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PA RADOXES: Simpson’s Par adox

1. Backg round Rev iew – Lu r king Var iat es, Con founding and Comparison Error [o ption a l re ading]

As backg rou nd to answe ring Que s tion(s) about an X−-Y− rela t ion s hip between
a focal variat e X− and a respons e variat e Y−, Z−1, Z−2, ....., Z−k in the schema at the rig ht
are called lu r king var iat es, a  phrase that means lur king explanator y variat es in
that each Z− accou nts, at lea st in par t, fo r change s fr om ele ment to ele ment in the
value of the respons e variat e. The impor tanc e of lur king variat es is that if the dis-
tr ibutio ns of their value s di ffer between groups of ele ments [li ke (sub)popula -
tion s or samples] wit h different value s of the focal variat e, an Answe r abou t the
X−-Y− rela t ion s hip may differ from the true state of affairs unles s the differenc es
in the value s of relev a n t Z−s are taken into accou nt.

X−-Y− Re l ationship? (ex ist enc e, association, cau s ation)

X− Y−
Z−1

Z−2

Z−3

Z−4Z−k

....

Explanato ry variat es

Re spons e
variat e

The sa m e st atis ti c a l is s ue rais ed by lur king variat es is inv olved, wit h different ter min ology, in con founding; the differenc e
is that the beh aviour of lur king variat es (the entity responsib le) is wh y confou nding (the statis ti c a l is s ue) occurs.
An exp lanato ry variat e re sponsib le for confou nding is called a con founder or con founding var iat e; thes e two ter ms are syn o-
ny ms for a lur king variat e whos e dist rib u tio n of value s (o ver a group of ele ments) differs for different value s of the focal variat e.

The fol low ing defi nit ion s summarize the foregoi ng dis cus sio n :

* Lu r king var iat e: a non -focal exp lanato ry variat e (Z−) whos e differ ing dis tributio ns of value s ov er groups of ele ments or units
with different value s of the focal variat e, if taken into accou nt, wou ld meaning ful ly change an Answe r abou t an X−-Y− rela t ion s hip.

* Con founding: differ ing dis tributio ns of value s of one or more non-focal exp lanato ry variat e(s) among two (or more) groups
of ele ments or units [li ke (sub)popula t ion s or samples] wit h different value s of the focal variat e.
−− Con founder (con founding var iat e): a non -focal exp lanato ry variat e involved in confou nding.

‘Confou nding’ and ‘confou nde r’ hav e the conve n ienc e of bei ng on e-word terminology rat her than the mul t i-word phrases in-
volv ing ‘lu rking variat es’ whi c h conv ey the same idea s.

* Comparison error: fo r an Answe r abou t an X−-Y− rela t ion s hip that is base d on comparing att rib u t es of groups of ele ments or units
with different value s of the focal variat e(s), comparison error is the differenc e fr om the in ten ded (o r true) state of affairs arisi ng fr om:
−− differ ing dis tributio ns of lur king variat e value s between (or among) the groups of ele ments or units OR −− confou nding.

The alt e rnate wording of the last phrase accom modat es the equ ivalent ter min ologie s of lur king variat es and confou nding ;
in a par ticular con tex t, we use the versi on of the defin ition appropriat e to that con tex t:

• ‘l urking variat es’ can more rea dily accom modat e phen omena li ke Sim pson’s Paradox dis cus s ed in this Highlig ht #51;

• ‘c onfou nding’ is more com mon in the con tex t of comparative Pla ns, as illust r ated in Statis ti c a l Highlig ht #63, but the va-
riety of usage of ‘c onfou nding’can be a sou rce of diffic ulty (se e St atis ti c a l Highlig ht #3).

Comp arison error in exper iment al and obs ervation a l Plans is dis cus s ed in Statis ti c a l Highlig ht #9.

The schema at the rig ht bel ow (fr om, for ins tanc e, pag e HL6.4 in Statis ti c a l Highlig ht #6) reminds us of sev eral matt e rs.

Data -base d inve s tig a t i ng is con cer ned initia l ly
with fou r gr oups of ele ments or units – the
target popula t ion, the study popula t ion,
the resp onden t popula t ion and the sa m p le.

As sociat e d with each of thes e gr oups
are (on e or more) attr ibutes of interest.

Answe r(s) to Que s tion s(s) are usually
give n in ter ms of att rib u t es, often their value s.

Our six cat egor ies of error, of whi c h fiv e are defi ned
in ter ms of att rib u t es – model error is the exc eptio n.

−− In the schema, the fou r ar row s arising from comparison
er ror poi nt to boxes repre senting gr oups of ele ments or units (a popula t ion or a sample) rat her than, as for the other five error
catego rie s , to li nes joi ni ng boxes; the rig htmos t hea d of thes e fo ur arrow s is to be taken as poi nting to both sample ellipses.
++ Mu ltiple ar row s fo r co mparison error are a cons equ enc e of its different manife s tation s in different Que s tion con tex ts,

as illust r ated in Table HL60.2 on the lowe r half of pag e HL60.4 in Statis ti c a l Highlig ht #60.

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

MO DEL

(tr ue value s) (m e asure d value s)

Answe r(s) to Questio n(s)

Comp arison
er ror

Study
er ror

No n-respons e
er ror

Sa mple
er ror

Me asurement
er ror

Model
er ror

Sa mple att rib u t e

In other dis cus sio n (e.g., in Statis ti c a l Highlig hts #57 and #63), the con tex t fo r co mparison error due to
lu rking variat e(s)/confou nding is comparative inv estig a t i ng of a trea tment ef fect; the relev a n t ca usa l st ruc-
ture (e.g., from the upper half of pag e HL59.1 in Statis ti c a l Highlig ht #59), is case (8), shown at the upper
right, wit h fo cal variat e X−, resp one variat e Y− and lur king variat e/confou nde r Z−. In this Highlig ht #51, as
summarized in the structure (A)2 at the lowe r right, we broaden the discus sio n in two ways :

• we hav e two (or thre e) ‘focal’variat es [not necessarily all of equ al int e rest in the Que s tion con tex t];

(8)

(A)
2

X−
Y−

Z−

X−1

X−2 Y−
Z−
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• we are unconc e rne d with ca usa tion as the rea son for the X− i-Y− and Z−-Y− association s, becau se the nature of the focal vari-
at es is such that we cannot set their lev els and this pre clu des using such focal variat e(s) to manipula te the value of Y−;
−− this is why the lowe r st ructure at the rig ht ove r leaf on pag e HL51.1 has li nes rather than arrows between the variat e sy mbols.

