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ERROR : Samp le Error – Why Does Int r odu ctory Statist ics Teaching Emp h asize ‘Random’ Selecting?

1. Backg round I – What is Statist ics Abo ut? [o ption a l re ading]

As sum marized in the two schema s at the rig ht, statis ti cs is con -
cer ned with data-base d invest iga ting (o r em pir ical proble m solv ing)
of the real world, whi c h means inv estig a t i ng some popula t ion or
proces s on the basis of data to answer on e or more qu est i ons.
Fo r this introducto ry dis cus sio n, only the inv estig a t ive met hods of
sa m p ling and measur ing are shown in the lowe r schema .

This introduction pre sup pos es initia l ly that dat a-base d inve s tig a t i ng is con cer ned with answe r(s) to que s tion(s) about a col lec-
tion of elements which compris e a popul ation. For exa mple:

a computer manufacture r may want to assess war ranty cla ims for one of its produ cts – an el ement woul d be one item of
the produ ct and the popu lation is all such items sol d ov er some speci fi ed per iod;

a gov ernment department may want to know the pro por tio n of Cana dian adult s who hav e conc e rns about the lev el of fun d-
ing of the health care sys tem – an el ement woul d be a Cana dian adult and the popu lation is all such Cana dians;

a financia l in stitution may wis h to find people whose profile makes them more likely to accep t an unsoli cit e d offer of a cre dit
card – an el ement woul d ag ain be a person but the popu lation is harde r to speci fy; it cou ld be people whose profile puts
them at or above an accep tanc e leve l de eme d li kely to make the cre dit card offer ing profit able for the financia l in stitution.

The que s tion(s) to be answe red may so met imes be con cer ned with an in dividua l to be selected in future from the popula t ion.
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2. Backg round II – Key Ide as: Unc ertainty, Error and Repet ition [o ption a l re ading]

A cent r al is s ue in dat a-base d inve s tig a t i ng is that ext e rnal con strain t s and the type of infor mation we requi re impose sam-
pling and measuring processes on mos t inve s tig a t i ng; we then need to assess the likely ‘co rre ctness’ of the answe r fr om the
inve s tig a t i ng in lig ht of the un cer tai nty in trodu c e d by thes e two processes. In essenc e, this is the problem of induc tion. An
ov ervie w of this matt e r is giv en in the schema at the rig ht bel ow; the main idea s are sum marized at the left.

* If we hav e co mplet e infor mation, we can
obtain a certai n answe r; that is, an answe r
we can know is cor rect.

* If we hav e inco mplet e infor mation, we can -
not know an answe r is cor rect (an uncer tain
answe r) – in fact, it is unli kely a numer ica l
answe r (a n ‘e s tim ate’) is (ex actly) cor rect;

−− sampling and measuring yield data (and,
henc e, infor mation) that are in her ently in complet e.

* An answe r which is a number (li ke a sample ave r age) is
called a point est imate of the cor responding popula t ion att ribute
(the popula t ion ave r age).

* To make such an answe r mo re us eful, we want to be able to giv e
an interval est imate, a quantit ative statement about how far the
poin t estim ate is li kel y to be from the true value – this differenc e
is the er ror of the estim ate. Un certainty is ign oranc e abou t er ror.

* In a particular inve s tig a t ion, the size of the error is (and usually re-
ma ins) unknow n; this is reflected in limitations on answe r(s). To
qu antify unc e rtain ty, we tur n to the beh aviour of error unde r rep-
et ition of the sampling and measuring processes;

−− an analog y is tos sing a coi n – we cannot pre dict the outco m e
of a particular toss but pr obabi lity can descr ibe the dis tribution
of outco m e s un d er re pet it i on of the process of tos sing the coi n.

* In the cla s sroom , we can do actual repetit ion (repeating ove r and ove r) to dem ons trate, for exa mple, the statis ti c a l beha -
viour of the value s of sample att rib u t es (e.g., ave r age s) and of the value s which arise from mea s uring processes;

−− the two charact e ris ti cs of sign and magn itude of (nume rical) er ror lea d, unde r repetit ion, to what we call inaccu racy and
impr ecision; the inverses of thes e two idea s – accu racy and pr ecision – provi de more famili ar ter min ology, but we must
re a lize that statis ti c a l methods (tr y to) manage the (un d e sir able) fo rmer to achieve needed lev els of their (desir able) inv erses.

* Ou tsi de the cla s sroom , we recog n ize that actual repetit ion is usually not a viable optio n – we use ins tea d hypoth etical repe-
tition base d on an appro priat e st atis ti c a l mo del (fo r the selecting and measuring processes, for exa mple) ;

−− we help maint ain the distin ction bet ween the real world and the model by usi ng bias and va riability as the model qu an-
tities whi c h repre sent inaccur acy and impre cisio n in the real world.

