in ten ded value of an attr ibute of a rela t ion s hip.

7. Inv est igating Statist ical Relationships: Three Types of Cau sal Que stions [St atis ti c a l Highlig ht #63]

Rela t ion s hips inv estig a ted in statis ti cs, whi c h we des cribe in ter ms of variat es, are often encou ntered as asso cia tions; inv es-
tigating association s in clu des identifyi ng their charact e ris ti cs and/or the rea son s (c ausal or other wise) for them (as dis cus s ed on
page s HL89.1 to HL89.4). This Section 7 is con cer ned with comparative Pla ns for inv estig a t i ng rela t ion s hips whe re cau s ation
is to be est ablis hed or is involved; the focus on the X−-Y− rela t ion s hip being ca usa l
means that a change can (potentia l ly) be induced in Y− by changi ng X−. Thes e
matt e rs are sum marized in the schema at the rig ht, whi c h reminds us that:

* association is usually charact e rized by its fo rm, magn itude or direc tion;
−− co rrela t ion (se e St atis ti c a l Highlig ht #66) is one mea s ure of mag n itude

(‘ strengt h’) for a straig ht-lin e association; for m can also be non-lin ear;

* it is useful to dis tinguis h thre e types of Que s tion s with a cau s ative aspect:

Rela t ion s hip

association

causation

fo rm
magnitude
direction

qu antify

est ablis h

prio rit i ze

direction

magnitude

(§3 and §4)

(§4 and §6)

−− Establ ishing whet her X− is a cau se of Y−, usually wit h a vie w to manipula t i ng X− to produ c e a (desired)
change in Y− – the quint essentia l ex ample is whether cig arette smoking is a cau se of lung canc e r (a n d
ot he r li fe-thre atening dis eases) , the topic of tens of thousands of dat a-base d inve s tig a t ion s ov er sev eral
de ca des st arting in the 1940s. Est ablis hing that an obs erved association of X− and Y− is cau s ation of Y−
by X− is answe ring the Que s tion whether the relev a n t causal structure (sh own aga in at the rig ht from
the upper rig ht of pag e HL89.6) is case (1) [r emember ing case (8)] or case (9) [= case (12)].

−− Quantifying the rela t ion s hip between X− (o r, more com monly, X−1, X−2, ....., X− q) and Y−; this arises in
the statis ti c a l area of Design of Exper iments (DOE) – for exa mple, the effect of tem perature, hum i-
dity, lig ht, fer tilizer and ins ecticid e leve ls on the growth of seedli ngs in a gre enhou se. Quantifyi ng a
causal rela t ion s hip is , in essenc e, inv estig a t i ng the case (1) causal structure – the sub scr ipts on the
ca s e number now rem ind us that the Pla n ne e ds to reflect the number of focal variat es inv olved .

−− Prioritizing caus es by the size of their effect is the domain of (data -base d) proces s im prove ment –
tr ying to identify the most impor tant caus e (u sually of exc essiv e variation in the process output, Y−)
fr om among many cau ses X−1, X−2, ....., X− q.

(1)

(9)

(1)
1

(1)
2

(1)q

X− Y−
X−

Z−
Y−

X− Y−
X−1

Y−
X−2

X−1

Y−
X− q

.....

Questio ns whi c h involve es t ablish i ng and qu ant ifying causal rela t ion s hips are typically par t of the sa m e
inve s tig a t ion. For exa mple, in the Phy sicia ns’ Health Study (des cribed in Fig ure 10. 2 of the STAT 231 Cou rse Mat e ria ls) of
the effect of tak ing aspir in on heart dis ease, two Questio ns, in the con tex t of an appro priat e target popula t ion, are:

• does tak ing aspir in reduce heart-att ack risk?

• is the reduction in heart-att ack risk due to tak ing aspir in large enoug h to be practically impor tant?
The Phy sicia ns’ Health Study had to answe r both Questio ns; in info rma l discus sio n, it is easy to con sid er only on e of the
Questio ns and ove r look the othe r.

Si milarly, when pr ior itizing caus es in process improve ment inv estig a t ion s, inv estig a tors shoul d :

• ve rify that the suspect e d (m o st impor tant) caus e is a cau se of the (variation in the) respons e variat e(s);

• valid ate that the pro pos ed Answe r do es addres s the Que s tion – that the pro pos ed ‘solu tio n’ do es solve the ‘proble m.’

NO TE: 11 . In STAT 231, es t ablish i ng causation is dis cus s ed in Chapt e r11 of the 200 4 Course Not es but the empha sis is on qu an-
tifying the rela t ion s hip between on e focal variat e and a respons e variat e – for exa mple, see Chap ters 7, 10 and 15;
ex tensi on to more than one focal variat e is taken up in STAT 332. Pr ior itizing caus es is pursued in STAT 435.

8. Terminology for Comparative Plans – The Pro toco l fo r Choosing Gro ups [St atis ti c a l Highlig ht #63]

The three criter ia defi ning what we mean by causation, giv en at the bottom of pag e HL89.6 and the top of pag e HL89.7, in-
volve obs erving a popu lation un d er two value s of the focal variat e: wit h all the ele ments havi ng X− = 0  and wit h all the ele-
ments havi ng X− =1. We try to approach this ideal in a sa m p ling cont ext by hav ing two samples, one wit h it s un its havi ng X− = 0
and the othe r with its units havi ng X− =1; each sample ‘repre sents’ the popula t ion unde r on e of the two con d ition s, in the usual
st atis ti c a l sens e of sample att rib u t es bei ng es tim ates of respondent popula t ion attributes. When the two samples are co mpare d
to quantify the change in (the ave r age of) Y− co rre sponding to a change in X−, each non-focal exp lanato ry variat e mu s t have the
sa m e value in bot h samples; other wise, the re is (li kely to be) comparison error. For comparative Pla ns for quantifyi ng rela t ion -
ships, we dis tinguis h [a s in trodu c e d in Not e 1 near the middle of pag e HL89.1]:
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STATISTICS and STATISTICAL METHODS: The FDE AC Cyc le – Experimental and Obser va-
tion al Plans (continue d 5)

* an experimental Plan – a comparative Pla n in whi c h the invest iga tor (s) (actively)
assig n the value of the focal (ex pla n ato ry) variat e to each unit in the sample (or in each block);

* an observat ion al Plan – a comparative Pla n in whi c h, for each unit selected for the sample, the focal (ex pla n ato ry) variat e
(pa ssi vel y) takes on its ‘natural’ value unin fluenced by the inv estig a tor(s).

This dis tin ction reflects two types of popula t ion s encou ntered in dat a-base d inve s tig a t i ng of rela t ion s hips.

• A popula t ion in whi c h all (or mos t) elem e n t s have on e value of a focal variat e of interest, whose value it is fe asible to change.
−− An exa mple is a new drug to tre at a ser iou s disease – no one wou ld alrea dy be tak ing the drug but it cou ld be giv en to some

particip ants (X− =1) and wit hheld from others (X− = 0) in a cli nical trial (an experimenta l Plan – see Not e 17 on pag e HL89.1 3).

• A popula t ion in whi c h each ele ment has one of two (or more) value s (X− = 0, 1, .....) of a focal variat e of interest, whose
value it is not fe asible to change for any ele ment – see Not e 19 on pag es HL89.1 4 and HL89.1 5 .

