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RELATIONSHIPS IN STATISTICS: Association Among Var iat es and Cau sat ion

St atis ti c a l Highlig ht #58 deals wit h asso cia tion of two explanator y variat es, like the fo cal variat e X− and a lur king variat e (o r
confou nde r) Z−; we now dis tinguis h fo ur rea son s (‘ca s es’) for such association s, whi c h are als o sh own symboli c a l ly at the rig ht,
where an arrow den otes causation.

* X− caus es Z−;

* Z− caus es X−;

* Z− j caus es X− and Z− i – we (unhelp f ully) say X− and Z− i are a com mon cau se to Z− j;

* coin cid e n ce [which often means bot h X− and Z− are associat e d with ti m e – i.e., coi nci-

denc e is often case (3) where Z− j is time (what eve r ‘c ausation’by tim e means)
– recall Not e 3 on the ove r leaf sid e (page HL62. 2) of Statis ti c a l Highlig ht #62].

(1)

(2)

X− Z−

Z− X−
(X− caus es Z−)

(Z− caus es X−)

(3)

(4)

Z− j
Z− i

X−

X− Z−
(Z− j caus es X− and Z− i)

(c oin cid e n ce)

If extra-statis ti c a l know ledge can rule out coi nci denc e, two (ex pla n ato ry} variat es are associat e d fo r only two re asons:

direct cau s ation [ca s es (1) and (2)], OR : co mmon cau se [ca s e (3)].

NO TE: 1. ‘Common respons e’ for case (3) abov e se ems confusing ter min ology – X− and Z− i are two ‘r espon ses’ (not one respons e)
to Z− j. Co mmon cau se is a more natur al des criptio n of this cau s a l st ructure (becaus e it is wh y X− and Z− i are associat e d),
althou gh the phrase is alrea dy use d in process improve ment, whe re Dem ing dis tinguis hed co mmon and sp eci al caus es
of (excessiv e) variation in process output. Nev erthele ss, to empha size its essentia l fe ature, case (3) is sometimes de-
scribed in thes e Ma ter ials as ‘a com mon cau se’ wit h the relev a n t variat e name (he re Z− j) inclu ded in the phrase.

• A more evocative use of ‘co mmon respons e’ wou ld be variat e Y− in case (8) below; reg rettably, this is not it s us eage.

The fou r causal structure s abov e can be ext ende d to inclu de the respons e variat e Y−; the re are now twel ve ca s es, in whi c h:

* X− and Y− are associat e d in all twel ve;

* Z− (o r Z− i) and Y− are associat e d in the
la st ni ne.

* Z− (o r Z− i) and X− are associat e d in the
la st ni ne [e xcep t perhaps in case (8)].

In the discus sio n below, the twelve cases
are reduced to eig ht by assuming ext r a-
st atis ti c a l know ledge is suf fi cie n t to:

rule out ‘coin cid e n ce’ in case (3), in
ca s e (5) [w hich then becomes case (1)] and case (7);

enable the adj ectiv es explanator y and resp onse to be correc tly ap plie d to the variat es X− and Y− and so rule out case (2).

(1)

(2)

(3)

X− Y−

Y− X−

X− Y−

(X− caus es Y−)

(Y− caus es X−)

(c oin cid e n ce)

(4)

(5)

(6)

(7)

Z− X− Y−

Z− X− Y−

X− Z− Y−

X− Z− Y−

(Z− caus es X− caus es Y−)

(c oin cid e n ce and X− caus es Y−)

(X− caus es Z− caus es Y−)

(c oin cid e n ce and Z− caus es Y−)

(8)

(9)

(10)

X−
Y−

Z−

X−
Z−

Y−

Z−
X−

Y−

(X− and Z− caus e Y−)

(Z− caus es X− and Y−)

(X− caus es Z− and Y−)

(11)

(12)

X−
Y−Z− j

Z− i

X−
Z− j

Z− i Y−

(Z− j caus es Z− i and X−
which caus e Y−)

(Z− j caus es X− and Z− i
which caus es Y−)

The diagr ams for the rem ain ing eig ht cases illust r ate directly two pos sib i lit ies and, indirectly, a thi rd:

++ X− and Y− are asso cia ted an d X− ca uses Y−: cases (1), (4), (6), (8), (10) and (11);

++ X− and Y− are asso cia ted but X− does not caus e Y−: cases (9) and (12).