* A statis ti c a l model, including its assumptions, allow s us to achieve our aim of quantifyi ng (so m e of) the unc e rtain ty in our

Complet e infor mation an answe r we can know is cor rect

Inco mplet e infor mation an answe r we cannot know is cor rect
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[in fact, it is unli kely a numer ica l answe r (a n ‘e s tim ate’) is (ex actly) cor rect]

[e rro r is (and usually rem ain s) of unknow n value in a particular inve s tig a t ion]

(e.g., of sampling and measuring)
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* estim ate(s); par t of identifyi ng the lim itation s on an Answe r is to assess model error arisi ng fr om the differenc e between
(‘i dealized’) modelling assump tion s and the real-world situation (e.g., see pag e 18 .6 in Statis ti c a l Highlig ht #18).

There is fur the r il lust r ation in Statis ti c a l Highlig ht #87 of the idea s pres ented ove r leaf on pag e HL21.1.

3. Why Does Int r odu ctory Statist ics Teaching Emp h asize ‘Random’ Selecting? [The tit le matt e r of this Highlig ht #21.]

Sa mpling (c omprisi ng the processes of selecting and estim ating) is involved in mos t data -base d inve s tig a t ion s fo r two rea son s:

* prim arily becau se resou rces are sel d o m av a ila ble to gat her dat a fr om all the ele ments of the popula t ion of interest:

−− er ror associat e d with sample att rib u t es as estim ates of popula t ion attributes is usually an accep table trade-off for the re-
du c e d cos t of usi ng a sample;

−− greater tim eli nes s of dat a and Answe r(s) from a (sm aller) sample than from the (larger) popula t ion may als o be advant ageou s;

* se con d arily, sampling is the only optio n in the unco mmon situation whe re the measuring process destroys the ele ment bei ng
mea s ure d (e.g., firing shot gun car tridge s to assess the quali ty of their manufactur ing process).

Three impor tant matt e rs about the sample use d in any dat a-base d inve s tig a t ion are:

how the sample was sele cted; the sample size; the non -re spons e rate.

Our primary con cer n he re is wit h the fir st of thes e matt e rs; the usual ter min ology for the statis ti c a l ly desir able process is ‘random
sele cting’ but we us e the more evocative equiprob abl e sele c ting (a bbrev iat e d ‘EPS’); we als o discus s the se con d matt e r he re.

St atis ti cs empha sizes EPS (or its equ ivalent), par ticulary in int roducto ry cou rses, becau se it is the basis of statis ti c a l theory
which provi des (un d er repetit ion):

• an (inve rse) rela t ion s hip between sampling impre cisio n and sa m p le size (o r degree of re pli cating);

• unbi ase d estim ating (i.e., zero sampling inaccur acy) of a popula t ion aver age (a n att rib u t e co mmonly of int e rest).

• an expre ssi on for a confidence inter val (CI) fo r a popula t ion ave r age – such an int e rval, unde r suit able model ling assump -
tion s, qu ant ifies sampling and measuring impre cisio n – see Statis ti c a l Highlig ht #2.

[Of cou rse, an Answe r obtain ed from a particular sample rem ain s un cer tai n, as reflected by its lim itation s.]

• Also, a res ult from probability theor y (the Cent r al Li mit Theorem) makes approxi mat ely normal
(a s il lust r ated at the rig ht) the dis tributio n of the ave r age s of the set of all pos sib le samples of a
give n si ze from the respondent popula t ion; as a con seque n ce, under EPS there is a high er pro-
bability of selecting a sample wit h sample error of sm aller magnitude, a lo wer probability of
sele cting one wit h larger sample error – see Statis ti c a l Highlig ht #74 .

!

0

Probability
(o r propor tio n)

Sa mple
er ror−− The ce ntre (o r ‘a verage’) of the (sy mmetr ical) no rma l dist rib u tio n in the diag ram bei ng at zero

sample error is what is meant above by unbi ase d estim ating – this matt e r is illu s trated in Appen -
dix 1 starting at the bottom of this pag e HL21. 2, and also in Statis ti c a l Highlig ht #74 .

EPS does not, of its elf, re d uce sample error or sampling impre cisio n, as implie d in (wrong) st atements such as:

EPS gen erates a re prese nta tive sample – se e Se ction 9 on pag e 77.9 in Statis ti c a l Highlig ht #77;

EPS gen erates a sample whi c h prov ides a pro per basis for ge ner alization;

as wel l as mis repre senting the statis ti c a l benefit s fr om usi ng EPS, such statements conf use repetit ion (the pr ocess of EPS) with
a par ticular inv estig a t ion (a sample) . [St atements like thes e may arise from mis takenly int e rpreting langu age from statis ti c a l
theory as refer ring to the sample obtaine d in an in dividua l inve s tig a t ion when it actually refers to beh aviour of the selecting
pr ocess un d er re pet it i on.] A correc t st atement is:

EPS prov ides for quantifyi ng sampling impre cisio n and so, in conju nct i on wit h adeq uate rep licating (o r an adeq uate sample size),
allow s an Answe r to be obtaine d with accep table limitation impos ed by sample error in the con tex t of a par ticular inv estig a t ion.

