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RELATIONSHIPS IN STATISTICS: The Pro toco l fo r Setting Leve ls and Int eraction

The protocol for setting lev els specifie s the va lues to be taken by relev a n t ex pla n ato ry variat e(s) in a comparative Pla n; the
si mplest case is two value s of on e focal variat e but there is ter min ology to deal wit h the complication s of more than two value s
of more than one focal variat e. This ter min ology is use d ma inly in the con tex t of experimenta l Plans.

* A fa ctor is an exp lanato ry variat e; we dis tinguis h an exp lanato ry variat e that is:

−− a fo cal variat e; −− a non-focal variat e us ed as a bl ocking fac tor;
−− a non-focal variat e whos e value is manage d fo r ot he r re asons – see Not e 6 ove r leaf on the lowe r half of pag e HL68.2.
Our con cer n in this Statis ti c a l Highlig ht #68 is wit h fact or(s) that are fo cal variat e(s).

* Fact or leve ls are the set of value(s) assig ned to a facto r – that is, (us u ally) the set of value s assig ned to the (or a) focal variat e.
Choosi ng the va lues fo r leve ls in the con tex t of a par ticular inv estig a t ion may requi re ex tra -st atis ti c a l know ledge.

* A tr eatment is a co mbi nation of the lev els of the facto r(s) appli ed to a unit [in the sample (or the block s)] .

* A run is par t of the Exe cutio n st age of an exper iment al Plan in whi c h all the data are collected for on e treatment.

* A fa ctorial treatment structure inv olves all co mbin ation s of the lev els of the (two or more) facto rs.

* The (tr eatment) effe c t of X− on Y− (u sually) refers to the change in the aver age of Y− fo r unit change in X− and:
−− im p lie s the X−-Y− rela t ion s hip is (beli eve d to be) ca usa l – a change in X− ca uses (br ing s abou t) a change in Y−;
−− in clu des bot h the magn itude and direc tion of the rela t ion s hip – for exa mple, the sl ope and its sign fo r a li near rela t ion s hip;
−− requ ire s that all non -focal exp lanato ry variat es Z− i hold their (same) value s when X− change s;
−− is defi ned (the ‘tr ue’ effect) ov er the ele ments of the resp onden t popu lation.

* Interaction of two facto rs X−1 and X−2 is said to occur when the effect of one facto r on a respons e variat e Y− depends on the
leve l of the othe r fact or. Int e r actio n means the combin ed effect of two facto rs is not the sum of their indivi d ual effects.

−− Interactio n is a key con cep t also in the discus sio ns of Statis ti c a l Highlig hts #69 and #83.

Illu s tration s of this ter min ology are:
Leve ls of sex as a facto r are fe male and male;
the range s us ed as lev els of (hu man) age need caref ul con sid eration – range s that are too narrow may con sum e unne c es-
sary resou rces in att ain ing adequ ate repli c ating, while range s that are too br oad may obs cure the effect(s) of age.

In a taste test of different brands of beer, the facto r woul d be br and of beer and its lev els wou ld be the indivi d ual br ands.

When the re is only on e focal variat e, the tre atments are its lev els;
when the re are two focal variat es, X−1 (s ay) wit h two leve ls (den oted 1 and 2) and X−2 with th ree leve ls (den oted A, B, C),
there are 2 ×3 = 6 tre atments (1A, 1B, 1C, 2A, 2B, 2C) in a facto ria l treatment structure;
with fou r fact ors each at three lev els , that are 4 ×4 ×4 = 43 = 64 pos sib le tre atments.

NO TES: 1. Not all exper iment al Plans lea d to an Exe cutio n st age in run s.

• Proces s im prove ment inv estig a t ion s often do – the Exe cutio n st age is then a set of run s, one for each tre atment.

• A cli nical trial of a  drug usually does not involve run s – each par ticip ant takes the drug (or a placebo) [i.e., the
(two) tre atments are appli ed to ele ments or units] for the wh ole period of the Exe cutio n st age.

When the Exe cutio n st age do es involve run s, equ iprobable assig n ing con sis t s of equiprobable or der ing of the runs,
becaus e un block ed, unknow n and unm e asure d non-focal exp lanato ry variat es are consid ere d as bei ng ti m e-dep enden t.