The phen omen on known as Sim pson’s Paradox can arise in a comparative inv estig a t ion whe re the att rib u t es are pro por tio ns
– that is, the respons e variat e Y− is qu ali tative [discret e (c atego rical)] in nature; the dramati c name (‘P aradox’) is a reflection of how
the effect of lur king variat e(s) can re verse the sig n of a rela t ion s hip. The data in twe n ty of the first twenty-one Table s HL51.1 to
HL51. 21use d in dis cus sio n of Sim pson’s Paradox in this Highlig ht #51 are hypot heti c a l. The discus sio n is in six section s:

2. Illu s tration s of Sim pson’s Paradox
3. ‘Si mpson’s Paradox’wit h a quantit ative respons e variat e.
4. Rea son s fo r Si mpson’s Paradox – pro per tie s of pro por tio ns.

5. Rea son s fo r Si mpson’s Paradox – popula t ion subgr oups and weighted ave r age s.
6. Reason s fo r Si mpson’s Paradox – probability dis tributio ns.
7. A Plan for an inv estig a t ion to answe r the Que s tion of sex dis crimination.

The dis cus sio n is frame d in ter ms of popu lations, becau se the re are no in her ent sampling issues in Sim pson’s Paradox; when
the groups bei ng co mpare d are sa m p les, the re is the addit ion a l st atis ti c a l is s ue of managi ng sample error.

2. Illustr ations of Simpson’s Par adox

The dat a in Table HL51.1 bel ow co m e fr om the discus sio n of Sim pson’s Paradox in Progr am 11 of Ag a inst All Odds: Inside
St atist i cs; the con tex t is pos sib le sex dis crimination in graduate admissio ns. Ove r all, the adm issio n ra te [o r pr oportion (a n at-
tr ibute)] is lo wer fo r women (50% vs. 55% for men – see the bottom lin e of the Table) but, when the data are subdivi ded by
school (Law and Busin ess), the fem ale adm issio n rate is high er (by 5 percent age poi nts) for ea ch school . The (bin ary) respons e
variat e is school adm issio n (Ye s , No) and the lur king variat e is women -to -men ratio among appli c a n t s; its effect is becau se:

* the two school s ha d ap pre -
ci a bly di ffere nt admissio n
rates: 80 and 75% for Law,
20 and 15% for Busin ess;

* half as many women as men
(120 vs. 240) ap plie d to Law
but eq ual numbers of women and men (120) ap plie d to Busin ess.

The diagr am to the rig ht of Table HL51.1 shows its data in graphical for m; Sim pson’s Paradox is the posi tive sl ope of the middle
da she d li ne for the dat a fo r both school s changi ng to a nega tive sl ope in the upper and lowe r li nes for the school s in dividua lly.

In this illu s tration, the variat es in the lowe r st ructure (A)2 at the lowe r right ove r leaf on pag e HL51.1 are:
X−1 is an appli c a n t’s sex (fe male, male) , X−2 is the school appli ed to (Law, Busin ess),
[In Table s HL51. 5 and HL51.6 on the facing pag e HL51. 3, X−3 is the lev el of study (Ma sters, Docto r al)],
Z− is the (lu rking variat e) women -to -men ratio among appli c a n t s (d iscus s ed fur the r in Section s 3 and 5 on pag es HL51. 3 and HL51.4),
Y− is the respons e to an appli c a n t (a dmitt e d, not adm itted). [On pag e HL51. 3, Y− is time for deg ree completio n (m inimu m, longe r).]

Unli ke inv estig a t i ng a tre atment effect when the re is more than one focal variat e (e.g., usi ng a facto ria l treatment structure), the
focal variat e of primary int e rest in this Questio n cont ext is X−1, an appli c a n t’s sex .

Ta ble HL51.1: ............WO MEN............. ................MEN...............
Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 240 180 75

Bu sin ess 120 24 20 120 18 15

Bo th 240 120 51 360 198 55
Wo m e n Me n

%
100

50

0

• •

• •

120
240

120
120

Law

Bo th

Bu sin ess

The lim itation impos ed by
lu rking variat es on an Answe r
to a Que s tion abou t an X−-Y− re -
la t ion s hip is illu s trated fur the r
by the data in Table s HL51. 2
to HL51.4; as the diag rams to
the rig ht of the table s em pha -
si ze, it is als o possib le to hav e:

* the sa m e ov erall adm issio n
rate for women and men
but a high er rate for women
in the two school s in d ivi-
du ally (Ta ble HL51. 2);

* a lo wer ov erall adm issio n rate for women but the sa m e rate for women and men in the two school s in d ivi d ually (Ta ble HL51. 3);

* a high er rate ove r all and in the two school s in d ivi d ually for women (Ta ble HL51.4).

Ta ble HL51.2: ............WO MEN............. ................MEN...............
Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 168 126 75

Bu sin ess 120 24 20 120 18 15

Bo th 240 120 50 288 144 50 Wo m e n Me n

%
100

50

0

• •

• •

120
168

120
120

Law

Bo th

Bu sin ess

Ta ble HL51.3: ............WO MEN............. ................MEN...............
Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 240 192 80

Bu sin ess 120 24 20 120 24 20

Bo th 240 120 51 360 216 60 Wo m e n Me n

%
100

50

0

• •

• •

120 240

120 120

Law

Bo th

Bu sin ess

The effect of lur king vari-
at es on an X−-Y− rela t ion s hip at
a se con d leve l of subdivi sio n is
il lust r ated in Table s HL51. 5 and
HL51.6 at the upper rig ht of the
faci ng pag e HL51. 3; a cont ext

Ta ble HL51.4: ............WO MEN............. ................MEN...............
Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 120 90 75

Bu sin ess 120 24 20 120 18 15

Bo th 240 120 51 240 108 45 Wo m e n Me n

%
100

50

0

• •

• •

120
120

120
120

Law

Bo th

Bu sin ess
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PA RADOXES: Simpson’s Par adox (continue d 1)

fo r thes e data is the pro por tio n of graduate students who complet e thei r degree in the minimu m time. In Table HL51. 5, the
propor tio n fo r women is lo wer ov erall, high er when subdivi ded by sub ject are a (Law or Busin ess) but aga in lo wer when sub ject
area is subdivi ded by lev el (Ma sters or Docto r al). Sim ilar effects are seen in Table HL51.6, exc ept the pro por tio ns for women
beco m e eq ual when subdivi ded by sub ject are a and high er when fur the r subdiv ide d by lev el.