• What con stitutes acce pta b le li mit ation impos ed by sample error depends on the inv estig a t ion requi rements for Answe r(s);
su ch requi rements are often quantifie d in ter ms of sampling impre cisio n.

−− An exa mple is a pro por tio n – like the percent age of wor king Cana dians who do not con tribute to their RRSP – to be
estim ated to wit hin 2 percent age poi nts wit h 95% probability or at a 95% leve l of confid e n ce.

++ In this exa mple, an Answe r is to be obtaine d that is ‘c orrect’ (un d er repetit ion) about 95% of the tim e (i.e., the CI do es
cont ain the popula t ion pro por tio n) and ‘wrong’ about 5% of the tim e (the CI does not cont ain this pro por tio n); such
un cer tain ty, quantifie d (u nde r repetit ion) in ter ms of probability or lev el of confid e n ce, is unav oid able for an Answe r
fr om incomplet e data (i.e., an Answe r obtain ed by in ductive re asoning).

4. Appendix 1: Samp le Size and Sample Error under EPS

This Appendix 1 illust r ates (st atis ti c a l ly useful) proper tie s of EPS whi c h are stated above in first two bul let s (•) in the mid-
dle of this pag e HL21. 2; their theoretical basis is giv en in Statis ti c a l Highlig ht #77 on pag es HL77.4 and HL77. 5.

Example HL21.1: A respondent popula t ion of −N = 4  ele ments (or units) has the fol low ing int ege r Y−-v a lue s fo r it s re spons e variat e:

1, 2, 4, 5  [so that the popula t ion ave r age and (data) standard dev iation are: Y
−− = 3, S− −−∼ 1.8257];

we exa m ine the beh aviour of sa m p le er ror un d er EPS as the sample size increa s es fr om 1 to 2 to 3 to 4.
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#HL21. 3[St atistical Highlight #21]
_________________
_________________

ERROR : Samp le Error – Why Does Int r odu ctory ... Emphasize ‘Random’ Selecting? (continue d 1)

The number at the bottom
of the fou r ‘e rro r’ colum ns
of Table s HL21.1 at the
right is the aver age mag ni-
tude of the sample error
fo r that sample size.

Ta ble s HL21.1 illust r ate
re sul ts of theor y base d on EPS.

Ta ble HL21.1a
EPS of n =1 unit

Samp le y− Er ror

(1) 1 −2
(2) 2 −1
(4) 4 1
(5) 5 2

Ta ble HL21.1b
EPS of n = 2  units

Samp le y− Er ror

(1, 2) 1½ −1½
(1, 4) 2½ −½
(1, 5) 3 0
(2, 4) 3 0
(2, 5) 3½ ½
(4, 5) 4½ 1½

Ta ble HL21.1c
EPS of n = 3  units

Samp le y− Er ror

(1, 2, 4) 21⁄3 −2⁄3
(1, 2, 5) 22⁄3 −1⁄3
(1, 4, 5) 31⁄3 1⁄3
(2, 4, 5) 32⁄3 2⁄3

Ta ble HL21.1d
EPS of n = 4  units

Samp le y− Er ror

(1, 2, 4, 5) 3 0

1½

2⁄3

½

0

• As the sample size increa s es, the ave r age mag n itude
(a n d, henc e, the standard dev iation) of sample error decrea s es – this is what we mean when we say that inc rea sing sample
si ze decrea s es sampling impre c isi on un d er EPS. [Se e Appendix 6 on the lowe r half of pag e HL21.8 for relev a n t defin ition s.]

• Ta king the sign of sample error into accou nt, the ave r age error is zero in each case; i.e., the random variableY
−
, repre sent-

ing the sample ave r age y−, is an unbi ase d estim ato r of the respondent popula t ion ave r age Y
−− un d er EPS;

−− note that both the selecting met hod and the popula t ion attribute and its estim ato r are inv olved in this statement;

−− an othe r st atement wit h thes e co mponents, whi c h cont r asts wit h the statement above about the random variableY
−
, is that

fo r the popula t ion attribute which is the ra tio of the ave r age of two respons e variat es (−R = Y
−−/X

−−), the random variable R,
repre senting the sample ratio r = y−/x−, is bi ase d [E(R) ≠ −R] un d er EPS but unbia s ed if the first sample unit is selected
with probability pro por tio nal to its X− value and the rem ain d er selected equ iprobably (se e Cochran, pag e 17 5);

• There is no sa m p le er ror when a censu s is taken – when all un its/elem e n t s of the respondent popula t ion are selected .

