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RELATIONSHIPS IN STATISTICS: An Int r odu ction

1. Inv est igating Statist ical Relationships: Changing and Comparing

Rela t ion s hips occur in mos t (perhaps all) area s of hum an endeavou r and
co m e in many for ms. In statis ti cs, we cast rela t ion s hips in ter ms of variates – in
the sim p lest case, bet ween one exp lanato ry variat e (X−, say, whi c h we call the fo-
cal variat e) and one resp onse variat e Y−, ove r the ele ments of a  popula t ion. How-
ev er, as por traye d pi cto ria l ly at the rig ht, in statis ti cs we can sel d o m ig nore oth er
(non-focal) ex pla n ato ry variat es (den oted Z−1, Z− 2, ....., Z−k) when answe ring a
Questio n abou t an X−-Y− rela t ion s hip, becau se the Answe r is pre dicated on Z−1,
Z− 2, ....., Z−k rema ining fixed when X− change s to make app are n t it s rela t ion s hip to Y−.
This idea arises mat hem ati c a l ly when, to analyze dat a fo r the k+2 variat es of
each unit in a sample of n units, we use
the respons e model (HL57.1) in whi c h Y−
ha s a first-powe r (o r ‘s traig ht-lin e’) rela t ion s hip to each exp lanato ry variat e; the int e rpret ation of β1 (the coefficie n t of the fo cal
variat e in the model) is the change in the ave r age of Y− fo r un it change in X− while Z−1, Z− 2, ....., Z−k all rem ain fixed in value.
[The int e rpret ation of any of the k+2 coef fi cents in the structur al component of (HL57.1) requ ire s a sim ilar cav eat, of cou rse.]

Yj = β 0 +β1xj +β 2z1j +.... +β k+1zkj +Rj, j =1, 2, ....,n,
Rj ∼ N(0, σ),
pr. indep., EPS -----(HL57.1)
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A framewo rk of ter min ology for dis cus sing dat a-base d inve s tig a t i ng of statis ti c a l rela t ion s hips is giv en in the schema bel ow.

NO TE: 1. The method of inv estig a t i ng an X−-Y− rela t ion s hip in statis ti cs is by changi ng and co mparing – we compare value s of
Y− as the value of X− change s , des cribed above as X− changi ng to make app are n t it s rela t ion s hip to Y−. This is why ex-
periment al and obs ervation a l Plans are des cribed as comparative.

• Change s in the focal variat e X− may be those that occur natur ally in the popula t ion or they may be change s im -
pose d by the inv estig a tor(s) unde r an exper iment al Plan.

• After two variat es, the nex t leve l of complication is the rela t ion s hips among th ree variat es: two ex pla n ato ry vari-
at es X−1 and X−2 and a respons e variat e Y− [o r two respons es to on e ex pla n ato ry variat e, called ‘co mmon cau se’].

Experimental Plan: a comparative Pla n in whi c h the invest iga tor (s) (actively) assig n the value of the focal (ex pla-
naroty) variat e to each unit in the sample (or in each block);

Observat ion al Plan: a comparative Pla n in whi c h, for each unit selected for the sample, the focal (ex pla n ato ry)
variat e (pa ssi vel y) takes on its ‘natural’ value unin fluenced by the inv estig a tor(s).

It is inv estig a tors’ inability to assig n elem e n t s’ focal variat e value s (e.g., of age, sex , marital status and income – change s
in people’s die tar y or exe rci se habits can be impos ed but complia n ce is diffic ult to achieve) that rest ricts choic e of
Plan type and so weakens ability to manage comparison error; this matt e r is pursued in Section 3 of Statis ti c a l
Highlig ht #10 on pag es HL10 .3 to HL10 .6, and in Section s 4 to 6 on pag es HL9.2 to HL9.7 in Statis ti c a l Highlig ht #9.

* A relationship in statis ti cs arises from the fol low ing seque n ce of hap pening s.

−− We obs erve that the value of a resp onse variat e Y− change s (i.e., shows
variation) ove r the ele ments or units of a group, such as a targe t pop-
ulation, a study popula t ion, a respondent popula t ion or a sample.

It is implicit that the re are one or more ca use (s) of thes e change s
(i.e., of this variation) in Y−.

−− We wis h to accou nt for thes e change s (i.e., for this variation) – we in-
troduce the idea of an explanator y variat e X−.

−− We look for asso cia tion between the value s of Y− and X− (e.g., usi ng a
scatt e r diag ram – see bel ow) – a rela t ion s hip is the connec tion (if any)
between change s in X− and change s in Y− (o r in the aver age of Y−).

If (data est ablis h that) Y− rema ins unchange d while X− change s (o r vi ce
versa), the re is no X−-Y− rela t ion s hip, an idea of unconnectedness cap -
ture d by one sens e of the word independent.

++ We shoul d re cognize the distin ction bet ween the ‘behaviour al uncon -
ne ctedness’ of in dep enden ce and the ‘sp atial sep arateness’ cap ture d by disjoi nt, as in ‘disj oin t ev ents.’
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* A scatt er diagram is a Car tesio n plo t with a respons e
variat e (o r estim ated residu al) on the ver tical axi s,
an exp lanato ry variat e on the horizont al axis.

−− A scatt e r diag ram – a graphi c a l att rib u t e – is
a useful way to lo ok at dat a fo r an X−-Y− rela -
tion s hip. Each ele ment appears as a dot (or
ot he r ap pro priat e sy mbol) located at the co-
ordin ates deter min ed by its X− and Y− value s;
thre e ex amples are show n at the rig ht.
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The task of looking at multivariat e data (i.e., dat a fo r thre e or more variat es) to det e ct pa tterns which answe r Ques -
tion s abou t rela t ion s hips can be aid ed by statis ti c a l software that shows , on a computer scre en, a poi nt cloud in three
dimensi ons , with addition a l possib i lit ies like:

++ using col our to dis tinguis h subs ets of the poi nts; ++ rotating the poi nt cloud in real tim e.

