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#HL74 .1[St atistical Highlight #74]
__________________
__________________

RESPONSE MOD ELS IN STAT 231: Modelling Sample Err or and Measurement Err or

As sum marized in the two schema sat the rig ht, statis ti cs is
conc e rne d with data-base d invest iga ting of some popula t ion or
proces sto answer on eor more (st atis ti c a l) qu est i onsof interest.

* If the inv estig a t i ng yields co mplet einfor mation, we can obtain
acertai n answe r; that is, an answe rwe canknowis cor rect.

* If the inv estig a t i ng yields inco mplet e infor mation, we cannot
know an answe r is cor rect (anuncer tain answe r) – in fact, it is
unli kely anumer ica l answe r(a n‘e s tim ate’) is (ex actly) cor rect;
−− sampling and measuring yield data (and, henc e,

infor mation) that are in her ently in complet e.
In this Highlig ht #74 ,we dev elo p a probability a model for the inv estig a t ive processes of sampling (which inv olves (sele cting and
estim ating) and measuring ; this model allow sus (e.g., in Statis ti c a lHighlig ht #2) to quantify the li kel ysi ze of sample error and
mea s urement error – that is, to quantify unc e rtain ty from thes etwo sou rces – for num erical answe rs to some types of que s tion s.

Popula t ion
or process Data and Answe r(s) to

Questio n(s)
Sa m p ling
Me asuring

DATA-BASED INVESTIGATING
Data Answer(s) to Que stion(s)

Complet edata
Inco mplet edata

Certain answe rs(s)
Uncer tain answe r(s)

Sa mpling Me asuring

Re asons for incomplet eness of dat a
[a n d, henc e, for unc e rtain ty in answe rs]

1. Ideas from Pro bab ility
To go from probability to statis ti cs, idea swe need from probability model ling (e.g., in STAT 230) are as fol low s .

* Us ing the nor mal dist rib u tio n to model the shape of appro priat edata dis tributio ns, as
summarized by the probability statement(HL74 .1) abou t the random variableYat the rig ht.

* A random variable whi c h is a sum or an ave r age of (probabilis ti c a l ly independent) no rma l random variable s also has a
no rma l dist rib u tio n and its mean and standard dev iation can be expre sse din ter ms of the mean(s) and standard dev i-
ation(s) of the random variable sthat make up the sum or ave r age. For exa mple, for n probabilis ti c a l ly independentN(µ,σ)
random variable sYj, j =1, 2, ....,n, as giv en in equ ation s(HL74 .2) and(HL74 .3) at the rig ht bel ow:
−− thei r sum (T) [o r to t al] ha sa nor mal dist rib u tio n with alarger mean and standard

devi a t io nthan the indivi d ual random variable sby respectiv e fact ors of n and √n.
−− thei r aver age (Y−) ha sa nor mal dist rib u tio n with thesa m emeanµ as the indivi-

du al random variable sbut a standard dev iation that is sm aller by a facto r of 1/√n.

Y∼ N(µ,σ)

T∼ N(nµ,σ √n)

Y−∼ N(µ, σ 1
n)

-----(HL74 .1)

-----(HL74 .2)

-----(HL74 .3)
√

If the requi rement for normality of the dist rib u tio n of the indivi d ual random variable s in a tot al or an ave r age is rela xed, the
Cent r alLi mit Theorem(CLT) ap proxi mation allow sus to write equ ation s(HL74 .4) and(HL74 .5); theaccurac yof this approx i-
mate nor mality of a tot alor an ave r age improve sas:

the value of n gets larger; the dis tributio n(s) of theYjs getmore symmetrica l.
T∼.. N(nµ,σ √n)

Y−∼.. N(µ, σ 1
n)

-----(HL74 .4)

-----(HL74 .5)√
2. Ide as from Statist ics

The schema at the rig ht rem inds us that dat a-base dinve s tig a t i ng in statis ti cs is con cer ned with five groups of ele ments or units
and theiratt r ibute s: aqu antity defi ned as a fun ction of respons e(a n d, perhaps, exp lanato ry) variat es ove r the group (e.g., an ave r age).

* Ta rge tpopul ation: the group of ele ments to whi c hthe inv estig a tor(s)
wa n tAnswe r(s) to the Que s tion(s) to apply.

* St udy popul ation: agr oup of ele mentsav ail able to an inv estig a t ion.

* Re spondent popul ation: thos eelem e n t sof the study popula t ion that woul d prov ide the data
requ est e dun d er the inc entiv es for respons eoffered in the inv estig a t ion.

* No n-respondent popul ation: thos eelem e n t sof the study popula t ion that wou ld notprov ide the
data reque s ted unde rthe inc entiv es for respons eoffered in the inv estig a t ion.

* Samp le: the group of units selected from the respondent popula t ionactually use din an inv estig a t ion – the sample is asubset
of the respondent popula t ion (as indicated by thevertical li ne in the schema above).

Target
popula t ion

Study
popula t ion

No n-respondent popula t ion

Re spondent
popula t ion

Sa mple Sa mple
(tr ue value s) (m e asure dvalue s)

As indicated picto ria l ly in the 3-dim e nsi onal diag ram at the
right, we think of a resp onden tpopula t ion as hav ing adis-
tr ibution of value sfo r so m emea s ure d resp onse variat e
(Y−) of interest; this dis tributio n can be displaye das a
histogra m. Sim p le popula t ionattr ibutesof interest are:

* Si ze: −N [the number of el ements];

* Location: Y−− [theaver age];

* Variation: S− [the (data) sta n dar d devi ation];
Un less−N is to be estim ated, it is usually con sid ere dto be:

know n(o r ig nored), and
large compare dto the size (n) of any sa m p le(to be) selected .

Y−

Y−−

µ

y−

Propor tio n per unit
of mea s ure dre spons e

Dist rib u tio n of
resp onden tpopu lation

mea s ure dre spons e
variat evalue s Mo del fo r the

dist rib u tio n of
re spondent popula t ion

mea s ure dre spons e
variat evalue s Sa m p leof

mea s ure dre spons e
variat evalue s

E PS
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The probability model (HL74 .1) fo r the shape of the his t ogr amis included in the diag ram ove r leaf on pag eHL74 .1 at the bottom
right, whi c halso reminds us that µ, the mean of the model , repre sents the respondent popula t ion ave r age, Y−−, of the respons evariat e.
Thesa m p leav erage is y− and equ ation (HL74 .3) is a model for the cor responding random variableY−; the method ofse lec ting the
sample [equiprobable selecting (EPS)] is (part of) the rea son we can tre at the measure dre spons evariat evalue s ,yj, j =1, 2, ....., n,
of the n units in the sample as value s ,yj, j =1, 2, ....., n, of random variable s ,Yj, j =1, 2, ....., n, for the model (HL74 .3).

3. The Set of All Possible Samples from a Popul ation
Our int e rpret ation of model quantit ies inv olves the idea of repeating ove r and ove r proces s esli ke selecting and measuring ;

fo r ex ample, for the random variableYj, repre senting the respons eof the jth unit selected equ iprobably for the sample, we say :
Yj is a random variable whose dis tributio n repre sents the pos sib le value sof the measure dre spons evariat e

fo r the jth unit in the sample of n units selected equ iprobably from the respondent popula t ion,
if the selecting and measuring processes were to be repeated ove rand ove r.

To pursue this idea of repeating ove rand ove r (o r of re pet it i on), we first dis cus sthe set of all pos sib le samples of size n that can
be selected (withou t replacement) fr om a popula t ion of size −N. The re are −N(n) su ch samples if theor der of selection is taken
in t oaccou nt; for exa mple, the re are 4(2) = 12 such samples of size 2 for a popula t ion of 4 ele ments.