REFERENCE: Cochran, W.G.: Sa m p ling Techniquies. Thir d edit ion, John Wiley & Son s, New Yor k, 1977, ISBN 0-471 -16240 -X.

NO TE: 1. Alt hou gh EPS prov ides unbia s ed estim ating of an aver age, the same is not tr ue for a standard dev iation – for the
random variable S repre senting the sample standard dev iation s, unde r EPS: E(S) − S− < 0
– see Appendix 3  at the bottom of pag e HL77.9 in Statis ti c a l Highlig ht #77.

-----(HL21.1)

-----(HL21. 2)• Howeve r, it is tr ue unde r EPS that: E(S2) = S−2
OR: E(S2) − S−2

= 0,
but this is besid e the poi nt statis ti c a l ly becau se it is S (a n d s) [not S2 (a n d s2)]

that occur in (us eful) confid e n ce int e rval expre ssi ons – see the bottom of pag e HL77.5 and the top of pag e HL77.6.

5. Appendix 2: Br oader Perspectives on the Pro toco l fo r Selecting Units

The protocol for selecting units, sometimes called the samp ling pro toco l, is (a des criptio n of) the process (to be) use d to
sele ct, from the respondent popula t ion, the units that compris e the sample.

There are many processes use d in practic e to select samples; three of int e rest in thes e St atis ti c a l Highlig hts are:

equiprob abl e sele cting, systematic sele cting, judgement sele cting.

* Equiprob abl e (s imp le ran dom) selecting [EPS (SR S)]: all samples of size n units from a (re spondent) popula t ion of size
−N un its have probability 1/(−N

n) of bei ng sele cted .

−− What we call eq uiprobable sele cting is likely to be called si m p le ra n dom (o r ra n dom) selecting (or sampling) el sew here.

−− Equipr obable refe rs to a pr ocess; it is a con tradiction in ter ms to refer to an equ iprobable (or random) sa m p le.

−− The definition of EPS is in ter ms of sa m p le sele cting probabilit ies, not unit in clu sio n probabilit ies (a dis tin ction pursued in

Appendix 5 starting on pag e HL21.6 in this Highlig ht #21); con seque n ces of this dis tin ction for a sample of size n are:

++ un d er EPS, the inclu sio n probability is n/−N fo r each (elem e n t or) unit in the respondent popula t ion; BUT:

++ ev en if the inclu sio n probability is n/−N fo r each (elem e n t or) unit in the respondent popula t ion, the selecting process is
not neces sar ily EPS – see Table HL21.6 on pag e HL21.6 of this Highlig ht #21;

++ the sample selecting process is not EPS if, for each respondent popula t ion unit (or ele ment), the inclu sio n probability is:
. not equ al to n/−N OR: . not equ al to that of all othe r un it(s) [or ele ment(s)] .

* Sys tematic selecting: on e un it is selected by EPS from the first k units of the respondent (or study) popula t ion (k <<−N) and
then eve ry kth un it is selected . [There is fur the r discus sio n of sys tem ati c sele cting in Not e 8 on pag e HL21.8 in this Highlig ht #21.]

−− Refer ring to the fir st k units of the respondent (or study) popula t ion implie s an ordered (e.g., alphabeti c or num eric) lis t of
thes e un its; such a lis t (c a l led a fr ame) may be real or con cep tual (e.g., a rule that wou ld, if implem e n ted, gen erate the lis t).

−− Fo r conv enienc e, it is usually assume d that −N = nk so all 1-in -k samples selected sys tem ati c a l ly are of the sa m e si ze n.

* Ju dge m e nt selecting: hu man judgement is use d to select n units from the −N un its of the respondent popula t ion.

Experienc e sh ows that EPS (which inclu des sys tem ati c sele cting from an equ iprobably ordered frame) is th e proces s fo r sele cting
the sample to answe r a Que s tion wit h a descript ive aspect, and that sample error unde r judg ement sele cting usually impos es an
unaccep table limitation on an Answe r, to the degree that such inv estig a t i ng is sel d o m a justifiable use of resou rces.
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• Ju dgement selecting is inclu ded in this Highlig ht #21 and, for exa mple, in Table HL6.1 at the bottom of pag e HL6.4 in Statis -
ti c a l Highlig ht #6 becau se, despi te its lack of theoretical fou ndation, it is com monly use d in inve s tig a t ion s to answe r a Que s-
tion wit h a ca usa tive aspect, whe re EPS is often infea sib le – see the dis cus sio n of exper iment al Plans in Section 4 on the
lowe r half of pag e HL63.3 in Statis ti c a l Highlig ht #63 and see als o St atis ti c a l Highlig ht #83.

