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PA RADOXES: Efron’s Dice

Experienc e sh ows that probability is a topic many people find diffic ult, in that mis takes are easie r to make than in (so m e)
ot he r subj ect are as. This is one of six Statis ti c a l Highlig hts (#46 to #51) which discus s probabilis ti c subtle tie s and mist akes
(w hich sometimes lea d to so-called ‘paradoxes’) , with a vie w to helping the rea de r re cognize and deal cor rectly wit h su ch matt e rs.
[Thes e and rela ted statis ti c a l is s ues are als o discus s ed in Fig ure 7.1 2 of the STAT 220 Course Mat e ria ls.]

A conve n tio nal die is a cube (with rou nde d co rne rs and edge s) whose
si x faces are made distinguis hable by label s li ke 1  to 6 or thes e numbers of
dots. For the fou r Efron dic e, label s are often more rest ricted – in Section
1 bel ow, the dice hav e at mos t two different label s chosen from se ven, here
0, 1, 2, 3, 4, 5, 6. Two more num erous label set s , with fewer die rest riction s,
are mentio ned in SOURCE ove r leaf on pag e HL48.2.

1. The Conte xt

Four (si x-sid ed) dic e, here desig n ast e d A, B, C and D, hav e ou tco m e s
den oted 0 to 6 and (carefully chosen) associat e d probabilit ies, mos t of
which are zero. As is com mon in situation s li ke this , we repre sent thes e
ab stractio ns by the fou r (u niv ariat e) probability fun ction s of the random
variable s A, B, C and D as shown in Table s (1), (2), (3) and (4) at the rig ht.
The Que s tion of interest is whi c h die is ‘bett e r’ in fou r pair wis e co m-
parisons Avs B, Bvs C, Cvs D and D vsA? – that is, whi c h die in each
pair wis e co mparison is more likely to show the hig her outco m e?

a 0 1  2  3  4  5  6

f(a) 0 0  0  1  0  0  0

b 0 1  2  3 4 5 6

f(b) 0 0 2⁄3 0 0 0 1⁄3

c 0 1  2 3 4  5  6

f(c) 0 1⁄2 0 0 0 1⁄2 0

d 0 1  2  3 4 5 6

f(d) 1⁄3 0 0 0 2⁄3 0 0

-----(1)

-----(2)

-----(3)

-----(4)

We can answe r this que s tion usi ng the fou r joi nt (bivariat e) p.f.s of A
and B, B and C, C and D, D and A; thes e are shown at the rig ht in Ta-
bles (5), (6), (7) and (8); unde r the assump tuion of probabilis ti c in d e-
pendenc e, their 49 value s are each the pr oduct of the relev a n t two val-
ue s fr om each pair of relev a n t in d ivi d ual p.f.s – for exa mple, 2⁄3 when
A= 3  and B =2 is 1×2⁄3 and is the probability of the eve n t A= 3 ∩ B = 2.
[∩ den otes ‘in terse ction.’ ]

• The probability in Table (5) of 2⁄3 of the eve n t A= 3 ∩ B = 2 (in
which As outco m e of 3 is higher than Bs 2) is high er than the 1⁄3 fo r
the eve n t A= 3 ∩ B = 6 (in whi c h As outco m e of 3 is lowe r than Bs
6); thu s , in the Avs B pair wis e co mparison, A is ‘bett e r’ than B.

• The sum of the three probabilit ies in Table (6) of 2⁄3 of the eve n t s
B= 2 ∩ C=1, B= 6 ∩ C=1 and B= 6 ∩ C= 5 (in each of whi c h Bs
ou tco m e is higher than Cs) is high er than the 1⁄3 fo r the eve n t
B= 2 ∩ C = 5 (in whi c h Bs outco m e of 2 is lowe r than Cs 5); thu s ,
in the Bvs C pair wis e co mparison, B is ‘bett e r’ than C.

• The sum of the three probabilit ies in Table (7) of 2⁄3 of the eve n t s
C=1∩ D = 0, C= 5 ∩ D = 0  and C= 5 ∩ D = 4 (in each of whi c h Cs
ou tco m e is higher than Ds) is high er than the 1⁄3 fo r the eve n t
C=1 ∩ D = 4 (in whi c h Cs outco m e of 1 is lowe r than Ds 4); thu s ,
in the CvsD pair wis e co mparison, C is ‘bett e r’ than D.