Thus, key statis ti c a l is s ues in association and causation are:

* if X− caus es Y− [c ases (1), (4), (5), (6), (8), (10)and (11)], X− and Y−will be asso cia ted;

* if X− and Y−are associat e d [c ases (1) to (12)] and coi nci denc e can be ruled out, the re is causation involv ing Y− [a l l ca s es except
(3)] bu t not nec ess a rily by X− [c ases (7), (9) and (12)].

Howeve r, the con tex t fo r the two pre c epts above – an ob ser ved association – needs to be ext ende d to one of no obs erved asso-
ci a t io n when, as dis cus s ed in Section 4 on pag e HL60.3 in Statis ti c a l Highlig ht #60:

++ X− and Y− are not associat e d but X− do es caus e Y−: case (8) in some situation s of confou nding by lur king variat e Z−.

The twelve cau s a l st ructure s abov e il lust r ate pos sib le association -causation conne ction s but a number of them are not rele -
vant in practic e to Pla ns for comparative dat a-base d inve s tig a t i ng of an obs erved X−-Y− association.

• As sociation due to coi nci denc e is sel d o m of statis ti c a l in terest, eli min ating cases (3), (5) and (7).

−− Ca s e (7) is als o ca s e (8) when the X−-Y− rela t ion s hip is coi nci denc e.

• Correct identific ation of the respons e and exp lanato ry variat es eli min ates case (2).

• All association s can be thoug ht of in ter ms of cau s a l chains – see the first bul let (•) in Not e 1 on pag e HL62.1of Statis ti c a l
Highlig ht #62 – but inv estig a t i ng other steps in the X−-Y− chain is sel d o m of statis ti c a l in terest, eli min ating cases (4) and (6).

• Ca s e (8) is case (1) with lur king variat e Z− sh own exp licit ly and so is cov ere d un d er case (1) [a n d un d er case (11)].

• Be cau se Z− is an explanator y variat e, case (10) is really the causal structure at the rig ht, whi c h is in-
ve s tig a ted as case (1) or case (11) [s ee als o No te 2 at the top of pag e HL64.3 in Statis ti c a l Highlig ht
#64 and the discus sio n of Table HL10 .4 at the top of pag e HL10 .4 in Statis ti c a l Highlig ht #10].

(10) X−
Z−

Y−
(X− caus es Y− and Z−

which caus es Y−)

• Ca s e (12) is bot h: −− ca s e (9) [‘c ommon cau se’] wit h an int e rme diar y variat e sh own in the Z− j-Y− branch ,

−− ca s e (11) fo r the Que s tion Is X− a cau se of Y−? when the Answe r is No .
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This leave s ca s es (1), (9) and (11); we dis cus s ca s es (1) and (9) in Section 2 pag e HL63.1 in Statis ti c a l Highlig ht #63. We pursue
them and cases (8) and (11) on pag es HL64.1 to HL64.3 in Statis ti c a l Highlig ht #64.

[The str ucture of case (11) is als o of in ciden t al in terest becau se of its com mon cau se Z− j of X− and Z− i, whi c h coul d accou nt for X−
and Z− changi ng toge ther in diagr ams (1) to (8) discus s ed on pag es HL60.3 and HL60.4 in Statis ti c a l Highlig ht #60].

The foregoi ng dis cus sio n sh ows why, in statis ti cs, we dis tinguis h asso cia tion fr om ca usa tion: to rem ind us that, just becau se
we obs erve (fo r in stanc e, in a scatt e r diag ram) that X− and Y− are asso cia ted, we cannot say, wit hou t fur the r inve s tig a t i ng, that a
change in X− will br ing about (o r ca use) a change in Y−.

• St atis ti c a l Highlig ht #66 dis cus s es correl ation as a mea s ure of the tig htnes s of clu s ter ing of the poi nts of a scatt e r diag ram
abou t a straig ht lin e; cor rela t ion is the refore one way of quantifyi ng mag n itude (‘s tre ngt h’) of association bet ween X− and Y−
as seen in a scatt e r diag ram . Fo r this rea son, the distin ction bet ween association and causation may als o be refer red to els e-
where as the distin ction bet ween cor rela t ion and causation, alt hou gh this wording is better avo ide d.

• When refer ring to an X−-Y− rela t ion s hip, phrases use d in statis ti cs like asso cia tion is not (necessar ily) cau sation and correl a-
tion is not (necessar ily) cau sation encompass th ree possib i lit ies:

−− the X−-Y− rela t ion s hip is a coi nci den ce – this may pique our cur iosity but is sel d o m of practical impor tanc e;

−− X− and Y− are asso cia ted but X− does not ca use Y−;

−− X− is a (or pos sib ly th e) cau se of Y−.