Othe r name d methods of selecting units for the sample, whi c h are largely omitt e d fr om this dis cus sio n, inclu de:
. acce ssibility selecting: sele cting units (ea sily) accessib le to the inv estig a tor(s) – fo r in stanc e, the to p laye r in a baske t of

fr uit or a trucklo ad of pot atoes or the fron t pallet s or car ton s in a large stack in a wareh ou se;
. conve nience selecting: sele cting units that are conven ien tly av a ila ble to the inv estig a tor(s) – for ins tanc e, people wit h a medi-

cal con d ition of interest who are at a hospi tal or cli nic nearby to the inv estig a tor(s);
. haphazard selecting: sele cting units wit hou t (c ons cious) prefe renc e by the inv estig a tor(s) – sho ppers who pass the location

of an int e rvie wer in a mall or rat s in a cag e which are more easily cau ght for a laborato ry test;

. quot a sele c ting: sele cting units according to value s of specifie d ex pla n ato ry variat es (li ke sex , ag e, income for hum an units)
so the sample dis tributio n of each variat e will (ap proxi mat ely) mat ch that of the study popula t ion;

. vo lunteer selecting: asking for (hu man) volun teers, usually after a brief exp lanation of what the inv estig a t i ng wil l ent ail for
un its of the sample.

Thes e names do not necessarily speci fy a unique sele cting met hod – the first two methods ove r lap and all five inv olve some
degree of ‘acces sib i lity’ and/or ‘conv enienc e.’

Haphazard selecting is sometimes wr ong ly equated with ‘random’selecting; i.e., wit h ou r eq uiprobable sele cting.

Quot a sele cting is a sim ilar idea to cove ring: to try to manage sample error, the value s of exp lanato ry variat es of the units of
the sample are selected to cov er the range of value s of relev a n t re spons e and/or exp lanato ry variat es that occur among (mos t
of) the (elem e n t s or) units of the respondent (or study) popula t ion.

Cove ring is a guiding principle for judg ement sele cting; its chance of (partia l) su ccess is increa s ed by:

−− greater repli c ating (i.e., a large r sample size) , AND:

−− greater knowledge abou t the value s of exp lanato ry variat es among the ele ments of the respondent (or study) popula t ion.

Vo lun teer selecting is not to be conf use d with vo lunteer (o r vo luntary) re sponse, a phrase sometimes used to indicate that
human un its can (us u ally) ch oose whet her to respond, i.e., whether to provi de the reque s ted dat a; a separate (mea s uring) is s ue
is whether thes e re spons es are correct or truthful (se e also Not e 4 on pag e HL38.7 in Statis ti c a l Highlig ht #38).

6. Appendix 3: Er ror Cat e gor ies, Samples and Popul ations [o ption a l re ading]

Throu ghout thes e St atis ti c a l Highlig hts, we hav e re cognized (as on pag e HL21.1, for in-
st anc e) that statis ti cs is con cer ned with dat a-base d inve s tig a t i ng of popu lations (o r pr oces-
ses) , but that resou rce con strain t s us u ally impos e sa m p ling with its components of se lec ting
and es tim ating; thu s , sampling is to be set aga inst inv estig a t i ng all the (re spondent) popula -
tion ele ments (a census) . At the rig ht, two lis t s of inve s tig a t ive processes rem ind us that
sele cting and estim ating are what dis tinguis h inve s tig a t i ng base d on a sample
and on a whole popula t ion – the processes of speci fyi ng the study popula t ion,
obtain ing respons es, measuring variat e value s and comparing (fo r a Que s tion
with a ca usa tive aspect) are co mmon to bot h types of Pla n.

We can cla s sify er ror categ ories on the basis of whether they arise in the con -
text of a Pla n involv ing a sample and/or one inv olv ing a whole popula t ion as
sh own at the rig ht in Table HL21. 2; we see that :

sample error arises on ly when the Pla n involves a sample;

study error, non -re spons e er ror and att rib u t e mea s urement error arise re-
gar dless of whether some of or all the (re spondent) popula t ion ele ments
(o r un its) are bei ng inve s tig a ted;

becaus e a (re spons e) model is usually con str ucted to des cribe a sa m p ling proces s, model error com monly arises in the con -
text of a Pla n involv ing a sample but model s fo r popu lations are con str ucted in some inv estig a t i ng.

co mparison error arises only when the inv estig a t i ng inv olves a Que s tion wit h a ca usa tive aspect and, like model error, is usu -
ally encou ntered in the con tex t of a sa m p le of unit s becaus e mos t co mparative Pla ns inv olve sampling, but comparison error in
phen omena li ke Sim pson’s Paradox (St atis ti c a l Highlig ht #51) can arise when the Pla n involves ei ther a popula t ion or a sample.

A Plan inv olv ing a .....
samp le:

Specifyi ng
Selec ting
Re sponding
Me asuring
Esti mating
Comp aring

popul ation:

Specifyi ng
Re sponding
Me asuring
Comp aring

Ta ble HL21.2: ERROR CATEGOR IES
Ar ise s with a .....