• The probability in Table (8) of 2⁄3 of the eve n t D= 4 ∩ A = 3, (in
which Ds outco m e of 4 is higher than As 3) is high er than the 1⁄3 fo r
the eve n t D= 0 ∩ A = 3 (in whi c h Ds outco m e of 0 is lowe r than As
3); thu s , in the DvsA pair wis e co mparison, D is ‘bett e r’ than A.

This is the ‘paradox’ gen erated by Efr on’s ‘dic e’: A is ‘bett e r’ than B is
‘better’ than C is ‘bett e r’ than D but D is ‘bett e r’ than A.

b a 0 1  2 3 4 5 6

0 0 0  0 0 0 0 0  0

1 0 0  0 0 0 0 0  0

2 0 0  0 2⁄3 0 0 0 2⁄3

3 0 0  0 0 0 0 0  0

4 0 0  0 0 0 0 0  0

5 0 0  0 0 0 0 0  0

6 0 0  0 1⁄3 0 0 0 1⁄3

0 0  0 1 0 0 0

-----(5)

c b 0 1  2  3 4 5 6

0 0 0  0  0 0 0 0 0

1 0 0 1⁄3 0 0 0 1⁄6 1⁄2

2 0 0  0  0 0 0 0 0

3 0 0  0  0 0 0 0 0

4 0 0  0  0 0 0 0 0

5 0 0 1⁄3 0 0 0 1⁄6 1⁄2

6 0 0  0  0 0 0 0 0

0 0 2⁄3 0 0 0 1⁄3

-----(6)

d c 0 1 2 3  4 5 6

0 0 1⁄6 0 0  0 1⁄6 0 1⁄3

1 0 0 0 0  0 0 0  0

2 0 0 0 0  0 0 0  0

3 0 0 0 0  0 0 0  0

4 0 1⁄3 0 0  0 1⁄3 0 2⁄3

5 0 0 0 0  0 0 0  0

6 0 0 0 0  0 0 0  0

0 1⁄2 0 0  0 1⁄2 0

-----(7)

a d 0 1 2 3  4  5 6

0 0 0 0 0  0  0 0 0

1 0 0 0 0  0  0 0 0

2 0 0 0 0  0  0 0 0

3 1⁄3 0 0  0 2⁄3 0 0  1

4 0 0 0 0  0  0 0 0

5 0 0 0 0  0  0 0 0

6 0 0 0 0  0  0 0 0

1⁄3 0 0  0 2⁄3 0 0

-----(8)

2. How can we account for the ‘paradox’?

Unli ke the Apple Pie Paradox dis cus s ed in Statis ti c a l Highlig ht #47,
where comparison is among di ffere nt (tr ivariat e and biv ariat e) dis tribu -
tion s, the app are n tly anoma lou s ranking among the fou r Efron dic e
aris es from biv ariat e dist rib u tio ns whi c h are gen erated by the sa m e
proces s. howeve r, the co mmon them e is the pot entia l diffic ulty of rank-
ing mul t ivariat e infor mation.
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−− The probabilit es that yield the die ranking s are gen erated from multiple co mponents and so it is unsurpris ung if (carefully
chosen) set s of thes e co mponents can be made to yield a seemingly anoma lou s ranking. Mos t notable among thes e choic es:

there are sev en pos sib le die label s, not the usual six;

the res ulting sev en pos sib le die outco m e s allow the (fe w) non -zero probabilit ies to be assig ned as a single ‘cent r al’ 3  wit h
a probability of1 to die A with the rem ain ing six outco m e s in pairs arrange d syst emati c a l ly aroun d the cent r al ‘3’ to B,
C and D;

the outco m e s with non-zero probabilit ies are dis tin ct among the fou r dic e (a n d cove r all sev en outco m e s) [but see SOURCE
below and Table HL48.2].

−− As for the Apple Pie Paradox of Statis ti c a l Highlig ht #47, the probability calcula t ion s ov erleaf on pag e HL48.1 inv olve a
modelling assump tion of probabilis ti c in d ependenc e, a mat hem ati c a l id e a liz ation whose real-world implication s are rou -
tin ely troub lesome.

−− The respectiv e means of the fou r un ivariat e p.f.s (1), (2), (3) and (4), at the upper rig ht ove r leaf on pag e HL48.1, are 3, 31⁄3, 3
and 22⁄3, whi c h yi eld a ‘r anking’ of B ‘better’ than A which is the same’ as C which is ‘bett e r’ than D; this differs from the
prev i ous (bivariat e) ‘probability’ ranking and so (li ke Statis ti c a l Highlig ht #47) reminds us that, when probability dis tribu -
tion s are inv olved, different approaches to a Que s tion may yiel d different Answe rs.