2. Equiprobable assig n ing of tre atments to units may not be fea sib le in an exper iment al Plan when one facto r ha s
hard -to -alter lev els. For exa mple, if pou ring tem perature (at two lev els , say, of 1,450o

F and 1,600o
F) is a facto r in

an inv estig a t ion to improve a process for mak ing iron castings, the tem perature of the fur nace con taining the
molt en iron cannot easily be alt e red; it may the refore be necessar y to do consec utively all the run s at each tem -
perature, ins tea d of hav ing the pou ring tem perature low or hig h un d er equ iprobable assig n ing for each run. This
la ck of probability assig n ing increa s es the lim itation impos ed on an Answe r by comparison error.

• What is desir able statis ti c a l ly in dat a-base d inve s tig a t i ng may als o be compromise d in process improve ment in-
ve s tig a t ion s by havi ng to car r y ou t the Exe cutio n st age unde r time pre ssure while the process con tin ue s no rma l
operation; in addition to pos sib le lack of equ iprobable assig n ing, the re may be lim itation s on Answe rs becau se:
−− there is not enou gh tim e to obtain adequ ate re pli cating;
−− the dat a refle ct process operation only ove r a li mit ed time per iod.

Fo r a process wit h an unaccep tably-hig h long-ter m scrap rat e un d ergoi ng an inv estig a t ion to try to reduce the
rate, the re hav e been ins tanc es of negative reactio n fr om management to an inv estig a t ion wit h an exper iment al
Plan whe re some tre atment(s) inv olve facto r leve ls that wou ld (temporarily) increa s e the scr ap rat e.

3. In ordin ary Englis h, int e r actio n customarily inv olves two entit ies; in statis ti cs, th ree (o r mo re) variat es are inv ol-
ve d – two (or more) focal variat es and one respons e variat e.

• Confou n ding also inv olves two exp lanato ry variat es and one respons e variat e; it is compare d and con trast e d
with int e r actio n (a n d with other cau s a l st ructure s involv ing three variat es) in Statis ti c a l Highlig ht #65.
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NO TES: 3.
(c o nt.)

Interactio n is not lim ited to two fact ors – k focal variat es hav e (k
i ) possib le i-facto r in teractio ns; for exa mple,

fo ur focal variat es hav e (4
2) = 6 two -fact or int e r actio ns, (4

3) = 4 three -fact or int e r actio ns, and (4
4) = 1 fou r-facto r in -

teractio n. When i =1, the k‘1 -fact or int e r actio ns’ are the k main effe c ts, the effects of the k facto rs in dividua lly.

• Ma in effects and int e r actio n ef fects are ins tanc es of tr eatment effects, and are repre sent e d by (re spons e) model
para m eters. Any li near combi nation of such parameters whe re the coefficie n t s sum to zero is called a contr ast.

• Fo r fo ur focal variat es, the re are 4 + 6 + 4 + 1 = 15 tre atment effects pot entia l ly of int e rest; thes e ef fects can all
be estim ated with a 16-run exper iment al Plan inv olv ing a fact orial tre atment structure.

• A two-facto r in teractio n is the effect of one facto r on the effect of another facto r on a respons e variat e; a
th ree-facto r in teractio n is the effect of one facto r on the effect of another facto r on the effect of a thi rd facto r
on a respons e variat e, and so on.

4. When the re are two or more focal variat es, ‘lu rking variat es’ criter ion (1) [se e the Appendix bel ow] ent ails all
non-focal variat es be kep t the same but, to allow int e r actio n ef fect(s) to be estim ated, the fo cal variat es must be
change d toge ther according to the balanc e d scheme of a facto ria l treatment structure. Howeve r, confou nding may
then arise as outli ned in Not e 5 bel ow.

• A misun d erstanding of criter ion (1) is to ext end the en s uring everything sta ys the same precept to the fo cal vari-
at es and to only change them one at a time. Fo r ex ample, for two fact ors each wit h two leve ls (den oted Lo and
Hi), hav e on e run wit h both X−1 and X−2 set ‘Lo,’ another run wit h X−2 set ‘Hi’and
an othe r with X−2 back at ‘Lo’ and X−1 set ‘Hi’; the res ulting dat a, shown as three
re spons e variat e av erage s in Table HL68.1 at the rig ht, do not allow the X−1-X−2

in teractio n ef fect to be estim ated, becau se the re is no run wit h both facto rs set ‘Hi.’

Su ch a Pla n, if it requi red fou r repli c ates for each tre atment, wou ld inv olve 12 run s. With a fa ctor ial treat-
ment structure, only 4 runs provi de the sa m e leve l of repli c ating and an estim ate of the int e r actio n ef fect.