Er ror cat e gory Sample Popul ation

Sa mple Yes No

Study Yes Yes
No n-respons e Ye s Ye s
At tribute mea s urement Yes Yes
Model Yes (Ye s)

Comp arison Yes Yes

NO TES: 2. Sp eci fying the ele ments whi c h co mpris e the study (or respondent) popula t ion is usually thoug ht of in ter ms of a
frame, defi ned ove r leaf near the bottom of pag e HL21. 3.

3. Inv estig a tors may hav e the oppor tun ity to trade study error and sample error; an illust r ation is an inv estig a t ion
with a target popula t ion of all Canadian adult s and resou rces to select equ iprobably 1,000 people for the sample.

• A study popula t ion of all Canadians resid ing in Cana da woul d have sm aller study error but (li kely) larger sam-
ple error becau se of gre ater variation among the ele ments of the study popula t ion; COMPERED WITH:
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(c o nt.)

a study popula t ion of all Canadian unive rsity students woul d have larger study error but (li kely) sm aller sample
er ror becau se of sma l ler variation among the ele ments of the study popula t ion.

A Pla n involv ing sm aller study error and (li kely) larger sample error is usually prefe rre d becaus e:

−− study error requi re s extra-statis ti c a l know ledge to assess it and its beh aviour can sel d o m be quantifie d; BUT:

++ un d er EPS, sampling theor y des cribes the beh aviour of sample (and, perhaps, mea s urement) er ror unde r repetit ion
of the selecting and estim ating processes, as previously dis cus s ed in this Highlig ht #21 and Statis ti c a l Highlig ht #74 .

7. Appendix 4: Selecting Pro toco ls Beyon d EPS [The tit le matt e r of Statis ti c a l Highlig ht #85.]

Equiprobable (or sim p le random) selecting of units con sis ting of in dividua l el ements fr om an unst r atifie d (r espon d e n t) popula t ion
is useful for model ling the selecting process but, in practic e, more complex sampling protocols are use d. Two such protocols are:

* cluster selecting: sele cting equ iprobably units from the (re spondent) popula t ion that are gr oups of ele ments – clu s ters may
be of eq ual si ze (e.g., cardboard boxes of 24 cans of soup) or unequal size (e.g., hou seh olds) ;

* stratified selecting: subdiv iding the (re spondent) popula t ion into groups (called strata) so that ele ments wit hin a stratum hav e
si mil ar re spons e variat e value s (‘homog enity of strata’) and ele ments in different strata di ffer as much as practicable from
each othe r; the sample is obtaine d by equ iprobable selecting of units con sis ting of indivi d ual ele ments from ea ch st r atum.

[The ele ment-unit dis tin ction is dis cus s ed in Appendix 1  on pag es HL77.8 and HL77.9 in Statis ti c a l Highlig ht #77.]

Example HL21. 2 below illust r ates the effects of clu stering and stra tifying on sa m p ling impre c isi on, als o bearing in min d that :

−− clu stering is com monly use d becaus e a clu s tered frame is alrea dy availa ble, avo iding the cos t of gene r ating such a lis t ;

−− stra tifying is com monly use d becaus e it provi des (the often usef ul addit ion a l) subdivision of Answe rs by stratum.

Example HL21.2: A respondent popula t ion of −N = 4  ele ments has the fol low ing int ege r Y−-v a lue s fo r it s re spons e variat e:

1, 2, 4, 5  [so that the popula t ion ave r age and (data) standard dev iation are: Y
−− = 3, S− −−∼ 1.8257];

we exa m ine the sa m p ling impre c isi on, unde r equiprobable selecting (EPS) with a sample size of n = 2, of the
random variableY

−
, whose value s are the sample ave r age y−, as an estim ato r of Y

−−, usi ng thre e sampling protocols:

• EPS of two units, each con sis ting of one ele ment, from the unst r atifie d popula t ion;

• EPS of one clu ster, of size L = 2  ele ments, from the unst r atifie d popula t ion;

• EPS of one unit, con sis ting of one ele ment, from each of two stra ta of size −N1 = −N2 = 2.

No te that ea ch estim ato r is unbia s ed, becaus e E(Y
−

) =Y
−− or E(Y

−
) −Y

−− = 0 [the aver age sample error is zero].

Ta ble HL21.3

Unstratified popul ation
EPS of two elements

Samp le y− Er ror

(1, 2) 1½ −1½ large
(1, 4) 2½ −½ medium
(1, 5) 3 0 sm all
(2, 4) 3 0 sm all
(2, 5) 3½ ½ me dium
(4, 5) 4½ 1½ large

Designation of sample error as large,
medium or sm all is on ly fo r conv eni-
enc e in the con tex t of Example HL21. 2.

