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PA RADOXES: Monty Hall / Three Prisoners’ Dilem ma

Experienc e sh ows that probability is a topic many people find diffic ult, in that mis takes are easie r to make than in (so m e)
ot he r subj ect are as. This is one of six Statis ti c a l Highlig hts (#46 to #51) which discus s probabilis ti c subtle tie s and mist akes
(w hich sometimes lea d to so-called ‘paradoxes’) , with a vie w to helping the rea de r re cognize and deal cor rectly wit h su ch matt e rs.
[Thes e and rela ted statis ti c a l is s ues are als o discus s ed in Fig ure 7.1 2 of the STAT 220 Course Mat e ria ls.]

1. Monty Hall Conte xt

Mo nty Hall was a popular Ame rican TV game -sh ow hos t. The game, whi c h st arted in 1963 and was called Let’s mak e a
deal, had thre e cl ose d doors (he re desig n ated A, B and C) vi sib le to the con test ant; behin d on e door was a valuable prize like
a car, beh i nd each of the othe rs was a goat. The con test ant chose a door and woul d re c eiv e what eve r wa s behin d it. Unli ke
the con test ant, Mon ty Hall knew whi c h door had the valuable prize behin d it ; befo re the doors were opene d to rev eal the con-
test ant’s winning s , Mo nty Hall woul d open one of the two doors not sele cted and, usi ng his prior knowledge, rev eal a goat. He
then offered the con test ant the oppor tun ity to change thei r choic e of door. It mig ht se em that Monly’s opening a door provi ded
no infor mation to the con test ant abou t where the valuable prize actually wa s, becau se at lea st on e of the two doors not se -
le cted mu st have a goat beh i nd it. The Que s tion of interest in this Highlig ht #49 is: Is this rea son ing cor rec t or can informa-
tion about the probabi lity of win ning the valua b le prize be gle aned from Mon ty’s door openi ng? That is; Is there any proba-
bi lis tic advantage to the con tes t ant switching doors?

2. Prob ability and con d ition al pro bab ility calcul ations

As s uming (withou t lo ss of gen erali ty) that the valuable prize is beh i nd door A, we con sid er three eq ually probable situation s.

• the con test ant choos es door A so Mon ty can open eit her door B or door C;

• the con test ant choos es door B so Mon ty has to open door C;

• the con test ant choos es door C so Mon ty has to open door B.

In the first situation, the con test ant lo ses by switching but they win by switching in the othe r two situation s. Thus, switching
give s the con test ant a probability of 2⁄3 of winning, whi c h is the long-re cognized probabilis ti c advant age of switching ove r the
(wrong) ‘i ntuit ive’ probability of 1⁄2 and it answe rs affi rmative ly the que s tion pos ed at the end of Section 1 abov e.

A refi nem e n t of the situation whe re Mon ty has a ch oice of whi c h of two doors to open inv olves using con d ition a l probabil-
ity; this refi nem e n t does not materially affe ct the advant age of switching, and its discus sio n ha s the disadvant age that the more
fo rma l re asoning may make it les s acces sib le to rea de rs wit hou t the relev a n t specia lized knowledge.

Defin e: eve n t A – the valuable prize is beh i nd door A;
ev ent B – the valuable prize is beh i nd door B;
ev ent C – the valuable prize is beh i nd door C;
ev ent MC – Mon ty opens door C.

As s ume the game show selects the door for the valuable prize equ iprobably so, for the con test ant, the first three eve n t s each
have probability 1⁄3, as in equ ation (1) at the rig ht above. [This assump tion is rea son able becau se, if selecting is not equiprobable,
the game show his t ory wou ld allow the more probable door to become pub lic knowledge.] The discus sio n below in this Sec-
tion 2 has the con test ant (in itia l ly) select door A, whi c h is why the focus in this Section 2 is on eve n t A.

Pr(A) = Pr(B) = Pr(C) = 1⁄3 -----(1)

As shown at the rig ht, we first use
Baye s’ rule as in equ ation (2) and
then exp and the denominato r as in
equation (3) – the ver tical lin es (|)
den ote condit i onal on (o r gi ven).