Example HL7 4.1: A respondent popula t ion of−N = 4  ele ments has the fol low ing int ege rtrueY−-v a lue s
fo r it s re spons evariat e: 1, 2, 4, 5  (so that: Y−− = 3, S− −−∼1.8257).
Ta ble HL7 4.1 at the rig ht lis t s the 12 pos sib le ordered samples of size n=2 that
can be selected; eq uiprobable sele cting (EPS) is assume d. For dis cus sio n below,
the value sof the ave r age (y−) and sample error for each sample are als ogive n.
Looking dow n the colum nof value sfo r the fir st un it in the 12 samples, we see
they are three copie sof the value sof the respons evariat eof the ele ments of the
re spondent popula t ion; we see the same in the colum nof 12 value sfo r these con d
un it. This res ult hol ds in gen eral – in the set of −N(n) possib le ordered samples of
si ze n, selected from a popula t ion of size −N, the jth unit compris es (−N−1)(n−1)

co pie s of the value sof the respons evariat eof the ele ments of the respondent
popula t ion. Henc e, under EPS, the value sof the unit in any posit ion j of the set
of all pos sib le ordered samples of size n can be model led like the value sof the
re spons evariat eof the ele ments of the respondent popula t ion – see equ ation
(HL74 .6) at the rig ht; in statis ti cs, it is more
conv enient to write equ ation (HL74 .6) as the
resp onse model (HL74 .7).

Ta ble HL7 4.1
EPS of n = 2  units

Samp le y− Er r or

(1, 2) 1½ −1½
(2, 1) 1½ −1½
(1, 4) 2½ −½
(4, 1) 2½ −½
(1, 5) 3 0
(5, 1) 3 0
(2, 4) 3 0
(4, 2) 3 0
(2, 5) 3½ ½
(5, 2) 3½ ½
(4, 5) 4½ 1½
(5, 4) 4½ 1½

TYj ∼ N(µ,σs), j =1, 2, ....,n, EPS

TYj = µ +TRj, j =1, 2, ....,n, TRj ∼ N(0,σs), independent, EPS

-----(HL74 .6)

-----(HL74 .7)

NO TES: 1. The con tex t of Example HL7 4.1 is true re spons evariat evalue s , in d i c ated by the suf fix T on the random vari-
able sTYj andTRj (the re siduals); con cep tually, we are in thefir st sample ellipse in the schema at the lowe rright
ov erleaf on pag eHL74 .1 (se ealso Not e8 on pag eHL74 .4).

• An othe rdifferenc ebetween equ ation s(HL74 .1) and(HL74 .6) is the sub scr ipt s on σs, whi c h in d i c ates the va-
riation quantifie d by this (probabilis ti c) standard dev iation arises from these lec ting (o r‘s a mpling’) process.

2. Becau se any sample posit ion con tainsmultipleco pie s(n ot just one copy) of the value sof the respondent popu -
la t ion respons es, its (data) standard dev iation is slig htly sm aller than the respondent popula t ion (data) standard
devi a t io nS−, whi c h is repre sent e dby σs in the model. This dis crep anc y is of no con seque n ce for the pre sent
discus sio n in the usual practical situation of−N large and −N >> n (s ee als oNo te 4 on the facing pag eHL74 .3).

3. The secon dand thi rd colum ns of Table HL7 4.1 in Exa mple HL7 4.1 above illust r ate two othe rmatt e rs.

• Sa mple error – the differenc ebetween the value of the sample and respondent popula t ion attributes (he re,
av erage s) – has an aver age of zero ov er the set of all pos sib le samples; stated another way, the ave r age of
the set of all pos sib le sample ave r age sis the respondent popula t ion ave r age. This is the meaning of sayi ng
that, unde rEPS, the sample ave r age is an unbi ase d es tim ator of the respondent popula t ion ave r age.
Sy mboli c a l ly, we write:

E(TY
−) =Y−− or E(TY

−) −Y−− = 0  [or, in the model: E(TY
−) = µ or E(TY

−) − µ = 0]. -----(HL74 .8)
This matt e ris illu s trated more broadly in Appendix 3, whi c hst arts on pag eHL74 .5 of this Highlig ht #74 .
−− EPS is needed for unbia s edn ess when estim ating Y−− to ensure that all samples are eq ually lik ely, as reflec-

ted in calcula t i ngtheaver agesample error.

• Fo r the fou rY−-v a lue sof the respons evariat ein this popula t ion, the re are samples whose ave r age iseq ual to
the respondent popula t ion ave r age, Y−−; howeve r, the re are many popula t ion sfo r which no sample of a giv en
si ze (or, con ceivably, of any si ze other than−N) ha san ave r age ofY−−; i.e., nosample haszero sample error.
−− This is one rea son a num erical Answe robtain ed by sampling is likely to be at lea sta lit tle off the truth.
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RESPONSE MOD ELS IN STAT 231: Modelling Sample Err or and Measurement Err or (continue d1)

4. A Prob ability Model for Selecting Equ iprob abl y
Example HL7 4.1 on the facing pag eHL74 .2 illust r ates pro per tie sof the set of all

possib le samples of a popula t ion unde rEPS; we now argue from this case to the
TY
−∼ N(µ,σs

1
n), EPS -----(HL74 .9)

√
proces sof selecting equ iprobably (a sample)over and over. Provi ded ‘ov er and ove r’ means selecting a number of tim e sthat islarge
in rela t ion to (−N−1)(n−1), becau se any sample is eq ually li kely, the set of samples wil l be (roug hly) many copie sof the set of all pos -
sible samples. Sub ject to this new cav eat of not havi ng exactl y equal pro por tio ns of each pos sib le sample in the set, tog ether with
a slig htly sma l ler standard dev iation (se eNo te 2 on the facing pag eHL74 .2), we can aga inus ethe model (HL74 .7). Henc e, for the
behaviour of the sampleaver agewhen selecting ove rand ove r, we use the model (HL74 .3), rewritt en above as equ ation (HL74 .9).

* The idea of obtaining, when selecting ove r and ove r, rou ghly eq ual propor tio ns of each member of the set of all pos sib le
samples is like tos sing a fair coi n ov er and ove r, whe re we expect to obs erve rou ghly eq ual propor tio ns of hea ds and tails.

NO TES: 4. Not e2 and the parag raph above refer to the standard dev iation ofTYj as bei ng
slig htly sm aller thanσs; usi nga different approach in Statis ti c a lHighlig ht
#77, the standard dev iation of TYj is actually as giv en in equ ation
(HL74 .10); the mul t i p lie r of (1−1/−N) un d er a squ are root is obviously
cl ose to1  in value for mos t popula t ion sencou ntered in practic e, whi c h
havemanyelem e n t s.

• The con seque n ce of equ ation (HL74 .10) is that the standard dev iation ofTY
−is as giv en in equ ation (HL74 .11) abov e;

in the usual situation in practic e, whe re −N >> n, this standard dev iation becomes effective ly that of equation
(HL74 .9), whe reσs is the model parameter repre senting the respondent popula t ion (data) standard dev iationS−.

s.d.(TYj) = S− 1− 1
−N

s.d.(TY
−) = S− 1

n − 1
−N

-----(HL74 .10)

-----(HL74 .11)

√

√

5. The assump tion of anormal model for the shape of the his t ogr amof the (tr ue) respons evariat eY−-v a lue sin the
re spondent popula t ion can be rela xed if we can assume that the Cent r alLi mit Theorem wil l prov ide adequ ate ap-
pr oximateno rma lity of the random variable TY

− repre senting the sample ave r age
T
y− un d er repetit ion.

5. An EPS-Base dProb ability Model for Measuri ng
The respons emodel (HL74 .7), wit h normal re sidu als , fo r equiprobable selecting ove rand ove r can be adapt e dto model the

proces sof measur ing (in d ependently) ove rand ove r the value of a variat efo r a unit, for two rea son s:

* We know from his t ogr ams like those for the paper thicknes sdata in Statis ti c a lHighlig ht #39 (and for the coi n weights in
Figure 6.2 of the STAT 231 200 4Course Mat e ria ls) that nor mal dist rib u tio ns are a reason able model for value sproduced
by (so m e) mea s uring processes.

* We can model mea s uring as a  selecting process: pos sib le value sfo r the variat ebeing mea s ure dcoul d be writ ten on sli ps
of paper, the sli ps placed in a box and a sli p sele cted by EPS; the number on the sli p is then regarded as the ‘mea s ure d’
value; mea s uring ove rand ove rwoul d be model led as selecting sli ps equ iprobably with replacement ove rand ove r.

We the refore write the repon se model for mea s uring
as equ ation (HL74 .12) at the rig ht, whe re:

MY is a random variable whose dis tributio n repre sents the pos sib le value sof the measurement of the respons evariat e
of a unit, if the measuring process were to be repeated ove rand ove ron this unit.