Ta ble HL21.4a

Unstratified popul ation
Clust e rs: [1, 2], [4, 5]

EPS of one clus ter (L = 2)

Samp le y− Er ror

(1, 2) 1½ −1½ large
(4, 5) 4½ 1½ large

Ta ble HL21.4b

Unstratified popul ation
Clust e rs: [1, 4], [2, 5]

EPS of one clus ter (L = 2)

Samp le y− Er ror

(1, 4) 2½ −½ medium
(2, 5) 3½ ½ me dium

Ta ble HL21.4c

Unstratified popul ation
Clust e rs: [1, 5], [2, 4]

EPS of one clus ter (L = 2)

Samp le y− Er ror

(1, 5) 3 0 sm all
(2, 4) 3 0 sm all

Ta ble HL21.5a

St rat ified popul ation
St r ata: [1, 2], [4, 5]

EPS of one element per str atum

Samp le y− Er ror

(1, 4) 2½ −½ medium
(1, 5) 3 0 sm all
(2, 4) 3 0 sm all
(2, 5) 3½ ½ me dium

Ta ble HL21.5b

St rat ified popul ation
St r ata: [1, 4], [2, 5]

EPS of one element per str atum

Samp le y− Er ror

(1, 2) 1½ −1½ large
(1, 5) 3 0 sm all
(2, 4) 3 0 sm all
(4, 5) 4½ 1½ large

Ta ble HL21.5c

St rat ified popul ation
St r ata: [1, 5], [2, 4]

EPS of one element per str atum

Samp le y− Er ror

(1, 2) 1½ −1½ large
(1, 4) 2½ −½ medium
(2, 5) 3½ ½ me dium
(4, 5) 4½ 1½ large

Example HL21. 2 il lust r ates that:

−− The effect on (sampling) im pre cisio n of clu s ter-
ing and of stratifyi ng depends on how each is
implem ented in the Pla n – that is, it depends
on this component of the sa m p ling pro tocol.

−− Clust e ring and stratifyi ng affect impre cisio n
by deter min ing whi c h of the possib le samples
of size n hav e non-zero sele cting probabilit ies.

−− Decrea s ed impre cisio n is fav o ure d by hetero -
ge nei ty of clu sters but by homoge nei ty of stra ta
with respect to the respons e(s) of int e rest.

In the middle and rig ht-hand colum ns of Exa mple
HL21. 2, het e rog eneity inc rea s es do wn the three clu s tered
sampling protocols , homog eneity inc rea s es up the three stratifie d protocols.
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[As an exe rcise, quantify the sample error variation by calcula t i ng the relev a n t (d ata) sta n dar d devi ation fo r each of the sev en
sampling protocols; com ment on what is illust r ated by the value s obtain ed.]

−− There is a sense in whi c h clust e ring is pa ssi vel y accep ted in the int e rests of reducing inv estig a t ion cos t, whe rea s st r atifyi ng
may be actively im pos ed by the inv estig a tor(s) on [or may be a natur al feature of] the study (or respondent) popula t ion.

−− While EPS from an unst r atifie d popula t ion implie s eq ual in clu sio n probabilit ies for all popula t ion el ements, the conve rse does
not hold – in the three clu s tered and three stratifie d sampling protocols , all el ements have equ al inclu sio n probabilit ies but all
si x sa m p les of size 2 are not equally probable [fo ur samples and two samples (re spectiv ely) hav e zero sele cting probability] .

8. Appendix 5: Samp le Selecting and Unit Inc lusion Pro bab ilities

To illust r ate fur the r the dis tin ction bet ween sample selecting and unit inclu sio n probabilit ies (fr om Section 5 on pag e 21.3)

and idea s li ke clu s ter ing and stratifyi ng, we con sid er a (re spondent) popula t ion of −N =10,000 ele ments and a sample of n =100
elem e n t s , obtain ed usi ng si x protocols for selecting units (li sted rou ghly in order of inc rea sing complex i ty) :

equiprobable selecting of100 units (elem e n t s) from the unst r atifie d popula t ion;

syst emati c sele cting: selecting equ iprobably 1 un it from the fir st100 popula t ion unit s (e lem e n t s) and then eve ry100th un it;

equiprobable selecting of10 clu sters of 10 ele ments from the popula t ion of 1,000 such clu s ters;

equiprobable selecting of10 units (elem e n t s) from each of the 10 popula t ion stra ta each of −Nh =1,000 ele ments (h = 1, 2, ..., 10);

two -st age selecting: selecting100 clu s ters equ iprobably and then selecting1unit (elem e n t) equiprobably from each clu s ter;

two -st age selecting: selecting 2 strata equ iprobably and then selecting 50 units (elem e n t s) equ iprobably from each stratum.

Ta ble HL21.6 bel ow us es the symbol (−N
n ), the number of ways n items can be selected from −N it ems if order of selecting is un-

im por tant. [This symbol and its use are dis cus s ed in Fig ure 7.5 of the STAT 220 Course Mat e ria ls].

