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__________________
__________________

RELATIONSHIPS IN STATISTICS: Simpson’s Par adox and Int eraction

1. Backg round I – Illu str ations of Simpson’s Par adox [o ption a l re ading]

* Lu r king var iat e: a non -focal exp lanato ry variat e (Z−) whos e differ ing dis tributio ns of value s ov er groups of ele ments or units
with different value s of the focal variat e, if taken into accou nt, wou ld meaning ful ly change an Answe r abou t an X−-Y− rela t ion s hip.

* Con founding: differ ing dis tributio ns of value s of one or more non-focal exp lanato ry variat e(s) among two (or more) groups
of ele ments or units [li ke (sub)popula t ion s or samples] wit h different value s of the focal variat e.

* Comparison error: fo r an Answe r abou t an X−-Y− rela t ion s hip that is base d on comparing att rib u t es of groups of ele ments or units
with different value s of the focal variat e(s), comparison error is the differenc e fr om the in ten ded (o r true) state of affairs arisi ng fr om:
−− differ ing dis tributio ns of lur king variat e value s between (or among) the groups of ele ments or units OR −− confou nding.

In other dis cus sio n (e.g., in Statis ti c a l Highlig hts #57 and #63), the con tex t fo r co mparison error due to
lu rking variat e(s)/confou nding is comparative inv estig a t i ng of a trea tment ef fect; the relev a n t ca usa l st ruc-
ture (e.g., from the upper half of pag e HL59.1 in Statis ti c a l Highlig ht #59), is case (8), shown at the upper
right, wit h fo cal variat e X−, resp one variat e Y− and lur king variat e/confou nde r Z−. In this Highlig ht #69, as
summarized in the structure (A)2 at the lowe r right, we broaden the discus sio n in two ways :

• we hav e two (or thre e) ‘focal’variat es [not necessarily all of equ al int e rest in the Que s tion con tex t];

• we are unconc e rne d with ca usa tion as the rea son for the X− i-Y− and Z−-Y− association s, becau se the nature of the focal vari-
at es is such that we cannot set their lev els and this pre clu des using such focal variat e(s) to manipula te the value of Y−;
−− this is why the lowe r st ructure (A)2 at the rig ht above has li nes rather than arrows between the variat e sy mbols.

(8)

(A)
2

X−
Y−

Z−

X−1

X−2 Y−
Z−

The dat a in Table HL69.1 bel ow co m e fr om the discus sio n of Sim pson’s Paradox in Progr am 11 of Ag a inst All Odds: Inside
St atist i cs; the con tex t is pos sib le sex dis crimination in graduate admissio ns. Ove r all, the adm issio n ra te [o r pr oportion (a n at-
tr ibute)] is lo wer fo r women (50% vs. 55% for men – see the bottom lin e of the Table) but, when the data are subdivi ded by
school (Law and Busin ess), the fem ale adm issio n rate is high er (by 5 percent age poi nts) for ea ch school . The (bin ary) respons e
variat e is school adm issio n (Ye s , No) and the lur king variat e is women -to -men ratio among appli c a n t s; its effect is becau se:

* the two school s ha d ap pre -
ci a bly di ffere nt admissio n
rates: 80 and 75% for Law,
20 and 15% for Busin ess;

* half as many women as men
(120 vs. 240) ap plie d to Law
but eq ual numbers of women and men (120) ap plie d to Busin ess.

The diagr am to the rig ht of Table HL69.1 shows its data in graphical for m; Sim pson’s Paradox is the posi tive sl ope of the middle
da she d li ne for the dat a fo r both school s changi ng to a nega tive sl ope in the upper and lowe r li nes for the school s in dividua lly.

In this illu s tration, the variat es in the lowe r st ructure (A)2 at the lowe r right above are:
X−1 is an appli c a n t’s sex (fe male, male) , X−2 is the school appli ed to (Law, Busin ess),
[In Table s HL69.5 and HL69.6 ove r leaf on pag e HL69.2, X−3 is the lev el of study (Ma sters, Docto r al)],
Z− is the (lu rking variat e) women -to -men ratio among appli c a n t s (d iscus s ed fur the r in Section 2 ove r leaf on pag e HL69.2),
Y− is the respons e to an appli c a n t (a dmitt e d, not adm itted). [On pag e HL69.2, Y− is time for deg ree completio n (m inimu m, longe r).]