τ is a model parameter which repre sents thetrue valueof the respons evariat eof the unit bei ngmea s ure d.
δ is a model parameter (called thebi as) whi c hrepre sents theinaccurac yof the measuring process; the value ofδ

qu ant ifiesthe inaccur acy of the measuring process – as inaccur acy increa s es(i.e., as accur acy decrea s es), δ increa s es.
R is a random variable (called the resi dua l) whos edist rib u tio n repre sents the pos sib ledi ffere nces, from the structur al

co mponent of the model , of the value of the measurement of the respons evariat eof the unit bei ngmea s ure d,
if the measuring process were to be repeated ove rand ove ron this unit.

σM thesta n dar d devi ation of the nor mal model for the dis tributio n of the residu al, is a model parameter (called
thevariability) whi c hrepre sents theimpre c isi on of the measuring process and descr ibes mea s uring variation if
the mea s uring process were to be repeated ove rand ove ron a unit ; the value ofσM qu ant ifiesthe impre cisio n
of the measuring process – as impre cisio n increa s es(i.e., as pre cisio n decrea s es), σM increa s es.

MY=τ +δ +MR, MR∼ N(0, σM), in d ependent, EPS -----(HL74 .12)

Fo raca libra tedmea s uring sys tem ,where the inaccu-
racy has been (es s entia l ly) rem ove d using a defi ned
st andard, the parameterδ can be omitt e dand the model writt en as equ ation (HL74 .13).

MY=τ +MR, MR∼ N(0, σM), in d ependent, EPS -----(HL74 .13)

NO TES: 6. The abs enc eof the sub scr ipt j onMY andMR in the respons emodels (HL74 .12) and(HL74 .13) is becau se we are
modelling the process of mea s uringon ce the value of a variat efo r a unit.

7. The suf fix M onMY(a n dMR) in the model s(HL74 .12) and(HL74 .13) reminds us we are dealing wit h ameasuredvalue of
a respons evariat e, as dis tin ct from TYj in equation (HL74 .7), the cor responding truevalue for the jth unit in the sample.
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6. A Prob ability Model for Selecting Equ iprob abl y an d Me asuri ng
To obtain a respons emodel for bot hsele cting andmea s uring, two processes responsib le for inco mplet edata and, henc e, for

uncer tain Answe rs, we combin ethe respons emodels (HL74 .7) and(HL74 .13); the res ulting model [equation (HL74 .16) below]
des cribes the processes of EPS of n units from a respondent popula t ion (fo r which −N >> n) and measuring their respons evariat e
value s on ce each wit h aca libra tedmea s uring sys tem .

Equation (HL74 .7) is giv en aga inat the
right, and equ ation (HL74 .13) is rewrit-
ten as equ ation (HL74 .14), whe reτ ha s
been replaced by the ra n dom variable
TYj becaus ewe are mea s uring (on ce) the respons eof thejth unit in the sample se lec ted by EPS; MYj ha sa sub scr ipt j fo r the same
re ason. Als o, the suf fixe sT andM on the residu als are to dis tinguis h the residu als in the two model sfo r sele cting and measur-
ing; thes etwo set sof residu als becomeon eset den otedRj in the combin ed model (HL74 .16) – see equ ation (HL74 .17) below.

Then, writing TYj in equation (HL74 .14) as its expre ssi on in (HL74 .7), we MYj = µ +TRj +MRj, j =1, 2, ....,n
obtain equation (HL74 .15), whi c hwe rewrite
as equ ation (HL74 .16), whe re σ qu antifie s
theover all variation due to both sele cting and measuring [equation (HL74 .17)].

TYj = µ +TRj, j =1, 2, ....,n, TRj ∼ N(0,σs), in d ependent, EPS

MYj = TYj +MRj, j =1, 2, ....,n, MRj ∼ N(0, σM), in d ependent, EPS

MYj = µ +Rj, j =1, 2, ....,n, Rj ∼ N(0,σ), in d ependent, EPS

Rj = TRj +MRj, σ = σs
2 +σM

2

-----(HL74 .7)

----(HL74 .14)

----(HL74 .15)

----(HL74 .16)

----(HL74 .17)√

NO TES: 8. In this Highlig ht #74 ,we hav edeve loped a model for selecting andmea s uring by combin ing sep arate model sfo r the
two processes; indoing so, we dis tinguis h tr ue and measure dre spons evariat evalue s(TYj andMYj ). After dis cus sing
this dis tin ction here, the data we encou nter els ewhe re are essentia l ly always obtain ed by mea s uring and exp licit
consid eration of the true valueTYj of equation (HL74 .7) seldom arises. For conve n ienc e, we wil l therefore usually
writ e the model (HL74 .16) as at
the rig ht wit hou t the suf fix M.

• MYj andYj in equation (HL74 .16) is the quantity defi ned early in Section 3 on the secon dsi de (page HL7 4.2) of
this Highlig ht #74 – this defi nit ion involvesboth sele cting and measuring ; conc eptually, we hav ere ache dthe
se con dsample ellipse in the schema at the lowe rright of the first sid e(page HL7 4.1) of this Highlig ht #74 .

9. Base don the model (HL74 .16), equ ation (HL74 .18) at the rig ht des cribes
the beh aviour of the random variable repre senting the sample ave r age,
y−, sub ject to variation from both equiprobable selecting and measuring.

• Despit e the app are n t si milarity of equ ation s (HL74 .3) and (HL74 .18), their derivation sand the int e rpret ation
of Y−, µ andσ differ in statis ti c a l ly vit al ways .

Yj = µ +Rj, j =1, 2, ....,n, Rj ∼ N(0,σ), in d ependent, EPS

Y−∼ N(µ,σ 1
n), EPS

----(HL74 .16)

----(HL74 .18)
√

7. Appendix 1: A Compari son of Approache sto Modelling the Behav iour of Y−

Three approaches to model ling the beh aviour of the sample ave r age, as a basis for estim ating the respondent popula t ion
av erage, are dis cus s ed in this Highlig ht #74 ; this Appendix 1 pre sents an ove rvie w of the stre ngt hs and weaknesses of each.

* Pr obability model ling st arts wit h the nor mal model (HL74 .1) and then uses probability theor y fo r random variable sto obtain
the model (HL74 .3); the weakness of this approach for sta tis tics is that the idea sof Section s2 to 6, and the assump tion sthey
ma keexplicit, are only implicit. It is likely to be uncle ar to the beginning student why statements like equ ation s(HL74 .1) and
(HL74 .3) can be use dto descr ibe the real-world processes of selecting (and measuring,
if i t is eve nconsid ere din this approach) and it is easy for statis ti c a lpracti ce base d
on the probability approach to ove r look essentia l co mponents of the Pla n.

* The resp onse model (HL74 .16), as dev elo ped on the basis of the sa m e
probability model s(HL74 .1) and(HL74 .3), recog n izes exp licit ly Que s tion
fo rmu lation (vi a consid eration of the targe t, study and respondent popu -
la t ion s) and pro per tie sof the selecting and measuring processes needed
ed as a basis for the relev a n tprobability model s, writt en as the respons e
models (HL74 .7) and (HL74 .14). This approach the refore ove rco m e s
the weaknesses of the probability model ling approach, albeit at the cos t
of more det ail in pre sent ation; the final probability expre ssi on for the
behaviour of Y−, inv olv ing variation from both sele cting and measuring, is
equation (HL74 .18). A we a kness of this approach is that it does not re-
cognize exp licit ly the finite size (−N elem e n t s) of the respondent popula t ion.

* The so-calleddesign-base dap proach dev elo ped in Statis ti c a lHighlig ht #77,
base don the equ iprobable selecting of the sampling protocol, inco rporates the finite
si ze (−N elem e n t s) of the respondent popula t ion, but it cannot easily take direct accou nt of mea s urement error. Its expre ssi on for
the beh aviour of TY

− is equation (HL74 .19); theappr oximateno rma lity comes from the Cent r alLi mit Theorem approxi mation.

