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PA RADOXES: App le Pie Par adox

Experienc e sh ows that probability is a topic many people find diffic ult, in that mis takes are easie r to make than in (so m e)
ot he r subj ect are as. This is one of six Statis ti c a l Highlig hts (#46 to #51) which discus s probabilis ti c subtle tie s and mist akes
(w hich sometimes lea d to so-called ‘paradoxes’) , with a vie w to helping the rea de r re cognize and deal cor rectly wit h su ch matt e rs.
[Thes e and rela ted statis ti c a l is s ues are als o discus s ed in Fig ure 7.1 2 of the STAT 220 Course Mat e ria ls.]

1. The Conte xt

At the rest aur ant whe re I often eat lun c h, the desse rt menu inclu des choic e
of three pie s: Apple, Blu eberry and Che rry. As a  fruit pie aficio nado, ove r
ma ny years I hav e ke pt a record of my enj oym e n t of thes e pi es on a scale of 1
(le ast) to 6 (mos t). As is com mon in situation s li ke this , I think of the enjo y-
ment data I hav e collected as gen erating probability fun ction s fo r thre e probabi-
li sti c a l ly independent discret e random variable s A, B and C (s how n at the rig ht).
We see that apple pie give s me con sis tent medium enj oym e n t, blu eberry is ei-
ther ver y poor or ver y good about half the tim e each , and cherry is stil l mo re
variable in three cat egor ies of poor a lit tle more than half the tim e, quite good
and exc ellent bot h arou nd one tim e in five.

a 1 2  3  4  5 6

f(a) 0 0  1  0  0 0

b 1 2  3  4 5 6

f(b) 0. 51 0  0  0 0.49 0

c 1 2  3  4  5  6

f(c) 0 0.56 0 0.22 0 0.22

-----(1)

-----(2)

-----(3)

2. Which choice of the three pie s is likely to give gre ate st enj oyment?

We can answe r this que s tion usi ng the joi nt probability fun c-
tion of the three random variable s A, B and C. With each random
variable hav ing 6 value s , we can think of the joi nt p.f. as a 6×6×6
cubi c a l ar ray of 216 probabilit ies (all but 6 of whi c h are zero in
this inst anc e). If we take A as the vertical axis of the cube, the
6×6 ‘laye r’ with A = 3  (sh own at the rig ht) is the only relev a n t on e
he re as it con tains the six non -zero probabilit ies; unde r the assump -
tuio n of probabilis ti c in d ependenc e, their value s are the pr oduct of
the relev a n t thre e value s fr om the indivi d ual p.f.s (1), (2) and (3) at
the rig ht above – for exa mple, 0.2856 is 1×0. 51×0. 56 and is the
probability of the eve n t A= 3 ∩ B=1∩ C= 2. [∩ den otes ‘in terse ction.’ ]

c b 1 2 3 4  5  6

1 0 0 0 0  0  0 0

2 0. 2856 0  0  0 0. 2744 0  0.56

3 0 0 0 0  0. 0 0

4 0.11 22 0  0  0 0.1078 0 0. 22

5 0 0 0 0  0  0 0

6 0.11 22 0  0  0 0.1078 0 0. 22

0. 51 0  0  0 0.49 0

-----(4)

Ta ble (4) shows that the high est enjo ym e n t in d ex is likely to arise from choosing bl ueber ry pi e, the lo wes t fr om choosing
ap ple, base d on the fol low ing probabilit ies.

• The two eve n t s A= 3 ∩ B= 5 ∩ C= 2  and A= 3 ∩ B= 5 ∩ C= 4, whe re B ha s the hig hest enjo ym e n t in d ex, have probabilit ies
of 0.2744 and 0.1 078 whi c h sum to 0.3822;

• The three eve n t s A= 3 ∩ B=1∩ C= 4, A= 3 ∩ B=1∩ C= 6  and A= 3 ∩ B= 5 ∩ C= 6, whe re C ha s the hig hest enjo ym e n t in -
dex, have probabilit ies of 0.1122, 0.1122 and 0.1 078 whi c h sum to 0.3322;

• The eve n t A= 3 ∩ B=1∩ C= 2, whe re A ha s the hig hest enjo ym e n t in d ex, has probability 0.2856.