Probabilis ti c a l ly, subdivi ding
is condit i oning so that Table s
HL51.1 to HL51.6, in illust r ating
Si mpson’s Paradox , sh ow the
li mit ation on an Answe r which
involves comparing condit i onal
probabilit ies for a respons e va -
riat e with di ffere nt condition -
ings; that is, comparing prob-
abilit ies for Y− give n X−1 and X−2

with Y− give n only X−1 (in Table s
HL51.1 to HL51.4) or for Y− give n
X−1, X−2 and X−3 with Y− give n X−1

and X−2 or Y− give n only X−1 (in
Ta ble s HL51. 5 and HL51.6) –
se e Se ction 6 ove r leaf on pag e
HL51.4. Fou r ot he r il lust r ation s
of Sim pson’s Paradox are giv en
in Not e 2 on pag es HL51. 5 and
HL51.6 and three more illust r ative
tables (li ke Table HL51.9 ove r leaf
on pag e HL51.4) are dis cus s ed on pag es HL51.6 and HL51.7 in the Appendix of this Highlig ht #51.

Ta ble HL51.5: .............WO MEN............. .................MEN...............
Number of COMPLETIONS Number of COMPLETIONS

SCHOOL Students Number % Students Number %

Law: Masters 60 51 85 60 54 90

Docto r al 60 33 55 300 180 60

Bu s.: Masters 60 27 45 20 10 50

Docto r al 60 9 15 100 20 20

Law 120 84 70 360 234 65

Bu sin ess 120 36 30 120 30 25

Bo th 240 120 50 480 264 55 Wo m e n Me n

%
100

50

0

• •

• •

+
+

+
+

+
+

+
+

80
360

80
120

Law

Bo th

Bu sin ess

Ta ble HL51.6: .............WO MEN............. .................MEN...............
Number of COMPLETIONS Number of COMPLETIONS

SCHOOL Students Number % Students Number %

Law: Masters 60 54 90 240 204 85

Docto r al 60 42 70 80 52 65

Bu s.: Masters 60 18 30 120 30 25

Docto r al 60 6 10 40 2 5

Law 120 96 80 320 256 80

Bu sin ess 120 24 20 160 32 20

Bo th 240 120 51 480 288 60 Wo m e n Me n

%
100

50

0

• •

• •

+
+

+
+

+
+

+
+

80 240

80 120

Law

Bo th

Bu sin ess

3. ‘Simpson’s Par adox’ wit h a Quant itative Response Var iat e
Si mpson’s Paradox is usually pre sent e d in the con tex t of comparing pr oportions but the same phen omen on can occur wit h

a cont inuous re spons e variat e. As illust r ated by the data in Table HL51.7 and the diag ram to its rig ht, whose con tex t is graduate
studie s admissio n av erage s , the ave r age is lo wer ov erall for women than men (84% vs. 86%)
but, when the data are subdivi ded by
school , both ave r age s are high er fo r wo -
men. The respons e variat e he re is an
ap plicant’s ave r age, the att rib u t e is the
aver age of thes e av erage s (e.g., 90 and
88 for Law, 82 and 80 for Busin ess)
and the lur king variat e is women -to -men
ratio among appli c a n t s (1:3 for Law, 3:1 for Busin ess). Wit h 1:1 ratios , there is no ‘p aradox .’

Ta ble HL51.7: ........WO MEN........ ...........MEN...........
Number of Appli c a n t s’ Number of Appli c a n t s’

SCHOOL Appli c a n t s Av erage (%) Appli c a n t s Av erage (%)

Law 50 90 150 88

Bu sin ess 150 82 50 80

Bo th 200 84 200 86 Wo m e n Me n

Av .

90

80

•
•

•
•

50
150

150
50

Law
Bo th

Bu sin ess

The illust r ation in Table HL51.7 shows that Sim pson’s Paradox is not sole ly a phen omen on whi c h may arise when comparing
pr oportions. Its origi n li es in the rela tive ‘n atural’ group sizes arisi ng fr om the process of subdivi ding (or its inv erse of com -
bin ing) us ed to manage comparison error in obs ervation a l Plans. Such a lur king variat e (c a l led the women -to -men ratio in the
discus sio n of Table HL51.1 on pag e HL51. 2 and Table HL51.7 above) is di ffere nt in nature to Z− in the upper cau s a l st ructure of
ca s e (8) at the lowe r right of pag e HL51.1, whi c h we think of as bei ng able to ca use an ele ment to change the value of its re-
spon se variat e. Thu s , we now recog n ize two ways a change in a lur king variat e can affe ct att rib u t e value(s):

• by ca usi ng elem e n t s’ respons e variat e (a n d, henc e, their att rib u t e) value s to change, OR:

• by disto rting att rib u t e ca lcu lation when subdivi ding is use d to manage comparison error in an obs ervation a l Plan.

4. Reasons for Simpson’s Par adox – properties of proportions

Quantit ies (li ke variat e and att rib u t e value s) whi c h are si ngl e numbers are rela t ive ly st r aight-for-
ward to compare: 4 is gre ater than 2 is gre ater than −6, alt hou gh the latt e r ha s a large r magn itude
than the first two. Howeve r, when quantit ies (li ke pro por tio ns or fractio ns and the coordin ates of
poin t s on a scatt e r diag ram) inv olve two numbers, comparisons may raise complication s. Fo r ex-
ample, in the diag ram at the rig ht, poin t s A and C wit h di ffere nt coordin ates are the sa m e dist anc e
fr om the origi n and poi nt B is cl o ser to the origi n than A and C despi te its coordin ates bei ng larger
than one of those of A and C. The (surprising) re sul t fo r fr actio ns (or pro por tio ns) , ex h ibited in

4

3

2

1

0
0 1 2 3 4

•

•

•

(1, 3)

(2, 2)

(3, 1)

A

B

C
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Si mpson’s Paradox , is that for eig ht (posit ive) int ege rs a, b, ....., h, it is pos sib le to hav e (a s in Table HL51.1 on pag e HL51. 2):
a
b

> c
d

and e
f

>
g

h
but at the sa m e ti m e to have: a + e

b + f
< c + g

d +h
; e.g., 32

40
> 90

120
and 12

60
> 9

60
but 44

100
< 99

180
.