EstimatingY−− using the model s(HL74 .3), (HL74 .18) and(HL74 .19) requ ire sanes tim ateof σ or S−, customarily taken as thesa m p le

Y∼ N(µ,σ)

Y−∼ N(µ,σ 1
n)

TYj = µ +TRj, j =1, 2, ....,n,
TRj ∼ N(0,σs), indep., EPS

MYj = TYj +MRj, j =1, 2, ....,n,
MRj ∼ N(0, σM), indep., EPS

Yj = µ +Rj, j =1, 2, ....,n,
Rj ∼ N(0,σ), indep., EPS

Y−∼ N(µ,σ 1
n), EPS

TY
−∼.. N(Y−−, S− 1

n − 1
−N

), EPS

-----(HL74 .1)

-----(HL74 .3)

-----(HL74 .7)

----(HL74 .14)

----(HL74 .16)

----(HL74 .18)

----(HL74 .19)

√

√

√
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RESPONSE MOD ELS IN STAT 231: Modelling Sample Err or and Measurement Err or (continue d 2)

st andard dev iation, s. Becau se s is calcula ted from measuredvalue sof the respons evariat e, its value in cludes variation due to
mea s uringas wel l assele cting; this inclusio n is model led in (HL74 .18) but is afo rtuit ousbenefit for (HL74 .3) and(HL74 .19).
Thus, the model (HL74 .18), der ive dfr om the respons emodel (HL74 .16), provi des a basis for statis ti c a lpracti ce that is mis sing from
(HL74 .3); the addit ion a lin sig ht from (HL74 .19) is that the mul t i p lie r of S− in the standard dev iation ofTY

−ha swe a kdependenc eon
−N; ign oring −N in (HL74 .18) is justifie d prov ide dthe sample size is asm all pro por tion of the respondent popula t ion size (n <<−N).

8. Appendix 2: Us ing the Response Model for Measuri ng
When inv estig a t i ng the inaccur acy and impre cisio n of a mea s uring sys tem [often as par t of broader dat a-base dinve s tig a-

ting to answe r Questio n(s) of int e rest], a com mon approach is to make m independent measurements of the same value. The
ap pro priat ere spons emodels are show n
at the rig ht as equ ation s(HL74 .20) and
(HL74 .21); the for mer is appli c able when
mea s uring aknownvalue to inv estig a te
both inaccur acy and im pre cisio n, whe re-
as the latt e ris use dwhen inv estig a t i ng only impre cisio n ; the two for ms of (HL74 .20) differ in whether the mea s ure dvalue or its
differenc efr om the true value is taken as the respons evariat e– one or the othe rmay be more conve n ient, depending on con tex t.

MYj =τ +δ +MRj, j =1, 2, ....,m, MRj ∼ N(0, σM), in d ependent, EPS

MYj −τ = δ +MRj, j =1, 2, ....,m, MRj ∼ N(0, σM), in d ependent, EPS

MYj =τ +MRj, j =1, 2, ....,m, MRj ∼ N(0, σM), in d ependent, EPS

----(HL74 .20)

----(HL74 .20)

----(HL74 .21)

Example HL74.2: A medical laborato ry pur c h ases a standard, cer tifie d to con tain 200 mg/dL of chole s terol , to calib r ate its pro -
cess for mea s uring ser um chole s terol leve ls; dat afr om 15 mea s urements taken ove ran 8-hou rday were:

Av . S.d.
Ta ble

HL74.2:
Me asure dvalue (Myj) 194 196 202198 195 188 203200 196 195 198 202203 201 199 198 4.1 231

Me asure d− tr ue value (Myj −τ) −6 −4 2 −2 −5 −12 3 0 −4 −5 −2 2  3 1 −1 −2 4.1 231

Thes edata show that: the estim ate of mea s uring inaccurac y(r e pre sent e din the model by δ) is −2 mg/dL;
the estim ate of mea s uring impre c isi on (r e pre sent e din the model by σM) is 4.1 mg/dL.

With inaccur acy estim ated to be about half the mag n itude of impre cisio n, the for mer may hav eli ttle prac-
ti c a l im por tanc e he re, but more det ailed int e rpret ation of thes edata requi re sex tra -st atis ti c a lknow ledge.

NO TE: 10 . Un d er the idealiz ation sof the model s(HL74 .20) and(HL74 .21), it can be shown that, for mea s uring processes:

• in accur acy is unaffe cted by ave r agi ng – looking ahea d, one ave r age is the estim ate of the in ter cep tof the cen -
tred for mof the straig ht-lin emodel in sim p le lin ear reg res sio n (s ee pag eHL73.2 in Statis ti c a lHighlig ht #73).

• in accur acy is re movedby differencing – differenc esoccur when comparing and when calcula t i ng(d ata) standard
devi a t io ns and thesl opeof the straig ht-lin eregres sio n model (se epage HL73. 2in Statis ti c a lHighlig ht #73).

9. Appendix 3: The Set of All Possible Samples from a Popul ation
Se ction 3 introduced the idea of all pos sib le samples that can be selected from a popula t ion. The set sof ten and nine his t ogr ams

on pag es HL7 4.6 and HL7 4.7 illust r ate this idea for a popula t ion of−N =10 elem e n t swith respons evariat evalue sY− =1, 2, .....,10.
Thes ehis t ogr ams, for sample ave r age sand sample (data) standard dev iation s, show impor tant pro per tie sof the selecting process.

* The sample ave r age takes a value whi c h is det e rmine dby the par ticular sample selected; thes evalue s ,ov er the set of all
possib le samples of a giv en size, for m a dis tribution; unde rEPS,this is the dis tribution of the random variableY−, a  res ult
that cou ld be calledThe Fundamental Theor e mof Statist icsby analog ywith The Fun d a m e n tal Theorem of Calculu s.
−− The mean of this dis tributio n is thepopu lation av erage – this is theunbi ase dnessun d er EPS of the sample ave r age as an

estim ato r of the popula t ion ave r age (se ethe secon dcolu mn of Table HL7 4.3 in Appendix 4 on pag eHL74 .8).

−− The standard dev iation of this dis tributio n is giv en by equ ation (HL74 .11) except that, becaus es.d.(Y−) is apr obabi lis tic
st andard dev iation and sy− (give n in the thi rd colum nof Table HL7 4.3 in Appendix 4) is adata st andard dev iation, the
fo rme ris k/(k −1) tim e sthe latt e r, whe re k is (−Nn), the number of pos sib le (un ordered) samples of size n.

* The dis tributio n of sample ave r age sreminds us that for theparticular sample selected when exe cuting the Pla nfo r an inv esti-
gation, its sample error is unknow n– its att rib u t emay be clo se to the popula t ion attribute or (so m etim e s) it may not be; that
is ,an Answe rha ssampling un cer tai nty, meaning we cannot knowhow clo se an Answe robtain ed by sampling is to the truth.

* Thedecrea sing variation of the value sof sample ave r age swith increa sing sample size, visib le as the decrea sing widt h down
the pag eof the his t ogr ams of sample ave r age s , il lust r ates sampling impre c isi on de cre asi ngwith inc rea sing sa m p lesize; i.e.,
un d er EPS, inc rea sing sample size decre ases the ave r age mag n itude of sample error and so decre ases sampling unc e rtain ty.

* The change in dis tributio n shape, mos tnoti c able as the sample size inc rea s esfr om 1 to 2, illust r ates the ideabehin dthe Cen -
tral Lim it Teh oerem – anon-nor mal (un ifor m) dis tributio n st arting to show the cent r al‘heapi ng’ of the nor mal dist rib u tio n.
−− The heapi ng, whi c hfirst appears when n=2, persi sts up to n=8 and then disappears; this is likely the effect of depen-

dence among samples, whi c h consis t of mos t of the ele ments in the popula t ion, becoming dominant ove r the heapi ng
proces sreminiscent of the Cent r alLi mit Theorem .

√

200 4-08-20

(cont inued overleaf )



Un ive rsity of Wat e r loo W. H. Che rry

#HL74 .6

9. Appendix 3: The Set of All Possible Samples from a Popul ation (continue d)

Thes eten his t ogr ams show the dist rib u tio n of the aver agesof all pos sib le
samples of a giv en size that can be selected withou t replacement from a popu -
la t ion of−N =10 elem e n t s ,whos ere spons evariat evalue sareY− =1, 2, .....,10.
[A his t ogr amof thes eten popula t ion resp onseswoul d be like that giv en at the
right for the ave r age sof the ten pos sib le samples of size 1.]
The decre asi ngve rti c a laxis scale unit dow nthe pag ere duces the vis u al imp act of inc rea s-
ing his t ogr amheig ht; bar freq uen ciesare giv en by the numbers at the tops of the bars.