Pr(A|MC) =
Pr(MC|A)×Pr(A)

Pr(MC)
-----(2)

=
Pr(MC|A)×Pr(A)

Pr(MC|A)×Pr(A) + Pr(MC|B)×Pr(B) + Pr(MC|C)×Pr(C)
-----(3)

Mo nty cannot open door C if it has the valuable prize so equ ation (4) fol low s .

It is door C that Mon ty mu st open if door B ha s the valuable prize so equ ation (5) fol low s .

Pr(MC|C) = 0  -----(4)

Pr(MC|B) =1 -----(5)

Us ing the probabilit ies provi ded by equ ation s
(1), (4) and (5) in equ ation (3) yields equ ation (6).
Our focus on eve n t A in equation s (2), (3) and
(6) is becau se the con test ant chose door A.

Pr(A|MC) =
Pr(MC|A)×1⁄3

Pr(MC|A) ×1⁄3 +1× 1⁄3 + 0 ×1⁄3
=

Pr(MC|A)

Pr(MC|A) +1
-----(6)

Be cau se Mon ty has opene d door C, equ ation (7) fol low s . Pr(B|MC) = 1 − Pr(A|MC) -----(7)

Equation (6) shows (un expectedly?) that, giv en the con test ant’s choic e of door A, the probanili ty
valuable prize is beh i nd door A depends on the process [unknow n to the con test ant
but con strain ed by equ ation (5)] Mon ty uses to decid e s it is door C he wil l open.

Ba s ed on equ ation s (6) and (7), Table HL49.1 at the rig ht shows value s of Pr(A|MC)
and Pr(B|MC) for fou r (d ecrea sing) value s of Pr(MC|A); five matt e rs are relevant here.

* When the valuable prize is beh i nd door A so Mon ty can choos e to open door B or
door C, the first two value s in the first colum n of Table HL49.1 at the rig ht mean that:

Ta ble HL49.1
Pr(MC|A) Pr(A|MC) Pr(B|MC)

1 1⁄2 1⁄2
1⁄2 1⁄3 2⁄3
1⁄4 1⁄5 4⁄5
1⁄10 1⁄11 10⁄11
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Mo nty wil l always open door C – Pr(MC|A) = 1;
Mo nty selects eq uiprobably bet ween door B and door C – Pr(MC|A) = 1⁄2 – whi c h yi elds the probabilis ti c advant age of
sw itching – Pr(B|MC) = 2⁄3 – previous;y identifie d ov erleaf at the star t of Section 2.

* As the value of Pr(MC|A) in the first colum n de cre ases, the secon d colu mn als o de cre ases but the thi rd increa s es.

* A value of zero is not pre sent at the bottom of the first colum n becaus e door C has been opene d; were 0 to be inclu ded,
the respectiv e se con d and thi rd colum n value s woul d be 0 and 1.

* Each pair of probabilit ies across the secon d and thi rd colum ns add to 1  becau se, wit h door C open ed, the valuable prize
mu st be behin d eit her door A or door B – recall equ ation (7) ove r leaf on pag e HL49.1.

* Init i ally, Pr(A) = 1⁄3 [e quation (1) at the upper rig ht ove r leaf on pag e HL49.1]; howeve r, when con d ition ed on eve n t MC, it ret ain s
this value when Pr(MC|A) = 1⁄2 but, for other value s , it can increa s e to as hig h as 1⁄2 or become arbit r arily clo se to zero.

Thus, Table HL49.1 at the lowe r right ove r leaf on pag e HL49.1 (ag ain) answe rs the que s tion at the end of Section 1ov erleaf: The con-
testa nt ca n appre c iably ince ase their probabi lity of getting the valua b le prize by switching doors (desp i te not knowing Mon ty’s
pr ocess for deci ding to open door C). [This has been recog n ized for many years from previous discus sio ns of Mon ty Hall.]