This pro per ty als o ap plie s to more than two pairs of fractio ns (as in Table HL51.1 5 on pag e HL51. 5) and for other combin ation s
of inequali ty and equ ali ty (as in Table s HL51. 2, HL51. 3, HL51. 5 and HL51.6 on pag e HL51. 2 and ove r leaf on pag e HL51. 3)

When the fractio n 90

120 is inst ea d 30

40, we see at the rig ht that the re is no ‘p aradox’
(a s in Table HL51.4), rem inding us that it is the group sizes (in the denominato rs)
un d er subdivi ding that may eng age the pro per ty of pro por tio ns whi c h ge nerates the ‘paradox’ –  recall Sectio n 3 on pag e HL51. 3.

32
40

> 30
40

and 12
60

> 9
60

and 44
100

> 39
100

5. Reasons for Simpson’s Par adox – popul ation subgroups and weighte d av erage s

The dis t orted calcula t ion of the value s of (popula t ion) att rib u t es (li ke pro -
portio ns and ave r age s), whi c h ge nerates the ‘paradox’ illust r ated in Section s 2
and 3, is an ins tanc e of weigh t ed co mbin ation s of the cor responding att rib u t es
of popula t ion subgroups. As shown in Table HL51.8 at the rig ht, the att rib u t e
value s in the last lin e of each of Table s HL51.1 to HL51.4 are weighted com -
bin ation s of the att rib u t es in the two table lines above them; what produ c es
the change s in attribute value s rela tive to each othe r is a change in weigh ts.
Each weight is det e rmine d by the (natural) size of a popula t ion subgr oup; this
si ze is the lu rking variat e whos e change is responsib le for the change in (the
sign of) the X−-Y− rela t ion s hip. The same idea appli es to ea ch of the two leve ls
of subdivi sio n in Table s HL51. 5 and HL51.6 and to the ave r age s in Table
HL51.7. When the weights are eq ual (a s in Table HL51.4), the re is no ‘p aradox .’

Ta ble HL51.8: We i g hte d percentage Weights

Ta ble HL51.1: 1
2

1
2

2
3

1
3

Ta ble HL51. 2: 1
2

1
2

7
12

5
12

Ta ble HL51. 3: 1
2

1
2

2
3

1
3

Ta ble HL51.4: 1
2

1
2

1
2

1
2

120
240 ×80 + 120

240 ×20 = 50

240
360 ×75 + 120

360 ×15 = 55

120
240 ×80 + 120

240 ×20 = 50

168
288 ×75 + 120

288 ×15 = 50

120
240 ×80 + 120

240 ×20 = 50

240
360 ×80 + 120

360 ×20 = 60

120
240 ×80 + 120

240 ×20 = 50

120
240 ×75 + 120

240 ×15 = 45

6. Reasons for Simpson’s Par adox – prob ability distr ibutions

Ta ble HL51.1 on pag e HL51. 2 prov ides data from whi c h the probability fun ction of a dis cret e tr ivariat e dist rib u tio n can be
estim ated . To obtain this model , we first ext end Table HL51.1 as in Table HL51.9 bel ow to inclu de three ext r a colu mns for
‘Bot h sexe s.’ We then defin e fiv e
ev ents and use estim ates for ten pro -
babilit ies – the ver tical lin e means
‘g ive n that’ in the eig ht condit i on-
al probabilit ies and ∩ den otes an
in ter sec tion of eve n t s.

The (join t) tr ivariat e
model is shown in Table
HL51.1 0 at the rig ht bel ow;
summing its probabilit ies for
on e variat e, we obtain the three
(m argin a l) bivariat e models in Ta ble s
HL51.11 to HL51.1 3. The sma l ler bold
annotation s in Table s HL51.1 0 to HL51.1 2
sh ow how eight of the nine percent age s
in Table HL51.9 arise; for exa mple, the
80% of women adm itted to Law is 0.16

0. 2.

We see that Table HL51.1 on pag e HL51. 2 involves parts of the
two mul t ivariat e dist rib u tio ns in Table s HL51.1 0 and HL51.11; it
is the refore unsurprising if comparisons among thes e parts, taken
in isol ation, yield seeming ‘paradoxes.’ It can be conf usi ng that
Ta ble HL51.1 and those like it do not show explicit ly perc ent age s
involv ing co mplem ents [li ke appli c a n t s ‘not admitt e d’ (ev ent A

−)].

Ta ble HL51.9: ...........WO MEN............ ...............MEN.............. .......BOTH SEXES........
Number of ADMISSIONS Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 240 180 75 360 276 76.6
.

Bu sin ess 120 24 20 120 18 15 240 42 17.5

Bo th school s 240 120 50 360 198 55 600 318 53

Event A: Appli c a n t is adm itted
Event F: Appli c a n t is fem ale (X−1 = fem ale) Pr(F) = 0.4 Pr(A|F) = 0.5 Pr(A|F∩ L) = 0.8
Event M: Appli c a n t is male (X−1 = male) Pr(M) = 0.6 Pr(A|M) = 0.55 Pr(A|F∩ B) = 0.2
Event L: Appli c a n t ap plie s to Law (X−2 = Law) Pr(A|L) = 0.7 6

.
Pr(A|M∩ L) = 0.7 5

Event B: Appli c a n t ap plie s to Busin ess Pr(A|B) = 0.1 75 Pr(A|M∩ B) = 0.1 5

(Y− = yes; the complem e n t A
−

is Y− = no)

(X−2 = Busin ess)

Ta ble HL51.10: Triva riate model for Y−, X−1 an d X−2

. . . . . F. . . . . . . . .M . . . . .

A
A
−

L B L B

0.16 0.04 0. 3 0.03 0. 53
0.04 0.16 0.1 0.17 0.47

0. 2 0. 2 0.4 0. 2

0.8 0.2 0.75 0.15

Ta ble HL51.11:
Biva riate model for Y− an d X−1

A
A
−

F M

0. 2 0. 33 0. 53
0. 2 0. 27 0.47

0.4 0.6

0.5 0.55

Ta ble HL51.1 2:
Biva riate model for Y− an d X−2

A
A
−

L B

0.46 0.07 0. 53
0.14 0. 33 0.47

0.6 0.4

0.76
.

