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SAMPLIN G and SURVEY SAMPLIN G: Selecting Protocols Beyond Equiprobable Sekcing

Equiprobalde (or smple randon seleding of units @nssting of individual elenentsfrom an urstrdified (respondentpagpuation
is usdul for mocelling the fleding process lut, in practice more mmplex anpling protocds are wtsed Two duch protocds ae:
* cluster selecing: sdeding equiprobaldy units from the (egponden} popuation ta are groups of dements — kisers may

be ofequal size €9, cardboad boxes d 24 cars of up or unequd size g€g, househlals);

* stratified selecting: swbdviding the (epanden} papuation irto groups Ealledstrata) so ha dements vithin a gratum have
sinmilar reponsevariate values(homogenity of stratd) and éements n dfferent statadiffer as nuch as pacticable from
each oter, the sarple is dtainedby equiprobable sleding of units mnssting of individual dements fom ead straum.
[The dementunit distindion is dsausse in Appendk 1 on pages HL77.8 and HL77.9 in SaisticalHighight #77]

Exarrple HL851 belowillustraes the dfeds d clugering andstatifying on samphg impgrecsian, dso beaing in mind that:
- clugeingis comnonly usedbecauseof the aaiabiity of a duseredframe theebyavdding the stof generding a fame
as pat of the nvesigatirg — aframe can e thouglt of as alist of the (eponden} popuation sanpling units (hee, dusers);
- sratifying is comnorly usedbecauseit provides(the dten ugfu addtiona) stbdivision of Ansvers by gratum.

Example HL85.1: A reppondent ppuation of N = 4 dements ¢r wnit9 has he bllowing integer¥-valiesfor its reponsevariate

1245

[so ha the pppuation areraye and @ag standard deviation ae:

¥=3 sLhs2st;

we eamhe tie samphg impecsian, underequiprobalde sleding (EPS with a sinple sze of n=2, of the
random vaialde Y, whose \aluesare the sarple averaey, as an simator of ¥, usingthreesanpling protocds:
® EPS dtwo wnits, each onssting of one dement, from the unstrdified popuation;

® EPS doneclude, of sze L=2 denents, fom the unstrdified popuation;

® EPS done wit, congsting of aone dement, from eadh of two strata of Sze N, =N,=2.

Note that each estmator is urbiasel, becauseE(Y) =¥ or E(Y) —¥ = 0 [the average sanple aror is zed].

Table HL85.1
Unstratified population
EPS d two dements

Sample y Error

12 1% -1% lage
() 2% Y medum
(L9 3 0 smd
2,9 3 0 smd
2,9 3% Y% medium
4,95 4% P> lamge

Designdion of anple eror s large,
malium or smd is only for conveni-
encein the onextof Exanple HL85L

Exarrple HL851 illustraes that:

- The dfed on Ganpling) impredsion of duser
ing and d strifying depends on fow eadh is
implematedin the Ran — thd is, t depends
on this omponent d the samphg protocol.

- Clusteing and staifying dfed impredsion
by deermnining which of the possble sanples
of 9ze n havenon-zeao sdeding probabilities

- Decreasd impredsion is favoued by heeo-
gereity of dugers but by homayereity of drata
with regect o the epansdy of inteest
o In the mdde and right-hand ©lumrs of Exanple

Table HL85.2a
Unstratified population
Clustes:[1, 2, [4,9
EPS d oneduster (L=2)

Sample | ¥ Error
(2 1% -1% lage
4,9 4% P> lamge

Table HL85.2b
Unstratified population
Clustes:[1, 4, [2,9
EPS d onecluster (L=2)

Sample | ¥ Error

() 2Ys =% medum
2,9 3% % medum

Table HL85.2¢
Unstratified population
Clustes:[1, 3, [2, 4
EPS d onecluster (L=2)

Sample | §  Error
@15 3 Osmd
2,9 3 Osmd

HL851, hetepgendty increasedown the three dusered
sanpling protocds, hormogenety increasesp the three $ratified protocds.
[As an exercise quantify the samle eror variation by catuatingthe relevant(daad standrd deviation for each d the ®ven
sanpling protocds; commenton wha is illustraed ly the valiesobtained]
- There is a &rse h which clusteing is pasively aceped n the nteests 6 reduding investigaton @st wheeasstrdifying
may be activdy imposel by the nvestigabr(9 on for may be a raturd fedure d] the gudy ©r regponden} popuation
- While BPS fom an unstrdified papuation impliesequal indudon probabiities br dl popuation elenents the onverse aes
nothdd — in the hiree dusered and three $ratified sanpling protocds, all elements have ejud indusion probabilties tut dl
six sample of sze 2 ae notequdly probable [four sanples and two saptes (egpectively) havezeo sdeding probability].
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Table HL85.3a
Stratified population
Strda: [1, 4, [4,9
EPS d one dement per stratum
Sample | ¥ Error