−− Inst anc es of such focal variat es are age, sex , marital status and income – their inv estig a t ion necessarily inv olves an ob-
servational Plan; change s in people’s die tar y or exe rci se habits can be impos ed but complia n ce is diffic ult to achieve.

It is inv estig a tors’ inability to assig n elem e n t s’ (or units’) focal variat e value s that rest ricts choic e of Pla n type and so weakens
ability to manage comparison error; this matt e r is pursued bel ow (a n d also in Section 3 of Statis ti c a l Highlig ht #10 on pag es
HL10 .3 to HL10 .6, and in Section s 4 to 6 on pag es HL9.2 to HL9.7 in Statis ti c a l Highlig ht #9).

Fo r co mparative Pla ns to answe r a Que s tion wit h a cau s ative aspect, the protocol for choosing gro ups specifie s whet her
the units of the sample wil l be selected so they for m gr oups that can be use d to reduce the lim itation impos ed on an Answe r(s)
by comparison error – relev a n t Plan components are show n in the schema at the rig ht bel ow.

* Bl ocking in an experimenta l Plan: for ming groups of units (the bl ocks) wit h the sa m e value s of one or more non -focal
ex pla n ato ry variat es; unit s within a block are then assig ned di ffere nt value s of the fo cal variat e. THUS:

Bl ock ing meets ‘lu rking variat es’ criter ion (1) for thos e non-focal exp lanato ry variat e(s) Z− i [the bl ocking fac tor(s)] ma de the
same wit hin each block. SO THAT:

Whet her the Que s tion involves estab -
li shing cau s ation or quantifyi ng a tre at-
ment effect, block ing pre vents con fou n ding of
the focal variat e with the Z− i ma de the same wit hin each
bl ock, reducing the lim itation impos ed on Answe r(s) by co mpariso n er ror.

Questio n aspect

des criptiv e

causative

ex per iment al Plan

obs ervation a l Plan

bl ock ed

unbl ock ed

matche d

unmatche d

equiprobable assig n ing

adequate repli c ating

• By mak ing their value s the sa m e fo r on e or more Z−s (i.e., hol d ing their value s ‘fi xed’) within block s in an exper iment al
Plan, block ing reduces variation in Y− and so has the addit ion a l benefit of decre asi ng co mparing im pre cisio n.
−− This addit ion a l benefit of block ing is analog o us to that of stra tifying in reducing sa m p ling im pre cisio n, as indicated in

la st lin es of the two branches of the schema at the cent re rig ht of pag e HL89.1 5 in Not e 20. [This analog y is sometimes
in terpret e d as showing that stratifyi ng in sur vey sampling is merely an ins tanc e of block ing, but this interpret ation
(u nhelp f ully) dow nplays the different con tex ts and int ents of block ing and stratifyi ng.]

* Equiprob abl e assig ning (EPA) [r andom assig ning or randomization]: using a probabilis ti c me chanism (des cribed in the
protocol for choosing groups) in an experimenta l Plan to assig n the value s of the focal variat e with eq ual probability:
++ across the units of each block in a block ed Pla n; ++ to each unit in the sample in an unbl ock ed Pla n.

Equiprobable assig n ing provi des a basis for theory whi c h rela tes comparing impre cisio n to lev el of repli c ating; thu s , EPA,
in conju nct i on wit h EPS and adeq uate rep licating, provi des for quantifyi ng comparing impre cisio n arising from unblock ed,
unknow n and unm e asure d non-focal exp lanato ry variat es and so allow s a par ticular inv estig a t ion to set group sizes whi c h
are likely to yield an Answe r(s) wit h li mit ation impos ed by comparison error that is accep table in the Que s tion con tex t.

* Matching in an ob ser vational Plan: for ming groups of units wit h the sa m e value s of one or more non -focal exp lanato ry
variat es but di ffere nt value s of the fo cal variat e. THUS:

Ma tching meets ‘lu rking variat es’ criter ion (1) [at the bottom of pag e HL89.6] fo r thos e non-focal xplanato ry variat e(s)
Z− i ma de the same wit hin each group. SO THAT:

Whet her the Que s tion involves establi shing cau s ation or quantifyi ng a tre atment effect, mat ching pre vents con fou n ding of
the focal variat e with the Z− i ma de the same wit hin each group, thu s de cre asi ng co mparing impre cisio n and so reducing the
li mit ation impos ed on Answe r(s) by co mpariso n er ror.

−− Su bdivi d i ng: a for m of matching us ed in an ob ser vational Plan in whi c h the each value of the focal variat e fo r the units
of the sample is subdivided on the basis of the value s of one or more non-focal exp lanato ry variat es that may be con-
fo unded with the focal variat e un d er the Pla n – see Table HL89.6 and its discus sio n on pag es HL89.1 3 and HL89.1 4.
We can think of subdividing as matching at an ag grega te (r ather than an in dividua l) leve l; subdivi ding the refore has the
sa m e st atis ti c a l benefit as mat ching for the non -focal exp lanato ry variat e(s) that are the basis for the subdivi ding.

If subdivi ding is goi ng to manage on ly one non-focal exp lanato ry variat e that is a (potentia l) sour ce of comparison
er ror, it may not be cos t ef fective to dev ote the resou rces needed to obtain the relev a n t addition a l data .
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NO TES: 12.
(c o nt.)

Where the defin ition s give n ov erleaf on pag e HL89.11 of block ing and mat ching refer to value s of non -focal ex-
planato ry variat es bei ng the sa m e, in practic e the value s may only be si mil ar.

13. The groups of ele ments (or units) are called blocks in an exper iment al
Plan but there is no such gen eral ter m in an obs ervation a l Plan; how-
ev er, when the groups con tain two elem e n t s (o r un its), they may be
refe rre d to as matched pai rs – see Table HL89.4 at the rig ht – but a
block of two ele ments (or units) may als o be refer red to as a‘p air’.

• A comparative Pla n involv ing pair ing is usually our first encou nter with the con cep t s of block ing or mat ching,
to illust r ate thei r role in managi ng comparison error.

Ta ble HL89.4

Te rminology for Comparative Plans
Plan Pro cess Gro up

Experiment al Bl ock ing Block
Obse rvation a l Ma tching (Ma tche d pair)

14 . In DOE, non -focal exp lanato ry variat e(s) made the same wit hin block s are called bl ocking fac tor(s); in dat a-
base d inve s tig a t i ng to improve indust ria l proces s es, typi c a l bl ock ing fact ors are days , shifts, bat ches of raw mat e ria l,
machin e spin dles or filler hea ds, mou lding machin es, mou lds , or cav ities wit hin mou lds.

• The value s of a block ing fact or among block s sh oul d be chosen to make its sample att rib u t e (e.g., its ave r age
or dis tributio n) sim ilar to its respondent (or study) popula t ion attribute.

• An entity that is the same bot h within and among block s (li ke the measuring process) is not a block ing fact or
but is par t of what defines the study popu lation/pr ocess – for exa mple, dat a fo r an inv estig a t ion col lect e d on
on e day and on e production shift. If su ch facto rs as day or shift hav e an appre ciable effect on the respons e,
the lim itation impos ed on the Answe r by study er ror is more sev ere (co mparison error is traded for study error).