Abov eeach his t ogr am ,except the one at the bottom rig ht of the pag e:

• the upper bol d ar row ( ) indicates the value of thepopu lation av erageY−− = 5.5;

• the lowe rar row ( ) indicates theaver ageof the set of sa m p leav erage s(y−−= 5.5);

• the upper bar ( ) crossing the lowe rar row has a lengt hequal to the value of the
(d ata) sta n dar d devi ation of the set of sample ave r age s;

• the lowe rsu ch bar shows thera ngeof the set of sample ave r age s.
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Samp le size 9: 10 samples
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Samp le size 10: A censu s
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RESPONSE MOD ELS IN STAT 231: Modelling Sample Err or and Measurement Err or (continue d3)

Thes enine his t ogr ams show the dist rib u tio n of the (data) sta n dar d devi ationsof
all pos sib le samples of a giv en size that can be selected withou t replacement from a
popula t ion of−N =10 elem e n t s ,whos ere spons evariat evalue sareY− =1, 2, .....,10.
[A his t ogr amof thes eten popula t ion resp onseswoul d be like that giv en at the top
right of the facing pag eHL74 .6 for the ave r age sof the ten pos sib le samples of size 1.]
The decre asi ng ve rti c a l axis scale unit dow n the pag e re duces the vis u al imp act of inc rea sing
his t ogr amheig ht; bar freq uen ciesare giv en by the numbers at the tops of the bars.

Abov eeach his t ogr am ,except the one at the bottom rig ht of the pag e:

• the upper bol d ar row ( ) indicates the value of thepopu lation st andard dev iationS− = 3.027 650;

• the lowe rar row ( ) indicates theaver age (s−) of the set of sa m p le(d ata) standard dev iation s;

• the upper bar ( ) crossing the lowe rar row has a lengt hequal to the value of the (data)
sta n dar d devi ation of the set of sample (data) standard dev iation s;

• the lowe rsu ch bar shows thera ngeof the set of sample (data) standard dev iation s.
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Samp le size 2: 45 samples
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Samp le size 3: 120 samples
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Samp le size 4: 210 samples
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Samp le size 5: 252 samples
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Samp le size 6: 210 samples
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Samp le size 7: 120 samples
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Samp le size 8: 45 samples
2

1

0

1.75

1.5

1.25

.75

.5

.25

P
r
o
p
o
r
t
i
o
n
p
e
r
u
n
i
t

0 1 2 3 4 5 6 7

3

8

17

14

3

............................................................................................................................................................................................................................................................................................................................................................................................................
...
...
...
...
...
.

s

Samp le size 9: 10 samples
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Samp le size 10: A censu s
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9. Appendix 3: The Set of All Possible Samples from a Popul ation (continue d)

* The his t ogr ams of sample (data) standard dev iation sil lust r ate two differenc esfr om sample ave r age s:
−− thei r dist rib u tio ns are nar rowe r(e ven wit h asm aller scale unit on the horizont alaxis) and are not sym met rical;
−− the sample (data) standard dev iation isnotan unbia s ed estim ato r of the popula t ion (data) standard dev iation, but the estim a-

ting bia sde cre ases as sample size inc rea s es[s ee Appendix 3 on pag es HL77.9 and HL77. 10 in Statis ti c a lHighlig ht #77.]
Estimating bia sis unli kesampling and measuring inaccur acy which donotde cre ase wit h in cre asi ngsample size.

10. Appendix 4: Data Set sfo r Ap pendix 3
The his t ogr ams in Appendix 3 were con str ucted from the data tabula ted bel owand on the facing pag eHL74 .9. The ave r age

(y−−) and (data) standard dev iation (sy−) of the sample ave r age sfo r each sample size (n) are giv en in the secon dand thi rd colum ns of the
table bel ow, as are the ave r age (s−) and (data) standard dev iation (ss) of the sample (data) standard dev iation son the facing pag eHL74 .9.

Ta ble HL7 4.3
n y−− sy− Orde red Sample Ave rage s(y−)

1 11/2 3.0277 1 2 3 4 5  6 7 8 9 10

2 11/2 1.9365 3/2 2 5/2 5/2 3 3 7/2 7/2 7/2 4 4 4 9/2 9/2 9/2 9/2 5 5 5 5  11/2 11/2 11/2 11/2 11/2
6 6  6  6 13/2 13/2 13/2 13/2 7 7 7 15/2 15/2 15/2 8 8 17/2 17/2 9 19/2

3 11/2 1.4686 2 7/3 8/3 8/3 3 3 3 10/3 10/3 10/3 10/3 11/3 11/3 11/3 11/3 11/3 4  4  4  4 4 4 4 13/3 13/3
13/3 13/3 13/3 13/3 13/3 13/3 14/3 14/3 14/3 14/3 14/3 14/3 14/3 14/3 14/3 5 5 5 5 5  5 5 5 5 5
16/3 16/3 16/3 16/3 16/3 16/3 16/3 16/3 16/3 16/3 17/3 17/3 17/3 17/3 17/3 17/3 17/3 17/3 17/3 17/3 6 6 6 6 6

6 6 6 6 6  19/3 19/3 19/3 19/3 19/3 19/3 19/3 19/3 19/3 20/3 20/3 20/3 20/3 20/3 20/3 20/3 20/37 7 7
7 7 7 7 22/3 22/322/3 22/3 22/3 23/3 23/3 23/3 23/38 8  8 25/3 25/3 26/3 9

4 11/2 1.1 754 5/2 11 /4 3  3 13/4 13/4 13/4 7/2 7/2 7/2 7/2 7/2 15/4 15/4 15/4 15/4 15/4 15/4 4 4 4 4 4 4 4
4 4 17/4 17/4 17/4 17/4 17/4 17/4 17/4 17/4 17/4 17/4 9/2 9/2 9/2 9/2 9/2 9/2 9/2 9/2 9/2 9/2 9/2 9/2 9/2

19/4 19/4 19/4 19/4 19/4 19/4 19/4 19/4 19/4 19/4 19/4 19/4 19/4 19/4 5 5 5 5 5 5  5 5 5 5 5
5 5 5 5 5  21/4 21/4 21/4 21/4 21/4 21/4 21/4 21/4 21/4 21/4 21/4 21/4 21/4 21/4 21/4 21/4 11/2 11/2 11/2 11/2

11 /2 11/2 11/2 11/2 11/2 11/2 11/2 11/2 11/2 11/2 11/2 11/2 11/2 11/2 23/4 23/4 23/4 23/4 23/4 23/4 23/4 23/4 23/4 23/4 23/4
23/4 23/4 23/4 23/4 23/4 6 6 6 6 6  6 6 6 6 6  6 6 6 6 6  6 25/4 25/4 25/4 25/4
25/4 25/4 25/4 25/4 25/4 25/4 25/4 25/4 25/4 25/413/2 13/2 13/2 13/2 13/2 13/2 13/2 13/2 13/2 13/2 13/2 13/2 13/2 27/4 27/4
27/4 27/4 27/4 27/4 27/4 27/4 27/4 27/47 7  7 7 7 7 7  7 7 29/4 29/4 29/4 29/4 29/4 29/415/2 15/2
15/2 15/2 15/2 31/4 31/4 31/4 8  8 33/4 17/2

5 11/2 0.9593 3 16/5 17/5 17/5 18/5 18/5 18/5 19/5 19/5 19/5 19/5 19/5 4 4 4  4 4 4 4 21 /5 21/5 21/5 21/5 21/5 21/5
21 /5 21/5 21/5 22/5 22/5 22/5 22/5 22/5 22/5 22/5 22/5 22/5 22/5 22/5 23/5 23/5 23/5 23/5 23/5 23/5 23/5 23/5 23/5 23/5 23/5
23/5 23/5 23/5 24/5 24/5 24/5 24/5 24/5 24/5 24/5 24/5 24/5 24/5 24/5 24/5 24/5 24/5 24/5 24/55 5 5 5 5 5

5 5 5 5 5  5 5 5 5 5  5 5 26/5 26/5 26/5 26/5 26/5 26/5 26/5 26/5 26/5 26/5 26/5 26/5 26/5
26/5 26/5 26/5 26/5 26/5 26/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5 27/5
27/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 28/5 29/5 29/5 29/5 29/5
29/5 29/5 29/5 29/5 29/5 29/5 29/5 29/5 29/5 29/5 29/5 29/5 29/5 29/5 29/56 6 6 6 6  6 6 6 6 6