Unli ke inv estig a t i ng a tre atment effect when the re is more than one focal variat e (e.g., usi ng a facto ria l treatment structure), the
focal variat e of primary int e rest in this Questio n cont ext is X−1, an appli c a n t’s sex .

Ta ble HL69.1: ............WO MEN............. ................MEN...............
Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 240 180 75

Bu sin ess 120 24 20 120 18 15

Bo th 240 120 50 360 198 55
Wo m e n Me n

%
100

50

0

• •

• •

120
240

120
120

Law

Bo th

Bu sin ess

The lim itation impos ed by
lu rking variat es on an Answe r
to a Que s tion abou t an X−-Y− re -
la t ion s hip is illu s trated fur the r
by the data in Table s HL69.2
to HL69.4; as the diag rams to
the rig ht of the table s em pha -
si ze, it is als o possib le to hav e:

* the sa m e ov erall adm issio n
rate for women and men
but a high er rate for women
in the two school s in d ivi-
du ally (Ta ble HL69.2);

* a lo wer ov erall adm issio n rate for women but the sa m e rate for women and men in the two school s in d ivi d ually (Ta ble HL69.3);

* a high er rate ove r all and in the two school s in d ivi d ually for women (Ta ble HL69.4 ove r leaf on pag e HL69.2).

Ta ble HL69.2: ............WO MEN............. ................MEN...............
Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 168 126 75

Bu sin ess 120 24 20 120 18 15

Bo th 240 120 50 288 144 50 Wo m e n Me n

%
100

50

0

• •

• •

120
168

120
120

Law

Bo th

Bu sin ess

Ta ble HL69.3: ............WO MEN............. ................MEN...............
Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 240 192 80

Bu sin ess 120 24 20 120 24 20

Bo th 240 120 50 360 216 60 Wo m e n Me n

%
100

50

0

• •

• •

120 240

120 120

Law

Bo th

Bu sin ess

The effect of lur king variat es on an X−-Y− rela t ion s hip at a se con d leve l of subdivi sio n is illu s trated in Table s HL69.5 and
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HL69.6 at the rig ht bel ow;
a con tex t fo r thes e data is the
propor tio n of graduate students
who complet e thei r degree in
the min imu m time. In Table
HL69.5, the pro por tio n fo r
women is lo wer ov erall, high er when subdivi ded by sub ject are a (Law or Busin ess) but aga in lo wer
when sub ject are a is subdivi ded by lev el (Ma sters or Docto r al). Sim ilar effects are seen in Table HL69.6, exc ept the pro por-
tion s fo r women become eq ual when subdivi ded by sub ject are a and high er when fur the r subdiv ide d by lev el.

Ta ble HL69.4: ............WO MEN............. ................MEN...............
Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 120 90 75

Bu sin ess 120 24 20 120 18 15

Bo th 240 120 50 240 108 45
Wo m e n Me n

%
100

50

0

• •

• •

120
120

120
120

Law

Bo th

Bu sin ess

Probabilis ti c a l ly, subdivi ding
is condit i oning so that Table s
HL69.1 to HL69.6, in illust r ating
Si mpson’s Paradox , sh ow the
li mit ation on an Answe r which
involves comparing condit i onal
probabilit ies for a respons e va -
riat e with di ffere nt condition -
ings; that is, comparing prob-
abilit ies for Y− give n X−1 and X−2

with Y− give n only X−1 (in Table s
HL69.1 to HL69.4) or for Y− give n
X−1, X−2 and X−3 with Y− give n X−1

and X−2 or Y− give n only X−1 (in
Ta ble s HL69.5 and HL69.6) –
se e the Section 3 dis cus sio n on
the facing pag e HL69.3. Three
fur the r il lust r ative table s (li ke
Ta ble HL69.8 below) are dis -
cus s ed in Section 4 on pag es
HL69.3 and HL69.4.

Ta ble HL69.5: .............WO MEN............. .................MEN...............
Number of COMPLETIONS Number of COMPLETIONS

SCHOOL Students Number % Students Number %

Law: Masters 60 51 85 60 54 90

Docto r al 60 33 55 300 180 60

Bu s.: Masters 60 27 45 20 10 50

Docto r al 60 9 15 100 20 20

Law 120 84 70 360 234 65

Bu sin ess 120 36 30 120 30 25

Bo th 240 120 50 480 264 55 Wo m e n Me n

%
100

50

0

• •

• •

+
+

+
+

+
+

+
+

80
360

80
120

Law

Bo th

Bu sin ess

Ta ble HL69.6: .............WO MEN............. .................MEN...............
Number of COMPLETIONS Number of COMPLETIONS

