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REGRESSION: Minimizing Pe rpendic ular Dist anc es

Re gre ssi on model s are wid ely use d in the Analys is stage of the FDEAC cycle; mos t co mmonly, such model s are fitt e d to
bi- or mul t ivariat e data by the method of le ast squ ares, inv olv ing min imizi ng the sum of the squ are d re sidu als (i.e., the verti-
ca l dist anc es of the data poi nts from the reg res sio n model). Rou tin e us e of such model s, coup led with the idea that this is the
ca s e of ‘best’ fit to the data, makes it easy to for get that this us e of ‘le ast squ are s’ is, in par t, chosen for mat hem ati c a l con-
ve n ienc e and that the re are oth er choic es that cou ld als o re asonably be regarded as ‘best’ fit were they not les s conv enient. Fig -
ure 13. 3 in the STAT 221 Cou rse Mat e ria ls (o n page 13. 21) co mpare s , fo r a straig ht-lin e model, the reg res sio n of Y− on X−, the
regres sio n of X− onY− and the so-called s.d. lin e – the latt e r is the lin e whos e sl ope is the standard dev iation of Y− divi ded by that
of X−. At lea st fo r a dat a set (li ke the parent-chil d heig ht dat a in Statis ti c a l Highlig ht #30) which can be model led by a biv ariat e
no rma l dist rib u tio n, it can be argue d that, of the three choic es, the s.d. lin e is vi sua lly the lin e of ‘best’ fit – it seems to lie clo s-
est to the maj or axi s of the ellip ti c a l poin t cl oud, at lea st when the lin e ha s sl ope arou nd 1.

The purpose of this Highlig ht #54 is to add to the previous comparison the lin e of ‘best’ fit from min imizi ng the squ are s of the
perpen dicular dist anc es of the data poi nts from the model lin e. Some aspects of the
co mparison are als o pursue d in Statis ti c a l Highlig ht #55.

1. Minimizing squ are d perpendicul ar dist anc es

The diagr am at the rig ht shows par t of the straig ht lin e model whi c h, like like
the two reg res sio n li nes and the s.d. lin e, passes throu gh the poi nt of ave r age s (x−,
y−), whi c h is not sh own in the diag ram . The jth data poi nt (xj, yj) is shown above
the model lin e and a lin e runs from this poi nt perpendicular to the model lin e – it
is label led prj with the affix ‘p’ rem inding us it is a perpen dicular re sidu al; the poi nt
of interse ction of the two lin es is (x, y). The diag ram shows that prj

2 = (x−xj)
2 +

(yj − y)2 [Pythag oras] . We set out the min imization process in thi rteen steps.
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St ep 1: The equ ation of the model lin e is equation (HL54.1), whi c h

becaus e this lin e passes throu gh (x−, y−), becomes equ ation (HL54.2).

µY = α + β(xj− x−)

µY = y− +β(xj− x−)

-----(HL54.1)

-----(HL54.2)

St ep 2: The equ ation of the perpendicular lin e is equation (HL54.3).
[The produ ct of the slo pes of perpendicular lin es is −1.]

Be cau se this lin e passes throu gh (xj, yj), it becomes equ ation (HL54.4).

y = δ − 1–β x

y = yj +
1–β xj − 1–β x

-----(HL54.3)

-----(HL54.4)

St ep 3: At the poi nt of int e rse ction of the two lin es,
we can equ ate the rig ht-hand sid e s of equation s
(HL54.2) and (HL54.4) to giv e equation (HL54.5).

y− + β(xj − x−) = yj +
1–β xj − 1–β x

or: x(β + 1–β ) = −y− + yj +
1–β xj + β x−

-----(HL54.5)

-----(HL54.6)

St ep 4: Re arrangi ng the ter ms of equ ation (HL54.6), and sub -
tracting βxj fr om each sid e, yields equ ation (HL54.7).

(x−xj)(β + 1–β ) = (yj− y−) − β(xj− x−) -----(HL54.7)

St ep 5: Isol ating (x−xj) from
equation (HL54.7) and
squ aring giv es equ ation (HL54.8). [This is the squ are d le ngt h of the dash ed hor izont al si de of the rig ht-angled tria ngle con taining prj.]

