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#HL38.1[St atistical Highlight #38]
__________________
__________________

ME ASUR ING: Measuring Pro cesse s

1. Backg round I – What is Statist ics Abo ut? [o ption a l re ading]

As sum marized in the two schema s at the rig ht, statis ti cs is con -
cer ned with data-base d invest iga ting (o r em pir ical proble m solv ing)
of the real world, whi c h means inv estig a t i ng some popula t ion or
proces s on the basis of data to answer on e or more qu est i ons.
Fo r this Highlig ht #38, only the (ub i quit ou s) inv estig a t ive met hods of
sa m p ling and measur ing are shown in the lowe r schema –‘m e asuring’ is our pre sent focus and‘s a mpling’ is pursued in Statis ti c a l
Highlig ht #21.
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Me asuring processes are use d to obtain variate values (i.e., data); such processes exhibit wide variety and often inv olve tech-
nical matt e rs from dis ciplin es other than statis ti cs. Some statis ti cia ns argue that mea s uring is the refore not part of Statis ti cs, but
this Statis ti c a l Highlig ht #38, and thes e Course Mat e ria ls mo re ge nerally, take the posit ion that:

St atis ti cs answe rs Que s tion(s) usi ng data-base d inve s tig a t i ng; AND:

data are gen erated by mea s uring processes; SO THAT:

st atis ti cia ns mu st be inv olved with the mea s uring process(e s) use d in an inv estig a t ion to a deg ree that enables them to assess
properly the lim itation(s) impos ed on Answe r(s) by mea s urement (and, of cou rse, other cat egor ies of) er ror.

−− As s essing mea s urement error will usually be don e in col laboration wit h ot he r inve s tig a tors who have relev a n t ex tra -st a-
tis ti c a l know ledge. (This may als o be true of oth er catego rie s of error – e.g., study error).

Discus sing mea s uring processes in this Highlig ht #38 is useful als o becaus e it allow s the (unfa m ili ar) key idea of er ror, and
it s cons equ enc es fo r st atis ti c a l methods, to be pre sent e d in a con tex t (n a m ely, mea s uring) fa m ili ar to mos t re ade rs.

An oppor tun ity for pr act i cal experien ce with a mea s uring process is provi ded in the fol low ing Statis ti c a l Highlig ht #39; the re
is other dis cus sio n of mea s uring in Statis ti c a l Highlig hts #33 to #37 and #40 to #45, and of mea s urement er ror in #11 to #15.

2. Backg round II – Te rminology and Relate d Matt ers [A more det ailed Glo ssary is giv en in Statis ti c a l Highlig ht #91.] [o ption a l re ading]

* Po p u lat ion: a wel l-defi ned (fin ite) group of el ements othe r th an the sample. [An in finite ‘popula t ion’is a (so m etim e s us eful) model.]

* Element: the entit ies that make up a popula t ion; for exa mple, a person is an ele ment of the popula t ion of Cana dians, but
we recog n ize that many popula t ion s in dat a-base d inve s tig a t i ng hav e non-hu man or inanimate ele ments.

* Unit : the entit ies se lec ted fo r the sample; a un it may be one ele ment (e.g., a person) or more than on e (e.g., a hou seh old).

In the STAT 231 Cou rse Mat e ria ls , the ele ment-unit dis tin ction is largely ign ore d and ‘un it’ is use d throug hou t (fo r consis tenc y
with the STAT 231 Cou se Not es). In the STAT 220 Mat e ria ls , att entio n is gene r ally rest ricted to units whi c h are ele ments so the dis-
tin ction does not arise but, more broadly, when units are gr oups of ele ments (as in clu ster sampling, for ins tanc e), the distin ction is es-
sentia l; the matt e r is illu s trated in more det ail in Appendix 1  on pag es HL77.8 and HL77.9 in Statis ti c a l Highlig ht #77.

Ma ter ials like Statis ti c a l Highlig ht #77, con cer ned with sur vey sa m p ling, refer in mos t places to units, but respondent popula t ion at-
tr ibutes of int e rest [li ke −N (s ize), Y

−− (a verage), TY− (tot al) and S− (s tandard dev iation)] refer to el ements.

* Process: • a set of opera tions that produ c e or affect ele ments, OR:

• the flow of an entity (li ke wat e r or ele ctron s).

Thus, in statis ti cs, a process of the first type inv olves el ements. WHEREAS:

In pr obabi lity, a process is any set of opera tions fr om whi c h there are at lea st two pos sib le ou tco mes; obs erving wh ich ou t-
co m e occurs when the process is exe cuted gen erates data, whi c h may yield value s fo r probabilit ies associat e d with , or other
charact e ris ti cs of, the process – see als o the dis cus sio n un d er ‘Independenc e’ near the middle of pag e HL38.4.

The ter m ‘process,’ as use d in the lowe r schema above at the upper rig ht of Section 1, is to be set aga inst ‘popula t ion’ as we us e
thes e two ter ms in a statis ti c a l cont ext. In ordin ary Englis h, ‘proces s’ als o encompasses a ser ies of act i ons that bring about an end
or res ult; this meaning (which cov ers the first case of ‘proces s’ defi ned above) is why we also refe r to the inv estig a t ive technique s of
sele cting, mea s uring and estim ating as processes – sampling is then a process too becaus e it inclu des selecting and estim ating.

The popula t ion -proces s distin ction and is dis cus s ed in more det ail in Statis ti c a l Highlig ht #94.

* Samp ling: in clu des the processes of se lec ting and es tim ating.

* Me asuring: the process use d to deter min e the value of a variat e.

* Va riate: a charact e ris ti c associat e d with each el ement of a popula t ion/proces s.

−− Re sponse var iat e (Y−): a variat e defin ed in the For mulation stage of the FDEAC cycle; an Answe r give s so m e att ri-
bute(s) of the respons e variat e ov er the targe t popula t ion/proces s.

−− Explan atory var iat e (Z−): a variat e, defi ned in the For mulation stage of the FDEAC cycle, that accou nts, at lea st in par t,
fo r change s fr om ele ment to ele ment in the value of a respons e variat e.