15. Just as equ iprobable se lec ting, in conjun ction wit h adeq uate rep licating, provi des a theoretical basis for quantify-
ing the likely size of sample error when estim ating a (re spondent) popula t ion ave r age, so equ iprobable assign ing,
in conjun ction wit h both EPS and adequate repli c ating, provi des the sa m e benefit when estim ating an ave r age
differenc e in (two) popula t ion s in an exper iment al Plan. This and othe r parallel s between EPS and EPA are dis-
cus s ed in Not e 20 on pag e HL89.1 5 .

16 . We us e di ffere nt ter ms for two processes whi c h are sim ilar but are use d to manage different catego rie s of error.

• Su b dividing (o f a sample) on an explanator y variat e to manage comparison error due to confou nding by this
variat e, usually in an obs ervation a l Plan used to answe r a Que s tion wit h a cau s ative aspect.

• Stra tifying (o f a popula t ion) on a resp onse variat e (o r, in practic e, on an exp lanato ry variat e that sta n ds in fo r
it) to make an Answe r(s) more useful and/or to manage sample error – see Statis ti c a l Highlig ht #85.

Elsewhere, both proces s es may be called ‘st r atifyi ng.’ The re is fur the r discus sio n of subdivi ding in Section 10 on
page s HL89.1 3 to HL89.1 5 and of stratifyi ng on the lowe r half of pag e HL89.1 4 la ter in Not e 18 .

9. Experimental Plans – Sample selecting and Blo cking [St atis ti c a l Highlig ht #63]

The statis ti c a l id e a l fo r sample selecting in any Plan is to hav e a known in clu sio n probability for each ele ment of the respon-
dent popula t ion; an exa mple is eq uiprobable selecting. For a Questio n with a descript ive aspect, if this ideal is not met, sev ere
li mit ation is impos ed on an Answe r by sa m p le er ror. Howeve r, exper iment al Plans to answe r Questio ns wit h a ca usa tive aspect
co mmonly do not us e probability selecting becau se it is not fea sib le to implem e n t it.

* Fo r ex ample, in dat a-base d inve s tig a t i ng to improve a manufactur ing process (e.g., by identifyi ng and rem ovi ng cau ses of
excessiv e variation in the process output), the items manufacture d by the process are often ship ped away from the manu -
factur ing pla n t as they are made and inv estig a tors are then forced (qu ickly) to use recent produ ction, or a sub set of it, as the
sample – a sa m p le of con ven ien ce. Three facto rs allev iat e this sta tis tically un satisfact ory state of affairs:

−− With sta b le proces s es [w here the dist rib u tio n(s) of the output respons e variat e value s rema in (es s entia l ly) the same from
on e time per iod to another], a ‘s napsh o t’ of the process in tim e (li ke recent produ ction) may often have att rib u t e value s
that are cl o se to those of the process in the long-ter m.

−− Answe rs are der ive d fr om di ffere nces in sample att rib u t es; such Answe rs may hav e le ss sev ere lim itation impos ed by
sample error than Answe rs base d on sample att rib u t e value s which do not involve tak ing a differenc e.

++ An illust r ation is the Phy sicia ns’ Health Study (of the effect of aspir in on heart dis ease), whi c h us ed about 22,000
ma le docto rs as the sample – half the doct ors took aspir in and half took a placebo. It is likely that the incid e n ce of
heart att ack s among docto rs differs appre ciably from that for the targe t popula t ion of all males, but the di ffere nce in
in cid e n ce of heart att ack s caus ed by tak ing aspir in may be much more sim ilar among docto rs and all males. (Tw o
newsp aper repor ts of this inve s tig a t ion are reprint e d in Fig ure 10. 2 of the STAT 231 Cou rse Mat e ria ls.)

−− Inve s tig a tors may hav e a lev el of (ex tra -st atis ti c a l) proces s know ledge that enables them to assess how clo se relev a n t att ri-
butes of recent produ ction are likely to be to the cor responding long-ter m proces s att rib u t es – infor med hum an judgement
se ems to be better at sample selecting in such situation s than it does when answe ring a Que s tion wit h a descript ive aspect,
but it is stil l far from the statis ti c a l id e a l. [This matt e r is pursued in Statis ti c a l Highlig ht #83.]

The use of judgement selecting in the sampling protocols of comparative Pla ns illust r ates the dive rge n ce bet ween the statis ti c a l
id e a l and statis ti c a l practi ce unde r re a l-world con strain t s. Li mit ation s im pos ed by the use of judgement selecting are:
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STATISTICS and STATISTICAL METHODS: The FDE AC Cyc le – Experimental and Obser va-
tion al Plans (continue d 6)

* we can no longe r say inc rea s ed repli c ating reduces sa m p ling im pre cisio n ; that is, we
can no longe r say inc rea s ed sample size reduces the li kel y magnitude of sample error – see Appendix 3 on pag es HL7 4.5 to
HL74 .8 in Statis ti c a l Highlig ht #74 ;

* mo re ge nerally, the theoretical basis is gon e fo r in terpreting for mal methods of dat a analys is like confid e n ce int e rvals and
tests of statis ti c a l signific a n ce. [Re grettably, bot h li mit ation s are com monly ign ore d in practic e.]

When answe ring a Que s tion wit h a ca usa tive aspect, statis ti c a l best practic e to manage comparison error (to reduce the
li mit ation it impos es on the Answe r) is to:

• bl ock (to the ext ent that is fea sib le in the Que s tion con tex t) on known and measure d lu rking variat es,

• us e EPA to manage unbl ock ed, unm e asure d and unknow n lu rking variat es,
[s ummarized in the pre c ept: Us e blocking to manag e what is known, probabi lity assig ning to manag e what is unknown].

Un for tun ately, the re may be practical or ethical con strain t s on inve s tig a tors’ fre e dom to implem e n t best practic e; for ins tanc e:

* A block whi c h is an indivi d ual par ticip ant in an inv estig a t ion may not practically be able to be assig ned bot h value s of the
focal variat e. For exa mple, in the Phy sicia ns’ Health Study (se e Figure 10. 2 of the STAT 231 Cou rse Mat e ria ls) of the effect
of aspir in on heart dis ease in males, the inv estig a t ion wou ld hav e go ne on for too long if each par ticip ant had been requi red
to take aspir in for sev eral years and not to take aspir in for another per iod of the same lengt h. For this (and othe r) rea son s,
the exper iment al Plan for the Phy sicia ns’ Health Study was unbl ock ed [re call also the last bul let (•) of Not e 8 on pag e HL89.9].

* It wou ld be unethical to assig n hu man par ticip ants to the smoking group when inv estig a t i ng health effects of cig arette smoking ;
−− in addit ion to ethical con sid eration s, it is unli kely that many non -sm oke rs wou ld be able to take up smoking for the in-

ve s tig a t ion or that mos t sm oke rs wou ld be prep are d to quit if assig ned to the non -sm oking group.

Ethi c a l is s ues ca n be manage d but con sid erable resou rces may be needed to achieve complia n ce among par ticip ants when
the focal variat e in medical inv estig a t ion s with an exper iment al Plan inv olves exe rci se lev els or die tar y practi ces.