3. How do we account for the pro bab ilist ic advantage of switching doors?

Ta ble HL49.1 and the discus sio n ov erleaf on pag e HL49.1 identify the (ea sily ove r looke d) distin ction bet ween:

• know ing that at lea st on e of doors B and C mu s t have a goat beh i nd it; AN D:

• of the two doors B and C, knowing one that actually ha s a goat beh i nd it.

The con test ant faces the first situation init i ally, the secon d situation after Mo nty has opene d door C.

−− Abou t half the tim e (a n ticip ating door C will be opene d) when the valuable prize is beh i nd door A [the con test ant’s choic e
and eve n t A of equation (1) at the upper rig ht ove r leaf], it is (perhaps) surprising that Mon ty’s opening door C ha s su ch an
ef fect on the probabilit ies relev a n t to the deci sio n whet her to switch doors – recall Table HL40.1 at the lowe r right ove r leaf.

−− Fo r the other (roug hly) half the tim e when the valuable prize is beh i nd door B, Mon ty has no choic e but to open door C;
this recur ring (abou t half the tim e) con strain t on Mon ty’s choic e of door to open is the rea son unde r lyi ng why the re is:

a probabilis ti c advant age for the con test ant to switch doors;
the dis tin ction (ma de above) bet ween two situation s that mig ht be mis takenly taken as equ ivalent.

NO TE: 1. Throu ghout the foregoi ng dis cus sio n, the par ticular letter of a giv en door is of no sig n ific a n ce; we cou ld hav e B in -
st ea d of A, C in stead of B and A in stead of C (o r an othe r su ch per mutation) wit hou t affe cting the rea son ing.

4. The Three Prisoners’ Dilem ma Conte xt

The Mon ty Hall con tex t is base d on a real-world situation wit h a pos sib le sub stantia l benefit to a con test ant. The Three
Pris oners’ Dilem ma is a dark (hy pot heti c a l) situation wit h catast rophy (executio n) awa iting one of three prisone rs. The con tes-
tant in Mon ty Hall woul d li ke to increa s e thei r probability of getting the valuable prize, any prisone r wa n t s to decrea s e thei r
probability of exe cutio n, or (obviously) not to increa s e it. We recog n ize thes e differenc es in the two con tex ts from the star t of
discus sio n, despi te a number of sim ilarities; thes e matt e rs are sum marized in Table HL49.2 at the rig ht bel ow.

Three prisone rs, here desig n ated A, B and C, are tol d that their warde r ha s equiprobably selected one of them to be exe cuted
next day. Prisone r A (n aturally enoug h) wou ld like to
know if he was sele cted but realizes the warde r
woul d refu se to answe r su ch a direct que s tion; pris-
on er A therefore decid e s to ask (confid e n tia l ly) whi c h
of B and C is to be spare d, knowing that one of
them must be; the warde r repli es C. Prisone r A is
now more dis tre sse d – before he aske d, he had a
probability of 1⁄3 of bei ng executed nex t day, now it
ha s risen to 1⁄2. Is priso ner A’s rea son ing cor rec t?

Ta ble HL49.2
Mo nty Hall conte xt Three Prisoners’ Dilem ma conte xt

Three doors, A, B, C Three prisone rs, A, B, C
One ‘good’ outco m e One ‘bad’ outco m e
Tw o ‘bad’ outco m e s Tw o ‘g ood’ outco m e s
Doors indifferent to outco m e s Pris oners inv olved in outco m e s

Mo nty Hall wit h in sid e know ledge Warde r with insid e know ledge
One rev ealed ‘bad’ outco m e One rev ealed ‘good’ outco m e
Cont est ant – selects door A, say a Pris oner – A, say
Questio n : sw itch doors? Que s tion: probability of exe cutio n?

5. Prob abilities

Si milarit es bet ween the Mon ty Hall and the Three Prisone rs’ Dilem ma
cont ext s means that they inv olve the sa m e probability str ucture; probabilit ies
relevant to A’s rea son ing after the warde r’s answe r are those in the first two
colu mns of Table HL49.1 at the lowe r right ove r leaf, shown aga in at the
right in Table HL49.3, wit h the eve n t s now relev a n t defin ed above it.