−− Fo cal (explan atory) var iat e (X−): fo r a Que s tion wit h a ca usa tive aspect, the focal variat e is the explanator y variat e whos e
rela t ion s hip to the resp onse variat e is involved in the Answe r(s) to the Que s tion(s).

Distin ction s associat e d with oth er adje ctive s which quali fy ‘variat e’ – qu ant itative, categor ical (o r qu a lit ative), me asure d
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and co unt ed, continuou s and discrete – are show n in the fol low ing schema .

va riate mo del

qu antit ative
mea s ure d mea s ure d value

coun ted coun ted value
contin uou s

catego rical
qu ali tative

coun ted coun ted number discret e
(v a lue s are data)

a sim p le arttr ibute
of interest is often
an ave r age or tot al

a sim p le att rib u t e
of interest is often a
propor tio n or frequ enc y

Ma themati c a l

An illust r ation of the distin ction bet ween a cou nted va lue [a real number, model led by a continuou s variat e] and a cou nted num-
ber [a n in tege r, model led by a discrete variat e] is:

−− to assess the effective nes s of an ins ecticid e, the number of ins ect s coul d be cou nted on a defi ned par t of each of a sample of
plants from untreated and tre ated cro ps – a mea s ure of effective nes s woul d be the decrea s e in the aver age number of ins ect s
per pla n t ;

−− to assess gende r bala n ce in an are a of emplo ym e n t, the number of men and women emplo yed in the are a coul d be cou nted – a
mea s ure of the balanc e woul d be the pr oportion of each sex in the are a.

The quantit ative measured and quantit ative counte d distin ction blu rs progres siv ely as cou nts become large r in mag n itude; it is als o
affe cted by the lim ited resol ving powe r (fin ite pre cisio n) of real measuring processes.

Contin uou s and discret e variat es are model conc epts becau se real measuring ins truments wit h fin ite pre cisio n yi eld only discret e value s.

Qu ant ita tive variat e value s can become (ordin a l) ca tegorica l – e.g., ages can be cla s sifie d in t o ag e gr oups; we take qu ali tative to
mean nominal (non-ordin a l) catego rical – e.g., marit al status or skin col our.
A bi nar y variat e is a cat egor ical variat e in two catego rie s.

* Selecting: the process by whi c h the units of the sample are obtain ed from the respondent popula t ion – it is des cribed in the
protocol for selecting units (s ee Appendix 2 in Statis ti c a l Highlig ht #21). [Our eq uiprobable sele cting is abbrevi a ted EPS.]

* Estimating: a process whi c h us es st atis ti c a l theory to der ive the dist rib u tio n of an es tim ator and data to calcula te an (in ter val)
es tim ate.

* Estimator: a ra n dom variable whos e dist rib u tio n re prese nts the pos sib le value s of the cor responding es tim ate un d er repeti-
tion of the selecting, mea s uring and estim ating processes.

* Estimate: numer ica l va lue (s) fo r a model parameter: ++ de riv ed from the dist rib u tio n of the cor responding es tim ator, AND:
++ calcula ted from data .

−− Po i nt est imate: a si ngl e value for an estim ate.

−− Interval est imate: an in ter val of value s fo r an estim ate, usually in a for m that quantifie s variability (repre senting impre cisio n).

* At tribute: a qu antity defi ned as a fun ction of respons e (a n d, perhaps, exp lanato ry) variat es ove r the five groups of ele ments
defin ed bel ow.

Fa m ili ar (si mple) att rib u t es are ave r age s , propor tio ns, medians, totals and s.d.s; the impor tanc e of attributes is that:
++ Answe r(s) to Que s tion s(s) are usually giv en in ter ms of att rib u t es, often their value s;
++ fiv e of the six cat egor ies of er ror are defi ned in ter ms of att rib u t es – see the upper half of the facing pag e HL38.3.

* Re pet ition: repeating ove r and ove r (u sually hypoth etically) one or more of the processes of selecting, mea s uring, estim ating.

* Er ror: Over all er ror in an inv estig a t ion refers to the net effect of all relevant catego rie s of error on the Answe r(s) from the
inve s tig a t ion – see, for exa mple, Appendix 1 on the lowe r half of pag e HL38.7 and also see Statis ti c a l Highlig ht #6.

* Un certainty: ig noranc e (in complet e know ledge) of error; for exa mple:

−− fo r a num erical Answe r, ign oranc e of the mag n itude and/or the sig n/direction of error;

−− fo r a cat egor ical Answe r (li ke Ye s or No), ign oranc e of whether the Answe r is the cor rect cat egor y.

* Limitations: ap ply to Answe r(s) to the Que s tion(s) and must: ++ assess the likely impor tanc e of each cat egor y of error;
++ be expre sse d in the langu age of Que s tion context.

The schema at the rig ht bel ow sh ows five groups of ele ments whi c h we distinguis h fo r data -base d inve s tig a t i ng; a key feature
fo r this Highlig ht #38 is the distin ction bet ween the true and measure d value s of variat es of units in the sample.

* Ta rge t popul ation: the group of ele ments to whi c h the inv estig a tor(s)
wa n t Answe r(s) to the
Questio n(s) to apply.

* St udy popul ation: a gr oup of ele ments av ail-
able to an inv estig a t ion.

* Re spondent popul ation: thos e elem e n t s of the study popula t ion that woul d prov ide
the dat a requ est e d un d er the inc entiv es for respons e offered
in the inv estig a t ion [su ch inc entiv es arise pre dominantly when
the ele ments are people, but mis sing data may als o aris e when ele ments are inanimate].

* No n-respondent popul ation: thos e elem e n t s of the study popula t ion that wou ld not prov ide the data reque s ted unde r the
in centiv es for respons e offered in the inv estig a t ion – see als o No te 1 at the bottom of pag e HL38.4.