NO TE: 17. A specia l cl ass of comparative exper iment al inve s tig a t ion is a cl inical trial, use d in medical res earch to assess the
ef fi cacy of new for ms of tre atment (e.g., drugs, sur ger y); becau se the ele ments are humans, a technique called bl ind-
ing is use d (w here fea sib le) becau se of its statis ti c a l benefit s.
[To be blin d means not to know, for any ele -
ment, whether it is in the trea tment gr oup or
the control gr oup (which usually receiv es a
dum my tre atment known as a placebo)] . As
sh own in Table HL89.5 at the rig ht, bli nding is use d
to manage comparison error and/or mea s uring inaccur acy, depending on the degree to whi c h it is (or can be) imple-
ment e d – for ins tanc e, bli nding of par ticip ants is often not fe asible when the focal variat e involves exe rci se lev el or die t.

Ta ble HL89.5
Bl inding of .... Short name Statist ical benefit

Particip ants Single bli nd Reduced risk of co mpariso n er ror

Tr eat ment adm inist r ato rs Doub le bli nd Reduced risk of co mpariso n er ror

Tr eat ment assessors Triple bli nd Reduced measur ing inaccurac y

10. Obser vat ion al Plans – Sample selecting, Mat ching and Subdivi d i ng [St atis ti c a l Highlig ht #63]

The com ments in Section 9 (on the facing pag e HL89.1 2 and above) about the use of judg ement sel e cting in exper iment al
Plans are als o ge nerally appli c able to obs ervation a l Plans; sim ilarly, matching re duces the lim itation due to comparison error
on Answe r(s) from an obs ervaltion a l Plan but, like block ing, mat ching may not be fea sib le in a par ticular Que s tion con tex t.

Su b dividing samples from the respondent subpopula t ion s
with different value s of the focal variat e in an obs ervation a l
Plan, on the basis of a pos sib le confou nde r Z− i, is illust r ated
in Table HL89.6 at the rig ht for the case of two subpopu-
la t ion s. Thes e hy pot heti c a l data for two samples (sele cted
fr om subpopula t ion s of non -sm oke rs and smoke rs) of 10,000 people inv olve a respons e variat e Y− which is lung canc e r st atus, a
focal variat e X− which is smoking status, and Z− i is whether a unit has a family his t ory of lung canc e r, as a pos sib le indicato r of
ge netic pre disposit ion to the disease; for sim p licity, X−, Y− and Z− i are bi nar y variat es in this illu s tration. Each of the six set s of
thre e table ent rie s is the sample size (‘N u mber’) and the lung canc e r ‘C ases’ as a number and a percent age of the sample size.

The bottom lin e of Table HL89.6 shows a sub stantia l ly hig her pro por tio n of lung canc e r ca s es among the smoke rs; becau se
this patt e rn persis t s in the upper two lin es of the table when the data are subdivi ded by Z− i value, the association bet ween smo -
king status and lung canc e r st atus appears not to be due to (ou r type 2b) confou nding by a gen eti c fact or whi c h deter min es
both a unit’s smoking status and it s lu ng canc e r st atus, at lea st in so far as family his t ory is a mea s ure of such a facto r.

Un for tun ately, such subdivi ding of sample dat a to manage the lim itation impos ed by comparison error on an Answe r abou t an
X−-Y− rela t ion s hip fr om an obs ervation a l Plan encou nters three pot entia l diffic ulties.

• Inve s tig a tors hav e no con trol ove r the sample sizes after subdivi ding; if on e or more of the X−-Z− i co mbin ation s is rare, the
re sul t i ng sma l l sample size(s) increa s e co mparing impre cisio n and so inc rea s e(s) the lim itation impos ed by comparison error
on an Answe r abou t an X−-Y− rela t ion s hip (in eve n the‘best case’situation of probability selecting of the samples).

Ta ble HL89.6 No n-smokers (X− = 0) Sm o kers (X− =1)
Nu mber Cases % Nu mber Cases %

No family his t ory (Z− i = 0) 9,000 63 0.7 8,900 712 8
Fa m ily his t ory (Z− i =1) 1,000 7 0.7 1,1 00 88 8

Bo th 10,000 70 0.7 10,000 800 8
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• Obtaining the Z− i value for each unit in the samples may be diffic ult (and, henc e, expensive) and such resou rce -in tensive dat a
ma n age only on e possib le confou nde r.
−− If dat a fo r two (or more) Z− i are col lect e d, the ensuing subdivi ding into more num erous sub samples is likely to inc rea s e

the lim itation impos ed [un d er probability selecting] by sma l l sample size(s) .

• Subdivi ding dat a in the manne r of Table HL89.6 raises the pos sib i lity (not re a lized here) of the phen omen on known as
Si mpson’s Paradox (and its accompanyi ng lim itation impos ed on an Answe r) – see Statis ti c a l Highlig ht #51.

NO TES: 18 . In an (obs ervation a l) Case -Contro l Plan (us ed in medical res earch , fo r ex ample) , un its wit h a respons e of interest
(s ay, lung canc e r) [the ‘Ca s es’] are mat che d on relev a n t ex pla n ato ry variat es (li ke, sex , ag e, regio n of resid e n ce) wit h
un its wit hou t the respons e of interest (the ‘Cont rol s’) . The two groups are then compare d on the basis of the
value of a focal variat e of interest (cigarette smoking, say); appre ciably hig her lev els of smoking among the ca ses
woul d sh ow asso cia tion of smoking and lung canc e r, indicating smoking may be a ca use of the disease.

• A Case -Cont rol Pla n is use d co mmonly:
−− when an exper iment al Plan woul d requ ire resour ces bey ond those availa ble, OR:

−− as a cheaper forer unner to a pos sib le exper iment al Plan to assess a promisi ng but unconfi rme d treatment effect.

• A Case -Cont rol Pla n ma kes the respons e and focal variat es appear to be int e rchange d.

−− An illust r ation is in the 1993 newsp aper article EM9359 Fa ts rai se risk of lung can cer in non-smoker s,
which descr ibes an inv estig a t ion that compare d the die ts of 429 non -sm oking women who had lung canc e r
with the die ts of 1,021 non -sm oking women who did not have lung canc e r. The women all liv ed in Mis sou ri,
we re of about the same age and repre sent e d "a typical Ame rican fem ale popula t ion." The women filled out
fo rms that aske d abou t thei r diet ary habits and they were div ide d in t o fiv e gr oups base d on the amou nt of fat
and othe r nu t rie n t s they said they con sum ed. The inv estig a t ion fou nd that those wit h diet s with the lowe s t
amou nt of satur ated fat and the hig hest amou nt of fruit s , ve g etables, beans and pea s we re the lea st li kely to
deve lop lung canc e r. At the othe r end of the scale, 20 per cent of the women wit h the hig hest con sump tion
of fat and diet s lowe s t in fruit s , ve g etables, beans and pea s ha d abou t si x times more lung canc e r.
The actual re spons e variat e (lu ng canc e r) and focal variat e (leve l of die tar y fa t) appear to be int e rchange d
sole ly as an artifact of the Case -Cont rol Pla n.