() 2% =% medum

@9 3 0 smd
2,49 3 0 smdl
2,9 3% % medum

Table HL85.3b
Stratified population
Straa: [1, 4, [2,9
EPS d one dement per stratum
Sample | ¥ Error

12 1% -1% lage

(L9 3 0 smd
2,9 3 0 smd
4,95 | 4% 14 lage

Table HL85.3c
Stratified population
Straa: [1, 9, [2,4
EPS d one dement per stratum
Sample | ¥ Error

12 1% -1% lage

() 2Y% =Y medum
2,9 3% Y% medum
4,39 | 4% 14 lamge

(continued weled)
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Appendix: Equiprobable (Simple random) Selecting — The Protocol for Sekcing Units
The protoool for selecting units, somdimes cattd the sampling protocol, is (@ desciption of) the process(to be) wsedto
sded, from the epondent mpuation, the wits tha comprisethe sanple; two protocds relevanthee ae & follows.
* Equiprobable (simple random) selecting [EPS (SR9]: all sanples d size n wits from a (eponden} popuation of sze
N unts hae pobability 1/(}) of beingsdeded.
- What we all equprobable sdeding is ikely to be alledsimple randm (or rancbim) seleding (Or sanpling) elsewlere.
- Equiprobable refers to aprocess it is a ontradction in rins to iefer © an guiprobale ©r randon) sample
- Thedefhition of EPS & in terns d samplesdeding probabilities, ot unt induson probabiities coneqienes ¢ this
disindion for a einple of $ze n ae:
+ unde EPS the ndusion probabilty is n/N for each glemenibr) unit in the espondent ppuation; BUT:
+ evan if the ndusgon probabilty is n/N for each €lementr) unit in the epondent ppuation, the ®leding process &
nat neessrily EPS — ee Blde HL85.4 below
+ the saanple leding process & not EPS f, for each regpondent mpuation urit (or demen), the nduson probabilty is:
® nat equd to n/N OR ® nat equd to tha of al otherunit(s) for demeni().
* Sysemdic slecting: oneunt is sleded ty EPS fom the first k mits d the espandent ¢r sudy) popuation (k <N)
and then eety kth unt is sleded.
- Rekriing to thefirst k units d the egpondent ¢r gudy) popuation impliesan adeted ég, dphabdic or rumeic) list of
theseunits, such a lst (caled aframée may ke real @ conepud (eg, a wle tha would, if implemengéd geneate tre lisi).
- Forconvenienceit is usudly assumedthat N = nk so all 1-in-k sanples gleded ysemadically are d thesamesize n

To illustrae furtherthe dstindion (introducedn the dsasdon above of EP9 between sanple sleding and wit indusion
probabilties, and ab deasdike dusering and statifying, we onsder a fepanden} popuation of N =10,000 derments and a
sanple of n=100 dements, dtainedusng sx protocds for eleding wnits (listed 1oudhly in order d increaimg conplexity):

o equiproballe sleding o 100 wits €lemenfsfrom the unstrdified popuation;
systendic sdeding: leding equiprobaldy 1 uni from thefirst 100 popuation urits (eemenfsand then eery 100th uni;
equiprobale sleding o 10 clugers of 10 dements fom the ppuation of 1,000 sich dusers;
equiprobatde sleding of 10 wnits lementsfrom ead of the D popuation stata each d N,,=1,000 dements(h=1, 2 ..., 10);
two-staje ®leding: wleding 100 dusers equiprobaldy and then sleding 1 wnit (elementequiprobaldy from each duser;

o two-stage ®leding: eleding 2 graa ejuiprobaldy and then sleding 50 wits €lemenfsequiprobally from each gratum.
Talde HL85.4 below useshe yymbd (N) the number d ways n fems @n ke sleded fom N items f order d seleding is un-
important. [This symbd and its ug are dsausse in Fgure 75 d the STAT 220 Cairse Mateiald.

Rekvantcalcuationsfor this illustation ae simmarized n Tade HL85.4 below whee the $x protocds ae row listed n
order d decreagg numbe of posdle sanples The shat names dr the protocds in the £mnd cdumn of Tabde HL85.4
shauld gererdly be aoidedbecausetheir brevity can (temporarily) obsaire he naure d, and diferencesanong, the potocds.