0.175

Ta ble HL51.13:
Biva riate model for X−1 an d X−2

F
M

L B

0. 2 0. 2 0.4
0.4 0. 2 0.6

0.6 0.4

7. A Plan for an Inv est igation to Answe r the Que stion of Sex Discr imination

Comp aring pro por tio ns of women and men adm itted among appli c a n t s to graduate studies (as in the con tex t of Table HL51.1
on pag e HL51. 2) is not an adequ ate Pla n to answe r the Que s tion of pos sib le sex dis crimination, for two rea son s:

• there is the pos sib i lity of Sim pson’s Paradox and no cle ar way to defi ne the lev el of subdivi sio n at whi c h to make comparisons;

• ap plicants’qu ali fica tions are not taken into accou nt.

Bo th matt e rs are addre sse d by a Pla n which inv olves tak ing pair s of applicants, one fem ale and one male, wit h the sa m e qu ali-
fic ation s fo r admissio n and then comparing the pro por tio ns of women and men who are adm itted across a number of such
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PA RADOXES: Simpson’s Par adox (continue d 2)

pairs that is adequ ate, in the inv estig a t ion con tex t, to manage all relev a n t catego rie s of error.

* Fo r co mparison error, pair ing manage s the gr oup sizes (a n d henc e, the weights in the att rib u t e calcula t ion s) in a way that pre -
cludes Sim pson’s Paradox; mat ching manage s equali ty of quali fi cation s fo r the groups of women and men bei ng co mpare d.

Howeve r, as wit h any obs ervation a l Plan (that gathe rs dat a fr om a popula t ion in its natura l st ate), the re is stil l the lim itation on
Answe r(s) impos ed by comparison error due to other (unre cognized) lu rking variat es.

* When inv estig a t i ng the much-discus s ed issue of comparable wor th (w het her women
are paid the same as men for the same work), relev a n t ex pla n ato ry variat es to man -
ag e in clu de quali fi cation s, exper ienc e and hours wor ked per mon th or per year.

The schema at the rig ht is a picto ria l reminde r of the lur king variat e of group (popula t ion
or sample) sizes when deve loping an obs ervation a l Plan to answe r a Que s tion wit h a ca u-
sa tive aspect, whi c h (u sually) inv olves comparing att rib u t e value s (c a lcula ted or obtaine d
fr om a scatt e r diag ram in the Analysis st age of the FDEAC cycle) for broa d subpopula -
tion s (li ke women and men). By con trast, when answe ring a Que s tion wit h a descript ive
aspect (e.g., a Que s tion abou t both sexe s), differ ing att rib u t e value s at different lev els of
subdiv isi on are more obvious and so lur king variat e(s) are usually les s troub lesome.
Thes e matt e rs are illust r ated, usi ng infor mation from Table HL51. 5
(n ear the top of pag e HL51. 3), in Table HL51.1 4 at the rig ht bel ow.

Data for in dividua ls

At tribute for popu lation

At tribute for sm all subgroups

At tribute for medium subgroups

At tribute for large subgroups

Equally weighted combin ation

Equally
weighted

co mbin ation

We ighted combin ation

We ighted combin ation

We ighted combin ation

Ta ble HL51.14: Wo men Men Both sexes
Gr oup Gro up Gro up

Gr oup size % size % size %

Indivi d uals 1 -- 1 -- 1 --

Sm aller Law: Masters 60 85 60 90 120 88
subgroups Docto r al 60 55 300 60 360 59

Bu s.: Masters 60 45 20 50 80 46
Docro r al 60 15 100 20 160 18

Large r Law 120 70 360 65 480 66
subgroups Busin ess 120 30 120 25 240 27

Popula t ion 240 50 480 55 720 53

(Ba s ed on Table HL51. 5 data)NO TES: 1. Sim pson’s Paradox is so surprising, par ticularly
when first encou ntered, that it is easy to los e
sight of key sta tis tical is s ues.

• The pro por tio ns are co rre ctly calcula ted –
Si mpson’s Paradox is not the res ult of mis -
take s in arithmeti c.

• Si mpson’s Paradox is not confin ed to att ri-
butes that are pro por tio ns (as dis cus s ed in
Se ction 3 on pag e HL51. 3).

• Si mpson’s Paradox occurs when subdivi ding (or combin ing) data for cat egor ies and only in so me ci r c umstanc es.

Lesson s fo r data -base d inve s tig a t i ng are:

* re cognize and manage the (surprising) proper ty of pro por tio ns dis cus s ed in Section 4 on pag es HL51. 3 and HL51.4;

* ma n age relev a n t non-focal exp lanato ry variat es – this includes sometimes bei ng able to identify an appro priat e
leve l of subdivi sio n at whi c h to make comparisons (as in Table HL63.3 on pag e HL63.4 of Statis ti c a l Highlig ht #63).

There is then no‘paradox’ for a cle ar Questio n inve s tig a ted with an adequ ate Pla n, sugg esting that the name Sim p-
son’s Pa r ado x can be misle ading ;

2. Fou r mo re il lust r ation s of Sim pson’s Paradox are:

Ta ble HL51.1 5: The con tex t is the same as
that of Table HL51.1 on pag e HL51.1 but there
are now six prog rams (A, ..., F) in stead
of two school s (Law, Busin ess).
Li ke Table HL51.1, the re is a lo wer perc en-
tage of women adm itted ove r all but a high-
er perc ent age for ea ch of the six progr ams.

Ta ble HL51.16: Ba s eball batting ave r age s –
the batt e r with the lo wer av erage for the whole
season has a high er av erage in bot h half season s.
Re calling Section 7 and Not e 1 above, it is of
in terest to deve lop a Pla n to answe r the Que s tion
of whi c h batt e r to take if only one can be chosen.

Ta ble HL51.17: Deat h rates (per 1,000 liv es) in two
regio ns of the U.S. for smoke rs and non -sm oke rs.
[Thes e data were gat hered by a life ins uranc e co mpany
which was issuing whole life poli cie s coun trywide on a non -
me dical is s ue basi s ; in 1986, 3,800 poli cie s we re issued to males age d 40 -45. The company’s file s we re kep t in two location s
– Nashvil le for poli cie s is s ued east of the Mis sis sip pi and Los Ang eles for poli cie s is s ued west of the Mis sis sip pi. Nashvil le is-
sued 2,000 poli cie s and processe d 13 deaths, Los Ang eles issued 1,800 poli cie s and processe d 8 deaths.]

REFERENCE: Doli ns, J.G.: Actuaries ... be careful! The Actuary, March , 1989, pag e 11 .