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

(tr ue value s) (m e asure d value s)

* Samp le: the group of units selected from the respondent popula t ion actually use d in an inv estig a t ion – the sample is a sub-
set of the respondent popula t ion (as the ver tical lin e in the schema above rem inds us) .
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#HL38.3[St atistical Highlight #38]
__________________
__________________

ME ASUR ING: Measuring Pro cesse s (c o ntinue d 1)

−− Selection: the units selected from the study popula t ion and whi c h co mpris e the respondents (the sample) and the non -re -
re spondents – also see Not e 1 at the bottom of pag e HL38.4. [‘S ele ction’ is ter min ology sp eci fic to thes e St atis ti c a l Highlig hts.]

−− Census: using all the respondent popula t ion ele ments in an inv estig a t ion; i.e., in a census, the ‘sample’ size is n = −N.

The ext ensiv e discus sio n of sampling and (it s consqu enc e of) estim ating (base d on a proba -
bility model) in introducto ry statis ti cs teaching can giv e the (wrong) im pre ssi on that thes e pro-
cesses are the pr imary sour ce of lim itation s on Answe rs from dat a-base d inve s tig a t i ng. As in-
dicated by the two lis t s at the rig ht of the processes that lea d to our six error cat egor ies, fo ur
catego rie s – study error, non -re spons e er ror, mea s urement error, comparison error (and pos -
sibly model error) – must be manage d regar dless of whether the Pla n involves a sample or a
cens us – see als o Appendix 3 on pag es HL21.4 and HL21. 5 in Statis ti c a l Highlig ht #21.

A Plan inv olv ing a .....

samp le:

Specifyi ng
Selec ting
Re sponding
Me asuring
Esti mating
Comp aring

popul ation:

Specifyi ng
Re sponding
Me asuring
Comp aring

* St udy error: the differenc e between [the (tr ue) value s of] the study popula t ion/proces s
and targe t popula t ion/proces s att rib u t es.

* No n-reponse error: the differenc e between [the (tr ue) value s of] the respondent popula t ion and study popula t ion/proces s att rib u t es.

* Samp le error: the differenc e between [the (tr ue) value s of] the sample and respondent popula t ion attributes.

* Me asurement error: the differenc e between a mea s ure d value and the true (or long-ter m av erage) value of a variat e.

−− At tribute measurement error: the differenc e between a mea s ure d value and the true (or long-ter m av erage) value of a
[popula t ion/proces s or sample] att rib u t e.

We need both tr ue value s and long-ter m av erage value s in th ese two error defi nit ion s becaus e:
‘t rue’ value s fo r qu antit ies like lengt h, mass and tim e (a n d the many quantit ies derive d fr om them) can be inv oke d becaus e there
are st andards (i.e., cer tifie d known value s) for such quantit ies – see als o Se ction 3 on pag e HL38.5;
long-ter m av erage value s may be all we hav e av a ila ble when, for ins tanc e, inv estig a t i ng the dist rib u tio n of respons es to a que s tion -
naire wit h particular que s tion wording and/or que s tion order.

* Mo del error: the differenc e between the model and its model ling assump tion s and the actual state of affairs in the real world;
mo delling assumpt ions in introducto ry cou rses are typically rest ricted to:

equiprobable selecting of units for the sample;
the nor mality of each residu al;
equal standard dev iation s of (re spons e) variat e value s among different groups of ele ments or units.

the for m of the structur al component of the respons e model;
probabilis ti c in d ependenc e of the residu als;

Model error is dis cus s ed fur the r in Appendix 2 on pag e HL38.8, alt hou gh it is per ipheral to the main con cer n of this Highlig ht #38.

* Comparison error: fo r an Answe r abou t an X−-Y− rela t ion s hip that is base d on comparing att rib u t es of groups of ele ments or units
with different value s of the focal variat e(s), comparison error is the differenc e fr om the in ten ded (o r true) state of affairs arisi ng fr om:
−− differ ing dis tributio ns of lur king variat e value s between (or among) the groups of ele ments or units OR −− confou nding.

The alt e rnate wording of the last phrase of the defin ition of comparison error accom modat es the equ ivalent ter min ologie s of lur king
variat es and confou nding ; in a par ticular con tex t, we use the versi on of the defin ition appropriat e to that con tex t:

‘l urking variat es’ can more rea dily accom modat e phen omena li ke Sim pson’s Paradox – see Statis ti c a l Highlig ht #51;
‘c onfou nding’ is more com mon in the con tex t of comparative Pla ns (se e St atis ti c a l Highlig ht #63), but the varie ty of usage of ‘c on-
fo unding’can be a sou rce of diffic ulty (se e St atis ti c a l Highlig ht #3).

* Lu r king var iat e: a non -focal exp lanato ry variat e (Z−) whos e differ ing dis tributio ns of value s ov er groups of ele ments or units
with different value s of the focal variat e, if taken into accou nt, wou ld meaning ful ly change an Answe r abou t an X−-Y− rela t ion s hip.

* Con founding: differ ing dis tributio ns of value s of one or more non-focal exp lanato ry variat e(s) among two (or more) groups
of ele ments or units [li ke (sub)popula t ion s or samples] wit h different value s of the focal variat e.

Study error, sample error, non -re spons e er ror and comparison error are defi ned in ter ms of att rib u t es of gr oups of ele ments
wherea s mea s urement error inv olves in dividua l mea s urements – this is why the addit ion a l (s ub)catego ry of attr ibute mea s ure -
ment error is needed – see als o the dis cus sio n involv ing equ ation (HL38.1) in Section 3 near the bottom of pag e HL38.5.

The schema at the lowe r right of the facing
page HL38.2 has been ext ende d, as shown at the
right, to inclu de the model (as a link bet ween the
re spondent popula t ion and the sample) and the
ef fect of our six cat egor ies of error in im-
posi ng li mit ation s on Answe rs obtaine d
by data -base d inve s tgating.

The arrow rising from each error cat egor y
sh ows its poi nt(s) of imp act.

The fou r ar row s arising from comparison error poi nt
to boxes repre senting gr oups of ele ments or units (a pop -
ulation or a sample) rat her than, as for the other five error
catego rie s , to li nes joi ni ng boxes; the comparison error arrow at the rig ht is to be taken as poi nting to both sample ellipses.