Table HL85'4Rat o

O O O O

Protoool for selecing units Short name Number of samples bEPS  Smple ... ... ... ... Unit. .". .. .....
E,f;sra{i‘]?i;”dagopu{itbn EPS (19900 Dp.5x107* 1 15x107%% ()(9239/(90%) = 2.
%—steﬁg _g?zg Jc&r}ﬁsg rrSJDthation s é_rsg?eecting 1000) (10) Ue4x107° [102 16x1072 (1)( 9) /(1 ooo) (1)(9) /(10) i=L
sEt'fa?ﬁ(‘;‘(’j";,gpumbn Straified sdeding (*99°016x10°* 107 6.2x10% (})(939)/(1(1’8 =L
Srafed popuaton watodskang  (2)(5)040x107 107 25107 QIO = 4% = %
Lstaye EPS fom a popuation Clustersdeding (“{80) L2.6x10% [M0*® 38x10™ (i)(ggg)/ (l(l)g = 1%0

in equd-sized dusers
5 .

Lin-100 ysemdic sdeding g gemic sdecting 100=10° [10%° 135=10 10

from an wstatified popuation
The lag four cdumns d (somamesappoximate nurrerical table entriesare, br each of the $x protocds:
@ the numbe of sanples ha can ke slected i.e, the &ze of the £t d all possble sanples
@ the ratio of the number d sanples a potocd can ®led to the nunber for BPS fom an unstéified popuation;
@ the probability any sampléds slected here, herecipiocal of the nunber d sanples(but see t omment*) on pageHL85.3;
@ the probability any unit is included in the samle.
- In contrast to he exremevariation pvea nealy 240 aders of magntudg of the samplesdeding probabilities anong
the protocds, the $x unit indusion probabiities ae all 1 in 100 in this illustation (the equality of thesesix probabilties &
a tharacteistic of this illustation, nota gened restt).
(continued)
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SAMPLIN G and SURVEY SAMPLIN G: Seleciing Protocols Beyond EPS ¢ortinued1)

+ Useof EPS &the me o both stgesof eadh protocd mears tha, in this illustrdion, dl sample the protocd can
sded are equally likely; as a oneqiene, he samplesdeding probability for each protocd in the fith (Samplke)
cdumn of Talde HL85.4 on the fadng pageHL85.2is the recipiocal of its number d sanples[but see th first com-
ment ¢) overkaf n Note5 in the midde o pageHL854]. Thus,from the perspedive d sampls the potocds ae:
o alikein having ther posdble sanplesequprobale; o differert in thaér numbers of posdble sanples

+ Althoudh cakulations for unit indusion probabilites for the ae stage and he twostage dusered and staified proto-
cds havethe samestiudure, they yield vasty different numbers of sanples thee ae dso otherimportant staistical
disindionsbaween dusered and statified protocds — ®e Eanple HL851 on pageHL851.

NOTES: 1.

2006-06 20

BPS fom an wnstatified popuation yields the éxhausive) set d all possble sanples d a gven sze from a popua-
tion of a @ven sze; tis $t catans dout 65x10°* sanples whenN =10,000 élement®n) units and =100 wnits.
o Ead of the oherfive sanpling protocds can ®led only a subse of this €xhausive) set d sanples
- Thesefive protocds ae wsdul beaue BPS fom an wnstatified popuation @n arely med Plan requirements
- When teseprotocds ae poperly implemengd, they prekrentially exclude sanples with an etremevalue
for an dtributelike an &erayg thusdecreaing sanpling impredsion (eg, e $disticalHighight #27).
o As well as yelding dl posdble sanples, BPS & enphaszed n introdudory disaus$ons kecaue it is:
- involved n more practically usdul protocds like the kg five n Tade HL85.4 on he fadng pageHL85.2
- the bags of sanpling theory for quantifying the kehaiour o sanple eror underrepetion, i.e., for quantify-
ing sanpling impredsion — see $tisticalHighight #21
Thus, we reed o dstingush:
* EPS fom an undratified population: aprotocd for sleding wits whichis sldomusel in practice but wtich
is the kass of aanpling theory;, FROM:
* EPS(umngudified): part of a potocd for leding wnits whichinvolvesothe stdistical idea like gratifying and/or
clusteing and/or g/seemadic sdeding — this is e more commonusaye of EPS