• Probability selecting is com monly not us ed for the cases and/or the con trols , which has con seque n ces for the
li mit ation impos ed by comparison error on Answe r(s).

−− Ca s es are often a samp le of conve nience – units wit h a respons e of interest conve n iently av ail able to the in-
ve s tig a tor(s), like people wit h a par ticular dis ease in a hospi tal or cli nic nearby to the inv estig a tor(s).
++ Cons equ enc es of non -probability selecting to answe r Questio n(s) wit h a des criptiv e or a cau s ative aspect

are dis cus s ed in Statis ti c a l Highlig ht #83 – recall also the discus sio n on the lowe r half of pag e HL89.1 2.

−− Cont rol s are often selected non-probabilis ti c a l ly to meet the mat ching criter ia; this increa s es the lim itation
im pos ed by comparison error due to the selecting met hod, to be set aga inst the decrea s ed lim itation im-
pose d by comparison error due to the confou nding whi c h is manage d by the mat ching.
++ A way of selecting con trols probabilis ti c a l ly is to for m stra ta (o r gr oups) of con trols whe re the units in one

st r atum mat ch one case; con trols for the inv estig a t ion are then selected probabilis ti c a l ly from thes e st r ata .
. While decre asi ng the lim itation impos ed by co mpariso n er ror, such stratifyi ng increa s es the lim itation

im pos ed by study er ror, becau se the mat ching criter ia whi c h defin e the strata restrict the ele ments (or
un its) whi c h can make up the study (and respondent) popula t ion of con trols.

A Pla n sh oul d carefuly con sid er whether erro r fr om one sou rce shoul d be manage d in a way that increa s es
er ror from another sou rce – that is, whether there is a net gain in reducing the lim itation on an Answe r
by managi ng one cat egor y of error in a way that increa s es li mit ation due to anoth er catego ry – re call
the dis cus sio n of comparison error and study error in Not e 14 on the upper half of pag e HL89.1 2.

++ When con trols are selected non-probabilis ti c a l ly, the re is no theoretical basis for an inv erse rela t ion s hip
between sampling impre cisio n and (the squ are root of) of the sample size – see Statis ti c a l Highlig ht #21 –
so the re is no sta tis tical re ason why a large r sample size for con trols wil l de cre ase comparing impre cisio n.

++ The block s in a block ed exper iment al Plan are als o often selected non-probabilis ti c a l ly but, as dis cus s ed
in Statis ti c a l Highlig ht #83, judgement selecting may stil l allow an exper iment al Plan to have acce pta b le
li mit ation impos ed by comparison error on an Answe r to a Que s tion wit h a cau s ative aspect.

19. As wel l as bei ng key components of se lec ting and assign ing , probabilis ti c proces s es can also be useful in mea-
suring when que s tion s with sensit ive answe rs are inv olved . The sim p lest versi on of so-called randomized re-
sponse involves an iter vie wer ask ing a‘Yes/No’que s tion abou t past ‘sensit ive’ beh aviour of the person bei ng in -
ter vie wed (the ‘in ter vie wee’) , us u ally wit h the goa l of estim ating the popula t ion pro por tio n of people who wil l
admit they hav e engage d in the beh aviour (e.g., abortio n, illicit drug use, vie wing chil d pornog raphy, mon ey lau n-
de ring, ter ror ism); randomized respons e wa s deve loped to manage two diffic ulties such inv estig a t ion s encou nter:

• the int e rvie wee may find the que s tion too sensit ive to giv e a truthful answe r, AND/OR:

• the int e rvie wer may be unde r a lega l oblig a t ion to repor t the beh aviour of a respondent who answe rs‘Ye s.’
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STATISTICS and STATISTICAL METHODS: The FDE AC Cyc le – Experimental and Obser va-
tion al Plans (continue d 7)

NO TES: 19.
(c o nt.)

Randomized respons e ma n age s both matt e rs by hav ing a box con taining a
number of (say, 100) cards, each wit h on e of two que s tion s in known pro por tio ns (say, 20% of cards hav e the
first que s tion, 80% hav e the secon d):

−− Is you r bi rthday in July? −− Ha ve you ever eng aged in ...?,

where the first que s tion has a known dist rib u tio n of answers, the secon d qu estio n names the beh aviour of int e rest.
The int e rvie wee selects a card ‘at random wit h replacement’ from the (wel l-mixed) box and answe rs it.

If the person has engage d in the beh aviour and ha s sele cted a card con taining the que s tion abou t it, (s)he is not
ne c essarily divulgi ng sensit ive infor mation by answe ring ‘Ye s’ and so may be more likely to answe r tr uthfully
[prov ide d the int e rvie wer has conv inc e d the int e rvie wee of their protection unde r randomized respons e];
the int e rvie wer is lega l ly protected becau se (s)he does not know to whi c h qu estio n a‘Ye s’ answe r ap plie s.

An int roducto ry versi on of the probabilis ti c basi s of estim ating the popula t ion pro por tio n un d er randomized re-
spon se, from a sample selected from the popula t ion, is the topi c of Que s tion A4 -12 of the STAT 220 assig nments.

20. Equ iprobable se lec ting and equ iprobable assign ing are key components of the processes of sampling and (ex per imen -
tal) co mparing, whose si mil arities are illust r ated in the two tre e diag rams in the schema at the rig ht bel ow – it is
take n fr om pag e HL10 .6 in Statis ti c a l Highlig ht #10 .

• Inve s tig a t ion s involv ing co mparing (to answe r a
Questio n with a ca usa tive aspect) us u ally inv olve
sa m p ling; inv estig a t ion s involv ing sa m p ling
to answe r a Que s tion wit h a descript ive
aspect need not involve co mparing.

• Prob ability selecting means hav ing
known un it inclu sio n probabilit ies in
the selecting process; int roducto ry
st atis ti cs cou rses empha size eq uipro-
bable selecting (EPS) as the basis of
st atis ti c a l theory for the beh aviour of
sa m p le er ror unde r repetit ion.
−− He re, we coin the ter m prob ability

assig ning (EPA) fo r havi ng known
assign ing probabilit ies; we encou nter mainly the speci al case of eq uiprobable assig n ing, and we hope fo r a for-
tunate outco m e of (roug hly) equ al numbers of units in the groups (e.g., con trol and tre atment) being compare d.
++ Analog o us to EPS, EPA is the basis of statis ti c a l theory for the beh aviour of co mpariso n er ror unde r rep-

etit ion – see the dis cus sio n on pag es HL1 0.3 and HL10 .4 of Table HL1 0.4 in Statis ti c a l Highlig ht #10 .
++ Su rprisingly, ‘probability assig n ing’ is not currently use d el sew here, perhaps reflecting sep arate dev elo p-

ment of the two large statis ti c a l area s of sur vey sampling and desig n of exper iments.
Our eq uiprobable sel e cting is usually si m p le ra n dom sel e cting or ra n dom sel e cting el sew here;
ou r eq uiprobable assig ning is random assig ning or randomization el sew here.