Despit e thes e cave ats, the Efr on ‘dic e’ are not able, all the more so becau se of their achieve ment of the sa m e odds of 2:1 for the
fo ur comparisons.

* An omalou s ranking is not confin ed to a techni cal cont ext like that of this Highlig ht #48; it may als o aris e in more famili ar
settings; for ins tanc e:

−− Is the world’s best quarterback or the world’s best shot puter the better athle te?

−− Who is the greatest tennis (or other sport) playe r of all tim e?

3. Prac tical Conside rat ions

The math ematical ap peal of Efr on’s dic e may be dim iin ishe d fr om a practical perspective by the ‘unnatural’ charact e ris ti cs
of the dice; in par ticular:

* seve n la bel s fo r a set of what are nor mally thoug ht of as six-sid ed obj ect s;

* re s trict e d ou tco m e s (arisi ng fr om zero probabilit ies), mos t notably for A, that seems incon sis tent wit h the unde r lyi ng con-
ce pt of a die.

Althou gh the secon d charact e ris ti c is marke dly reduced in another (larger) label set that als o ge nerate anoma lou s ranking of
the fou r dic e (s ee Table HL48.2 bel ow), an indivi d ual unsymp atheti c to eve n the idea of ‘paradoxes’ mig ht use con sid eration s
li ke thes e to argue their case.

SOURCE: The fou r probability fun ction s (1), (2), (3) and (4) at the upper rig ht ove r leaf on pag e HL48.1 are base d on diagr ams
give n by Wol fram Mat hWorld, identifie d in a Google search for Efron dice in December, 2021.
This sou rce giv es two othe r sets of dic e diag rams and two referenc es.

• The first set has thi rteen die outco m e s of 0 to 12, wit h the respectiv e dic e havi ng 2, 2, 4 and 5 outomes wit h non-
zero probabilit ies and no ove r lap across the fou r dic e; this set pre ser ves the 2:1 odds ratio for all fou r co mparisons.

• The secon d set has the same thi rteen die outco m e s but the non -zero probabilit ies are more num erous (3, 5, 5,
6) fo r each die and so (obviously) ove r lap among the (odd) ou tco m e s; this ove r lap allow s ties to occur. The
odds ratio of 11: 6 excludes tie s (w hich inv olve only odd ou tco m e s).

The p.f.s for th ese two dice set s are sum marized in Table s HL48.1 and 48. 2 below.

Ta ble HL48.1 (13 label s, 2:1 odds)

Label 0 1 2 3  4  5  6  7 8 9 10 11 12

f(a) 0 0 0 0  0 1⁄3 2⁄3 0 0 0  0 0 0

f(b) 0 0 0 0 2⁄3 0 0 0 0 0  0 0 1⁄3

f(c) 1⁄6 1⁄6 0 0  0  0  0 1⁄6 1⁄2 0 0  0 0

f(d) 0 0 1⁄6 1⁄3 0 0 0 0 0 1⁄6 1⁄6 1⁄6 0

The two referenc es are:

• Gardne r, M.: Ma thematical Games: The Para dox of the Non tra n sitive Dice and the Elu sive Princip le of Indi f-
fere nce. Scie n tific Ame rican 223, 110 -11 4, December, 1970.

• Ho nsber ger, R.: So me Surpr ises in Probabi lity; Chapt e r 5 in: Ma thematical Plums (Ed. R. Hon sberger), Wash-
ington, DC: Mat h. Assoc. Ame r., pag es 94-97, 1979.

NO TE: If we were to change Stt atisti c a l Highlig ht #47 to fo ur flavou rs of pie and se ven value s of 0 to 6 for the pie enj oym e n t
in d ex, the probabilis ti c st ructure of the ‘paradox’ in this Highlig ht #48 wou ld then be inv olved, wit h (ho pef ully) a
plau sibly modifie d cont ext to justify ranking only pair wis e co mparisons of pie enj oym e n t.
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Ta ble HL48.2 (13 label s, 11: 6 odds)

Label 0 1 2 3 4 5 6 7 8 9 10 11 12

f(a) 0 0 0 0 0 1⁄3 1⁄3 1⁄3 0 0  0 0 0

f(b) 1⁄6 1⁄6 0 0 0 0 0 1⁄6 1⁄3 1⁄6 0 0  0

f(c) 0 0 0 1⁄6 1⁄3 1⁄6 0 0 0 0  0 1⁄6 1⁄6

f(d) 0 1⁄6 1⁄6 1⁄6 0 0 0 0 0 1⁄6 1⁄6 1⁄6 0