SCHOOL Students Number % Students Number %

Law: Masters 60 54 90 240 204 85

Docto r al 60 42 70 80 52 65

Bu s.: Masters 60 18 30 120 30 25

Docto r al 60 6 10 40 2 5

Law 120 96 80 320 256 80

Bu sin ess 120 24 20 160 32 20

Bo th 240 120 50 480 288 60 Wo m e n Me n

%
100

50

0

• •

• •

+
+

+
+

+
+

+
+

80 240

80 120

Law

Bo th

Bu sin ess

The backg rou nd in this Section 1, and in Section s 2 and 3 bel ow and on the facing pag e HL69.3, are par t of ful ler dis cus sio n
in Section s 3 to 7 on pag es HL51. 3 to HL51.6 in Statis ti c a l Highlig ht #51; rea de rs unfamili ar wit h Highlig ht #51 may prefe r it s
mo re detailed cov erage of Sim pson’ Paradox and Int e r actio n to that in this Highlig ht #69.

2. Backg round II – Reasons for Simpson’s Par adox: popul ation subgroups and weighte d av erage s [o ption a l re ading]

The dis t orted calcula t ion of the value s of (popula t ion) att rib u t es [li ke pro -
portio ns (and ave r age s)] , which gen erates the ‘paradox’ illust r ated in Section 1,
is an ins tanc e of weigh t ed co mbin ation s of the cor responding att rib u t es of
popula t ion subgroups. As shown in Table HL69.7 at the rig ht, the att rib u t e
value s in the last lin e of each of Table s HL69.1 to HL69.4 are weighted com -
bin ation s of the att rib u t es in the two table lines above them; what produ c es
the change s in attribute value s rela tive to each othe r is a change in weigh ts.
Each weight is det e rmine d by the (natural) size of a popula t ion subgr oup; this
si ze is the lu rking variat e whos e change is responsib le for the change in (the
sign of) the X−-Y− rela t ion s hip. The same idea appli es to ea ch of the two leve ls
of subdivi sio n in Table s HL69.5 and HL69.6. When the weights are eq ual (a s
in Table HL69.4), the re is no ‘p aradox .’

Ta ble HL69.7: We i g hte d percentage Weights

Ta ble HL69.1: 1
2

1
2

2
3

1
3

Ta ble HL69.2: 1
2

1
2

7
12

5
12

Ta ble HL69.3: 1
2

1
2

2
3

1
3

Ta ble HL69.4: 1
2

1
2

1
2

1
2

120
240 ×80 + 120

240 ×20 = 50

240
360 ×75 + 120

360 ×15 = 55

120
240 ×80 + 120

240 ×20 = 50

168
288 ×75 + 120

288 ×15 = 50

120
240 ×80 + 120

240 ×20 = 50

240
360 ×80 + 120

360 ×20 = 60

120
240 ×80 + 120

240 ×20 = 50

120
240 ×75 + 120

240 ×15 = 45

3. Backg round III – Re asons for Simpson’s Par adox: pro bab ility distr ibutions [o ption a l re ading]

Ta ble HL69.1 on pag e HL69.1 provi des data which sugge s t an unde r lyi ng probability fun ction of a dis cret e tr ivariat e dist ri-
butio n. To obtain this model , we first ext end Table HL69.1 as in Table HL69.8 below to inclu de three ext r a colu mns for ‘Bot h
sexe s.’ We then defin e fiv e ev ents
and infer (ap proxi mat e) value s fo r
ten probabilit ies – the ver tical lin e
means ‘give n that’ in the eig ht con-
ditional probabilit ies and ∩ den otes
an in ter sec tion of eve n t s.

Ta ble HL69.8: ...........WO MEN............ ...............MEN.............. .......BOTH SEXES........
Number of ADMISSIONS Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 240 180 75 360 276 76.6
.

Bu sin ess 120 24 20 120 18 15 240 42 17.5

Bo th school s 240 120 50 360 198 55 600 318 53
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__________________
__________________

RELATIONSHIPS IN STATISTICS: Simpson’s Par adox and Int eraction (continue d 1)

The (join t) tr ivariat e
model is shown in Table
HL69.9 at the rig ht bel ow;
summing its probabilit ies for
on e variat e, we obtain the three
(m argin a l) bivariat e models in Ta ble s
HL69.1 0 to HL69.1 2. The sma l ler bold
annotation s in Table s HL69.9 to HL69.11
sh ow how eight of the nine percent age s
in Table HL69.8 aris e; for exa mple, the
80% of women adm itted to Law is 0.16

0. 2.