SAMPLING COMPAR ING
(Protocol for selecting units) (Protocol for choosing groups;

protocol for setting lev els)

Sele cting Estimating As sig n ing Estimating

Probability Othe r Probability Othe r

Equal
(EPS)

Unequal Equal
(EPA)

Unequal

St atis ti c a l theory for:

• un biase d estim ating

• im pre cisio n repli c ating<= =>

• confid e n ce int e rval expre ssi ons

Stra tifying can decrea s e
sampling impre cisio n

Bl ock ing can decrea s e
co mparing impre cisio n

−− St atis ti c a l theory is used in the estim ating branches of the two tre e diag rams in the schema at the rig ht
abov e; thes e branches are par t of the Analys is stage of the FDEAC cycle.
++ Sele cting/assig n ing probabilit ies as the basis of the theor y us ed for estim ating is not ewo rthy.

−− The schema at the rig ht above rem inds us of the analog o us role s of stratifyi ng and block ing in sampling and
co mparing [but recall the com ment (−−) near the middle of pag e HL89.11].

• As shown picto ria l ly at the rig ht, a co mmon theme
of EPS and EPA is div iding a group of ele ments into
subgr oups that are likely to be si mil ar en oug h under
adeq uate rep licating fo r the respectiv e li mit ation s im -
pose d on Answe r(s) by sample error and comparison
er ror to be accep table in the inv estig a t ion con tex t.

−− When se lec ting the sample, the group of ele ments
is the respondent popula t ion, the subgr oups are the units not sele cted and the sample.

Equiprob abl e sele c ting Equiprob abl e assig ning

Re spondent
popula t ion

Un its not
sele cted

Sa mple

(Si milar)

Si milar

Sa mple

Cont rol
gr oup

Tr eat ment
gr oup

Si milar

21. Inv estig a tors may hav e the oppor tun ity to trade study error and sample error; a Plan inv olv ing sm aller study er-
ro r and (li kely) larger sample error is usually prefe rre d becaus e:

−− study error requi re s extra-statis ti c a l know ledge to assess it and its beh aviour can sel d o m be quantifie d; BUT:

++ un d er EPS, sampling theor y des cribes the beh aviour of sample (and, perhaps, mea s urement) er ror unde r repeti-
tion of selecting and estim ating [se e the secon d bullet (•) above Not e 1 on pag e HL21. 3 in Statis ti c a l Highlig ht #21].
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11 . The Pro toco l fo r Setting Leve ls and Int eraction [St atis ti c a l Highlig ht #68]

The protocol for setting lev els specifie s the va lues to be taken by relev a n t ex pla n ato ry variat e(s) in a comparative Pla n; the
si mplest case is two value s of on e focal variat e but there is ter min ology to deal wit h the complication s of more than two value s
of more than one focal variat e. This ter min ology is use d ma inly in the con tex t of experimenta l Plans.

* A fa ctor is an exp lanato ry variat e; we dis tinguis h an exp lanato ry variat e that is:

−− a fo cal variat e; −− a non-focal variat e us ed as a bl ocking fac tor;
−− a non-focal variat e whos e value is manage d fo r ot he r re asons – see Not e 27 on the lowe r half of the facing pag e HL89.1 7.
Our con cer n in this Statis ti c a l Highlig ht #89 is wit h fact or(s) that are fo cal variat e(s).

* Fact or leve ls are the set of value(s) assig ned to a facto r – that is, (us u ally) the set of value s assig ned to the (or a) focal variat e.
Choosi ng the va lues fo r leve ls in the con tex t of a par ticular inv estig a t ion may requi re ex tra -st atis ti c a l know ledge.

* A tr eatment is a co mbi nation of the lev els of the facto r(s) appli ed to a unit [in the sample (or the block s)] .

* A run is par t of the Exe cutio n st age of an exper iment al Plan in whi c h all the data are collected for on e treatment.

* A fa ctorial treatment structure inv olves all co mbin ation s of the lev els of the (two or more) facto rs.

* The (tr eatment) effe c t of X− on Y− (u sually) refers to the change in the aver age of Y− fo r unit change in X− and:
−− im p lie s the X−-Y− rela t ion s hip is (beli eve d to be) ca usa l – a change in X− ca uses (br ing s abou t) a change in Y−;
−− in clu des bot h the magn itude and direc tion of the rela t ion s hip – for exa mple, the sl ope and its sign fo r a li near rela t ion s hip;
−− requ ire s that all non -focal exp lanato ry variat es Z− i hold their (same) value s when X− change s;
−− is defi ned (the ‘tr ue’ effect) ov er the ele ments of the resp onden t popu lation.

* Interaction of two facto rs X−1 and X−2 is said to occur when the effect of one facto r on a respons e variat e Y− depends on the
leve l of the othe r fact or. Int e r actio n means the combin ed effect of two facto rs is not the sum of their indivi d ual effects.

−− Interactio n is a key con cep t also in the discus sio ns of Statis ti c a l Highlig hts #60, #65, #69 and #83.

Illu s tration s of this ter min ology are:
Leve ls of sex as a facto r are fe male and male;
the range s us ed as lev els of (hu man) age need caref ul con sid eration – range s that are too narrow may con sum e unne c es-
sary resou rces in att ain ing adequ ate repli c ating, while range s that are too br oad may obs cure the effect(s) of age.

In a taste test of different brands of beer, the facto r woul d be br and of beer and its lev els wou ld be the indivi d ual br ands.

When the re is only on e focal variat e, the tre atments are its lev els;
when the re are two focal variat es, X−1 (s ay) wit h two leve ls (den oted 1 and 2) and X−2 with th ree leve ls (den oted A, B, C),
there are 2 × 3 = 6 tre atments (1A, 1B, 1C, 2A, 2B, 2C) in a facto ria l treatment structure;
with fou r fact ors each at three lev els , that are 4 × 4 × 4 = 43 = 64 pos sib le tre atments.

NO TES: 22. Not all exper iment al Plans lea d to an Exe cutio n st age in run s.

• Proces s im prove ment inv estig a t ion s often do – the Exe cutio n st age is then a set of run s, one for each tre atment.

• A cli nical trial of a drug usually does not involve run s – each par ticip ant takes the drug (or a placebo) [i.e.,
the (two) tre atments are appli ed to ele ments or units] for the wh ole period of the Exe cutio n st age.

When the Exe cutio n st age do es involve run s, equ iprobable assig n ing con sis t s of equiprobable or der ing of the runs,
becaus e un block ed, unknow n and unm e asure d non-focal exp lanato ry variat es are consid ere d as bei ng ti m e-dep enden t.

23. Equ iprobable assig n ing of tre atments to units may not be fea sib le in an exper iment al Plan when one facto r ha s
hard -to -alter lev els. For exa mple, if pou ring tem perature (at two lev els , say, of 1,450o

F and 1,600o
F) is a facto r in

an inv estig a t ion to improve a process for mak ing iron castings, the tem perature of the fur nace con taining the
molt en iron cannot easily be alt e red; it may the refore be necessar y to do consec utively all the run s at each tem -
perature, ins tea d of hav ing the pou ring tem perature low or hig h un d er equ iprobable assig n ing for each run. This
la ck of probability assig n ing increa s es the lim itation impos ed on an Answe r by comparison error.

