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RELATIONSHIPS IN STATISTICS: Association – Statist ical Issue s

A relationship in statis ti cs arises from the fol low ing seque n ce of hap pening s.

−− We obs erve that the value of a resp onse variat e Y− change s (i.e., shows
variation) ove r the ele ments or units of a group, such as a  targe t pop-
ulation, a study popula t ion, a respondent popula t ion or a sample.

It is implicit that the re are one or more ca use (s) of thes e change s
(i.e., of this variation) in Y−.

−− We wis h to accou nt for thes e change s (i.e., for this variation) – we
in trodu c e the idea of an explanator y variat e X−.

−− We look for asso cia tion between the value s of Y− and X− (e.g., usi ng a
scatt e r diag ram – see bel ow) – a rela t ion s hip is the connec tion (if any)
between change s in X− and change s in Y− (o r in the aver age of Y−).

If (data est ablis h that) Y− rema ins unchange d while X− change s (o r vi ce
versa), the re is no X−-Y− rela t ion s hip, an idea of unconnectedness cap -
ture d by one sens e of the word independent (but see Not e1 ove r-
le a f at the bottom of pag e HL58. 2).

++ We shoul d re cognize the distin ction bet ween the ‘behaviour al uncon -
ne ctedness’ of in dep enden ce and the ‘sp atial sep arateness’ cap ture d by disjoi nt, as in ‘disj oin t ev ents.’

A framewo rk of ter min ology for dis cus sing dat a-base d inve s tig a t i ng of statis ti c a l rela t ion s hips is giv en in the schema above.
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* A scatt er diagram is a Car tesio n plo t with a respons e variat e (o r estim ated residu al) on the ver tical axi s, an exp lanato ry
variat e on the horizont al axis.

−− A scatt e r diag ram – a graphi c a l att rib u t e – is a
us eful way to lo ok at dat a fo r an X−-Y− rela t ion -
ship. Each ele ment (or unit) ap pears as a dot
(o r ot he r ap pro priat e sy mbol) located at the co-
ordin ates deter min ted by its X− and Y− value s;
thre e ex amples are show n at the rig ht.
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The foregoi ng des criptio n of a rela t ion s hip in statis ti cs refers to the asso cia tion of Y− and X−; this Statis ti c a l Highlig ht #58
defin es association in statis ti cs. In doi ng so, it provi des backg rou nd for dis cus sing association bet ween (or among) ex pla n ato ry
variat es, and association bet ween them and the respons e variat e, in Statis ti c a l Highlig ht #62.

* Asso ciation: if a scatt e r diag ram shows a clu s ter ing of its poi nts about, say, a lin e with posit ive slo pe (i.e., we see that, as
X− in cre ases, Y− also tends to inc rea s e), we say X− and Y− sh ow a (posit ive) asso cia tion; the re is modera te posit ive association
of X− and Y− in the left-hand diag ram of the three scatt e r diag rams at the rig ht above. The rig ht-hand diag ram shows we ak
nega tive association and the middle diagr am sh ows li ttle or no association.

Questio ns of statis ti c a l in terest about an association are:

−− what is its fo rm? – for exa mple, can the tre n d be model led by a straigh t li ne (i.e., is the tre n d li near)?

−− what is its magnit ude? – for lin ear association, what is the mag n itude of the sl ope?

−− what is its dire c tion? – for lin ear association, is the slo pe posi tive or nega tive?
++ Proportion ality refe rs to a straig ht-lin e X−-Y− association th rou gh the origi n.

++ The sig n of the direction (posit ive or negative) of a lin ear association is also the sig n of cor rela t ion, but the conne ction
between the magn itudes of slo pe and cor rela t ion is more complicated – see Section 8 in Statis ti c a l Highlig ht #66.

−− Correlation: a num erical measure of tigh tness of clu stering of the poi nts on a scatt e r diag ram about a straig ht lin e – his-
to rically, cor rela t ion is den oted r (c wou ld hav e been a better choic e) and its value s li e in the int e rval [−1, 1]; the respec-
tive cor rela t ion s are about +0.7, 0 and −0. 25 for the three scatt e r diag rams at the rig ht above.

++ If the poi nts of a scatt e r diag ram lie on a straig ht lin e with posit ive slo pe, r = +1;
++ if the poi nts of a scatt e r diag ram lie on a straig ht lin e with negative slo pe, r = −1;
++ if the poi nts of a scatt e r diag ram are haphazardly sprea d ov er its rectang ular are a, r is zero or clo se to it.

Correla t ion is dis cus s ed and illust r ated in det ail in Statis ti c a l Highlig ht #66.

The backg rou nd dis cus sio n fo r co mparison error [e.g., at the beginning of Section 2 on the ove r leaf sid e (page HL57.2) in
St atis ti c a l Highlig ht #57] refe rs to a group of ele ments (or units) wit h a lur king variat e (Z−) whos e dist rib u tio n of value s differs,
ov er the ele ments (or units) of the group, for different value s of the focal variat e X−. A cons equ enc e of this beh aviour of Z− is
that the value s of X− and Z− are asso cia ted, as illust r ated in the scatt e r diag rams giv en ove r leaf on pag e HL58. 2, for respondent
popula t ion s with 4 or 9 ele ments and Z− value s (s how n besi de the poi nts) like 0,1, 2  and 3. [Dist inct Z− value s fo r all popula t ion
elem e n t s , as in diagr ams (1) and (5), is rare in real popula t ion s.]
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In diagr am (1) at the rig ht, the ele ment wit h Z− = 2  when X− = 0  has Z− =1 when X− =1; thu s , the
change in the ave r age of Y− (in d i c ated by a sho rt hor izont al li ne) from 2.6 to 3.6, as X− change s
fr om 0 to 1, no longe r refle cts on ly the effect of changi ng X−; a li mit ation is the refore impos ed
on the Answe r abou t the X−-Y− rela t ion s hip by comparison error due to the beh aviour of Z− not
being taken into accou nt (or due to confou nding by Z−).