Ta ble HL51.1 5: ............WO MEN............. ................MEN...............
Number of ADMISSIONS Number of ADMISSIONS

PROGRAM Appli c a n t s Number % Appli c a n t s Number %

Archeol ogy 108 89 82 825 512 62

Bi ology 25 17 68 560 353 63

Chem ist ry 593 219 37 325 114 35

Drama 375 131 35 41 7 138 33

Englis h 393 106 27 191 48 25

French 341 27 8 373 22 6

All 1,825 589 32 2,691 1,1 87 44

Ta ble HL51.16: ......BATTER #1..... .....BATTER #2......
Time Per iod Hits At bat s Av erage Hits At bat s Av erage

First half 15 70 .214 25 130 .1 92

Se con d half 15 50 .300 80 280 .286

Whole sea son 30 120 .250 105 410 .256

Ta ble HL51.17: ......SMOKER S...... NON-SMOKER S
LOCATION Deat hs Poli cie s Rate Deat hs Poli cie s Rate

Na shvil le 6 900 6.67 7 1,1 00 6.36

Los Ang eles 5 1, 100 4.55 3 700 4.29

Either 11 2,000 5.50 10 1,800 5.56
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NO TES: 2.
(c o nt.)

Ta ble HL51.18: Effe ct of jur y challenge s
on convi ction rat es in trials in the U.K.
[In early 1987, an article by Ber nard Lev in in The

Ti m es rais ed the que s tion of whether jur y challenge s
assis t thos e who are guilty in avo iding convi ction.
Mr. Lev in con clu ded this was not the case, on the

Ta ble HL51.18: ...NO CHALLENGE... .......CHALLENGE......

DEFENDENT Number CONVICTIONS Number CONVICTIONS
STAT US of Trials Number % of Trials Number %

Guilty 20 16 80 70 42 60

Innocent 10 0 0 0 0 0

Either 30 16 53 70 42 60

basi s of dat a sh owing a convi ction rat e of 53% in trials wit h no challenge s , lo wer than the convi ction rat e of 60% in trials with
challenge s. Howeve r, this answe r does not ne c essarily fol low from thes e conv ictio n rates; in the hypoth etical data in Table HL51.1 8
(a t the rig ht above), the convi ction rat e fo r gu ilty defe n d e n t s is sub stantia l ly high er in trials wit h no challenge s. Un for tun ately,
this cou nter-argument is specula t ive becau se the number of defendents actually guilty and innocent, and the rat es of challenge
and of convi ction in bot h thes e gr oups, are not rea dily acces sib le. Nev erthele ss, an article in a maj or newsp aper which uses
flawe d re asoning from dat a to answe r a Que s tion on a sub stantiv e is s ue is a ser iou s matt e r.]

REFERENCE: Hil l, I. D.: Reb u tting the media. The Royal Sta tis tical Society NEWS & NOT ES 16(#1), Sep tember, 1989, pag e 4.

There is dis cus sio n and fur the r il lust r ation s of Sim pson’s Paradox in Wag ner, C.H.: Sim pson’s Paradox in Real Life.
Am erica n St atist i cia n 36 (#1, Feb ruary): 46-48 (1982).

Refer ring to the data in Table HL51.1 7 ov erleaf at the lowe r right of pag e HL51. 5, sugge s t a plau sible exp lanation for the lo wer
death rates for bot h sm oke rs and non -sm oke rs whose file s we re kep t in Los Ang eles, compare d with thos e ke pt in Nashvil le.

1

Refer ring to the matt e rs raise d by the numbers in Table HL51.1 8 at the rig ht above, outli ne how you wou ld try to re d uce the
un cer tain ties whi c h are pre sent and so obtain an Answe r with fewer lim itation s abou t the effect(s) of jur y challenge s on con -
vi ction rat es for the guilty in the U.K.

• What effect(s) of jur y challenge s on the convi ction of in nocen t defe n d e n t s is indicated by the numbers in Table HL51.1 8?
Explain brief ly.

2

8. Appendix: Simpson’s Par adox and Int eraction

Fo r ex tending the discus sio n of Sim pson’s Paradox on the first six sid e s (page s HL51.1 to HL51.6) of this Highlig ht #51, for
conv enienc e in this Appendix (in clu ding label ling the three diagr ams to the rig ht of Table s HL51.1 9 to HL51. 21 bel ow and on
the facing pag e HL51.7) we use the not ation defi ned near the middle of pag e HL51. 2:

X−1 is an appli c a n t’s sex (fe male, male) , X−2 is the school appli ed to (Law, Busin ess), X−3 is the lev el of study [Ma sters, Docto r al],
Y− is the respons e to an appli c a n t (a dmitt e d, not adm itted) or tim e fo r degree completio n (m inimu m, longe r),
Y
−− (the aver age of Y−) is the percen t age of applicants adm itted or who complet e thei r degree in the minimu m time.

The diagr ams illust r ating Sim pson’s Paradox to the rig ht of Table s HL51.1 to HL51.6 (on pag es HL51. 2 and HL51. 3) are rem i-
niscent of a diagr am sh owing int e r actio n (e.g., in Not e 6 on pag e HL68.2 in Statis ti c a l Highlig ht #68); howeve r, the re are di ffere nces:

the Sim pson’s Paradox diagr ams hav e an addit ion a l (d ash ed) li ne for the ove r all X−1-Y
−− rela t ion s hip;

the ins tanc es of Sim pson’s Paradox in Table s HL51.1 to HL51.6 hav e only para llel (s oli d) li nes for the X−1-Y
−− rela t ion s hips for

different value s of X−2 – that is, the re is no in teractio n of X−1 and X−2 in their effects on Y−.

This rest riction is re moved in (an othe r) rew orking of Table HL51.1 and its diag ram in Table HL51.1 9 below, whe re the re is in ter-
action of X−1 and X−2 in their effects on Y− becaus e the two soli d li nes in the diag ram to the rig ht of the Table are not parallel.

Ta ble HL51.1 9: ...........WO MEN............ ...............MEN.............. .......BOTH SEXES......
Number of ADMISSIONS Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 480 360 75 600 456 76

Bu sin ess 120 36 30 120 12 10 240 48 20

Bo th school s 240 132 55 600 372 62

Wo m e n Me n

%
Y
−−

X−1

100

50

0

• •

•
•

120
480

120

120

Law

Bo th school s

Bu sin ess

Thus, int e r actio n may be inv olved in Sim pson’s Paradox but is not requ ire d fo r it to occur.