3. What is the sit uat ion whe n ther e ar e only two pi es to choose from?

Sometimes, when I am rea dy to order des s ert, the rest aur ant is out of one pie so I hav e only two choic es; the re are three cases.

* When the choic e is bet ween apple and blu eberry, looking at Table s (1) and (2) abov e, I choos e ap ple becau se I wil l enjo y it
mo re 51% of the tim e (w hen its index of 3 is hig her than blu eberry’s 1).

* When the choic e is bet ween apple and cherry, looking at Table s (1) and (3) abov e, I aga in choos e ap ple becau se I wil l enjo y
it more 56% of the tim e (w hen its index of 3 is hig er than cherry’s 2).

* When the choic e is bet ween blu eberry and cherry, looking at Table s (2) and (3) abov e, I choos e che rry becau se blu eberry’s
in d ex of 1 is lowe r (s lig htly) more than half the tim e.

Thus, in the case of only two pie s to choos e fr om, the previous fav o urite of blu ebar r y is rej ect e d in fav o ur of apple and cherry;
the enj oym e n t ranking is now apple -che rry-blu eberry, a re versal of blu eberry-che rry-apple from before. The int e rchange of
ap ple and blu eberry, depending on whether two or three pie s are availa ble, is the ‘paradox’ of this Highlig ht #47 title.

4. How do we resolve the ‘Ap ple Pie Par adox’?

We get more insig ht into the les s fo rma l calcula t ion s fo r the pair wis e co mparisons in Section 3 from the three relev a n t biva -
riat e probability fun ction s fo r A and B, A and C, B and C; thes e p.f.s are giv en ove r leaf on pag e HL47. 2 as Table s (5), (6) and (7).

* The bivariat e probability fun ction of A and B in Table (5) shows , as in Section 3 but more for mally, that the eve n t
A= 3 ∩ B=1 (where the enjo ym e n t in d ex for apple is hig her) is (slig htly) more probable that the eve n t A= 3 ∩ B= 5  (where
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the enj oym e n t in d ex for apple is lowe r); this is the (slig ht) preferenc e
fo r ap ple ove r blueberry.

* The biv ariat e p.f. of A and C in Table (6) shows that the eve n t
A= 3 ∩ C= 2  (where the enjo ym e n t in d ex for apple is hig her) is
mo re probable than the two eve n t s A= 3 ∩ C= 4  and A= 3 ∩ C= 6
(w here the enjo ym e n t in d ex for apple is lowe r) – their probabilit ies
sum to 0.44, les s than 0.56; this is the prefe renc e fo r ap ple ove r
che rry.

* The biv ariat e p.f. of B and C in Table (7) shows that the two eve n t s
B= 5 ∩ C= 2  and B= 5 ∩ C= 4  (where the enjo ym e n t in d ex for blu e-
berry is hig her) is les s probable – their probabilit ies sum to 0.3822
– than the fou r ev ents B=1∩ C= 2, B=1∩ C= 4, B=1∩ C= 6  and
B= 5∩ C= 6  (where the enjo ym e n t in d ex for blu eberry is lowe r) –
thei r probabilit ies sum to 0.617 8; this is the prefe renc e fo r che rry
ov er blu ebar r y.

We not e in passing that the biv ariat e p.f. in Table (7) is, in this in-
st anc e, the sa m e as the p.f. in Table (4) ove r leaf on pag e HL47. 1 ,
which is the ‘laye r’ with A = 3  of the trivariat e p.f. The differenc e
is that, in the three -way situation, we take the six probabilit ies in
th ree gr oups (as at the end of Section 2 ove r leaf) co mpare d with
two gr oups in the pair wis e situation in this Section 4.