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

MO DEL

(tr ue value s) (m e asure d value s)

Answe r(s) to Questio n(s)

Comp arison
er ror

Study
er ror

No n-respons e
er ror

Sa mple
er ror

Me asurement
er ror

Model
er ror

Sa mple att rib u t e
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Mu ltiple co mparison error arrow s are a con seque n ce of its different manife s tation s in different Que s tion con tex ts – for
ex ample, as sum marized in Table HL60.1 at the upper rig ht of pag e HL60.4 in Statis ti c a l Highlig ht #60.

* Va riation: differenc es in (variat e or att rib u t e) value s:
−− across the indivi d uals (e.g., ele ments or units) in a group, such as;

a targe t popula t ion/proces s,
a non -re spondent popula t ion,

a study popula t ion/proces s,
a sample; and:

a respondent popula t ion,
. repeated mea s urements;

−− arising unde r repetit ion [e.g., for erro r or a sample ave r age].

We distinguis h variation from va riability, whi c h is defi ned lowe r on this pag e HL38.4 immediat ely above Not e 1.

* Independence , Independent: a diction ary defi nit ion is: not subje ct to the con trol, influence or det ermination of anoth er or oth ers.

−− Independent measurements: mea s urements are independent when the operato r’s knowledge of the value arisi ng fr om
on e executio n of the measuring process does not influence the value from any other exe cutio n.
The Pla n fo r an inv estig a t ion needs to addre ss the issue of mea s urement independenc e.

−− Independent eve nts (Prob abilist ic independence): ev ents A and B are independent when the probabilit ies of even t s A
and B are such that Pr(A|B) = Pr(A) and Pr(B|A) = Pr(B).

−− Independent ran dom var iable s: two random variable s are independent when their joi nt probability (density) fun ction is
the pr oduct of their marginal probability (density) fun ction s.
This is the sense of ‘in d ependent’ in respons e models like those summarized in Statis ti c a l Highlig ht #71.

As sum marized on the left of the schema at the rig ht, a rela t ion s hip in sta tis-
tics is often con sid ere d in ter ms of one or more of association, confou nding,
causation, int e r actio n and Sim pson’s Paradox (se e also the schema on pag e
HL57.1 in Statis ti c a l Highlig ht #57).

In pr obabi lity (o n the rig ht of the schema), a rela t ion s hip is con sid ere d in
ter ms of dependen ce, whi c h co m e s in gre at varie ty and is often diffic ult to
mathem atize; as a con seque n ce, int roducto ry cou rses empha size indepen-
denc e, as it appli es to eve n t s , random variable s and processes. Eve n the
first two of thes e thre e involve an appre ciable set of idea s and may be all a
course has tim e to discus s.

Connection bet ween statis ti c a l and probabilis ti c consid eration s of a rela t ion -
ship arises in the probability models st atis ti cs uses in the Analys is stage of
the FDEAC cycle.

Emphasis on independenc e in introducto ry cou rses can obs cure the fact
that independenc e is a mat hem ati c a l idea lization. In the real world, de-

pendenc e is the nor m – it may be that the beh aviour of ever y particle in
the unive rse depends on (i.e., is affected by) ever y oth er particle, no matt e r how min ute the deg ree of dependenc e.

This may be why lur king variat es are usually so numer ous when answe ring Que s tion s with a cau s ative aspect.

STATISTICS

Rela t ion s hip

As sociation

Confou nding

Causation

Interactio n

Si mpson’s
Paradox

PROBABILITY

Dependenc e

Independenc e

Condition a l
in d ependenc e

Events

Random variable s

Proces s es

M
O
D
E
L

* Inaccu racy: aver age er ror (i.e., its system atic co mponent) un d er re pet it i on.

−− Samp ling ina ccu racy: av erage sample error unde r repetit ion of selecting and estim ating.

−− Me asuring ina ccu racy: av erage mea s urement error unde r repetit ion of mea s uring the sa m e qu antity.

* Impr ecision: sta n dar d devi ation of error (i.e., its haphazard co mponent exhibited as variation) unde r re pet it i on.

−− Samp ling imp recision: st andard dev iation of sample error unde r repetit ion of selecting and estim ating.

−− Me asuring imp recision: st andard dev iation of mea s urement error unde r repetit ion of mea s uring the sa m e qu antity.

* Accu racy: the inv erse of inaccur acy.

* Precision: the inv erse of imprecisio n.
* Bias: the model qu antity repre senting inaccurac y.

* Va riability: the model qu antity repre senting impre c isi on.

NO TE: 1. As indicated in the diag ram at the rig ht, we consid er the study
popula t ion to be made up of the resp onden t and non-res pon den t
popula t ion s. The set of units selected from the study popula t ion
is the sele c tion, and compris es the sa m p le (fr om the respondent
popula t ion) and the non-res pon den t s (fr om the non-respondent
popula t ion). The diag ram has two catego rie s of symbols:
−− the −Ns and ns refer to number s of ele men t s or units;

−− the Y
−−s and y−s are aver ages of a respons e variat e Y− of the

elem e n t s or units.
The rela t ion s hips among the numbers of ele ments or units are:

Study popula t ion = Re spondent popula t ion + No n-respondent popula t ion
−Ns = −N + −Nnr

Sele ction = Sa mple + No n-respondents
ns = n +  nnr

Study popula t ion

Re spondent
popula t ion

No n-respondent
popula t ion

−Ns

Y
−−s

−N Y
−− −Nnr Y

−−nr

Sele ction

Sa mple No n-
re spondents

ns

y−s

n y− nnr y−nr

St atis ti c a l theory, par ticularly of sur vey
sampling, is dev elo ped mainly in the
cont ext of the resp onden t popula t ion,
often wit hou t re cognizi ng it exp licit ly.
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__________________
__________________

ME ASUR ING: Measuring Pro cesse s (c o ntinue d 2)