(x−xj)
2 =

β 2

(β 2+1)2 [(yj− y−)2 − 2β(yj− y−)(xj− x−) + β2(xj− x−)2] -----(HL54.8)

St ep 6: Us ing the not ation: SSx = Σ
j=1

n

(xj − x−)
2
, SSxy = Σ

j=1

n

(xj − x−)(yj − y−) and SSy = Σ
j=1

n

(yj − y−)
2

and sum ming ove r the
(s a mple of) n dat a poin t s , equation
(HL54.8) beco m e s equation (HL54.9).

Σ
j=1

n

(x−xj)
2 = 1

(β 2+1)2 [β 2SSy

2 − 2β 3SSxy + β 4SSx
2] -----(HL54.9)

St ep 7: Us ing the expre ssi on for x from
equation (HL54.6) in equation
(HL54.4) give s equation (HL54.1 0).

y = yj +
1–β xj − 1–β x − 1

(β 2+1)2 [(−y− + yj +
1–β xj + β x−]

or: (yj − y)(β 2 +1) = (yj− y−) + β(xj− x−)

-----(HL54.1 0)

-----(HL54.11)

St ep 8: Isol ating (yj − y) from
equation (HL54.11) and
squ aring giv es equ ation (HL54.1 2). [This is the squ are d le ngt h of the dash ed ver ticalal sid e of the rig ht-angled tria ngle con taining prj.]

(yj − y)2 = 1
(β 2+1)2 [(yj− y−)2 − 2β(yj− y−)(xj− x−) + β 2(xj− x−)2] -----(HL54.1 2)

St ep 9: Us ing the not ation of Step 6 and sum ming
ov er the (sample of) n dat a poin t s , equation
(HL54.1 2) beco m e s equation (HL54.1 3).

Σ
j=1

n

(yj − y)2 = 1
(β 2+1)2

[SSy − 2βSSxy + β 2SSx] -----(HL54.1 3)

St ep 10 : The sum of the squ are s of the (perpendicular)
re sidu als is the co mbi nation of equation s (HL54.9)

and (HL54.1 3), whi c h si mplifie s to equ ation (HL54.1 4).
Σ
j=1

n

prj
2 = 1

β 2+1
[SSy − 2βSSxy + β 2SSx] -----(HL54.1 4)
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St ep 11: Differentiating Σprj
2 fr om Step 10 wit h

re spect to β, we obtain (after sim p lifyi ng
the rig ht-hand sid e) equ ation (HL54.1 5).

dΣprj
2

–——
dβ = 2

(β 2+1)2
[β 2SSxy + β(SSx − SSy) − SSxy] -----(HL54.1 5)

St ep 12: The der ivative in equ ation (HL54.1 5)

is a qua drati c equation in β with roots
(w hich make it zero) as in equ ation [HL54.1 6) [Thes e roots mul t i p ly to −1 –  they are the slo pes of perpen dicular li nes.]

β = 1——–
2SSxy

[SSy − SSx ± (SSx − SSy)
2
+ 4SSxy

2 ] -----(HL54.1 6)√

St ep 13: Differentiating in equ ation (HL54.1 5)

to obtain the se con d de riv ative yields
(a fter sim p lific ation) equ ation (HL54.1 7). [It can be use d to confi rm (when posi tive) that a root in equ ation (HL54.1 6) is at a min imu m.]

d
2Σprj

2

–——
dβ 2

=
−2

(β 2+1)3
[2β(β 2 +1)SSxy + (3β 2 −1)(SSx − SSy)] -----(HL54.1 7)

2. A comparison of four lines fitt ed to the same data

A sma l l (hy pot heti c a l) data set is tab ula ted and plo tted as a scatt e r diag ram at the rig ht,
toge the r with fou r li nes discus s ed bel ow; its nume rical sum marie s are:

Σxj = 45,

Σyj = 36,

x− = 7½,

Σxj
2 = 479;

Σyj
2 = 266;

y− = 6,

Σxj yj = 327;

(n = 6)

SSxy = 327 − 45×36/6 = 57,

SSx = 479− 452/6 =141½,

SSy = 266 − 362/6 = 50;

As shown on pag e 13.1 9 in STAT 221, the estim ates of β1 (the slo pe)
and β0 (the int e rc ept) of the reg res sio n of Y− on X− are:

b1 = 57

141½
= 0.402 826 855, b0 = 6 − b1

×7½ = 2.978 798 587;

so the equ ation of the fitt e d st r aight lin e is:

regy− = 2.9788 + 0.4028x = 6 + 0.4028(x − 7½).