• What is desir able statis ti c a l ly in dat a-base d inve s tig a t i ng may als o be compromise d in process improve ment in-
ve s tig a t ion s by havi ng to car r y ou t the Exe cutio n st age unde r time pre ssure while the process con tin ue s no rma l
operation; in addition to pos sib le lack of equ iprobable assig n ing, the re may be lim itation s on Answe rs becau se:
−− there is not enou gh tim e to obtain adequ ate re pli cating;
−− the dat a refle ct process operation only ove r a li mit ed time per iod.

Fo r a process wit h an unaccep tably-hig h long-ter m scrap rat e un d ergoi ng an inv estig a t ion to try to reduce the
rate, the re hav e been ins tanc es of negative reactio n fr om management to an inv estig a t ion wit h an exper iment al
Plan whe re some tre atment(s) inv olve facto r leve ls that wou ld (temporarily) increa s e the scr ap rat e.

24. In ordin ary Englis h, int e r actio n customarily inv olves two entit ies; in statis ti cs, th ree (o r mo re) variat es are inv ol-
ve d – two (or more) focal variat es and one respons e variat e.

• Confou n ding also inv olves two exp lanato ry variat es and one respons e variat e; it is compare d and con trast e d
with int e r actio n (a n d with other cau s a l st ructure s involv ing three variat es) in Statis ti c a l Highlig ht #65.

Interactio n is not lim ited to two fact ors – k focal variat es hav e (k
i ) possib le i-facto r in teractio ns; for exa mple, fou r
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STATISTICS and STATISTICAL METHODS: The FDE AC Cyc le – Experimental and Obser va-
tion al Plans (continue d 8)

NO TES: 24.
(c o nt.)

focal variat es hav e (4
2) = 6 two -fact or int e r actio ns, (4

3) = 4 three -fact or
in teractio ns, and (4

4) = 1 fou r-facto r in teractio n. When i =1, the k‘1 -fact or int e r actio ns’ are the k main effe c ts,
the effects of the k facto rs in dividua lly.

• Ma in effects and int e r actio n ef fects are ins tanc es of tr eatment effects, and are repre sent e d by (re spons e) model
para m eters. Any li near combi nation of such parameters whe re the coefficie n t s sum to zero is called a contr ast.

• Fo r fo ur focal variat es, the re are 4 + 6 + 4 + 1 = 15 tre atment effects pot entia l ly of int e rest; thes e ef fects can all
be estim ated with a 16-run exper iment al Plan inv olv ing a fact orial tre atment structure.

• A two-facto r in teractio n is the effect of one facto r on the effect of another facto r on a respons e variat e; a
th ree-facto r in teractio n is the effect of one facto r on the effect of another facto r on the effect of a thi rd facto r
on a respons e variat e, and so on.

25. When the re are two or more focal variat es, ‘lu rking variat es’ criter ion (1) [se e the bottom of pag e HL89.6] ent ails
all non-focal variat es be kep t the same but, to allow int e r actio n ef fect(s) to be estim ated, the fo cal variat es must
be change d toge ther according to the balanc e d scheme of a facto ria l treatment structure. Howeve r, confou nding
may then arise as outli ned in Not e 26 below.

• A misun d erstanding of criter ion (1) is to ext end the en s uring everything sta ys the same precept to the fo cal vari-
at es and to only change them one at a time. Fo r ex ample, for two fact ors each wit h two leve ls (den oted Lo and
Hi), hav e on e run wit h both X−1 and X−2 set ‘Lo,’ another run wit h X−2 set ‘Hi’and
an othe r with X−2 back at ‘Lo’ and X−1 set ‘Hi’; the res ulting dat a, shown as three
re spons e variat e av erage s in Table HL89.7 at the rig ht, do not allow the X−1-X−2

in teractio n ef fect to be estim ated, becau se the re is no run wit h both facto rs set ‘Hi.’

Su ch a Pla n, if it requi red fou r repli c ates for each tre atment, wou ld inv olve 12 run s. With a fa ctor ial treat-
ment structure, only 4 runs provi de the sa m e leve l of repli c ating and an estim ate of the int e r actio n ef fect.

Ta ble HL89.7 X−2 Lo X−2 Hi

X−1 Lo Y
−−Lo,Lo Y

−−Lo,Hi

X−1 Hi Y
−−Hi,Lo No dat a

26. The idea in Not e 24 above of estim ating 15 tre atment effects from a 16 -run exper iment al Plan can be adapt e d to
fe wer estim ates (7, say) from fe wer (s ay 8 of the 16) runs – this is called a fr actiona l fa ctorial treatment struc-
ture (he re, a ha lf fr actio n). Unde r su ch a Pla n, it is only pos sib le to estim ate co mbi nations of tre atment effects,
li ke the main effect of one facto r and on e thre e-facto r in teractio n. Becau se we cannot sep arate such combin a-
tion s in t o thei r in d ivi d ual effects wit hou t data for all16 runs , there is confou n ding within the combin ation s.

• Inability to sep arate trea tment ef fects unde r a Pla n involv ing a fractional fact orial tre atment structure wou ld be
bett e r called perfec t confou nding, to dis tinguis h it from partia l confou nding (se e Se ction 2 in Statis ti c a l Highlig ht
#3), whe re the association of X− and Z− typi c a l ly has a cor rela t ion wit h magnitude less than 1. As dis cus s ed in
St atis ti c a l Highlig ht #3, bot h ca s es are usually (unwisely) sim p ly called ‘confou nding’wit hou t distin ction.

27. An idea, associat e d with the name of Tag uchi, for exploiting in teractio n is illu s-
trated by improve ment of a process for manufactur ing ceramic tiles; the diag ram
at the rig ht for an X−-Y− rela t ion s hip displays an int e r actio n ef fect, becaus e the
sl ope of the (li near) rela t ion s hip between X− and the aver age of Y− is di ffere nt (he re,
sm aller negative mag n itude) when (non-focal) ex pla n ato ry variat e Z− =1(‘Hi’) than
when Z− = 0 (‘Lo’). In the tile-ma n ufactur ing process, if:

Lo Hi

Y
−−

X−

• • Z− =1

Z− = 0

• Y− is tile size after fir ing in an ove n,

• X− is ove n temperature, whose variation from ‘Lo’ to ‘Hi’ ove r posit ion wit hin the ove n caus es tiles of the sa m e
in itia l si ze, but fire d in different ove n posit ion s, to hav e different final si zes,

• Z− is amoun t of clay in the ing redie n t mix use d fo r the tiles,

by managi ng the amou nt of clay in the ing redie n t mix (i.e., setting Z− =1), the manufactur ing process is improve d
by mak ing variation in tile final size less sensit ive to variation in firing tem perature due to tile posit ion wit hin the
ov en. This in direc t ap proach exp l oit i ng in teractio n av oid s the (mo re ex pensive) direc t ap proach of mak ing the
temperature more unifo rm wit hin the ove n; of cou rse, the pro per tie s of the tiles must rem ain accep table when
Z− =1 and clay must not be too expensive an ing redie n t.

12. Postscr ipt

To ret ain perspective on the many (st atis ti c a l) is s ues in this Highlig ht #89, it is useful to keep in min d the key idea s, as in-
troduced in the two schema s at the upper and lowe r right on pag e HL89.1.

* Fo r inve s tig a t i ng rela tionships, statis ti cs pre sents methods int ende d to addre ss the (ma ny) sou rces of lim itation s on An-
swe rs, par ticularly when establi shing ca usa tion; an impor tant distin ction is bet ween asso cia tion and causation.