3. Measuring Pro cesse s [The tit le matt e r of this Highlig ht #38.]

When measuring, on an ele ment or unit, a variat e whos e value does not change, we recog n ize that:

ma king on e mea s urement provi des a value for the variat e but no infor mation abou t me asurement error – the differenc e
between a mea s ure d value and the true (or long-ter m av erage) value of the variat e;
ma king more than one mea s urement of the sa m e variat e on the sa m e elem e n t or unit [the process of repeat ed measuring
(o r repetition)] and calcula t i ng thei r (d ata) standard dev iation and ave r age allow s us to:
−− se e that repeated mea s urements of the same quantity usually do not ag ree (ex actly) wit h each othe r;

−− qu ant ify me asuring imp recision – the (data) sta n dar d devi ation of the repeated mea s urements;

−− qu ant ify me asuring ina ccu racy – the aver age of the repeated mea s urements minus the true value bei ng mea s ure d.
++ Me asuring a known value (i.e., a st andard) to quantify mea s uring inaccur acy is called calibr ating the mea s uring process.
++ A cla s sic dis cus sio n of mea s uring inaccur acy by W.J.You den is sum marized in Statis ti c a l Highlig ht #15.

−− The aver age of repeated mea s urements is likely to be cl o ser to the long-term av erage than an in dividua l mea s urement –
that is, the ave r age has lowe r imprecisio n (o r higher pre cisio n) than indivi d ual measurements. Alt e rnative ly, we can say the
aver age of repeated mea s urements is likely to hav e mea s urement error of sm aller mag nitude than an in dividua l mea s urement.
++ Thes e (e quivalent) st atements are the meaning of the (fa m ili ar) idea that the aver age of repeated mea s urements is a

‘better’value than just on e mea s urement (prov ide d, of cou rse, that the measurements are independent – see bel ow).

−− We recog n ize that the sig n and mag n itude of error (which appli es to a particular ca s e) unde r re pet it i on le ad to the idea s
of inaccur acy and impre cisio n, whose image s are provi ded by patt e rns of shots on a targe t, as shown bel ow at the rig ht.

−− Implicit in the idea of re pet it i on is that the
mea s urements are independent, meaning
the operato r’s knowledge of the value ari-
si ng fr om one exe cutio n of the measuring
proces s does not influence the value from
any other exe cutio n.
++ This (mo re infor mal) meaning of ‘in -

dependenc e’ shoul d not be conf use d with
prob abilist ic independence, defi ned on the upper half of the facing pag e HL38.4.

−− When ele ments or units are people and the measuring ins trument is a que s tionnaire, repeated mea s uring is usually not
fe asible becau se respondents wil l li kely recall their previous answe rs and so compromise the (mea s uring) in d ependenc e
that is requi red statis ti c a l ly.
++ When we dis tinguis h mea s uring ‘phys ical’ variat es (involv ing one or more of lengt h, mass and tim e) from mea s uring

that requi re s a que s tionnaire, the key sta tis tical differenc e is compromise d ability for repeated mea s uring of the same
elem e n t or unit. There appear to be few (or no) sta tis tical is s ues wit h the seemingly different nature of the so urces of
mea s urement error in the two situation s [e.g., imper fection s in the components (discus s ed bel ow) of the measuring
proces s fo r ‘phy sical’ variat es, ign orant and/or careles s and/or unt ruthful respons es to a que s tionnaire] .
. In the same vei n, fo r a que s tionnaire to mea s ure self-est e em, for ins tanc e, it is a subjec t-are a (e xtra -st atis ti c a l) matt e r

to defin e what is actually being mea s ure d [e.g., see pag es HL42. 2 and HL42. 3 in Statis ti c a l Highlig ht #42].
It is uncle ar how well the statis ti c a l is s ue of compromise d repeated mea s uring is addre sse d by a que s tionnaire wit h
many (perhaps hun dre ds of) qu estio ns, some of whi c h are wel l-sep arated versi ons (or inve rsi ons) of the sa m e qu estio n.

Low inaccur acy
Low impre cisio n

High accur acy
High pre cisio n

..........

Low inaccur acy
High impre cisio n

High accur acy
Low pre cisio n

.

.

..
.
.....

.

High inaccur acy
Low impre cisio n

Low accur acy
High pre cisio n

..........

High inaccur acy
High impre cisio n

Low accur acy
Low pre cisio n

.
.

.
....
..
..

The foregoi ng dis cus sio n involves measuring variat e value s of el ements (o r unit s) but the effect of a mea s uring process on
an attr ibute value is more impor tant statis ti c a l ly – see equ ation (HL38.2) and the schema at the lowe r right of pag e HL38.7 in
Appendix 1. For exa mple, unde r a model for mea s uring inaccur acy where bia s is consta nt (i.e., not dependent on the value
mea s ure d – for exa mple, a ruler for which the first one centim etre is mis sing):

• in accur acy will con taminate indivi d ual measure d value s and (often not recog n ized) is unaffe cted by aver ag ing – this is the
situation wit h the estim ate of the in ter cep t of a lea st-squ are s regres sio n li ne;
−− the ave r age of mea s ure d value s ha s lowe r impre c isi on than its indivi d ual measurements (e.g., see Statis ti c a l Highlig ht #76);

• in accur acy is zero fo r a di ffere nce, whi c h is typically inv olved in comparisons ,
in estim ates of standard dev iation s, and in the sl ope of a lea st-squ are s regres -
si on lin e [give n the rig ht in equ ation (HL38.1)].

β1̂ =
Σ
j =1

n
yj(zj −z)

Σ
j =1

n
(zj −z)

2
-----(HL38.1)

We dis tinguis h fo ur co mponents of a mea s uring process:

• the me asuring instrument or gauge; * the oper ator(s); * the me asuring pro toco l; * the element or unit measure d.

Distinguis hing thes e co mponents makes it easie r to identify explanator y variates which affe ct mea s ure d value s and whi c h may
therefore be a sou rce of mea s urement error; we con sid er in tur n sta tis tical matt e rs associat e d with the fou r co mponents.