Prog ram 10 of Ag a inst All Odds: Inside Sta tis tics, entit led Mu lti dimensional Data Analysi s, shows such software in use.
[Ta king accou nt of lur king variat es when int e rpreting a scatt e r diag ram is dis cus s ed in Statis ti c a l Highlig ht #29.]

2. Comparison Error – Lurking Var iat es and Con founding

As backg rou nd to an X−-Y− rela t ion s hip, Z−1, Z− 2, ....., Z−k in the schema at the upper rig ht ove r leaf on pag e HL57.1 are called lu r k-
ing var iat es, a phrase that means lur king explanator y variat es in that each Z− accou nts, at lea st in par t, fo r change s fr om ele ment
to ele ment in the value of the respons e variat e. The impor tanc e of lur king variat es is that if the dist rib u tio ns of their value s di ffer
between groups of ele ments [li ke (sub)popula t ion s or samples] wit h different value s of the focal variat e, an Answe r abou t the X−-Y−
rela t ion s hip may differ from the true state of affairs unles s the differenc es in the value s of the relev a n t Z−s are taken into accou nt.

A practical diffic ulty for dat a-base d inve s tig a t i ng of an X−-Y− rela t ion s hip is that lur king variat es are often numer ous and so:

• im por tant Z−s or their differ ing dis tributio ns for different value s of the focal variat e can easi ly be ove r looke d, AND:

• subs tantia l re sour ces may be needed to mea s ure value s on the sampled units for thos e Z−s deeme d to be impor tant.

Variat es other than X− and Y− that are mea s ure d on the sampled units can be assesse d by:

++ look ing at a scatt e r diag ram of y aga inst zi to check if Z− i is an exp lanato ry variat e, AND:

++ co mparing box plo t s of zi value s fo r the different value s of x to che ck for differenc es among thes e different focal variat e value s.

The sa m e st atis ti c a l is s ue rais ed by lur king variat es is inv olved, wit h different ter min ology, in con founding; the differenc e
is that the beh aviour of lur king variat es (the entity responsib le) is wh y confou nding (the statis ti c a l is s ue) occurs.

An exp lanato ry variat e re sponsib le for confou nding is called a con founder or con founding var iat e; thes e two ter ms are syn o-
ny ms for a lur king variat e whos e dist rib u tio n of value s (o ver a group of units) differs for different value s of the focal variat e.

The fol low ing defi nit ion s summarize the foregoi ng dis cus sio n :

* Lu r king var iat e: a non -focal exp lanato ry variat e (Z−) whos e differ ing dis tributio ns of value s ov er groups of ele ments or units
with different value s of the focal variat e, if taken into accou nt, wou ld meaning ful ly change an Answe r abou t an X−-Y− rela t ion s hip.

* Con founding: differ ing dis tributio ns of value s of one or more non-focal exp lanato ry variat e(s) among two (or more) groups
of ele ments or units [li ke (sub)popula t ion s or samples] wit h different value s of the focal variat e.

−− Con founder (con founding var iat e): a non -focal exp lanato ry variat e involved in confou nding.

‘Confou nding’ and ‘confou nde r’ hav e the conve n ienc e of bei ng on e-word terminology rat her than the mul t i-word phrases in-
volv ing ‘lu rking variat es’ whi c h conv ey the same idea s.

* Comparison error: fo r an Answe r abou t an X−-Y− rela t ion s hip that is base d on comparing att rib u t es of groups of ele ments or units
with different value s of the focal variat e(s), comparison error is the differenc e fr om the in ten ded (o r true) state of affairs arisi ng fr om:
−− differ ing dis tributio ns of lur king variat e value s between (or among) the groups of ele ments or units OR −− confou nding.

The alt e rnate wording of the last phrase accom modat es the equ ivalent ter min ologie s of lur king variat es and confou nding ;
in a par ticular con tex t, we use the versi on of the defin ition appropriat e to that con tex t:

• ‘l urking variat es’ can more rea dily accom modat e phen omena li ke Sim pson’s Paradox – see Statis ti c a l Highlig ht #51;

• ‘c onfou nding’ is more com mon in the con tex t of comparative Pla ns (e.g., as in Section 3 on pag es HL63.1 to HL63.4 in
St atis ti c a l Highlig ht #63), but the varie ty of usage of ‘c onfou nding’can be a sou rce of diffic ulty – see Statis ti c a l Highlig ht #3.

The schema int roduced at the cent re rig ht of pag e
5. 20 in Fig ure 5.7 of the STAT 231 Cou rse Mat e ria ls ,
and progres siv ely adapt e d on pag es 5.25 and 5.27,
ha s been fur the r adap ted as shown at the rig ht to
in clu de co mpariso n er ror; the schema now has
all six er ror cat egor ies defin ed on the upper
half of pag e HL6.4 in Statis ti c a l Highlig ht #6.

In the schema, the fou r ar row s arising from
co mparison error poi nt to boxes repre senting
gr oups of ele ments or units (a popula t ion or a sam -
ple) rat her than, as for the other five error cat egor ies,
to li nes joi ni ng boxes; the comparison error arrow at
the rig ht is to be taken as poi nting to both sample ellipses.

−− Mu ltiple co mparison error arrow s are a  con seque n ce of its different manife s tation s in different Que s tion con tex ts, as
summarized in Table HL60.2 on the lowe r half of pag e HL60.4 in Statis ti c a l Highlig ht #60.

Plan components to manage comparison error are sum marized at the end of Table HL6.1 on pag e HL6.5 in Statis ti c a l Highlig ht #6.
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