Ta ble HL68.1 X−2 Lo X−2 Hi

X−1 Lo Y
−−Lo,Lo Y

−−Lo,Hi

X−1 Hi Y
−−Hi,Lo No dat a

5. The idea in Not e 3 above of estim ating 15 tre atment effects from a 16 -run exper iment al Plan can be adapt e d to
fe wer estim ates (7, say) from fe wer (s ay 8 of the 16) runs – this is called a fr actiona l fa ctorial treatment structure
(he re, a ha lf fr actio n). Unde r su ch a Pla n, it is only pos sib le to estim ate co mbi nations of tre atment effects, like
the main effect of one facto r and on e thre e-facto r in teractio n. Becau se we cannot sep arate such combin ation s
in t o thei r in d ivi d ual effects wit hou t data for all16 runs , there is confou n ding within the combin ation s.

• Inability to sep arate trea tment ef fects unde r a Pla n involv ing a fractional fact orial tre atment structure wou ld be
bett e r called perfec t confou nding, to dis tinguis h it from partia l confou nding (se e Se ction 2 in Statis ti c a l Highlig ht
#3), whe re the association of X− and Z− typi c a l ly has a cor rela t ion wit h magnitude less than 1. As dis cus s ed in
St atis ti c a l Highlig ht #3, bot h ca s es are usually (unwisely) sim p ly called ‘confou nding’wit hou t distin ction.

6. An idea, associat e d with the name of Tag uchi, for exploiting in teractio n is illu s trated
by improve ment of a process for manufactur ing ceramic tiles; the diag ram at the
right for an X−-Y− rela t ion s hip displays an int e r actio n ef fect, becaus e the sl ope of the
(li near) rela t ion s hip between X− and the aver age of Y− is di ffere nt (he re, sma l ler nega -
tive mag n itude) when (non-focal) ex pla n ato ry variat e Z− =1(‘Hi’) than when Z− = 0
(‘Lo’). In the tile-ma n ufactur ing process, if:

Lo Hi

Y
−−

X−

• • Z− =1

Z− = 0

• Y− is tile size after fir ing in an ove n,

• X− is ove n temperature, whose variation from ‘Lo’ to ‘Hi’ ove r posit ion wit hin the ove n caus es tiles of the sa m e
in itia l si ze, but fire d in different ove n posit ion s, to hav e different final si zes,

• Z− is amoun t of clay in the ing redie n t mix use d fo r the tiles,

by managi ng the amou nt of clay in the ing redie n t mix (i.e., setting Z− =1), the manufactur ing process is improve d
by mak ing variation in tile final size less sensit ive to variation in firing tem perature due to tile posit ion wit hin the
ov en. This in direc t ap proach exp l oit i ng in teractio n av oid s the (mo re ex pensive) direc t ap proach of mak ing the
temperature more unifo rm wit hin the ove n; of cou rse, the pro per tie s of the tiles must rem ain accep table when
Z− =1 and clay must not be too expensive an ing redie n t.

Ap pendix: Cr iteria for Cau sat ion in Statist ics (s ee Statis ti c a l Highlig ht #62)

To defi ne fo rmally in statis ti cs what it means to say (a change in) X− ca uses (a change in) Y− in a ta rge t popula t ion, we state
thre e cr iter ia (us eful in practic e when establi shing cau s ation or quantifyi ng the effect of X− on Y−):

(1) LURKING VAR I ATES: Ensure all oth er ex pla n ato ry variat es Z−1, Z−2, ....., Z−k hold their (same) value s fo r ever y popula t ion
elem e n t when X− = 0  and X− =1 (so m etim e s phrase d as: Ho ld all the Z− i fixed fo r .....).

(2) FOCAL VAR I ATE: Obse rve the popula t ion Y−-v a lue s , and calcula te an
ap pro priat e att rib u t e value, unde r two condition s:

. with ever y elem e n t havi ng X− = 0;

. with ever y elem e n t havi ng X− =1.

(3) ATTR IBUTE: At tribute(Y−, perhaps some of Z−1, Z−2, ....., Z−k |X− = 0) ≠ At tribute(Y−, perhaps some of Z−1, Z−2, ....., Z−k |X− =1);
thos e of Z−1, Z−2, ....., Z−k in cluded in the att rib u t e will have the sa m e value s when X− = 0  and X− =1 unde r (1).
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