Un due empha sis on the secon d possib i lity (e.g., in int roducto ry statis ti cs teaching) can obs cure three matt e rs:

++ association do es im p ly cau s ation if coi nci denc e can be ruled out; BUT:

++ the cau s ation may be, but is not necessar ily, bet ween Y− and X−, the variat es ob ser ved to be associat e d.

++ Lack of association of X− and Y− does not rule out cau s ation of Y− by X− – as X− change s , a confou nde r Z− may change in such
a way that Y− rema ins unchange d – see diagr ams (5) to (8) at the top of pag e HL60.4 in Statis ti c a l Highlig ht #60.

NO TES: 2. When (a change in) an exp lanato ry variat e −U (a focal variat e X− or a confou nde r Z−) ca uses (a change
in) a variat e −V (a respons e variat e Y− or a focal variat e X−), sev eral matt e rs det e rmine the stre ngt h of
the association (as quantifie d by the cor rela t ion, say, of −U and −V, if they are qu ant ita tive variat es) .

• If −U is the on ly caus e of −V and act s on a time scale that is sh ort rela t ive to the per iod of obs ervation, the re is a
high co rrela t ion of −U and −V; in the abs enc e of
mea s urement error, the mag n itude of r wou ld be 1.

−− An illust r ation is force X− causing acceleration Y−.

• We aker association of −U and −Vcan occur for sev eral rea son s, as illust r ated
by the data for the occur renc e of lung canc e r Y− in rela t ion to smoking
st atus X− in three non -sm oke rs and three smoke rs in Table HL59.1 at the
right. The strong (‘ per fect’) association in case (A) can weaken becau se:

−− on e non-smoke r in case (B) acqu ire d lu ng canc e r fr om an o t her cause (e.g., asbestos inhalation);

−− the smoke r withou t lu ng canc e r in case (C) may: yet dev elo p lu ng canc e r, OR: die before doi ng so, OR:

be in a popula t ion subgr oup for which X− does not caus e Y−;

the first two pos sib i lit ies have a tim e scale for cau s ation that is long rela t ive to the per iod of obs ervation and
the thi rd inv olves our de fi nit ion of cau sat ion (a t the top of pag e HL62.1 in Statis ti c a l Highlig ht #62) in ter ms
of an attr ibute.

In thes e ways , we accou nt for differ ing strengt hs of asso cia tion obs erved in ca usa l X−-Y− rela t ion s hips or, expre s-
se d an othe r way, we accou nt for why (a change in) X− ca uses (a change in) Y− but, for so me popula t ion ele ments:

• Y− change s when X− does not change (e.g., some non-smoke rs get lung canc e r), OR:

• Y− does not change when X− change s (e.g., some smoke rs do not ge t lu ng canc e r).

Ta ble HL59.1: Sm o king Lu ng cancer
Unit statu s (A) (B) (C)

1 Non -sm oke r No No No
2 Non -sm oke r No No No
3 Non -sm oke r No Yes No

4 Smoke r Ye s Ye s No
5 Smoke r Ye s Ye s Ye s
6 Smoke r Ye s Ye s Ye s

−U −V

Y−X−
Z− X−

3. Association is a straig ht-for ward idea (we can se e it), cau s ation much les s so; the two causal
st ructure s at the rig ht [ca s es (8) and (9) fr om pag e HL59.1 ove r leaf] give insig ht into their differ-
enc e. As dis cus s ed in Not e 4 on pag e HL62. 2 in Statis ti c a l Highlig ht #62, unde r ou r defin i-
tion of cau s ation at the top of pag e HL62.1 in Hig hlig ht #62:

• in the causal structure of case (8) [a com mon resp onse Y−], the re is asso cia tion of X− and Y−
and of Z− and Y− but no ne c essar y association of the (un conne cted) caus es X− and Z−; BUT:

• in the causal structure of case (9) [a com mon ca use Z−], the re is asso cia tion of Z− and Y− and
of Z− and X− so the re is necessar ily association of Y− and X−.

The di ffere nce between the two structure s li es in the direc tion of the arrow s den oting cau s ation – if their direction
is re versed in eit her diagr am , they are the sa m e causal structure, apart from the variat e names. Our defin ition of
causation thu s sugg ests that cau s ation is direc ted associa tion, alt hou gh it is que s tion able whether this (model) con-
cept provi des much insig ht into the re al world differenc e between association and causation.

Ca s es (8) and (9) and three other sim ilar cau s a l st ructure s are compare d in Statis ti c a l Highlig ht #65.

(8)

(9)

X−
Y−

Z−
X−

Z−
Y−
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