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__________________
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PA RADOXES: Silve r cabs/grey cabs

Experienc e sh ows that probability is a topic many people find diffic ult, in that mis takes are easie r to make than in (so m e)
ot he r subj ect are as. This is one of six Statis ti c a l Highlig hts (#46 to #51) which discus s probabilis ti c subtle tie s and mist akes
(w hich sometimes lea d to so-called ‘paradoxes’) , with a vie w to helping the rea de r re cognize and deal cor rectly wit h su ch matt e rs.
[Thes e and rela ted statis ti c a l is s ues are als o discus s ed in Fig ure 7.1 2 of the STAT 220 Course Mat e ria ls.]

The silve r cabs/grey cab s cont ext of this Highlig ht #50 inv olves the same probabilis ti c st ructure as Statis ti c a l Highlig ht #49
but the focus is different – trying to unde rst and how people rea son when dealing wit h (w hat are modelled as) con d ition a l proba-
bilit ies. A mo re us u al name of this con tex t is Gr e en cabs/blue cabs – the change here is sole ly for alphabeti c conv enienc e; the
choic e of silve r and grey tries to ret ain the pos sib i lity of a witness conf usi ng the two col ours unde r condition s of poor visib i lity.

1. The Conte xt

A city has two taxi companies, the large r Si lve r cabs and sma l ler Grey cab s – 85% of the cabs are Silve r, 15% Grey. A cab
wa s involved in a hit-and -run accid e n t at nig ht; a witnes s repor ted that the cab was grey. In sub seque n t testing unde r vi sib i lity
condition s si milar to those at the accid e n t, the witness identifie d cab col our correc tly in 80% of tests for both cab col ours. The
Questio n of interest in this Highlig ht #50 is: What is the probabi lity the cab inv olved in the acci den t re all y wa s gr ey?

2. Con d ition al pro bab ility calcul ations

A useful approach to this que s tion s involves using con d ition a l probability; a disadvant age is that the rea son ing may be les s
acces sib le to those wit hou t the relev a n t specia lized knowledge.

Defin e: eve n t G – the cab in the accid e n t wa s grey ;
ev ent S – the cab in the accid e n t wa s si lver;
ev ent WG – the witness repor ts the cab as grey;
ev ent WS – the witness repor ts the cab as silve r.

As s uming that any of the cabs in the city is equ ally likely to hav e been inv olved in the accid e n t, the first two eve n t s have prob-
abilit ies deter min ed by the pro por tio ns of the two col ours of cab in the city, as in equ ation s (1) and (2) at the rig ht above. Equ a-
tion (3) expre sses the two equ al success rat es for the witness col our identific ation. The discus sio n below in this Section 2 fo-
cus es on G becaus e it is the cab col or repor ted by the witness.

Also, the eve n t s S and G are complem e n t s – that is: S ≡ c
G and G ≡c

S;
thei r probabilit ies add to 1  and so equ ation (4) fol low s .

Pr(G) = 0.1 5 -----(1)

Pr(S) = 0.85 -----(2)

Pr(WG |G) = Pr(WS|S) = 0.8 -----(3)

Pr(WG|S) = Pr(WS|G) = 0.2 -----(4)

As shown at the rig ht, we first use Baye s’ rule as in
equation (5) and then exp and the denominato r as in
equation (6) –  the ver tical lin es (|) den ote condit i onal
on (o r gi ven gthat).

Pr(G|WG) =
Pr(WG|G)×Pr(G)

Pr(WG)
-----(5)

=
Pr(WG|G)×Pr(G)

Pr(WG|G)×Pr(G) + Pr(WG|S)×Pr(S)
-----(6)

Us ing the probabilit ies provi ded by equ ation s (1),
(2), (3) and (4) in equ ation (6) yields equ ation (7). Pr(G|WG) = 0. 8×0. 15

0. 8×0. 15 + 0. 2×0. 85
= 12⁄29 −−∼ 0.4138. -----(7)

Re asoning as for
equation (7) lea ds
to equ ation (8),

Pr(S|WS) =
Pr(WS|S)×Pr(S)

Pr(WS|S)×Pr(S) + Pr(WS|G)×Pr(G)
= 0. 8×0. 85

0. 8×0. 85 + 0. 2×0. 15
= 68⁄71 −−∼ 0.9577. -----(8)

A key issue in this Highlig ht #50 is to con trast the probabilit ies of 0.8 for bot h Pr(WG|G) and Pr(WS|S) in equation (4) wit h the
differ ing value s of Pr(G|WG) and Pr(S|WS) in equ ation s (7) and (8) – this comparison is bet ween:
−− the accur acy of cab col our identific ation by the witness [equation (4)] , AN D:

−− the probability the col our of a cab is as stated by the witness [equation s (7) and (8)] ,
in the con tex t of the two taxi companies wit h fle ets of sub stantia l ly di ffering si zes (with , re spectiv ely, 85% and 15% of the city’s
cabs). Exa m ining the components of equ ation s (7) and (8) identifie s this size differenc e as the sou rce of the probability differ-
enc es – the two value s in equation s (7) and (8) bei ng (r espective ly) appre ciably sma l ler (abou t 41%) and large r (a bou t 96%) than
the com mon accurac y of 80%. [The key fleet size differenc e he re may els ewhe re be (opaquely) des cribed as a base-rate differenc e.]

This (surprising?) co mparison raises two matt e rs:

• the subtle distin ction bet ween the descript i ons of the two pairs of con d ition a l probabilit ies and their cle ar differenc es in va lue;

• the practical implication s of conf usi ng two con d ition a l probabilit ies wit h re spect to wh ich is the con d ition ing eve n t.
The secon d of thes e matt e rs cou ld arise in a law cou rt if jur ors were to accord witnes s testim ony too hig h an accur acy res ul-
ting in an untoward effect on their verdict. [A pos sib le role of Sim pson’s Paradox in int e rpreting dat a on the effect of jur y challenge s in
the U.K is dis cus s ed at the top of pag e HL51.8 in Statis ti c a l Highlig ht #51.]

The pot entia l diffic ulty of identufyi ng a cor rect con d ition a l probability and the con seque nes of a mis take in real-world situ-
ation s is why a con tex t li ke that of silve r cabs/grey cab s ha s been of int e rest from as far back as 1972 – see the Sou rce (st arting
on pag e 12) give n ov erleaf at the bottom of pag e HL50.2 and the two referenc es to authors Khan ema n and Tav ersky quoted
fr om it; five addit ion a l refe renc es involv ing one or bot h thes e au t hors are giv en by Oldfo r d in the Sour ce.
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(cont inued overleaf )
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3. Can condition al pro bab ility ide as be made mor e wide ly accessibl e?

In eve ryday livi ng, we are rou tin ely faced with mak ing decisio ns unde r un cer tain ty; when (what are actually) con d ition a l
probabilit ies are inv olved, as they often are, the foregoi ng dis cus sio n in this Highlig ht #50 shows that mis takes are easy to
ma ke. It wou ld the refore be useful if the (diffic ult) id e as of con d ition a l probability cou ld be made acces sib le more wid ely in
socie ty by trying to avo id the speci ali zed terminology of int roducto ry probability cou rses. A valuable insig ht in this regard,
brou ght to the writer’s att entio n by Prof. Chris Springe r in the 1980s, is to use a tree diagr am as an adj u nct to a more for mal
ap proach like that in equ ation s (1) to (8) ove r leaf on pag e HL50.1. Dis cus sio n el sew here (fo r in stanc e, in the Sour ce bel ow and
it s refe renc es) sugge s t s that others hav e ha d this same insig ht.

An illust r ation is the tre e diag ram at the rig ht, whe re:
the left-hand two branches of the tre e sh ow the
two cab col ours and their probabilit ies in
brack ets ( ) [fr om equ ation s (1) and (2)
ov erleaf on pag e HL50.1];
the rig ht-hand fou r branches show, for
each cab col our, the witness col our repor ts
and their condit i onal probabilit ies in brack ets
() [fr om equ ation s (3) and (4)] – the con d ition ing
refle cts the two pre c e ding left-hand branches of the tre e;
the co mbi nation of the two eve n t s (in d i c ated verbally by ‘and’)
that occur along a (co mplet e) branch of the tre e is their in ter sec tion – it is shown
in the ‘Event’ colum n at the rig ht of the tre e with the component eve n t s in the order they occur in the tre e, but the int e r-
se ction wou ld be unaffe cted were they to be shown in the rev erse order [se e equation (9) bel ow];

invo king a model ling assump tion of pr obabi lis tic indep enden ce, the probability of each int e rse ction is the pr oduct of the
probabilit ies of its component eve n t s , as shown in the rig htmos t colu mn – thes e fo ur probabilit ies (of cou rse) sum to 1.

G ≡ grey
S ≡ si lver

WG ≡ witnes s repor ts grey;
WS ≡ witnes s repor ts silve r.