. Oher nameanehods of leding wnits or the sarple, whichare largdy omittedfrom this dsaus$on, indude:

o accesibility selecting: sdeding units eady) accessble to the nvestigabr(§ — for insnce the top layerin a
basketof fruit or a truckload of potaoes @ thefront paletsor carbnsin a karge sack in a warehous;

e convenence ®lecing: sdeding wnits tha are convenienty avalalle to the nvestigabr(§ — for insence pegle
with a nedcal condtion of irterest who & d a hospital o dinic neaby to the nvestgabr(s);

® haphazard selecting: sdeding wnits without (cansaéoug preferenceby the nvesigabr(§ — shoppers who @ss
the location of an inteviewer in a mall or ratsin a agewhich ae more asly caudt for a hboraory test;

e quota sdeciing: sdeding wnits acordng to valuesof spedfied exdandory vairiates (ike ®x, age inoome br
hurman wity so he sarple dstribution of each variatewill (appgoximatdy) matd tha of the stidy popuation;

e volunteer selecting: aking for (human) volunieess, usidly after a bief explangion of wha the nvesiigatirg
will entail for units d the sarple.

Thesenames do notatessaily specify a unique sdeding mettod — te first two méhods overlap and all five

involve mMe dgree ¢ ‘acesility and/or ‘conveniencé

Haphazad sleding is omdimeswrongly equated wih ‘randoniseleding; i.e., with our equiprobable sdeding.

Quotasdeding is a $milar idea tocovering: to try to manaye snple aror, the valiesof explanaory varates d

the wits d the sarple ae leded b cove the mrge of \aluesof relevantregponseandor explandory variates

that ccaur anong (ostof) the Elementr) units d the epondent ¢r sudy) popuation

Covering is a guiding prindple for judgement sdeding; its chane d (partial) sucess sincreasd by:

- greder redicaing (.e, a hrgersanple sze), AND:

- greder knovledye almutthe valuesof explanaory variates anong the dements dthe epondent ppuation

* Judgemen selectng: hurman judgement & usedto sled n wnits from the N (element®r) units d the egpon-
dent ppuation [Judyement gleding is dsausse in SatisticalHighights #21 and #83]

Volunteer gleding is not to be onfusedwith volunteer (or voluntary) response a phrase smdimes usd b

indicae tha hurman units can sual)) chaoe whether b regpond, i.e,, whether © provide the equesed datg a

sepacte (measting issueis whether tresereponse ae cared or truthful (seealso Note4 on mgeHL387 in

StdisticalHigHhlight #38.

. A sinple image of fow EPS & implemengd B to have,in a kox, a dip of paper kakelled for ech unit in the -

spondentpopuation; the N slips ae homoudly mixed and then n e sleded wihout redacament — thedbels
of thesen dips pecify the wits tha comprisethe sanple Er, more rredly, the €ledion).

e |t is :ldomrecanized how nmuch efortis neead b redly mix (randomieé) a oollection of items Ike fckets
or dips of paper whose foughsurfaces do noteadly dide over each oher, in contast, thee ae griking

(continued weled)
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NOTES: 3. @ imagesof two sds d ‘slippery pladic cgpaules n rotding drums wsedin the B71 U.S draft lotteryin Program
(cort) 8 entitled Desaibing Relaionships of the video seriesAgang All Odds Indde Satistics.

- In a smilar vein,the magician and shtisticianPesi Diaconis mmentsn Programl5 entitled What is Proba-
bility? of Agang All Odds Insde Satistics that nostpele do rot realze it takes y to @out seven vigarous
shuffles to poperly ‘randomizéa ded of cards

e In practice EPS would usudly be implementd with @nputer sftware tha makes ug of an equprobable
digit (or rancom rumter) gereraor — asaurce tha is equdly likely to geneate any o the dgits 0 to 9 aany
position of a #ring d digits d specified lergth.  Equiprobalde dgits ae dso avalalle in printedtables — se

the ‘Probability Distribuion Taldeseatier in theseMaterials. 1 use his agproach, the glementr) units d

the reppondent ppuation or frame are wudly thought of as keingnumbered(labelled from1 o N.

4. In practice sleding uses aframe — a eal o conepud list of the (epanden} popuation urits; ‘popuatioriin
the protocd desciptions in the first olumnof Tade HL85.4 on pgeHL85.2 cauld thus abo ke ‘framé
o An advantge of tvo-stgge ®leding protocds is ha, & the ®mnd staye a frame 5 required only for those
clustes or drata ®leded a the first sage(asin the bllowing Note5).