The thi rd colum n of Table HL49.1 is not of immediat e conc e rn for Prisone r A, but its implication s of
st atis ti c a l in terest are pursued in Section 6 on the facing pag e HL49.3.

Ta ble HL49.3 shows that A’s rea son ing is co rre ct in the sense that her/his probability of exe cutio n may
have been alt e red, but with the cav eat abou t it s dependenc e on the (unknow n to A) proces s the war-
de r us es to identify C as bei ng sp are d in the situation whe re A is the one to be exe cuted the nex t day.

ev ent A – Prisone r A is to be exe cuted nex t day;
ev ent B – Prisone r B is to be exe cuted nex t day;
ev ent C – Prisone r C is to be exe cuted nex t day;
ev ent WC – Warde r says C is to be spare d.

Ta ble HL49.3
Pr(WC|A) Pr(A|WC)

1 1⁄2
1⁄2 1⁄3
1⁄4 1⁄5
1⁄10 1⁄11
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PA RADOXES: Monty Hall / Three Prisoners’ Dilem ma

[The dis cus sio n fo llows exactly that of the Mon ty Hall con tex t on the lowe r half of pag e HL49.1 and on the facing pag e HL49.2,
omitting con sid eration of B’s probabilit ies.] Dis tinguis hing bet ween:

• know ing that at lea st on e of prisone rs B and C will be spare d, AN D:

• of the two prisone rs B and C, knowing one that wil l actually be spare d,

is (of cou rse) als o involved, bei ng the situation faced by prisone r A befo re and after que s tion ing the warde r.

6. Permut ing A, B and C

In the Mon ty Hall con tex t, whi c h le tter is assig ned to whi c h door has no effect on the rea son ing, provi ded (of cou rse) that
the initia l assig nments are consis tantly maint aine d throug hou t the dis cus sio n. Als o, the con test ant is dis tin ct fr om the doors al-
thou gh this person’s fun ction probabilis ti c a l ly is only to focus att entio n on one door (the con test ant’s probabilis ti c a l ly-unim -
portant initia l choic e) and to provi de a plau sible ration a le to inv olve pos sib ly switching doors.

In the Three Prisone rs’ Dilem ma con tex t, focus on prisone r A does not pre clu de the case of prisone r B also (confid e n tia l ly)
qu estio ning the warde r and, like prisone r A, finding out that prisone r C is to be spare d. This wou ld cor respond to two ve r-
si ons of Table HL49.1 at the lowe r right of pag e HL49.1 – the versi on as giv en for prisone r A as que s tion er, another versi on for
pris oner B as que s tion er wit h the headings of the secon d and thi rd colum ns int e rchange d. This means that each prisone r,
base d on hav ing the sa m e infor mation, has the sa m e probabilit ies for themselves and each sees the sa m e set of probabilit ies for
the other prisone r. Only an ‘ex ter nal’ obs erver mig ht vie w the two table versi ons as seemingly incompatible.

It may be hel pful for such an obs erver to dis tinguis h between:
++ the state of affairs in the real world, whateve r it may be, whi c h is actual; AN D:

−− a prisone r’s (inco mplet e) state of knowledge, whe re we des cribe the unc e rtain ty in in fer ences abou t (actual) re a l-world situ-
ation s in ter ms of pr obabi lit ies.

There are three real-world situation s possib le in bot h cont ext s of this Highlig ht #49; usi ng the not ation E
and S fo r ‘e xecu t e d’ and ‘sp are d’ in the Three Prisone rs’ Dilem ma, thes e situation s are lis ted (with int e rnal
order A, B, C) at the rig ht and labeled 1, 2  and 3. Only on e of thes e thre e (know n to the warde r) is actual.

1. E S  S
2. S E S
3. S S E

* Si tuation 1 being actual (where prisone rs B and C are bot h sp are d) co rre sponds to our foregoi ng dis cus sio n of
the process the warde r us es to deci de to identify prisone r C as bei ng sp are d and its probabilis ti c cons equ enc es as quanti-
fie d in Table s HL49.3 and HL49.1; its occur renc e in abou t half the situation s with prisone r C sp are d is the sou rce of both
pris oner A’s pos sble inc rea s e in probability to as much as 1⁄2 of bei ng the one to be exe cuted nex t day when prisone r A
qu estio ns the warde r and the (subs tantia l ly) inc rea s ed probabilit ies of bei ng that one after prisone r B (c onfid e n tia l ly) que s-
tion s the warde r.