++ Be cau se Z− change s with X−, the re is a (we a k) X−-Z− association, quantifie d by a cor rela t ion of
abou t −0.11 ove r the eig ht (X−, Z−) value s; by con trast, when Z− does not change wit h X−, the
X−-Z− co rrela t ion is zero; this is the case in
diag rams (6), (7) and (8) at the rig ht bel ow
diag ram (1) – thes e thre e diag rams are use d
in Statis ti c a l Highlig ht #62 to illust r ate the for-
ma l defin ition of what we mean by causation
in statis ti cs (the sho rt hor izont al li nes aga in
sh ow the ave r age of Y− fo r each X− value).

An ext ensio n of the illust r ation in diagr am (1) is
to the case of repeated value s involv ing more than
two X− value s.
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In diagr am (2), if Z− ha s the sa m e value (say1)

fo r all nine units whose X− and Y− value s yi eld
this scatt e r diag ram , there is no X−-Y− rela t ion s hip
in the sense that the X−-Y− co rrela t ion is zero.

++ This la ck of X−-Y− rela t ion s hip is als o refle cted
by the slo pe of zero fo r the straig ht lin e
(s how n da she d) which sum marizes the tre n d
in the poi nts of the scatt e r diag ram .
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++ When int e rpreting a scatt e r diag ram like (2), it is easy to conf use explicit know ledge that the re is the same Z− value
among the ele ments, wit h assumi ng this to be the case by ig nor ing the ele ments’ Z− value(s) – see Statis ti c a l Highlig ht #29.

++ In diagr ams (6) to (8) above, rem iniscent of an experimenta l Plan wit h two value s of the focal variat e, we can accom mo-
date di ffere nt value s of the pot entia l confou nde r Z− among the ele ments; by con trast, in diagr am (2) above, rem iniscent of
an ob ser vational Plan, the ele ments must have the sa m e Z− value to meet the requi rement for Z− to rem ain fixe d to avo id
the lim itation impos ed on an Answe r abou t an X−-Y− rela t ion s hip by comparison error due to this lur king variat e.

[Experiment al and obs ervation a l Plans are dis cus s ed in Section s 4 and 5 on pag es HL63.3 to HL63.6 in Statis ti c a l High -
lig ht #63 (and also in Statis ti c a l Highlig ht #9).]

Diag ram (3) is vis u ally the sa m e as diagr am (2) but the Z− value s change with X− – the association of X− and Z− can be quanti-
fie d as a cor rela t ion of abou t +0.7 ; as indicated by the dash ed lin es, the re is now a (st rong) posi tive X−-Y− association among
poin t s fo r which Z− value s are hel d fixed (i.e., for poi nts wit h the sa m e Z− value).

In diagr am (4), aga in vi sually the same as diagr ams (2) and (3), a di ffere nt dist rib u tio n of the sa m e set of Z− value s as in dia-
gr am (3) yields a (st rong) nega tive X−-Y− association – the X−-Z− co rrela t ion is aga in abou t +0.7.

++ In diagr ams (3) and (4), the X−-Y− rela t ion s hip is the sa m e fo r the three value s of Z−; the matt e r of di ffere nt X−-Y− rela t ion -
ships for different Z− value s is pursued in Statis ti c a l Highlig ht #29 (and also in Statis ti c a l Highlig ht #60).

++ Li ke diagr am (1), diagr ams (3) and (4) illust r ate, in a broader con tex t, the lim itation impos ed on an Answe r abou t an X−-Y−
rela t ion s hip by comparison error, when the ele ments’ Z− value s do not rem ain fixe d (are not the same) as X− change s , and
this beh aviour is not take n in t o accou nt (e.g., when int e rpreting an X−-Y− scatt e r diag ram).

A speci al case is when Z− change s with X− but in such a way that their value s have zero co rrela -
tion; an illust r ation is shown at the rig ht in diagr am (5), whi c h is adapt e d fr om diagr am (6) above.
In such a situation, desp i te the confou nding, it is possib le (un d er an assump tion of additive ef fects)
to estim ate the effect of X− on the ave r age of Y−.

• This idea is exp l oit e d in Desig n of Experiments (DOE) when inv estig a t i ng a rela t ion s hip with two or
more focal variat es – see Not es 3 to 6 (s tar ting at the botom of pag e HL68.1) in Statis ti c a l Highlig ht #68.
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NO TE: 1. The discus sio n abov e sh ows that, when looking at a scatt e r diag ram of biv ariat e data to assess
an X−-Y− rela t ion s hip, exper ienc e ou tsi de statis ti cs wit h diag rams inv olv ing Car tesia n axes provi des poor prep aration
fo r st atis ti cs – it is diffic ult for lat e r st atis ti c a l train ing to ove rco m e a min dset (unconc e rne d with lur king variat es)
that arises from more for mative earli er exper ienc e with such diagr ams, star ting in ele ment ary school , with on-go ing
ex pos ure in the media, and con tin uing up to pos t-secon d ary-lev el cou rses, inclu ding calculu s and algebra .

• As dis cus s ed in Statis ti c a l Highlig hts #60, #51 and #29, lur king variat es can affe ct the int e rpret ation of the pre s-
enc e, or the abs enc e, of an obs erved association (in eve n the sim p lest situation) inv olv ing X− and Y−.
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