We see that Table HL69.1 on pag e HL69.1 inv olves parts of the
two mul t ivariat e dist rib u tio ns in Table s HL69.9 and HL69.1 0; it
is the refore unsurprising if comparisons among thes e parts, taken
in isol ation, yield seeming ‘paradoxes.’ It can be conf usi ng that
Ta ble HL69.1 and those like it do not show explicit ly perc ent age s
involv ing co mplem ents [li ke appli c a n t s ‘not admitt e d’ (ev ent A

−)].

Event A: Appli c a n t is adm itted
Event F: Appli c a n t is fem ale (X−1 = fem ale) Pr(F) = 0.4 Pr(A|F) = 0.5 Pr(A|F∩ L) = 0.8
Event M: Appli c a n t is male (X−1 = male) Pr(M) = 0.6 Pr(A|M) = 0.55 Pr(A|F∩ B) = 0.2
Event L: Appli c a n t ap plie s to Law (X−2 = Law) Pr(A|L) = 0.7 6

.
Pr(A|M∩ L) = 0.7 5

Event B: Appli c a n t ap plie s to Busin ess Pr(A|B) = 0.1 75 Pr(A|M∩ B) = 0.1 5

(Y− = yes; the complem e n t A
−

is Y− = no)

(X−2 = Busin ess)

Ta ble HL69.9: Triva riate model for Y−, X−1 an d X−2

. . . . . F. . . . . . . . .M . . . . .

A
A
−

L B L B

0.16 0.04 0. 3 0.03 0. 53
0.04 0.16 0.1 0.17 0.47

0. 2 0. 2 0.4 0. 2

0.8 0.2 0.75 0.15

Ta ble HL69.10:
Biva riate model for Y− an d X−1

A
A
−

F M

0. 2 0. 33 0. 53
0. 2 0. 27 0.47

0.4 0.6

0.5 0.55

Ta ble HL69.11:
Biva riate model for Y− an d X−2

A
A
−

L B

0.46 0.07 0. 53
0.14 0. 33 0.47

0.6 0.4

0.76
.

0.175

Ta ble HL69.1 2:
Biva riate model for X−1 an d X−2

F
M

L B

0. 2 0. 2 0.4
0.4 0. 2 0.6

0.6 0.4

4. Simpson’s Par adox and Int eraction [The tit le matt e r of this Highlig ht #69.]

Fo r conv enienc e in this Section 4 (in clu ding label ling the three diagr ams to the rig ht of Table s HL69.1 3 to HL69.1 5 below
and ove r leaf on pag e HL69.4), we ret ain the not ation defi ned near the middle of pag e HL69.1:

X−1 is an appli c a n t’s sex (fe male, male) , X−2 is the school appli ed to (Law, Busin ess), X−3 is the lev el of study [Ma sters, Docto r al],
Y− is the respons e to an appli c a n t (a dmitt e d, not adm itted) or tim e fo r degree completio n (m inimu m, longe r),
Y
−− [the aver age of (Y−)] is the percen t age of applicants adm itted or who complet e thei r degree in the minimu m time.

The diagr ams illust r ating Sim pson’s Paradox to the rig ht of Table s HL69.1 to HL69.6 (on pag es HL69.1 and HL69.2) are rem i-
niscent of a diagr am sh owing int e r actio n (e.g., in Not e 5 ove r leaf at the bottom of pag e HL69.4); howeve r, the re are di ffere nces:

the Sim pson’s Paradox diagr ams hav e an addit ion a l (d ash ed) li ne for the ove r all X−1-Y
−− rela t ion s hip;

the ins tanc es of Sim pson’s Paradox in Table s HL69.1 to HL69.6 hav e only para llel (s oli d) li nes for the X−1-Y
−− rela t ion s hips for

different value s of X−2 – that is, the re is no in teractio n of X−1 and X−2 in their effects on Y−.

This rest riction is re moved in (an othe r) rew orking of Table HL69.1 and its diag ram in Table HL69.1 3 below, whe re the re is in ter-
action of X−1 and X−2 in their effects on Y− becaus e the two soli d li nes in the diag ram to the rig ht of Table HL69.1 3 are not parallel.