Si milarly, from pag e 13.21 in STAT 221, the estim ates of γ
1 (the slo pe)

and γ
0 (the int e rc ept) of the reg res sio n of X− on Y− are:

g
1
= 57

50
= 1.1 4, g

0
= 7½ − g

1
× 6 = 0.66;

so the equ ation of the fitt e d st r aight lin e is:

regx− = 0.66 +1.1 4y = 7½ +1.1 4(y − 6), or: regy− = −0. 5789 + 0.8772x.

Fo r perpendicular residu als , the posit ive root from equ ation (HL54.1 6) give s sl ope β = 0.479 638849
and int e rc ept 6 − β ×7½ = 2.402 708 630;

so the equ ation of the fitt e d st r aight lin e is: regy− = 2.4027 + 0.4796x = 6 + 0.4796(x − 7½).

Fo r the s.d. lin e, the slo pe is 50/141½ = 0.594 438 298 and the int e rc ept is 6 − 0. 594 438 298 ×7½ =1. 541 712 760;

so its equ ation is: y = 1. 541 7 + 0.5944x = 6 + 0. 5944(x − 7½).
√
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The diagr am at the rig ht above illust r ates sev eral not ewo rthy matt e rs – the six dat a poin t s we re chosen wit h sufficie n t scat-
ter to sep arate the lin es enoug h fo r cl arity in the diag ram (the cor rela t ion coefficie n t is r = 0.677 659 660).

• The int e rse ction of the fou r li nes is (of cou rse) at the poin t of average s, indicated by the two horizont al and ver tical arrow s .

• Even for this sim p le daa set, the s.d. lin e se ems vis u ally to be the ‘best’ fit to the six dat a poin t s.

• The two reg res sio ns lin es, Y− on X− and X− on Y−, fall sym met rically on eit her sid e of the s.d. lin e – their slo pes are, respec-
tive ly, r and 1/r times that of the s.d. lin e (a s discus s ed on pag e 13.21 in the STAT 221 Cou rse Mat e ria ls).

• The reg res sio n base d on perpendicular residu als is sim ilar to that of Y− on X− but clo ser to the s.d. lin e and so is vis u ally a
so m ewhat better fit.

−− Mo re quantit ative ly, a mea s ure of the ‘su ccess’ of a reg res sio n model is to expre ss, as a percent age (between 0 and 100) of
SSy, the total initia l variation in the ys (as mea s ure d by SSy) min u s the sum of the squ are d re sidu als – this is the co effi-
ci ent of det ermination. The respectiv e value s he re are about 54.7% and 45.9%, confi rming our more fav o urable vi sua l
assessment of the perpendicular residu al model. Howeve r, bot h perc ent age s are low enoug h to show that neit her model
is par ticularly ‘su ccessful’ (refle cting the wid e scatt e r of the data about a straig ht-lin e model).

−− It seems likely that the differ ing ‘su ccess’ of the reg res sio n of Y− on X− and that usi ng perpen dicular re sidu als depends on
sl ope – the greater its mag n itude (i.e., the steeper the lin e), the more the coefficie n t of det e rmination wil l favou r the ‘su c-
cess’ of the lin e base d on perpendicular (rather than ver tical) re sidu als.

−− If the model is a cur ve rather than a straig ht lin e, the greater sensit ivity to slo pe of ver tical (as oppos ed to perpendicular)
re sidu al lengt h may affect fitt e d curve shape un d er the two criter ia; the greater effect of steeper slo pes woul d be on the
le ft (sm aller x value s) for cur ves that are concave dow n, on the rig ht (larger x value s) for con c ave up cur ves.

Mo re complex cur ve shapes (li ke a sin e wave) cou ld be con sid ere d as a succes sio n of the two sim p ler shapes.

The foregoi ng dis cus sio n in this Highlig ht #54 is a reminde r of the maxim of the lat e Dr. George E.P. Box , a respect e d U. S.
st atis ti cia n: All model s are wrong, som e are use ful, to whi c h we mig ht now add: but not necessar ily equ all y so .
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