The foregoi ng dis cus sio n in d i c ates that we shoul d re s train our sur-
pris e at different ranking s of pie enj oym e n t un d er three -way and pair-
wise situation s fo r seve r al rea son s.

b a 1 2  3  4 5 6

1 0 0 0. 51 0  0  0 0. 51

2 0 0  0  0 0 0  0

3 0 0  0  0 0 0  0

4 0 0  0  0 0 0  0

5 0 0 0.49 0 0 0  0.49

6 0 0  0  0 0 0  0

0 0  1  0 0 0

-----(5)

c a 1 2  3  4 5 6

1 0 0  0  0 0 0  0

2 0 0 0. 56 0  0  0 0. 56

3 0 0  0  0 0 0  0

4 0 0 0. 22 0  0  0 0. 22

5 0 0  0  0 0 0  0

6 0 0 0. 22 0  0  0 0. 22

0 0  1  0 0 0

-----(6)

c b 1 2 3 4  5  6

1 0 0 0 0  0  0 0

2 0. 2856 0  0  0 0. 2744 0  0.56

3 0 0 0 0  0  0 0

4 01122 0  0  0 0.1078 0 0. 22

5 0 0 0 0  0  0 0

6 01122 0  0  0 0.1078 0 0. 22

0. 51 0 0 0  0.49 0

-----(7)

−− The probabilit ies for the two situation s co m e fr om di ffere nt (a lthou gh
rela ted triv ariat e and biv ariat e) probability dis tributio ns, implyi ng at
le ast the possibility of differ ing outcomes from different situation s.

−− The probabilit es that yield thes e different ranking s are gen erated from multiple co mponents so it is unsurpris ung if (care -
fully chosen) set s of thes e co mponents can be made to yield seemingly anoma lou s rankings.

This rem inds us that ranking univariat e infor mation is usually straig ht-for ward, ranking multivarite infor mation may be
(m uch) les s so.

−− The probability calcula t ion s involve a modelling assump tion of probabilis ti c in d ependenc e, a mat hem ati c a l id e a liz ation whose
re a l-world implication s are rou tin ely troub lesome.

−− The respectiv e means of the three univariat e p.f.s (1), (2) and (3), at the upper rig ht
ov erleaf on pag e HL47. 1 , are 3.00, 2.96 and 3.32, an enj oym e n t ranking of che rry-
ap ple-blueberry whi c h differs from the two previous ranking s – see Table HL47. 1
at the rig ht.

This is another rem inde r that, when probability dis tributio ns are inv olved, different
ap proaches to a Que s tion may yiel d different Answe rs.

−− Enjo ym e n t ranking base d strictly on probabilit ies may obs cure practical con sid eration s – for ins tanc e, for blu eberry pie, a
re s tau rant pat ron mig ht ign ore the sm all probability differenc e (0. 51vs 0.49) in fav o ur of its large enjo ym e n t in d ex differ-
enc e (1vs 5).

Ta ble HL47.1: Pie Enjoyment
Ap p roach Ran king

Un ivariat e che rry-apple -blueberry
Bi variat e ap ple-che rry-blu eberry
Tr ivariat e blueberry-che rry-apple

SOURCE: Ty pewritt en sum mar y of a col loquium talk by Prof. Bly th at Que en’s Unive rsity, Kingston, Ont ario, on Nov ember 2,
1972, kin dly provi ded to the writer by Prof. Ros s Ho nsb urger, likely in (early) 1983.

This Highlig ht #47 is an ela boration of the typewritt en sum mar y; the pie names have been per muted here for al-
phabetic conve n ienc e in the Hig hlig ht tit les.

NO TES: 1. Uns urprisingly, this con tex t involves a differenc e between practic e and theor y – it wou ld requi re a sensit ive palat e
to rou tin ely dis tinguis h the enj oym e n t co rre sponding to the rela t ive ly si milar (althou gh theoretically dis tin ct) bold
probabilit ies ove r leaf near the middle of pag e HL47. 1 .

2. Wit h ou tco m e s of 1 to 6 for the pie enj oym e n t in d ex, the probabilis ti c st ructure of this ‘paradox’ wou ld rem ain the
same if a (re a lis ti c) con tex t coul d be fou nd to make plau sible comparing two - and three -dic e situation s, alt hou gh
the rest ricted outco m e s fo r th ese dic e (arisi ng fr om zero probabilit ies) make them unus u al, a matt e r that arises
ag ain in Statisical Hig hlig ht #48.

• Whet her the con tex t is three pie s or thre e dic e, the re is no overla p of outco m e s fr om the three, whi c h means
that ties are pre clu ded – see als o the com ments on the lowe r half of pag e HL48.2 in Statis ti c a l Highlig ht #48..
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