Ta ble HL69.13: ...........WO MEN............ ...............MEN.............. .......BOTH SEXES......
Number of ADMISSIONS Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 480 360 75 600 456 76

Bu sin ess 120 36 30 120 12 10 240 48 20

Bo th school s 240 132 55 600 372 62

Wo m e n Me n

%
Y
−−

X−1

100

50

0

• •

•
•

120
480

120

120

Law

Bo th school s

Bu sin ess

Thus, int e r actio n may be inv olved in Sim pson’s Paradox but is not requ ire d fo r it to occur.

Earli er dis cus sio n at the upper left of pag e HL69.2, and pre c e ding Table HL69.1 3, rem ind us that Sim pson’s Paradox and int e r-
action both involve (ap proxi mat e infer red) value s of condit i onal probabilit ies for Y−, BUT:

Si mpson’s Paradox inv olves comparing thes e probabilit ies con d ition ed on two (or thre e) of the X−s wit h probabilit ies con d i-
tion ed on one fe wer (o ne or two) X−s; WHEREAS:

in teractio n is absent or pre sent depending on the value s of probabilit ies wit h the sa m e condition ing on the X−s – thes e val-
ue s deter min e whet her the cor responding lin es are or are not parallel.

NO TES: 1. Illust r ation of Sim pson’s Paradox from comparing acro ss Ta ble s HL69.1 to HL69.6 can ove rsh adow comparisons
do wn su ch table s. For exa mple, in Table HL69.1 (rewo rke d as Table HL69.8 on the facing pag e HL69.2), the six bold
perc ent age s fo r X−2 (80 and 20, 75 and 15, 76.6

.
and 17. 5) addres s a Que s tion di ffere nt fr om pos sib le sex dis crimination:

• Ho w do the admis sion sta n dar ds of the Law and Busin ess sch ool s co mpare?

The (hy pot heti c a l) data in Table s HL69.1 3 to HL69.1 5 abov e and ove r leaf on pag e HL69.4) in d i c ate an appre ciably high-
er admissio n st andard for Busin ess than for Law, unles s the abilit ies in the two appli c a n t pools are remarkably different.

2. A se con d rewo rking of Table HL69.1 and its diag ram is giv en ove r leaf in Table HL69.1 4; as in Table HL69.1 3, the re
is in teractio n of X−1 and X−2 in their effects on Y− but, for bot h school s co mbin ed, the re is no sex differenc e in pro -
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NO TES: 2.
(c o nt.)

portio ns, due to canc ellation of effects in opp osi te direction s fo r the school s in d ivi d ually.

Ta ble HL69.14: ...........WO MEN............ ...............MEN.............. .......BOTH SEXES......
Number of ADMISSIONS Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 180 153 85 300 249 83

Bu sin ess 120 24 20 180 27 15 300 51 17

Bo th school s 240 120 50 360 180 50 Wo m e n Me n

%
Y
−−

X−1

100

50

0

• •

• •

120
180

120
180

Law

Bo th school s

Bu sin ess

Ta ble HL69.1 5 below and its diag ram show, like Table HL69.1 4, no sex differenc e fo r both school s co mbin ed but
this is now a con seque n ce of the in dividua l school s also show ing this same beh aviour – the re is no in teractio n.

Ta ble HL69.1 5: ...........WO MEN............ ...............MEN.............. .......BOTH SEXES......
Number of ADMISSIONS Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 80 64 80 200 160 80

Bu sin ess 120 24 20 80 16 20 200 40 20

Bo th school s 240 120 50 160 80 50

Wo m e n Me n

%
Y
−−

X−1

100

50

0

• •

• •

120 80

120 80

Law

Bo th school s

Bu sin ess

3. Across Table s HL69.1 to HL69.6 on pag es HL69.1 and HL69.2 and Table s HL69.1 3 to
HL69.1 5 ov erleaf on pag e HL69.3 and above, different weights in the pro por tio n calcula t ion s (li ke those in Table
HL69.7 on pag e HL69.2) yi eld a not ewo rthy variety in the percent age s fo r women compare d to those for men.
This is sum marized in Table HL69.1 6 at the rig ht bel ow; three cat egor ies are dis tinguis hed .

• In fou r tables, the re is an X−1-Y
−− rela t ion s hip, the re is no int e r actio n of X−1 and X−2 in their effects on Y− and, in

two of the table s , the X−1-Y
−− rela t ion s hip is unexceptio nal in lig ht of the effect of subdivi sio n by X−2; by con trast,

in Table HL69.3 and Table HL69.6 between the first and secon d leve ls of subdivi sio n by X−2, the exc eptio nal
behaviour is the X−1-Y

−− rela t ion s hip disappear ing when the
data are subdivi ded by X−2.