Earli er dis cus sio n at the upper left of pag e HL51. 3 and on pag e HL51.4 in Section 6, and in this Appendix, rem inds us that
Si mpson’s Paradox and int e r actio n both involve (estim ated) value s of condit i onal probabilit ies for Y−, BUT:

Si mpson’s Paradox inv olves comparing thes e probabilit ies con d ition ed on two (or thre e) of the X−s wit h probabilit ies con d i-
tion ed on one fe wer (o ne or two) X−s; WHEREAS:

in teractio n is absent or pre sent depending on the value s of probabilit ies wit h the sa m e condition ing on the X−s – thes e val-
ue s deter min e whet her the cor responding lin es are or are not parallel.

NO TES: 3. Illust r ation of Sim pson’s Paradox from comparing acro ss Ta ble s HL51.1 to HL51.6 can ove rsh adow comparisons
do wn su ch table s. For exa mple, in Table HL51.1 (rewo rke d as Table HL51.9 on pag e HL51.4), the six bold perc en-
tage s fo r X−2 (80 and 20, 75 and 15, 76.6

.
and 17. 5) addres s a Que s tion di ffere nt fr om pos sib le sex dis crimination:
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NO TES: 3. •
(c o nt.)

Ho w do the admis sion sta n dar ds of the Law and Busin ess sch ool s co mpare?

The (hy pot heti c a l) data in Table HL51.9 on pag e HL51.4 (and Table s HL51.1 9 to HL51. 21on the facing pag e
HL51.6 and bel ow on this pag e) indicate an appre ciably high er admissio n st andard for Busin ess than for Law,
unle ss the abilit ies of the two appli c a n t pools are remarkably different.

4. A se con d rewo rking of Table HL51.1 and its diag ram is giv en bel ow in Table HL51. 20; as in Table HL51.1 9, the re
is in teractio n of X−1 and X−2 in their effects on Y− but, for bot h school s co mbin ed, the re is no sex differenc e in pro por-
tion s, due to canc ellation of effects in opp osi te direction s fo r the school s in d ivi d ually.

Ta ble HL51.20: ...........WO MEN............ ...............MEN.............. .......BOTH SEXES......
Number of ADMISSIONS Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 180 153 85 300 249 83

Bu sin ess 120 24 20 180 27 15 300 51 17

Bo th school s 240 120 50 360 180 50
Wo m e n Me n

%
Y
−−

X−1

100

50

0

• •

• •

120
180

120
180

Law

Bo th school s

Bu sin ess

Ta ble HL51. 21 bel ow and its diag ram show, like Table HL51. 20, no sex differenc e fo r both school s co mbin ed but
this is now a con seque n ce of the in dividua l school s also show ing this same beh aviour – the re is no in teractio n.

Ta ble HL51.21: ...........WO MEN............ ...............MEN.............. .......BOTH SEXES......
Number of ADMISSIONS Number of ADMISSIONS Number of ADMISSIONS

SCHOOL Appli c a n t s Number % Appli c a n t s Number % Appli c a n t s Number %

Law 120 96 80 80 64 80 200 160 80

Bu sin ess 120 24 20 80 16 20 200 40 20

Bo th school s 240 120 50 160 80 50

Wo m e n Me n

%
Y
−−

X−1

100

50

0

• •

• •

120 80

120 80

Law

Bo th school s

Bu sin ess

5. Across Table s HL51.1 to HL51.6 on pag es HL51. 2 and HL51. 3 and Table s HL51.1 9
to HL51. 21 on the facing pag e HL51.6 and above, different weights in the pro por tio n calcula t ion s (li ke those in
Ta ble HL51.8 on pag e HL51.4) yi eld a not ewo rthy variety in the percent age s fo r women compare d to those for
men. This is sum marized in Table HL51. 22 at the rig ht bel ow; three cat egor ies are dis tinguis hed .

In fou r tables, the re is an X−1-Y
−− rela t ion s hip, the re is no int e r actio n of X−1 and X−2 in their effects on Y− and, in two

of the table s , the X−1-Y
−− rela t ion s hip is unexceptio nal in lig ht of the effect of subdivi sio n by X−2; by con trast, in

Ta ble HL51. 3 and Table HL51.6 bet ween the first and secon d leve ls of subdivi sio n by X−2, the exc eptio nal be-
haviour is the X−1-Y

−− rela t ion s hip disappear ing when the
data are subdivi ded by X−2.

−− No tation like (1, 3) [o r (1, 2)] on Table HL51. 5 (o r Ta ble
HL51.6) in Table HL51. 22 refers to the first and thi rd
(o r first and secon d) leve ls of subdivi sio n by X−2.

In fou r tables, the re is no X−1-Y
−− rela t ion s hip but thre e of

thes e are ‘fa lse negative’Answe rs – when the data are
subdiv ide d by X−2, the re is an X−1-Y

−− rela t ion s hip and so
they are desig n ated ‘exceptio nal’ in the fou rth colum n.
−− In Table HL51. 20, int e r actio n is the re aso n fo r the ex-

ceptio nal beh aviour but int e r actio n is absent in the
ot he r thre e tables.

In five table s , there is (a gain) an X−1-Y
−− rela t ion s hip, int e r-

action is absent or incid e n tal, and each is a case of the exc eptio nal beh aviour known as Sim pson’s Paradox (SP).

Ap art from unde rst anding the pro per tie s of pro por tio ns and weighted ave r age s and using an adequ ate Pla n (d iscus s ed
in Section s 4, 5 and 7 and Not e1 on pag es HL51. 3 to HL51. 5), the sum mar y in Table HL51. 22 above rem inds us that:
. Si mpson’s Paradox is merely the most exceptio nal case (change of direc tion of an X−1-Y

−− rela t ion s hip) in a con -
text (involv ing discret e variat es) that can giv e rise to les s exceptio nal or eve n unexceptio nal beh aviour;

. in teractio n is rarely the rea son for the exc eptio nal beh aviour (only in Table HL51. 20 above).