6 6 6 6 6  6 6 6 31 /5 31/5 31/5 31/5 31/5 31/5 31/5 31/5 31/5 31/5 31/5 31/5 31/5 31/5 31/5 31/5 32/5
32/5 32/5 32/5 32/5 32/5 32/5 32/5 32/5 32/5 32/5 32/5 32/5 32/5 33/5 33/5 33/5 33/5 33/5 33/5 33/5 33/5 33/5 33/5 33/5 34/5
34/5 34/5 34/5 34/5 34/5 34/5 34/5 34/57 7  7 7 7 7 7 36/5 36/5 36/5 36/5 36/5 37/5 37/5 37/5 38/5 38/5
39/5 8

6 11/2 0.7 836 7/2 11 /3 23/6 23/6 4 4 4 25/6 25/6 25/6 25/6 25/613/3 13/3 13/3 13/3 13/3 13/3 9/2 9/2 9/2 9/2 9/2 9/2 9/2
9/2 9/2 14/3 14/3 14/3 14/3 14/3 14/3 14/3 14/3 14/3 14/3 29/6 29/6 29/6 29/6 29/6 29/6 29/6 29/6 29/6 29/6 29/6 29/6 29/6
5 5 5 5 5  5 5 5 5 5  5 5 5 5 31 /6 31/6 31/6 31/6 31/6 31/6 31/6 31/6 31/6 31/6 31/6

31 /6 31/6 31/6 31/6 31/6 16/3 16/3 16/3 16/3 16/3 16/3 16/3 16/3 16/3 16/3 16/3 16/3 16/3 16/3 16/3 16/3 11/2 11/2 11/2 11/2
11 /2 11/2 11/2 11/2 11/2 11/2 11/2 11/2 11/2 11/2 11/2 11/2 11/2 11/2 17/3 17/3 17/3 17/3 17/3 17/3 17/3 17/3 17/3 17/3 17/3
17/3 17/3 17/3 17/3 17/3 35/6 35/6 35/6 35/6 35/6 35/6 35/6 35/6 35/6 35/6 35/6 35/6 35/6 35/6 35/635/6 6 6 6 6

6 6 6 6 6  6 6 6 6 6 37/6 37/6 37/6 37/6 37/6 37/6 37/6 37/6 37/6 37/6 37/6 37/6 37/619/3 19/3
19/3 19/3 19/3 19/3 19/3 19/3 19/3 19/3 13/2 13/2 13/2 13/2 13/2 13/2 13/2 13/2 13/2 20/3 20/3 20/3 20/3 20/3 20/341 /6 41/6
41 /6 41/6 41/6 7  7 7 43/6 43/6 22/315/2

7 11/2 0.6294 4 29/7 30/7 30/731 /7 31/7 31/7 32/7 32/7 32/7 32/7 33/7 33/7 33/7 33/7 33/7 34/7 34/7 34/7 34/7 34/7 34/7 34/75 5
5 5 5 5 5  5 36/7 36/7 36/7 36/7 36/7 36/7 36/7 36/7 36/7 37/7 37/7 37/7 37/7 37/7 37/7 37/7 37/7 37/7 37/7

38/7 38/7 38/7 38/7 38/7 38/7 38/7 38/7 38/7 38/7 39/7 39/7 39/7 39/7 39/7 39/7 39/7 39/7 39/7 39/7 40/7 40/7 40/7 40/7 40/7
40/7 40/7 40/7 40/7 40/7 41 /7 41/7 41/7 41/7 41/7 41/7 41/7 41/7 41/7 6  6 6 6 6 6  6 6 43/7 43/7 43/7
43/7 43/7 43/7 43/7 44/7 44/7 44/7 44/7 44/745/7 45/7 45/7 45/7 46/7 46/7 46/7 47/7 47/7 48/7 7

8 11/2 0.4841 9/2 37/8 19/4 19/4 39/8 39/8 5 5 5 41 /8 41/8 41/8 21/4 21/4 21/4 21/4 43/8 43/8 43/8 43/8 11 /2 11/2 11/2 11/2 11/2
45/8 45/8 45/8 45/8 23/4 23/4 23/4 23/447/8 47/8 47/8 6 6 6 49/8 49/825/4 25/4 51 /8 13/2

9 11/2 0.3364 5 46/9 47/9 16/3 49/9 50/9 17/3 52/953/9 6

AC KNOWL E DGEMENTS: The numbers in the table sin Appendix 4 were kin dly calcula ted by Profe sso rR.W. Oldfo r dusing Quail.
The dev elo pment of the model for sample and measurement error in Section 6 on pag eHL74 .4 is base don
id e as in Chapt e r5 of the 200 4Course Not esfo r St atis ti cs 231, by Profe sso rs R.W. Oldfo r dand R.J. MacKay.

200 4-08-20 (cont inued)



#H
L74 .9

Un ive rsity of Wat e r loo W. H. Che rry[St atistical Highlight #74]
__________________
__________________

RESPONSE MOD ELS IN STAT 231: Modelling Sample Err or and Measurement Err or (continue d4)
Ta ble HL7 4.4

n s− ss Orde red Sample (Data) Standard Dev iat ions (s)
2 2.5927 1.5811 0.7 071 0.7 071 0.7 071 0.7 071 0.7 071 0.7 071 0.7 071 0.7 071 0.7 071 1.4142 1.4142 1.4142 1.4142 1.4142 1.4142 1.4142 1.4142 2.1 213 2.1 213 2.1 213 2.1 213 2.1 213 2.1 213 2.1 213 2.8284

2.8284 2.8284 2.82842.8284 2.8284 3. 5355 3.5355 3.5355 3.5355 3.5355 4.2426 4.2426 4.2426 4.2426 4.9497 4.9497 4.9497 5.6568 5.6568 6.3639

3 2.8443 1.0 418 1 1 1 1 1  1 1 1 1. 5275 1.5275 1.5275 1.5275 1.5275 1.5275 1.5275 1.5275 1.5275 1.5275 1.5275 1.5275 1.5275 1.5275 2  2 2
2 2 2 2.0817 2.0817 2.0817 2.0817 2.0817 2.0817 2.0817 2.0817 2.0817 2.0817 2.0817 2.0817 2.5166 2.5166 2.5166 2.5166 2.5166 2.5166 2.5166 2.5166 2.5166 2.5166

2.6458 2.6458 2.6458 2.6458 2.6458 2.6458 2.6458 2.6458 2.6458 2.6458 3 3 3 3 3.0551 3.0551 3.0551 3.0551 3.0551 3.0551 3.0551 3.0551 3.2146 3.2146 3.2146
3. 2146 3.2146 3.2146 3.2146 3.2146 3.511 9 3. 511 9 3. 511 9 3. 511 9 3. 511 9 3. 511 9 3.6056 3.6056 3.6056 3.6056 3.6056 3.6056 3.7 859 3.7 859 3.7 859 3.7 859 3.7 859 3.7 859 4 4
4.0415 4.0 415 4.0 415 4.0 415 4.1 633 4.1 633 4.1 633 4.1 633 4.3589 4.3589 4.3589 4.3589 4.5092 4.5092 4.5826 4.5826 4.7258 4.7258 4.9329 4.9329