Ma t ters about the me asuring instrument or gauge are:
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Decrea sing the impre c isi on of a mea s uring ins trument usually inv olves inc rea sing cos t; for exa mple, when measuring lengt h:

−− a ruler cos t s abou t $5 and can be rea d to 0.1 mm;
−− a pair of calip ers cos t s abou t $50 and can be rea d to 0.01 mm;
−− a mi cro met er cos t s abou t $500 and can be rea d to 0.001 mm (1 mic r on) ;
in this inst anc e, each decre ase in impre cisio n by a facto r of ten inc rea s es cos t by about a facto r of ten.

Higher cos t of a mea s uring ins trument does not ne c essarily mean hig her accurac y (lowe r inaccur acy).

In the con tex t of a sample sur vey, the measuring in strumen t is the qu est i onnai re; it is cur iou s that inve s tig a tors, who woul d
not un d ertake assemb ly of the types of ins trument ation use d in a laborato ry (e.g., balanc es, spectrophotometers) , often ap-
proach the task of dev elo ping the que s tionnaire wit h li ttle recog n ition of the diffic ulty or impor tanc e of doi ng so successfully.

St abi lity of a mea s uring ins trument – its ability to yield the sa m e mea s ure d value in the same circumstanc es at poi nts
separated in tim e – is impor tant but is not relev a n t to all mea s uring ins truments; we usually dis tinguis h:
−− sh ort-ter m st ability; −− long-ter m st ability.
What con stitutes a‘s hor t’ or‘long’ tim e scale for stability is con tex t dependent.

Ma t ters about the oper ator are:
In a cli nical trial (us ed in medical res earch to assess, for exa mple, the effic acy of a drug or sur gical procedure), as indicated
in Table HL38.1, bli nding tre atment asses sor s
ma n age s operato r ef fect on measur ing inaccurac y
by trying to make assessment in dep enden t of the
particip ant’s tre atment.
−− To be bl ind means not to know, for any ele ment or unit,

whet her it is in the trea tment gr oup or the control gr oup (which usually receiv es a dum my tre atment known as a placebo).
−− The sho rt names in the secon d colu mn of the table for the bli nding are not re commende d becaus e they do not distin -

guis h adequately among the eig ht pos sib le combin ation s of whi c h gr oup(s) are bli nd.

Bl inding of operato r(s) as to the nature of the ele ment or unit bei ng mea s ure d may als o be use d in a medical diag nos tic lab-
orato ry, whe re mea s uring inaccurac y is manage d by analyzing st andards at reg ular int e rvals con c urrently wit h the primary
task of analyzing biologi c a l mater ials.

In a self-adm inist e red que s tionnaire (re c eiv ed in the mail or on lin e, for exa mple) , the opera tor is als o the resp onden t.

Ta ble HL38.1: Bl inding of ... Short name Statist ical pur pose

Particip ants Single bli nd Manage co mpariso n er ror

Tr eat ment adm inist r ato rs Doub le bli nd Manage co mpariso n er ror

Tr eat ment assessors Triple bli nd Manage measur ing inaccurac y

The me asuring pro toco l is the ins tructio ns for how to use the measuring ins trument; one of its purposes is to promo te uni-
fo rmity in how different operato rs make mea s urements and so to try to make neglig ible, in the con tex t of the inv estig a t ion, any
operato r ef fect on the measure d value obtaine d fr om the measuring ins trument.

Clear mea s uring protocol(s) and adherenc e to them by operato rs on different shifts are vit al in a mu lti-shift manufactur ing
operation if a con sis tent produ ct is to come from the different shifts (se e also Not es 2 and 3 bel ow and on pag e HL38.7).

Ma t ters about the element or unit measure d are con cer ned with the act of mea s uring changi ng the ele ment or unit bei ng
mea s ure d or the value it yields. For exa mple:

Macle a n’s ranking of Cana dian unive rsit ies might make unive rsit ies change their operation s in ways that wou ld improve
thei r ranking but make no sub stantiv e change to the quali ty of the edu cation a l ex per ienc e they offer students.

Hou seh olds selected for a pan el use d to obtain Niels en ratings of TV progr ams mig ht change their TV vie wing habits as a
cons equ enc e of knowing thei r vie wing habits are bei ng monito red .

The int e rvie wer administ e ring a que s tionnaire (the ‘operato r’) mig ht (un in tentio nally) influe n ce the person responding.

A sl anted qu estio n on a que s tionnaire may hav e a different effect on different (types of) re spondents.

An ext rem e ca s e is when measuring destroys the ele ment or unit (e.g., in quali ty assuranc e, firing shotgun car tridge s or mea s uring
bursting pre ssure s of plasti c bags or con d o ms) ; dest ructive mea s uring pre clu des the statis ti c a l benefit s of repeated mea s uring on
the same ele ment or unit. (This is the same sta tis tical is s ue as att emp ting repeated mea s uring when a que s tionnaire is inv olved).

NO TES: 2. When sup pli ers and assemb ly operation s disagree about whet her manufacture d parts meet speci fi cation s, a com -
mon rea son is mea s uring inaccurac y – the measuring processes use d to check the par ts at the sup pli er and as-
semb ly pla n t s disag ree becau se they hav e not been calib r ated to standards that ag ree with each other.

3. Assessing inaccur acy and impre cisio n of mea s uring process(e s) to be use d in an inv estig a t ion, and the facto rs
which affe ct them, is a com mon rea son for one or more sub-FDEAC cycle(s) wit hin the ‘ma in’ FDEAC cycle.
An exa mple is an indust ria l gauge R&R inve s tig a t ion.

* Re peatability of a gauge is the variation [ex pre sse d as an appro priat e (d ata) standard dev iation] of repeated
mea s urements on each of a sample of (10 , say) par ts by on e operato r using the gau g e;

* Re pro ducibility of a gauge is the bet ween-operato r variation [ex pre sse d as an appro priat e (d ata) standard dev i-
ation] of two measurements, one by each operato r using the gau g e, on each of a sample of (10 , say) par ts.
−− The two operato rs are usually assume d to have eq ual repeatability.