Ta ble HL51.22: X−1-Y
−− RELATIONSHIPS IN NINE TABLES

(SP in the fou rth colum n den otes ‘Si mpson’s Paradox’) Except ion al
Ta ble Relationship Int eraction behav iour

HL51. 3 Ye s No Yes
HL51.4 Yes No No
HL51. 5 (1, 3) Ye s No No
HL51.6 (1, 2) Ye s No Yes

HL51. 2 No No Ye s
HL51.6 (2, 3) No No Ye s
HL51. 20 No Essentia l Ye s
HL51. 21 No No No

HL51.1 Yes No Yes: SP
HL51. 5 (1, 2) Ye s No Yes: SP
HL51. 5 (2, 3) Ye s No Yes: SP
HL51.6 (1, 3) Ye s No Yes: SP
HL51.1 9 Ye s Inci dent al Ye s: SP

6. In meeting the oblig a t ion to deal wit h rela tionships in an int roducto ry statis ti cs
course, the lengt hy dis cus sio n (e.g., in Statis ti c a l Highlig hts #9, #10 and #57 to
#70) sh ows the (un expected) co mplex i tie s , fo r only th ree variat es, arisi ng
fr om issues of cau s ation, confou nding, int e r actio n and Sim pson’s Paradox .
The schema at the rig ht rem inds us the re are common themes and differen -
ces among thes e fo ur matt e rs – see als o Appendix 2 on pag es HL3.3 and
HL3.4 in Statis ti c a l Highlig ht #3.

Confou nding

Interactio n Si mpson’s
Paradox

Caus -
ation

Z−X−

Y−
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NO TES: 7. As sum marized on the left of the schema at the rig ht, a re-
la t ion s hip in sta tis tics is often con sid ere d in ter ms of one or
mo re of association, confou nding, cau s ation, int e r actio n and
Si mpson’s Paradox .
In pr obabi lity (o n the rig ht of the schema), a rela t ion s hip is con -
si dered in ter ms of dependen ce, whi c h co m e s in gre at varie ty
and is often diffic ult to mat hem atize; as a con seque n ce, in-
troducto ry cou rses empha size pr obabi lis tic independenc e, as
it appli es to eve n t s , random variable s and processes. Eve n
the first two of thes e thre e involve an appre ciable set of
id e as and may be all a cou rse has tim e to discus s.
Connection bet ween statis ti c a l and probabilis ti c consid er-
ation s of a rela t ion s hip aris es in the probability models st atis-
ti cs uses in the Analys is stage of the FDEAC cycle.

• Emphasis on probabilis ti c independenc e in introducto ry
courses can obs cure the fact that it is a mat hem ati c a l
idea lization. In the real world, dependenc e is the nor m
– it may be that the beh aviour of ever y particle in the
un ive rse depends on (i.e., is affected by) ever y oth er par-
ti cle, no matt e r how min ute the deg ree of dependenc e.
−− This may be why lur king variat es are usually so nume-

rous when answe ring Que s tion s with a cau s ative aspect.

The schema at the lowe r right of pag e HL57.1 in Statis ti c a l
Highlig ht #57, whi c h prov ides a framewo rk for our dis cus sio n
of dat a-base d inve s tig a t i ng of statis ti c a l rela t ion s hips, is shown
ag ain at the rig ht; unsurprisingly, it is a more det ailed versi on
of the left-hand (‘s tatis ti cs’ ) si de of the schema above it.

STATISTICS

Rela t ion s hip

As sociation

Confou nding

Causation

Interactio n

Si mpson’s
Paradox

PROBABILITY

Dependenc e

Probabilis ti c
in d ependenc e

Condition a l
(probabilis ti c)
in d ependenc e

Events

Random variable s

Proces s es

M
O
D
E
L

Rela t ion s hip

Scatt e r diag ram

Lurking variat es

As sociation

Causation

Tw o variat es: X−, Y−

Three variat es
X−1, X−2, Y−
X−, Y−1, Y−2

Data vis u ali zation software

Confou nding

Fo rm: e.g., linear

Magnitude (‘S tre ngt h’)

Direction

Propor tio nality

Correla t ion

Establis h

Accept e d
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8. The (equivalent) diag rams at the rig ht show the effects of
two (bin ary) focal variat es X−1 and X−2 on (the ave r age of)
Y−; one focal variat e is on the horizont al axis of a diagr am ,
the other dis tinguis hes the two lin es by its lev el.

• The nonparallel lin es show the re is an X−1-X−2 in ter act i on.

• The left-hand diag ram shows that X−1 and Y− are in de-
penden t when X−2 is Lo (the relev a n t li ne has zero sl ope)
but not when X−2 is Hi.

• The rig ht-hand diag ram shows the re is no in d ependenc e of X−2 and Y− – neit her li ne has zero slo pe.
Fo r thes e two dagr ams, it is wr o ng to inv olve condit i onal (pr obabi lis tic) indep enden ce becaus e it implie s that
we hav e un d ertaken the diffic ult task of for mulating a probability model for this situation – see als o Se ction 13
on pag e HL89.1 8 in Statis ti c a l Highlig ht #89.

Thus, different variat e cont ext s can yield different assessments of (co mplicated) rela t ion s hips.
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9. Table HL51.7 on pag e HL51. 3 il lust r ates, for aver ages of a cont in-
uous re spons e variat e, a phen omen on analog o us to Sim pson’s
Paradox . A sim ilar ‘paradox’ occurs for an organization of
(s ay) 10 emplo yees who each work for the organization for
(s ay) 30 years or until age 55, whi c h eve r co m e s first. In con stant
dollars (i.e., wit h the effect of inflation rem ove d), each emplo yee
is hire d at a salar y deter min ed by their exper ienc e, taken as
propor tio nal to their age whi c h is at lea st 25; each receiv es
the sa m e salar y increa s e each year. At start-up, the organization
hi res people wit h a varie ty of lev els of exper ienc e/ag e but a steady
st ate is then maint aine d by hir ing a new emplo yee age d 25 to replace
a person leavi ng the organization at age 55. This situation is por traye d gr aphically at the rig ht above for the first
60 years of the organization’s exi stenc e – each stepped lin e repre sents one emplo yee’s salar y ov er tim e. Despi te
ev ery emplo yee’s increa sing salar y, the organization’s emplo yee exper ienc e/ag e st ructure (a ‘lu rking variat e’) and,
henc e, the aver age salar y fo r the organization, rem ain nearly consta nt ov er tim e.

Althou gh the organization des cribed is an idealiz ation, it is rea son able model for a col lege or unive rsity wit h a
cons tant facul ty complem e n t. The ‘paradox’ cou ld res ult in a specious cla im, at the tim e of salar y nego tiation s,
that facul ty salarie s are bei ng unfair ly con strain ed becau se the aver age salar y is not inc rea sing ove r time.
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