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PA RADOXES: Ali-Bab a Par adox

Experienc e sh ows that probability is a topic many people find diffic ult, in that mis takes are easie r to make than in (so m e)
ot he r subj ect are as. This is one of six Statis ti c a l Highlig hts (#46 to #51) which discus s probabilis ti c subtle tie s and mist akes
(w hich sometimes lea d to so-called ‘paradoxes’) , with a vie w to helping the rea de r re cognize and deal cor rectly wit h su ch matt e rs.
[Thes e and rela ted statis ti c a l is s ues are als o discus s ed in Fig ure 7.1 2 of the STAT 220 Course Mat e ria ls.]

1. The Ali-Bab a Par adox

Tw o enve lopes, identical in appearanc e, con tain sums of mon ey $x and $2x re spectiv ely ; they are giv en unde r equiprob -
able selecting (EPS) to indivi d uals A and B. Wit hou t opening the enve lopes, A and B then have the oppor tun ity to exchange
enve lopes; does eit her expect to gain from doi ng so?

A re asons as fol low s : if his env elo pe con tains $y, then B’s con tains eit her $1⁄2y or $2y wit h equal probability becau se the en-
ve lopes were giv en to A and B un d er EPS. Thu s , the random variable Y repre senting the dollar amoun t in B’s env elo pe has
probability fun ction [p.f.] (1) shown at the rig ht, and so Y ha s ex pected value $5⁄4y; A
therefore expects to gain $1⁄4y by exc h a ngi ng env elo pes. Of cou rse, B can rea son the same
way and so she also ex pects to gain $1⁄4y by exc h a ngi ng; a ga in un d er exc h a ngi ng env e-
lo pes by both A and B is the ‘paradox’ (or, more accur ately, the con tradiction)

y ½y 2y

f(y) 0. 5 0. 5
-----(1)

To resol ve the matt e r, first con sid er th ree enve lopes – one pink env elo pe con taining $x which is giv en to A, and two blu e
enve lopes con taining $1⁄2x and $2x, one of whi c h is giv en to B un d er EPS. A now do es ex pect to gain by exc h a ngi ng becau se:

• fo rma l ly, the expected value calcula t ion abov e fo rY now appli es, OR:

• infor mally, A can, wit h equal probability, gain $x but los e only $1⁄2x and so, under rep etition, wil l ga in $1⁄4x on ave r age.

Howeve r, unli ke the origi nal situation wit h two enve lopes, B, rea son ing like A, now expects to lose $1⁄4x, so the re is no‘paradox .’

In the origi nal situation of two enve lopes, we now see that A’s rea son ing is cor rect about the va lues of the random vari-
able Y but wrong about thei r pr obabi lit ies, despi te EPS being use d to giv e ou t the env elo pes. In fact, the two value s of Y have
probabilit ies of 0 and 1, but A does not know whi c h value has whi c h probability. This illu s trates the subtlety (and, henc e, the
dange r) of the long-st anding wr o ng id e a that lack of knowledge (or ‘ig noranc e’) can be model led by a uniform probability dis-
tr ibutio n. Mak ing this mis take here lea ds to A and B treating as on e ca s e what is actually two cases whi c h, incid e n tally, do in -
volve unifo rm dis tributio ns as a con seque n ce of the use of EPS.

* If the two amou nts of mon ey are $1⁄2x and $x so p.f. (2) at the rig ht appli es, A is equally
li kely to gain or los e, and B to los e or gain, $1⁄2y by exc h a ngi ng and the re is no‘paradox .’

* If the two amou nts of mon ey are $x and $2x so p.f. (3) at the rig ht appli es, A is equally
li kely to gain or los e, and B to los e or gain, $y by exc h a ngi ng, aga in with no‘paradox .’

Bo th cases agree with our intuitive idea of no net gain (and no‘paradox’) by exc h a ngi ng env elo pes.

y ½y y

f(y) 0. 5 0. 5
-----(2)

y y 2y

f(y) 0. 5 0. 5
-----(3)

NO TES: 1. The Ali-Baba paradox is sometimes called the exchange para dox.

2. It is misle ading to call the matt e r first descr ibed a ‘p aradox’ –  it has more in com mon wit h an ar gumen t by con-
tra diction, whe re we rea son to an impos sib i lity (he re, A and B both ex pect to gain by exc h a ngi ng env elo pes) and
so dem ons trate there must be a wr o ng st atement (he re, the probabilit ies assig ned) in the chain of rea son ing.