Re peatability quantifie s the impre cisio n of a gauge unde r the mos t favourable condition s fo r operato r ef fect.
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ME ASUR ING: Measuring Pro cesse s (c o ntinue d 3)

NO TES: 3.
(c o nt.)

Re produ cib i lity quantifie s how this (lowe s t) im pre cisio n is affected (in cre ase d) by havi ng two operato rs.

• Inve s tig a tors unde rtaking a mea s uring process assessment shoul d take to heart the com ments, ma de in1966,
by the U.S. Nation a l Bu r eau of Standards (now the Nation a l Institute of Standards and Technol ogy) , on e of the
wo r ld’s premier mea s uring organization s:

A maj or diffic ulty in the appli c ation of statis ti c a l methods to the analys is of mea s urement data is that of obtaining
suit able col lectio ns of dat a. The problem is more often associat e d with con scious, or perhaps uncon scious, at-
temp t s to make a par ticular process per for m as one wou ld like it to per for m rather than accep ting the actual per-
fo rma n ce ..... Rej ectio n of dat a on the basis of arbit r ary per for manc e li mit s seve rely dis t orts the estim ate of real
proces s variation. Such procedure s defe at the purpose of the ..... prog ram . Re a lis ti c perfor manc e parame - ters
requ ire the accep tanc e of all data that cannot be rej ect e d fo r caus e.

SOURCE: Freedma n, D., Pis a n i, R. and R. Pur ves: St atist i cs. First Edition, W. W. Nor ton & Company, New Yor k,1980, pag e 95.

4. A mea s uring process of statis ti c a l in terest is so-called randomized response, whose sim p lest versi on inv olves an
it e rvie wer ask ing a‘Yes/No’que s tion abou t past ‘sensit ive’ beh aviour of the person bei ng in ter vie wed (the ‘in ter-
vie wee’) , us u ally wit h the goa l of estim ating the popula t ion pro por tio n of people who wil l admit they hav e engage d
in the beh aviour (e.g., abortio n, illicit drug use, vie wing chil d pornog raphy, mon ey lau nde ring, ter ror ism); random -
ized respons e wa s deve loped to manage two diffic ulties such inv estig a t ion s encou nter:

* the int e rvie wee may find the que s tion too sensit ive to giv e a truthful answe r, AND/OR:

* the int e rvie wer may be unde r a lega l oblig a t ion to repor t the beh aviour of a respondent who answe rs‘Ye s.’
Randomized respons e ma n age s both matt e rs by hav ing a box con taining a number of (say, 100) cards, each wit h
on e of two que s tion s in known pro por tio ns (say, 20% of cards hav e the first que s tion, 80% hav e the secon d):

−− Is you r bi rthday in July? −− Ha ve you ever eng aged in ...?,

where the first que s tion has a known dist rib u tio n of answers, the secon d qu estio n names the beh aviour of int e rest.
The int e rvie wee selects a card ‘at random with replacement’ from the (wel l-mixed) box and answe rs it.

If the person has engage d in the beh aviour and ha s sele cted a card con taining the que s tion abou t it, (s)he is not
ne c essarily divulgi ng sensit ive infor mation by answe ring ‘Ye s’ and so may be more likely to answe r tr uthfully
[prov ide d the int e rvie wer has conv inc e d the int e rvie wee of their protection unde r randomized respons e];
the int e rvie wer is lega l ly protected becau se (s)he does not know to whi c h qu estio n a‘Ye s’ answe r ap plie s.

An int roducto ry versi on of the probabilis ti c basi s of estim ating the popula t ion pro por tio n un d er randomized re-
spon se, from a sample selected from the popula t ion, is the topi c of Que s tion A4-12 of the STAT 220 assig nments.

• Questio n A4 -16 (the ‘thre e conv ict s’ problem) raises an (unex pected) probabilis ti c is s ue with the warde r’s resp onse
to convi ct A (se e St atis ti c a l Highlig ht #49).

4. Appendix 1: – Over all Error for Que stions wit h a Descr ipt ive Aspect [The tit le matt e r of Statis ti c a l Highlig ht #18 .]

Fo r a Que s tion wit h a de scr ipt ive aspect, the ove r all error is the sum of fou r er ror cat egor ies:

over all error = study error + non-res pon se error + sa m p le er ror + sa m p le attr ibute mea surem ent error. -----(HL38.2)

The schema at the lowe r right shows picto ria l ly, when estim ating an aver age to
answe r a Que s tion wit h a des criptiv e aspect, the bre a kdown of ove r all error
give n in equation (HL38.2); symbols are defi ned in Table HL38.2 at the rig ht.
Li cenc e on two matt e rs improve s the clarity of the diag ram:

all fou r er ror components are posi tive – in practic e, ove r all error may
involve some ca ncell ation among error components of opp osi te sign;
the dis tributio n of measured sample att rib u t e value s ha s been mov ed do wn.

Othe r matt e rs about the diagr am are:
. tr ue (T) and measure d (M) value s of a sample att rib u t e (he re, an aver age),

un d er repetit ion of the selecting, mea s uring and estim ating processes,
have each been model led by a normal dist rib u tio n ;

. the value of the true av erage of the sample se lec ted, from among the
set of all pos sib le samples, is repre sent e d by the black filled circle (•);

. the value of the measured sample ave r age, from among the set of all
possib le such value s , is repre sent e d by the black filled squ are (-----);

. there is no sampling bi as – the mean of the sampling dis tributio n is Y
−−;

. there is mea s uring bi as – the horizont al dist anc e between y−t and the
long-ter m aver age (the mean of the dist rib u tio n) of its measured value s;

. sampling variability is large r than measuring variability – the standard
devi a t io n of the dist rib u tio n of the Ts is large r than that of the Ms.