−− No tation like (1, 3) [o r (1, 2)] on Table HL69.5 (or Table
HL69.6) in Table HL69.1 6 refe rs to the first and thi rd
(o r first and secon d) leve ls of subdivi sio n by X−2.

• In fou r tables, the re is no X−1-Y
−− rela t ion s hip but thre e of

thes e are ‘fa lse negative’Answe rs – when the data are
subdiv ide d by X−2, the re is an X−1-Y

−− rela t ion s hip and so
they are desig n ated ‘exceptio nal’ in the fou rth colum n.
−− In Table HL69.1 4, int e r actio n is the re aso n fo r the

the exc eptio nal beh aviour but int e r actio n is absent in
the other thre e tables.

• In five table s , there is (a gain) an X−1-Y
−− rela t ion s hip, int e r-

action is absent or incid e n tal, and each is a case of the exc eptio nal beh aviour known as Sim pson’s Paradox .

Ap art from unde rst anding the pro per tie s of weighted ave r age s , the sum mar y in Table HL69.1 6 abov e reminds us that:
. Si mpson’s Paradox is merely the most exceptio nal case (change of direc tion of an X−1-Y

−− rela t ion s hip) in a con -
text (involv ing discret e variat es) that can giv e rise to les s exceptio nal or eve n unexceptio nal beh aviour;

. in teractio n is rarely the rea son for the exc eptio nal beh aviour (only in Table HL69.1 4 at the top of this pag e).

Ta ble HL69.16: X−1-Y
−− RELATIONSHIPS IN NINE TABLES

(SP in the fou rth colum n den otes ‘Si mpson’s Paradox’) Except ion al
Ta ble Relationship Int eraction behav iour

HL69.3 Yes No Yes
HL69.4 Yes No No
HL69.5 (1, 3) Ye s No No
HL69.6 (1, 2) Ye s No Yes

HL69.2 No No Yes
HL69.6 (2, 3) No No Ye s
HL69.1 4 No Essentia l Ye s
HL69.1 5 No No No

HL69.1 Yes No Yes: SP
HL69.5 (1, 2) Ye s No Yes: SP
HL69.5 (2, 3) Ye s No Yes: SP
HL69.6 (1, 3) Ye s No Yes: SP
HL69.1 3 Ye s Inci dent al Ye s: SP

4. In meeting the oblig a t ion to deal wit h rela tionships in introducto ry statis ti cs, the
le ngt hy dis cus sio n (e.g., in Statis ti c a l Highlig hts #9, #10 , #57 to #70) sh ows the
un expected) co mplex i tie s , fo r only th ree variat es, arisi ng fr om issues of cau s a-
tion, confou nding, int e r actio n and Sim pson’s Paradox . The schema at the rig ht
reminds us the re are common themes and differenc es among thes e fo ur matt e rs
– see als o Appendix 2 on pag es HL3.3 and HL3.4 in Statis ti c a l Highlig ht #3.

Confou nding

Interactio n Si mpson’s
Paradox

Caus -
ation

Z−X−

Y−

5. The (equivalent) diag rams at the rig ht show the effects of
two (bin ary) focal variat es X−1 and X−2 on (the ave r age of)
Y−; one focal variat e is on the horizont al axis of a diagr am ,
the other dis tinguis hes the two lin es by its lev el.

• The nonparallel lin es show the re is an X−1-X−2 in ter act i on.

• The left-hand diag ram shows that X−1 and Y− are in de-
penden t when X−2 is Lo (the relev a n t li ne has zero sl ope)
but not when X−2 is Hi.

• The rig ht-hand diag ram shows the re is no in d ependenc e of X−2 and Y− – neit her li ne has zero slo pe.
Fo r thes e two dagr ams, it is wr o ng to inv olve condit i onal (pr obabi lis tic) indep enden ce becaus e it implie s that
we hav e un d ertaken the diffic ult task of for mulating a probability model for this situation – see als o Se ction 13
on pag e HL89.1 8 in Statis ti c a l Highlig ht #89.

Lo Hi

Y
−−

X−1

•

•X−2 Hi

X−2 Lo

Lo Hi

Y
−−

X−2

•

•

X−1 Lo

X−1 Hi
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