G

S

WG

WS

WG

WS

Colour

Witnes s

Witnes s

Ev ent Prob ability

G∩WG

G∩WS

S∩WG

S∩WS

(0.15)

(0.85)

(0.8)

(0. 2)

(0. 2)

(0.8)

0.15×0.8 = 0.12

0.15×0. 2 = 0.03

0.85×0. 2 = 0.17

0.85×0.8 = 0.68

1

NO TE: The tre e diag ram above, wit h th ree branches each wit h two ar row s (w hich yield fo ur ou tco m e s), is the sim p lest tre e;
mo re co mplicated situation s may inv olve branches wit h mo re than two arrow s (e.g., three arrow s fo r the three doors in
the Mon ty Hall situation dis cus s ed in Statis ti c a l Highlig ht #49) and/or more than two set s of branches across the tre e e.

Un for tun ately, tre e diag rams do not circumv ent all the diffic ulties of a more for mal approach.

* Tr ee branches must be or der ed co rre ctly – we start on the left wit h thos e fo r ev ents wit h uncondition a l probabilit ies, then
add in to their rig ht the branches for eve n t s that are condition ed by eve n t s of pre c e ding branch(e s).

* The con d ition a l probabilit ies of int e rest in this Highlig ht #50 are not gen erated direc tly by the tre e but they are easily calcu -
la ted from the probabilties in the rig htmos t colu mn.
++ The value of 12⁄29 in equation (7) is the value from the first branch divi ded by the sum of the first and thi rd branch

value s: 0.12 ÷ (0.12 + 0.17) – thes e are (un surprisingly) the value s in the cent r al ter m of equation (7) ove r leaf.
++ The value of 68⁄71 in equation (8) is the value from the fou rth branch divi ded by the sum of the secon d and fou rth branch

value s: 0.68 ÷ (0.03 + 0.68) – thes e are (un surprisingly) the value s in the thi rd ter m of equation (8) ove r leaf.

We now see that the tre e diag ram impos es a ‘n atural’ order on the two eve n t s in each int e rse ction that cor responds, as does
equation (7), to the fir st ter m of equation
(9) at the rig ht, whe rea s the order ing in
the la st ter m is that in equ ation s (3) and (4). It is cur iou s that the sa m e in terse ction of two eve n t s can be the sou rce of con d ition a l
probabilit ies, wit h thei r co mponent eve n t s reordered, that are the cent r al conc e rn of the discus sio n ov erleaf on pag e HL50.1.

Equation (9), a con d ition a l probability res ult that lea ds to Baye s’ rule [se e equation (5) ove r leaf], shows that con d ition a l proba-
bilit ies are the (un u sual) quot ien t of two probabilit ies, whi c h may be (part of) the rea son they are diffic ult to illust r ate picto ria l ly.

Equation (9) als o sh ows that a con d ition a l probability inv olves a rela tionship of eve n t s , thei r in terse ction; in the real world, rela -
tion s hips come in immense varie ty and are usually diffic ult to mat hem atize, whi c h may accou nt for why con d ition a l probabilit ies
as model s involve diffic ult idea s (a n d why the real-world implication s of probabilis ti c independenc e are usually troub lesome).

Pr(G|WG) ×Pr(WG) = Pr(G∩WG) ≡ Pr(WG∩G) = Pr(WG|G) ×Pr(G) -----(9)

SOURCE: Ol dford, R.W.: Pr obability, problems, and para doxes picture d by eik oso gra ms, April 21, 2003 (35 pag es, 17 referenc es);
ur l ht tp: //mat h.uwat e r loo,ca > exa mples > paper PDF

Prof. Oldfo r d st ates on pag e 12 that; This problem (that is, the two cabs cont ext) wa s fir st intro duced by Kahne-
man and Taver sky (1972) and has bee n prese nte d to many subje cts in sligh t variations by dif fer ent inves tig ators.
The above version is that given in Taver sky and Kahnem an (1982, pp. 156-157).

The two cit ation s are giv en on pag e 35 as:
Kahnem an, D. and A.Tav ersky (1972): On pre diction and judge men t, ORI Res earch Mon ogr aph, 12(4).
Ta versk y, A. and D. Kahnem an (1982): Ch. 10, Ev ident ial impact of base rates in Kahnem an, D., Slovi c, P. and A.
Ta versk y (e dit ors, 1982): Judg ement under uncer tai nty: Heu ris tics and bia ses. Cambr idge Unive rsity Pre ss, Cambr idge, UK.
The first cit ation is exactly as on pag e 535 of the book in the secon d ; it is likely that ORI is Orego n Rese arch Institute.
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