When prisone r B qu estio ns the warde r and situation 1 is actual, it ser ves for prisone r B the same role as situation 2 bei ng
actual does for prisone r A after A qu estio ns the warde r.

* Si tuation 2 bei ng actual leave s the warde r with no choic e but to name prisone r C as bei ng sp are d when que s tion ed by pris-
on er A; its occur renc e, in about half the situation s with C sp are d, is the sou rce of prisone r B’s inc rea s ed probabilit ies of
being the one to be exe cuted nex t day in the thi rd colum n of Table HL49.1 on pag e HL49.1.

When A qu estio ns the warde r and situation 2 is actual, it ser ves for A the same role as situation 1 being actual does for
pris oner B after B qu estio ns the warde r.

* Si tuation 3 bei ng actual is pos sib le before prisone r A (o r B) qu estio ns the warde r but is then ruled out by the warde r’s answe r.

Thus, wit h the initia l thre e re duced to two pos sib le real-world situation s (o ne of whi c h is actual), the re is no incompatibility in
pris oners A and B using the sa m e know ledge and rea son ing to gen erate the sa m e probabilit ies, wit h differ ing assig nments
base d on wh ich one qu estio ned the warde r.
−− Before qu estio ning the warde r, bot h pris oners wou ld als o re ason the same way from the same les s er knowledge to the same

probabilit ies but thes e probabilit ies (of cou rse) differ from those the prisone rs gen erate with gre ater pos t-warde r know ledge.

NO TES: 2. In the case of prisone r B also (c onfid e n tia l ly) que s tion ing the warde r, dis cus s ed above in Section 6, an answe r that
pris oner A is to be spare d is not per mit ted unde r the con d ition s of the discus sio n in this Highlig ht #49 but, if it
we re and prisone r A and prisone r B we re to co mbi ne thei r post-warde r know ledge, it becomes known that pris-
on er B is the one sele cted equ iprobably to be exe cuted the nex t day.

3. Dis tinguis hing the three actual situation s in the Three Prisone rs’ Dilem ma (as the the rig ht above) is rem iniscent
of dis tinguis hing the two actual env elo pe cases in the Ali-Baba Paradox near the middle of pag e HL46.1 in Statis-
ti c a l Highlig ht #46.

4. The sho rter tit le Prisoner’s Dilem ma is (according to a Google search in March , 2025) a paradox in decisio n
analys is in whi c h two indivi d uals acting in their own self-int e rest do not produ c e the optimul outco m e fo r the pair
consid ere d as a group. Key take-aw ays from this Pris oner’s Dilem ma are said to be:

• in d ivi d uals hav e an inc entiv e to choos e an outco m e that is les s-than -optima l fo r thei r gr oup as a whole;
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NO TES:
(c o nt.)

4. • the prisone r’s dilem ma occurs in many aspects of the economy (and in other con tex ts) ;

• in the cla s sic dilem ma, indivi d uals receiv e the gre atest pay offs if they bet r ay the group rat her than cooperate;

• un d er repetit ion, it is pos sib le for each indivi d ual to devi se a strategy that rewards cooperation;

• there are many met hods whi c h achiev e bett e r collective outco m e s despi te app are n tly unfav o urable indivi d ual outco m e s.

SOURCE: Ol dford, R.W.: Pr obability, problems, and para doxes oicture d by eik oso gra ms, April 21, 2003 (35 pag es, 17 referenc es);
ur l ht tp: //mat h.uwat e r loo,ca > exa mples > paper PDF

Us ing a different approach, Prof. Oldfo r d discus s es Mo nty Hall, the Three Prisone rs’ Dilem ma and othe r ‘p aradoxes.’

2021- 1 2-20