3. The pr obabi lit ies of the two cases model led by p.f.s (2) and (3) at the rig ht above do not ap pear to be inv olved in
re solv ing the ‘paradox ,’ pos sib ly wit h the provi so that neit her can have zero probability; their probabilit ies depend
on how the two sums of mon ey are det e rmine d.

• If the sums are set and then placed in the enve lopes unde r EPS, the two cases are eq ually probable;

• if a sum is placed in one env elo pe and a process, probabilis ti c or other wise, use d to deci de on the sum (half or
doub le) for the other env elo pe, the two cases may hav e unequal or unknown probabilit ies.

4. A mo re technical discus sio n of how to resol ve the Ali-Baba Paradox is giv en by Chris tensen, R. and J. Utt s:
Baye sia n Re solutio n of the "Exchange Paradox ," The America n St atist i cia n 46, No. 4, 274 -276 (1992).

Othe r att emp t s (o f surprising varie ty) to resol ve the ‘paradox ,’ tog ether with some backg rou nd and referenc es, are
give n in the Statis ti c a l Socie ty of Cana da Liai son 12, No. 1, 34-39 and No. 2, 20-25 (1998).

• The con clu ding parag raph of the secon d of the latt e r two article s is:

Mo re than probability theor y is involved in dis ent angling thes e enigmas. The pro per domain for thes e dis-
cus sio ns is game theor y, and que s tion s of ration a lity and the repre sent ation of knowledge of ration a lity arise.
A troub ling que s tion is whether ration a lity is equ ivalent to maxim izi ng ex pected gain, par ticularly in cases like
the Paret o ex ample whe re the law of large numbers does not apply.

Re ade rs may find it is not ne c essarily the case that the more technical a discus sio n of how to resol ve the Ali-
Baba paradox , the gre ater its success.
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NO TES:
(c o nt.)

5. The usef ul idea of identifyi ng dis tin ct actual ca s es [li ke the probability fun ction s (2) and (3) ove r leaf near the
middle of pag e HL 46.1] in a co mposi te situation [li ke that model led by the probability fun ction (1) ove r leaf] re curs
on pag e HL 49.3 in dis cus sio n of what is called the Three Prisone r’s Dilem ma in Statis ti c a l Highlig ht #49.

2. Postscr ipt – What can we learn from studying par adoxe s?

Interest in (so -called) paradoxes is long-st anding – Zen o’s paradoxes likely dat e fr om the fifth centur y BC. Studying para-
doxe s tends to be the pur vie w of a sub set of the cre dentia led members of a popula t ion; eng agement of a wid er audie n ce may
be lim ited by three charact e ris ti cs, one or more of whi c h are often associat e d with paradoxes:

• unre a lis ti c aspect s of their con tex t;

• subtle tie s in their rea son ing;

• (s ometimes unnecessar y) technicalit ies in att emp t s to resol ve them.

Howeve r, paradoxes like those dis cus s ed in Statis ti c a l Highlig hts #46 to #51 raise the matt e r of (ho pef ully sensible) decisio n-
ma king in the pre senc e of uncer tain ty; becau se people deal wit h un cer tain ty on a daily basis , good decisio n-mak ing in such
ci r c umstanc es, within the lim its of indivi d ual abilit ies, woul d be a useful skill for ever yon e to acqui re.

In addit ion, the mental exe rci se of eng agi ng wit h (s eem ingly) paradox ical issues may hel p fo ster a min d-set more cap able of
distinguis hing valid intellectual argum e n t fr om emo tio nal com mitment in matt e rs as div erse as vaccin e hesit anc y and athei sm.

Mo re broadly, when resol ving ‘paradoxes’ (or argum e n t s by con tradiction), we shoul d se ek the si m p lest re solu tio n. In the
ca s e of the Ali-Baba paradox , if A ha d re asone d fr om the beginning that, if I hav e the env elo pe wit h $x, then B ha s $2x so I
ga in $x by exc h a ngi ng; conve rsely, if I hav e the env elo pe wit h $2x, I lose $x by exc h a ngi ng. I therefore hav e no inc entiv e to
exchange (and, of cou rse, neit her does B) and the re is no ‘p aradox’ (and lit tle need for fur the r discus sio n, howeve r er udit e).