4 2.9317 0.7 5 80 1.2910 1.2910 1.2910 1.2910 1.2910 1.2910 1.2910 1.7 078 1.7 078 1.7 078 1.7 078 1.7 078 1.7 078 1.7 078 1.7 078 1.7 078 1.7 078 1.7 078 1.7 078 1.8257 1.8257 1.8257 1.8257 1.8257 1.8257
2.0817 2.0817 2.0817 2.0817 2.0817 2.1 602 2.1602 2.1602 2.1602 2.1602 2.1602 2.1602 2.1602 2.1602 2.1602 2.21 7 4 2. 2174 2.2174 2.2174 2.2174 2.2174 2.2174 2.2174 2.2174 2.2174
2. 3805 2. 3805 2. 3805 2. 3805 2. 3805 5/2 5/2 5/2 5/2 5/2 5/2 5/2 5/2 2. 5820 2.5820 2.5820 2.5820 2.63002.6300 2.6300 2.6300 2.63002.6300 2.63002.6300
2.6458 2.6458 2.6458 2.6458 2.6458 2.6458 2.6458 2.6458 2.7 538 2.75 38 2.7 538 2.75 38 2.7 538 2.75 38 2.7 538 2.75 38 2.8868 2.88682.8868 2.9439 2.9439 2.94392.9439 2.94392.9439
2.9439 2.9439 2.94392.9439 2.9861 2.9861 2.9861 2.9861 2.9861 2.9861 3.0957 3.0957 3.0957 3.0957 3.0957 3.0957 3.1 091 3.1 091 3.1 091 3.1 091 3.1 091 3.1 091 3.1 091 3.1 091 3.1 091
3.1623 3.1 623 3.1 623 3.1 623 3.1 623 3.1 623 3.3040 3.3040 3.3040 3.3040 3.3040 3.3040 3.3040 3.3040 3.3040 3.3040 3.3665 3.3665 3.4034 3.4034 3.4034 3.4034 3.4157 3.4157 3.4157
3.41 57 7/2 7/2 7/2 7/2 3. 511 9 3. 511 9 3. 511 9 3. 5590 3.5590 3.5590 3.5590 3.5940 3.5940 3.5940 3.5940 3.5940 3.5940 3.5940 3.5940 3.6515 3.6515 3.6968 3.6968 3.6968
3.6968 3.6968 3.7 417 3.7 417 3.7749 3.7749 3.8622 3.8622 3.8622 3.8622 3.8622 3.8622 3.8730 3.8730 3.8730 3.915 8 3.91 58 4.0311 4.0311 4.0311 4.0311 4.0 415 4.0 415 4.0825 4.0825
4.0825 4.0825 4.1130 4.1130 4.2032 4.2426 4.2426 4.4253 4.4253 4.6547

5 2.9719 0.5793 1.5811 1.5811 1.5811 1.5811 1.5811 1.5811 1.9235 1.9235 1.9235 1.9235 1.9235 1.9235 1.9235 1.9235 1.9235 1.9235 2.0736 2.0736 2.0736 2.0736 2.0736 2.07362.0736 2.07362.0736
2.0736 2.2361 2.2361 2.2361 2.2361 2.3022 2.3022 2.3022 2.3022 2.3022 2.3022 2.3022 2.3022 2.3875 2.3875 2.3875 2.3875 2.3875 2.3875 2.3875 2.3875 2.4083 2.40832.4083 2.4083
2.4083 2.4083 2.40832.4083 2.5495 2.5495 2.5495 2.5495 2.5884 2.5884 2.5884 2.5884 2.5884 2.5884 2.5884 2.5884 2.5884 2.5884 2.5884 2.5884 2.5884 2.5884 2.7019 2.7 019 2.7 019
2.7019 2.7 019 2.7 019 2.7 019 2.7 019 2.7 019 2.7 019 2.7 019 2.7 019 2.7386 2.7386 2.7386 2.7386 2.7386 2.7386 2.7749 2.7749 2.7749 2.7749 2.7749 2.7749 2.86362.8636 2.86362.8636
2.8636 2.86362.8810 2.8810 2.8810 2.8810 2.8810 2.8810 2.9155 2.9155 2.9155 2.9155 2.9155 2.9155 2.9155 2.9155 2.9665 2.96652.9665 2.9665 3.0332 3.0332 3.0332 3.0332 3.0 496
3.0496 3.0 496 3.0496 3.0 496 3.0496 3.0 496 3.0496 3.0 496 3.0496 3.114 5 3.11 45 3.114 5 3.11 45 3.114 5 3.11 45 3.114 5 3.11 45 3.114 5 3.11 45 3.114 5 3.11 45 3.114 5 3.11 45 3.1 623 3.1 623
3.1623 3.1 623 3.1 623 3.1 623 3.1 937 3.1 937 3.1 937 3.1 937 3.2094 3.2094 3.2094 3.2094 3.2094 3.2094 3.2094 3.2094 3.2711 3.2711 3.2711 3.2711 3.2711 3.2711 3.3466 3.3466 3.3466
3. 3466 3.361 5 3. 361 5 3. 361 5 3. 361 5 3. 361 5 3. 361 5 3. 361 5 3. 361 5 3. 391 2 3. 391 2 3. 391 2 3. 391 2 3. 391 2 3. 391 2 3.4205 3.4205 3.4351 3.4351 3.4351 3.4351 3.4928 3.4928 3.5071 3.5071
3. 5071 3.5071 3.5355 3.5355 3.5355 3.5355 3.5355 3.5355 3.5637 3.5637 3.5637 3.5637 3.5637 3.5637 3.5637 3.5637 3.5777 3.5777 3.6469 3.6469 3.6469 3.6469 3.6469 3.6469 3.6469
3.6469 3.6742 3.6742 3.7 014 3.7 014 3.7 014 3.7 014 3.7 014 3.7 014 3.7 815 3.7 815 3.8341 3.8341 3.8471 3.8471 3.8730 3.8730 3.911 5 3.9115 3.9623 3.9623 4.0373 4.0373 4.0866 4.0866
4.1833 4.1 833

6 2.9939 0.4516 1.8708 1.8708 1.8708 1.8708 1.8708 2.1602 2.1602 2.1602 2.1602 2.1602 2.1602 2.1602 2.1602 2.31 66 2.3166 2.3166 2.3166 2.3166 2.3166 2.3166 2.3166 2.3664 2.3664 2.3664 2.3664
2.4290 2.4290 2.42902.4833 2.4833 2.4833 2.4833 2.4833 2.48332. 5820 2.5820 2.5820 2.5820 2.5820 2.5820 2.6077 2.6077 2.60772.6077 2.6077 2.6077 2.63942.6394 2.63942.6394
2.6394 2.63942.7325 2.7325 2.7325 2.7325 2.7386 2.7386 2.7386 2.7869 2.7869 2.7869 2.7869 2.7869 2.7869 2.8048 2.8048 2.8048 2.8048 2.8048 2.8048 2.82842.8284 2.82842.8284
2.8577 2.8577 2.8577 2.8577 2.8810 2.8810 2.8810 2.8810 2.8810 2.8810 2.8810 2.8983 2.8983 2.9269 2.9269 2.9269 2.92689 2.94392.9439 2.9439 2.9439 3.0111 3.0111 3.0111 3.0111
3.0166 3.0332 3.0332 3.0332 3.0332 3.0605 3.0605 3.0605 3.0605 3.0605 3.0605 3.0768 3.0768 3.0768 3.0768 3.0822 3.0822 3.0822 3.0822 3.1 411 3.1 411 3.1 411 3.1 411 3.1 411 3.1 411
3.1623 3.1 623 3.1 885 3.1 885 3.1 885 3.1 885 3.1 885 3.1 885 3.1 885 3.1 885 3.2042 3.2042 3.2249 3.2249 3.2660 3.2660 3.2660 3.2660 3.2660 3.2660 3.2711 3.2711 3.2711 3.2711 3.2711
3. 2711 3.2711 3.311 6 3. 311 6 3. 311 6 3. 311 6 3. 311 6 3. 311 6 3. 311 6 3. 311 6 3. 311 6 3. 311 6 3. 3267 3.3267 3.3466 3.3466 3.3862 3.3862 3.391 2 3. 391 2 3. 391 2 3.4059 3.4059 3.4303 3.4303
3.4448 3.4448 3.4641 3.4641 3.4881 3.4881 3.5024 3.5024 3.5071 3.5071 3.5449 3.5449 3.5590 3.5590 3.5590 3.5590 3.5777 3.5777 3.6194 3.6560 3.6560 3.6560 3.6560 3.6697 3.6697
3.7283 3.7 417 3.7 417 3.7 639 3.7 639 3.7 639 3.7 639 3.8297 3.8297 3.9370