Ta ble HL38.2: SYMBOL DEFINITIONS

Y− Re spons e variat e
Y
−−T (Tr ue) targe t popula t ion ave r age
Y
−−S (Tr ue) study popula t ion ave r age
Y
−− (Tr ue) respondent popula t ion ave r age

y−t Tr ue ave r age for sample selected
y−m ≡ y− Me asure d av erage for sample selected

T Tr ue value of a sample ave r age
M Me asure d value of a sample ave r age

Overall error

Study
er ror No n-respons e

er ror

Sa mpleSa mple
er ror Sa mple att rib u t e mea s urement

er ror

Me asuring bia s

Y−
Y
−−T Y

−−S Y
−− y−t y−

•

T T
T T T T T

T T T T T T
T T T T T T T T T

T T T T T T T T T T
T T T T T T T T T T T

T T T T T T T T T T T T T T
T T T T T T T T T T T T T T T

T T T T T T T T T T T T T T T T
T T T T T T T T T T T T T T T T T  T

T T T T T T T T T T T T T T T T T T T T T T T TT T T T T T T T T T T T T T T T T T T T T T T T

M
MM

MMM
MMM

MMMM
MMMMM
MMMMM

MMMMMM
MMMMMM

MMMMMMMM
MMMMMMMMM
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5. Appendix 2 – St atistical Modelling and Model Error [o ption a l re ading]

* Re sponse model: a mat hem ati c a l des criptio n, inclu ding model ling assumpt ions, of the rela t ion s hip between a respons e
variat e and exp lanato ry variat e(s); the for m of the rela t ion s hip is con tinge n t, in par t, on the Pla n fo r the inv estig a t ion.

−− The structur al compone nt models the effect of speci fi c ex pla n ato ry variat e(s) on the respons e variat e.
−− The stochast ic compone nt models variation abou t the str uctural component.

* Mo del parameter: a con stant (which we den ote by a Gr e e k le tter) in a respons e model that re prese nts a respondent popula -
tion attr ibute; for exa mple, µ repre sents Y

−− in the respons e model (HL77.2) near the middle of pag e HL77.1 in Statis ti c a l
Highlig ht #77 – se e also the fol low ing diagr am at the rig ht and the discus sio n to its left.

The fou r ma in respons e models dis cus s ed in STAT 231 [which inclu de (HL77.2)] are sum marized in Statis ti c a l Highlig ht #71;
model symbols are defi ned in Statis ti c a l Highlig ht #72 and an ove rvie w of lea st squ are estim ating of model parameters is giv en
in Statis ti c a l Highlig ht #73.

Model-base d methods of analys is in statis ti cs use dat a fr om
a sample to es tim ate value s of model parameters whi c h
then repre sent plau sible value s (in lig ht of the data) for re-
spon d e n t popula t ion attributes and, henc e, for Answe r(s) to
Questio n(s); we distinguis h a poin t estim ate from an in ter val es -
timate (defin ed near the middle of pag e HL38.2). When the nor-
ma l model is appro priat e fo r the dis tributio n of the respons e
variat e value s , the model mean µ is estim ated by the sample
av erage y− and σ is estim ated by the sample standard dev iation s
– bot h poin t estim ates. As il lust r ated at the rig ht, we can think of the
proces s of estim ating µ by y− and σ by s as approxi mating the his t ogr am of a
data set by the nor mal p.d.f. wit h the same ‘cent re’ and same ‘w idt h’ as the his t ogr am .

Y−

Y
−−

µ

y−

Propor tio n per unit
of mea s ure d re spons e

Dist rib u tio n of
resp onden t popu lation

mea s ure d re spons e
variat e value s Mo del fo r the

dist rib u tio n of
re spondent popula t ion

mea s ure d re spons e
variat e value s Sa m p le of

mea s ure d re spons e
variat e value s

E P S

The schema at the lowe r right of pag e HL38.2
can be ext ende d to inclu de the model , as shown at
the rig ht; ou r vie w of the model as a link bet ween
the respondent popula t ion and the sample is ela bo-
rated in the schema at the bottom rig ht of this pag e
HL38.8 above Table HL38.3.

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

MO DEL

(tr ue value s) (m e asure d value s)

Model error, wit h it s mathem ati c a l and proba -
bilis ti c focus, is a broad and complex topic and dif-
fe rs in its nature from the othe r fiv e catego rie s of
er ror inv olv ing att rib u t es; the discus sio n of Pla n
co mponents to manage model error (e.g., in Statis -
ti c a l Highlig h #18) is rest ricted to five assump tion s
(a s give n on pag e HL38.3) un d erlyi ng our (fo ur) re-
spon se model s (s ummarized in Statis ti c a l Highlig ht
#71). The schema at the rig ht above is shown aga in
at the rig ht, as a sim p lific ation of the one at the lowe r
right of pag e HL38.3 by omitting comparison error.

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

MO DEL

(tr ue value s) (m e asure d value s)

Answe r(s) to Questio n(s)

Study
er ror

No n-respons e
er ror

Sa mple
er ror

Me asurement
er ror

Model
er ror

(Sa mple att rib u t e)

All mathem ati c a l models are idealiz ation s and are
products of the int ellect and the imagi nation. As indicated
in the two schema s abov e, we think of the model as a li nk
between the sa m p le and the resp onden t popu lation; a mo re
detailed picto ria l repre sent ation of this idea is shown at the rig ht.
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NO TE: 5. To maint ain the distin ction bet ween the real world (repre sent e d
by the data) and the model , we use different words – ‘a verage’
and ‘mean’ –  for thei r mea s ure s of location; unfor tun ately, we
do not have this optio n fo r the two measure s of variation,
which are bot h called ‘st andard dev iation.’ In the
early stage s of learning statis ti cs, it is hel pful
to, at lea st ment ally, add the respectiv e
adje ctive s ‘d ata’ and ‘probabilis ti c’ to
distinguis h the two uses of standard
devi a t io n. This ter min ology is sum -
marized in Table HL38.3 at the rig ht.

Ta ble HL38.3
At tribute Real Wor ld Model

Location Ave r age Mean
Variation/variability (Data) standard dev iation (Probabilis ti c) standard dev iation
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