In the same vei n, in Zen o’s paradox of Archil les chasi ng the tor toi se and bei ng able to run twice as fast, it is cle ar that Archil les
will catch the tortoi se, alt hou gh it wil l take him longe r the fur the r behin d the tor toi se he starts. The ‘paradox’ (ag ain, really an
argument by con tradiction) base d on the idea that, for any poi nt reache d by Archil les, the tortoi se wil l always hav e move d on
and so wil l neve r be ove rtake n, is cle arly wrong, so what is the si m p lest demons tration of the mist ake in rea son ing? It wou ld
be nic e if the technical ‘mode rn’ recog n ition that an in finite se rie s can have a finit e sum is not needed . [We can also specula te on

whet her thes e matt e rs bear on the pleonast ic fallacy – the belief that an absolu t e qu ali tative differenc e can be ove rco m e by a successiv e ac-

cumu lation of ext rem ely sma l l and entirely rela t ive qu ant ita tive st eps.]

3. Com mon alities and Differ e nce s

In addit ion to the ‘paradox’ theme, the ove r arching com mon a lity of Statis ti c a l Highlig hts #46 to #51 is the inv olvem e n t of pro -
babilit ies/propor tio ns, whi c h are mul t i p lie d, added and (so m etim e s) div ide d to yield othe r propor tio ns. Howeve r, we can distin -
guis h fo ur groups of thes e Highlig hts on the basis of differenc es in what is identifie d as the sou rce of their par ticular ‘paradox .’

• Highlig ht #46: mis ap plication of ‘e quiprobable’;

• Highlig hts #47 and #48: comparisons from mul t ivariat e discret e dist rib u tio ns;

• Highlig hts #49 and #50: comparisons of con d ition a l probabilit ies;

• Highlig ht #51: comparing pro por tio ns.

It is not ewo rthy that the mul t i p lication of probabilit ies in Statis ti c a l Highlig hts #47 and #48 unde r a model ling assump tion of
probabilis ti c in d ependenc e re curs in the weighted ave r age ‘ex pla n ation’ of Sim pson’s Paradox in Table HL51.8 at the upper rig ht
of pag e HL51.4 in Statis ti c a l Highlig ht #51, alt hou gh the eig ht bold propor tio ns in this table are expre sse d as percent age s.
Multiplication of probabilit ies is als o involved in Statis ti c a l Highlig hts #49 and #50 in the for m of probabilis ti c dependenc e of
two eve n t s that is model led by con d ition a l probability – see equ ation (9) on the lowe r half of pag e HL50.2

It may be that the ultimate sou rce of the ‘paradoxes’ of Statis ti c a l Highlig hts #47 to #51 lie s is the bivariat e nature of pro por-
tion s (thei r nume r ato r and denominato r), tog ether with unde r-appre ciation of what may eme rge when pro por tio ns are comb i ned
– for exa mple, in model s involv ing probabilis ti c in d ependenc e or con d ition a l probabilit ies – and then used to gen erate ‘rankings.’
This idea is dis cus s ed in Section 4 on pag es HL51. 3 and HL51.4 in Statis ti c a l Highlig ht #51.

A different con tex t in whi c h propor tio ns aga in ne e d careful tre atment is dis cus s ed in Not e 19 on pag e 2.122 in Fig ure 2.1 5
in the STAT 332 Course Mat e ria ls. This Not e in clu des a rem inde r of:

−− the need to dis tinguis h perc ent fr om percent age poi nts – for ins tanc e, a change from 35 percent to 38 percent in a par ty’s
suppor t among vot e rs in a poli tical pol l is an inc rea s e of 3 percen t age poi nts, not 3 percen t – see, for exa mple, the middle
colu mn of the article EM9317, Stree t drug use waning in Metro.

−− a ratio expre sse d (perhaps for gre ater-sou nding imp act) as ... an incre ase of 500 per cen t woul d be cle are r if des cribed
as ... a 6-fol d in cre ase.

It is als o li kely that such wording is often misus ed and/or misun d erstood to mean a 5-fol d in cre ase.

We als o remember the di ffering magnitudes of compens ato ry percent age s; fo r ex ample, a decrea s e of 20% in a quantity (li ke
the value of an inv est ment) requ ire s an increa s e of 25% to resto re its origi nal value, to undo a decrea s e of one thi rd (331⁄3%)
requ ire s a sub seque n t in cre ase of one half (50%) and a 50% decre ase needs a 100% inc rea s e to make it good.
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