* Appre ciating the differenc e between experimenta l and ob ser vational Plans is key to unde rst anding the likely sev erity of
li mit ation s on Answe rs, especi ally those inv olv ing cau s ation.

Thes e matt e rs take tim e to cov er and are typically the focus of int roducto ry cou rses.
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* In lat e r courses (li ke Desig n of Experiments), cau s ation is often not in disp u t e and the empha sis is on variation [o f re -
spon se variat e(s)] and on identifyi ng the explanator y variat es responsib le for (i.e., cau sing) it. The goa l is then to manage
the value s of appropriat e ex pla n ato ry variat e(s) in a way that re d uces variation and so improve s proces s ou tput, usually in
ma n ufactur ing or ser vic e cont ext s. [Re call Not e 11 on pag e HL89.1 0 and the discus sio n preceding it.]

13. Appendix: Prob abi lis tic Independence in Models, Independence in Relationships

Discus sio n of statis ti c a l inve s tig a t ion s of rela tionships, as in this Highlig ht #89 and the rela ted Statis ti c a l Highlig hts #57 to
#70, raises issues arisi ng fr om differenc es in the meaning of words use d as technical ter ms and in ordin ary conve r ation.

As shown in the schema at the rig ht, for (discret e) pr obabi lity we start wit h the idea of a process that has
two or more pos sib le outcom es (but only one of whi c h occurs when the process is exe cuted); the set of all
possib le outco m e s is the samp le space, whi c h is made up of points (a lthou gh they cou ld equ ally wel l be called
ou tco m e s as alrea dy defi ned). An eve nt is any sub set of thes e poin t s , technically inclu ding the ‘subs et’ con sis t-
ing of all the poi nts, so the sample space can be con sid ere d an eve n t. [Common not ation for the sample space
is S – we us e a Roman S to avo id conf usi on wit h the popula t ion (data) standard dev iation S− and the (model)
random variable S repre senting the sample standard dev iation s un d er equ iprobable selecting.]

• At tentiv e re ade rs wil l have notic e d that the five bolded ter ms above hav e thei r ow n technical meaning s –
fo r in stanc e, an eve n t is different from des cribing the occur renc e of a hur rican e or a con cer t as an ‘ev ent’
– and a mo del ha s alrea dy been mentio ned .

Proces s

Outcome

Sa mple
sp ace

Poin t s
(Outcomes)

Event

A staple of int roducto ry probability is pr obabi lis tic indep enden ce, often descr ibed as the probability of an int e rse ction bei ng
the pr oduct of the probabilit ies of its component eve n t s – for exa mple: Pr(A ∩ B) = Pr(A) × Pr(B). When learning this mat e-
rial, or eve n when it has become famili ar, it is easy to for get that probabilis ti c in d ependenc e:

is a model fo r a speci fi c mathem ati c a l id e a liz ation;
is a statement about the rela t ion s hip among the value s of par ticular probabilit ies, not prim arily about the eve n t s involved,
−− if probability value s change, eve n t s may change from probabilis ti c independenc e to probabilis ti c dependenc e or vi ce ver sa;
ha s nothing to do wit h ca usa tion of eve n t s.

The con cep t of probabilis ti c in d ependenc e carrie s ov er from eve n t s to model s involv ing random variable s: the joi nt probability
function of two or more probabilis ti c a l ly independent random variable s is the pr oduct of their indivi d ual probability fun ction s.

• Probabilis ti c in d ependenc e is ext ende d to condit i onal probabilis ti c in d ependenc e to descr ibe model s where the for mer oc-
curs only unde r cer tain rest riction s (‘condition s’) ; the adj ectiv e ‘c ondition a l’ is that of condit i onal probability.

‘Con d ition a l probabilis ti c in d ependenc e’ is com monly sho rtene d to ‘condition a l in d ependenc e,’ perhaps becaus e it is
thou ght that ‘condition a l’ makes it cle ar that probability model ling is inv olved .

When we progres s fr om dis cret e to cont inuous random variable s and probability dis tributio ns, it is sel d o m possib le to pre sent
the mat hem ati c a l ly rig orous fou ndation provi ded by mea s ure theor y; ins tea d, we learn mainly rules for manipula t i ng thes e en -
tities. For ins tanc e, we take it on trust that the probability a con tin uou s random variable takes any par ticular value is zero.

With this backg rou nd of probabilis ti c in d ependenc e in probability model ling, we now use independence to conve y the
sta tis tical id e a of beh aviour al unconne ctedness, and its ‘opposit e,’ dependence to cov er the seemingly lim itles s variety of con -
ne ctedness we encou nter in the real world. Thes e two words are the langu age that arises natur ally in sta tis tical discus sio n of
ter min ology like association and causation and their associat e d id e as in the schema at the lowe r right of pag e HL89.1.

• The price we pay for dis tinguis hing (un quali fi ed) ‘i ndependenc e’ from pr obabi lis tic in d ependenc e is that we must forego,
in all probability model ling con tex ts, the (temp ting) conv enienc e of sho rtening the nine syllable s of ‘probabilis ti c in d epen-
denc e’ to just the fou r sy l lable s of ‘in d ependenc e.’

With the independenc e-probabilis ti c in d ependenc e distin ction on hand, we can descr ibe cor rectly
st atis ti c a l is s ues inv olved in the diag rams at the rig ht from pag e HL60.3 in Statis ti c a l Highlig ht #60
and from Not e 7 on pag e HL69.4 in Statis ti c a l Highlig ht #69. The feature of thes e diag rams rele-
vant to the pre sent discus sio n is their horizonta l li nes: for Z− = 0  and Z− = 1 in the upper diagr am ,
fo r X− 2 Lo in the lowe r diag ram . Refer ring to the upper diagr am , we say:

++ the ave r age respons e and X− are in dep enden t when Z− = 0 and when Z− = 1, BUT NO T:

−− the ave r age respons e and X− are pr obabi lis tically in d ependent when Z− = 0  and when Z− = 1;

the latt e r st atement (wrongly) implie s that we hav e un d ertaken the diffic ult task of for mulating a
probability model for the con tex t of the upper diagr am . Si milarly, for the lowe r diag ram , we say:

++ Y
−− and X−1 are in dep enden t when X− 2 is Lo but not when X− 2 is Hi, BUT NO T:

−− Y
−− and X−1 are condit i onally in d ependent when X− 2 is Lo but not when X− 2 is Hi.

Althou gh our des criptio n of rela t ion s hips in bot h diag rams inv olves independenc e, their X−-Y− ca usa l
rela t ion s hips (re spectiv ely abs ent and inherent) differ marke dly – re call the bottom of pag e HL89.4.

Mo re broadly, in sim p le lin ear reg res sio n, we des cribe a horizonta l fit ted lin e as showing that the ave r-
ag e of Y− [a n d henc e, (li kely) Y−] and X− are independent – in the relev a n t theory, on ly Y− (n ot X−) is model led by a random variable.

(4)Av erage
re spons e

0
X−0

•

•

Z− =1

Z− = 0

+

0

0

Lo Hi

Y
−−

X−1

•

•X−2 Hi

X−2 Lo
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