- A protocd for sleding units with threeor nore gages(see the bllowing Note5) erhanceghis advantge

5. For tdephane suveys — wsedfor pditical polling and marketreseach, for exanple — atwo-stage sdeding proto-
tocd for wnits is dten enployed

e in thefirst staye (iisted tdephone rumbes d a sanple of househhls in the elevantgeographic areds are
gererded @uiprobaby;

o in theseond stage the persm who first aswes the call to each hséndd in the sarple is askedto pass e
call to he digible househtdl member @& Canadan dtizen br a plitical poll, a omemaler for market resarch
who had tre nostrecent hirthdgy; this procedire mplementgroughy) EPS d the digible househtal members.

An advantge of this wo-staje ®leding process s tha, when the nits ae peopé but trere is a eadly avail-

akde chea) frame d houhold (.e, clugers), the fame d househll members reed e geneatedonly for

thosehausénolds in the sarple and each wch frame &ists aly in the mind 6 the persan who first aswes the
tdephone @ll [recall the first omment(-) immedatdy above Exanple HL851 on pageHL85]. How acauraely this
first persan followsthe interviewers instuctions dfeds the dgree b whichEPS § echievedat he £mndstae

0 Beau® househtils havediffering rumbers d mentbers unit induson probabilties ae unequd at the £mnd
staye, thesetwo stayesof equiprobalde sleding theefore b not achieveEPS eerdl (uriike Tade HL85.4).

o Beaug of mn+epanse mary more (typically abaut four times a mary) househluls reed o be sleded 4
the first stage & are reguiredfor the final sarple sze; for exanple, a mtionalpdl of 1,500 pegle may redulire
arourd 6,000 tlephone runmbes © be gneated and some bthesemay haveto be alled nmultiple imesto
reah the égible tousehtd mamber — see th rewspapr aticles EM9342 feprintedon the aerkaf dde
(page H.78.2) of SisticalHigHight #78, EM9330 ad BM9337 (eprintedin SisticalHigHight 16).

A multistage stratified sdeding protocd for a sinple surey d a large gegraghic ara(ike a Ginadan govincd

may need b place @d large urbanarea n its avn dratum. For exanple, a anple surwey in Ontario would rarely

wantto omi Torontg its indudon is assured by making Torontoa gratum with an ndugon probability of 1

6. §/siemdic sdeding is induded n this Highlight #85 btecau it is comnonly usedin practice; however we think
of it as keing equvalentto EPS ly applying the estictive sssumption hé the fame (from which evay kth unit
is eleded for the sanple) has he wits arargedso any value of he egpmsevariateis eqidly likely to be any-
whete on he ist (@nequiprobably ordered frame for a gven reponsevariatd. Three llustrdionsare:

o If a list of UW Faaulty of Mathemadics gudents, arargedin dphabdical order by famly name is usedas a
frame br 2in-8 g/siemdic sdeding, the sarple of ebaut 500 gudents wald mostlikely be essantially equi-
vakent to gleding the stidents guiprobaldy from the Istif the Questn(g invdve the bvé of student dét but
not necaarily equivalent to BPS f the Queston(§ invdve urtry of birth.

o [f a list of famiy physciars licersedin Ontaio, arargedin dphabeic order by family name is usedas a fame
for 1-in-100 g/stemdic sdeding, the sarple of daut 300 plysicians would mostlikely be essantially equivalent
to sleding the fhysciars equiprobally from the Istif the Questbn(§ invdve drug presribing characteistics.

o If a list of dl school teaches in Ontario, arargedin order by yea of gradudion, is uisedas a fame br 1
in-500 gsemdic sdeding, the samle of daut 300 eaches would mostlikely not be euivalent to gleding
the teaches equiprobaldy from the Ist if the Quesidn(§ invdve remuneationslevels which tend toincrease
with ime since gadudion (athought the oughly ‘linea’ form of this tendcan k& explated staisticaly)].

Thus, n this Hghlight #85 we tink of two gpproaches to ahieving equiprobabilty for the sanrple ®leding process
o viaan euiprobale sdecting process, gpplied to a fame n arny order,

o viaasysemdic sdeding process appied to an guiprobally ordered frame (for a gven reponsevariatg.

The :®nd appoach achieves(closeto) equiprobability only undermorerestictive conditionsthan the first pproach.

SOURCE: MacKay R.J. Experimental Desgn and Samplng. Course Notesfor Staistics 332/362, Uhiversity of Waterlm, Fall, 2005 pageVIl -1
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