7 3.0075 0.3505 2.1602 2.1602 2.1602 2.1602 2.4103 2.4103 2.4103 2.4103 2.4103 2.4103 2.5635 2.5635 2.5635 2.5635 2.5635 2.5635 2.6367 2.6367 2.6367 2.6367 2.6367 2.63672.6458 2.6458 2.690 4
2.690 4 2.690 4 2.690 42.7946 2.7946 2.7946 2.7946 2.82002.8200 2.8200 2.8200 2.8702 2.8702 2.8702 2.8702 2.8785 2.8785 2.8785 2.8785 2.911 4 2.911 4 2.9439 2.94392.9921 2.9921
2.9921 2.9921 2.9921 2.9921 3.0237 3.0237 3.0237 3.0237 3.0394 3.0394 3.0394 3.0394 3.0394 3.0394 3.0551 3.0551 3.1 0 15 3.1 0 15 3.1 0 15 3.1 0 15 3.1 091 3.1 091 3.1 320 3.1 320 3.1 320
3.1320 3.1 320 3.1 320 3.1 472 3.1 472 3.1 848 3.1 848 3.2071 3.2071 3.251 4 3. 251 4 3. 251 4 3. 251 4 3. 2587 3.2587 3.2660 3.2660 3.2878 3.2878 3.3381 3.3381 3.3523 3.3523 3.3523 3.3523
3. 3665 3.3665 3.4087 3.4087 3.4365 3.4365 3.4365 3.4365 3.4641 3.4641 3.4983 3.4983 3.5051 3.5051 3.5322 3.5322 3.5989 3.5989 3.6384 3.6384

8 3.0165 0.2627 2.44952.4495 2.44952.6693 2.6693 2.6693 2.66932.815 8 2.815 8 2.815 8 2.815 8 2.8785 2.9001 2.9001 2.9001 2.9001 2.9155 2.9155 2.9277 2.9277 3.0208 3.0208 3.0 443 3.0443 3.1 053
3.1053 3.1168 3.1168 3.1 368 3.1 368 3.1 623 3.2071 3.2071 3.2486 3.2486 3.2705 3.2705 3.2842 3.2842 3.3381 3.3700 3.3700 3.3780 3.3780 3.4226

9 3.0229 0.1 789 2.7386 2.7386 2.9345 2.9345 3.0732 3.0732 3.1 623 3.1 623 3.2059 3.2059

10 3.0277 --- 3.0277
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11 . Ap pendix 5: Samp ling Pro toco ls Beyon d EPS [The tit le matt e rof Statis ti c a lHighlig ht #85.]

Equiprobable (or sim p le random) selecting of units con sis ting of in dividua l el ementsfr om an unst r atifie d(r espon d e n t) popula t ion
is useful for model ling the selecting process but, in practic e, more complex sampling protocols are use d. Two such protocols are:

* cluster selecting: sele cting equ iprobably units from the (re spondent) popula t ion that aregr oups of ele ments – clu s ters may
be ofeq ual si ze (e.g., cardboard boxes of 24 cans of soup) or unequal size (e.g., hou seh olds) ;

* stratified selecting: subdiv iding the (re spondent) popula t ion into groups (calledstrata) so that ele ments wit hin a stratum hav e
si mil ar re spons evariat evalue s(‘homog enity of strata’) and ele ments in different stratadi ffer as much as practicable from
each othe r; the sample is obtaine dby equ iprobable selecting of units con sis ting of indivi d ual ele ments from ea ch st r atum.
[The ele ment-unit dis tin ction is dis cus s ed in Appendix 1  on pag es HL77.8 and HL77.9 in Statis ti c a lHighlig ht #77.]

Example HL7 4.3 bel owil lust r ates the effects of clu steringandstra tifying onsa m p ling impre c isi on, als obearing in min d that :
−− clu stering is com monly use dbecaus eof the availa b i lity of a clu s teredframe, the reb yav oid ing the cos tof gene r ating a frame

as part of the inv estig a t i ng – afr amecan be thoug ht of as ali st of the (re spondent) popula t ion sampling units (he re, clu s ters) ;
−− stra tifying is com monly use dbecaus eit provi des(the often usef ul addit ion a l) subdivision of Answe rs by stratum.

Example HL7 4.3: A respondent popula t ion of−N = 4  ele ments (or units) has the fol low ing int ege rY−-v a lue sfo r it s re spons evariat e:
1, 2, 4, 5  [so that the popula t ion ave r age and (data) standard dev iation are: Y−− = 3, S− −−∼1.8257];

we exa m ine thesa m p ling impre c isi on, unde requiprobable selecting (EPS) with a sample size of n=2, of the
random variableY−, whose value sare the sample ave r agey−, as an estim ato r of Y−−, usi ngthre esampling protocols:

• EPS of two units, each con sis ting of one ele ment, from theunst r atifie d popula t ion;

• EPS of oneclu ster, of size L= 2  ele ments, from theunst r atifie d popula t ion;

• EPS of one unit, con sis ting of one ele ment, from each of two stra ta of size −N1 = −N2 = 2.
No te that ea ch estim ato r is unbia s ed, becaus eE(Y−) =Y−− or E(Y−) −Y−− = 0 [theaver agesample error is zero].

Ta ble HL7 4.5
Unstratified popul ation

EPS of two elements
Samp le y− Er r or

(1, 2) 1½ −1½ large
(1, 4) 2½ −½ medium
(1, 5) 3 0 sm all
(2, 4) 3 0 sm all
(2, 5) 3½ ½ me dium
(4, 5) 4½ 1½ large

Designation of sample error as large,
medium or sm all is on ly fo r conv eni-
enc ein the con tex tof Example HL7 4.3.

Ta ble HL7 4.6a
Unstratified popul ation

Clust e rs: [1, 2], [4, 5]
EPS of one clus ter (L = 2)
Samp le y− Er r or

(1, 2) 1½ −1½ large
(4, 5) 4½ 1½ large

Ta ble HL7 4.6b
Unstratified popul ation

Clust e rs: [1, 4], [2, 5]
EPS of one clus ter (L = 2)

Samp le y− Er r or

(1, 4) 2½ −½ medium
(2, 5) 3½ ½ me dium

Ta ble HL7 4.6c
Unstratified popul ation

Clust e rs: [1, 5], [2, 4]
EPS of one clus ter (L = 2)
Samp le y− Er r or

(1, 5) 3 0 sm all
(2, 4) 3 0 sm all

Ta ble HL7 4.7 a
St rat ified popul ation

St r ata: [1, 2], [4, 5]
EPS of one element per str atum

Samp le y− Er r or

(1, 4) 2½ −½ medium
(1, 5) 3 0 sm all
(2, 4) 3 0 sm all
(2, 5) 3½ ½ me dium

Ta ble HL7 4.7b
St rat ified popul ation

St r ata: [1, 4], [2, 5]
EPS of one element per str atum

Samp le y− Er r or

(1, 2) 1½ −1½ large
(1, 5) 3 0 sm all
(2, 4) 3 0 sm all
(4, 5) 4½ 1½ large

Ta ble HL7 4.7 c
St rat ified popul ation

St r ata: [1, 5], [2, 4]
EPS of one element per str atum

Samp le y− Er r or

(1, 2) 1½ −1½ large
(1, 4) 2½ −½ medium
(2, 5) 3½ ½ me dium
(4, 5) 4½ 1½ large

Example HL7 4.3 illust r ates that:
−− The effect on (sampling) im pre cisio n of clu s ter-

ing and of stratifyi ng depends on how each is
implem ented in the Pla n – that is, it depends
on this component of thesa m p ling pro tocol.

−− Clust e ring and stratifyi ng affect impre cisio n
by deter min ing whi c hof thepossib le samples
of size n hav enon-zero sele cting probabilit ies.

−− Decrea s ed impre cisio n is fav o ure d by hetero -
ge nei ty of clu sters but by homoge nei ty of stra ta
with respect to the respons e(s) of int e rest.

In the middle and rig ht-hand colum ns of Exa mple
HL74 .3, het e rog eneity inc rea s esdo wn the three clu s tered
sampling protocols , homog eneity inc rea s esup the three stratifie d protocols.

[As an exe rcise, quantify the sample error variation by calcula t i ngthe relev a n t(d ata) sta n dar d devi ation fo r each of the sev en
sampling protocols; com menton what is illust r ated by the value sobtain ed.]

−− There is a sense in whi c hclust e ring is pa ssi vel y accep ted in the int e rests of reducing inv estig a t ion cos t, whe rea sst r atifyi ng
may beactively im pos ed by the inv estig a tor(s) on [or may be a natur al feature of] the study (or respondent) popula t ion.

−− While EPS from an unst r atifie d popula t ion implie seq ual in clu sio n probabilit ies for all popula t ionel ements, the conve rse does
not hold – in the three clu s tered and three stratifie d sampling protocols , all el ementshave equ al inclu sio n probabilit ies but all
si x sa m p les of size 2 arenotequally probable [fo ur samples and two samples (re spectiv ely) hav ezero sele cting probability] .
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