Relev a n t calcula t ion s fo r this illu s tration are sum marized in Table HL21.6 bel ow, whe re the six protocols are now lis ted in order
of decrea sing number of pos sib le samples. The sh ort names for the protocols in the secon d colu mn of Table HL21.6 shoul d
ge nerally be avo ide d becaus e thei r brev ity can (temporarily) obs cure the nature of, and differenc es among, the protocols.

Ta ble HL21.6
Ratio . . . . . . . . . .Selecting or inc lusion pro bab ility. . . . . . . . . . .

Protocol for selecting units Short name Number of samples to EPS Sample . . . . . . . . . . . . Unit . . . . . . . . . .

EPS from an
EPS –∼ 6. 5 ×10241 1 1.5 ×10−242

un stratifie d popula t ion

2-stage EPS from a popula t ion 2-stage –∼ 6.4 ×10239 ∼ 10−2 1.6 ×10−240

in equal-sized clu s ters clu s ter selecting

EPS from a
St r atifie d sele cting –∼ 1.6 ×10234 ∼ 10−7 6. 2 ×10−235

st r atifie d popula t ion

2-stage EPS from a  2-stage –∼ 4.0 ×10171 ∼ 10−70 2. 5 ×10−172

st r atifie d popula t ion stratifie d slecting

1-st age EPS from a popula t ion
Clust e r sele cting –∼ 2.6 ×1023 ∼ 10−218 3.8 ×10−24

in equal-sized clu s ters

1-in -100 sys tem ati c sele cting
Sy stemati c sele cting 100 =102 ∼ 10−240

fr om an uns tratifie d popula t ion

(10 ,000
100

) (1
1
)(9,999

99
)/(10 ,000

100
) = 1

100

(1,000
100

)(10
1

)
100

(1
1
)(999

99
)/(1,000

100
)•(1

1
)(9

0
)/(10

1
) = 1

10 •
1

10 = 1

100

(1,000
10

)
10

(1
1
)(999

9
)/(1,000

10
) = 1

100

(10
2

)(1,000
50

)
2

(1
1
)(9

1
)/(10

2
)•(1

1
)(999

49
)/(1,000

50
) = 1

5 •
1

20 = 1

100

(1,000
10

) (1
1
)(999

9
)/(1,000

10
) = 1

100

1

100 =10
−2 1

100

The last fou r colu mns of (so m etim e s ap proxi mat e) numer ica l table ent rie s are, for each of the six protocols:
. the number of samples that can be selected; i.e., the size of the set of all pos sib le samples;
. the ratio of the number of samples a protocol can select to the number for EPS from an uns tratifie d popula t ion;
. the probability any sa m p le is selected; here, the re c i procal of the number of samples [but see the first com ment (++) bel ow];
. the probability any unit is included in the sample.

−− In con trast to the extrem e variation (ov er nearly 240 orders of mag n itude) of the sa m p le sele cting probabilit ies among
the protocols , the six unit in clu sio n probabilit ies are all 1 in 100 in this illu s tration (the eq uality of thes e si x probabilit ies is
a charact e ris ti c of this illu s tration, not a gen eral res ult).

++ Us e of EPS at the one or bot h st age s of each protocol means that, in this il lust r ation, all sa m p les the protocol can
sele ct are eq ually li kely; as a con seque n ce, the sa m p le sele cting probability for each protocol in the fifth (‘S ample’)

colu mn of Table HL21.6 above is the re c i procal of its number of samples [but see the first com ment ( ) in Not e 7 at
the bottom of the facing pag e HL21.7]. Thu s , fr om the perspective of sa m p les, the protocols are:

alik e in hav ing their pos sib le samples eq uiprobable; di ffere nt in their numbers of pos sib le samples.

++ Althou gh ca lcu lations fo r unit in clu sio n probabilit es for the one -st age and the two-stage clu s tered and stratifie d proto -
cols hav e the sa m e st ructure, they yield vastly different numbers of samples; the re are als o ot he r im por tant sta tis tical
distin ction s between clu s tered and stratifie d protocols – see Exa mple HL21. 2 ov erleaf on pag e HL21. 5.

NO TES: 4. EPS from an uns tratifie d popula t ion yields the (ex hau s tiv e) set of all possib le samples of a giv en size from a popula -
tion of a giv en size; this set cont ains about 6.5 ×10

241
samples when −N =10,000 (elem e n t s or) units and n =100 units.

• Each of the othe r fiv e sampling protocols can select only a subset of this (ex hau s tiv e) set of samples.
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Thes e fiv e protocols are useful becau se EPS from an uns tratifie d popula t ion can rarely meet Pla n requ irements.

−− When thes e protocols are pro perly implem e n ted, they pre fer ent iall y exclude samples wit h an ext rem e value
fo r an att rib u t e li ke an ave r age, thu s decrea sing sampling impre cisio n (a s also in Exa mple 21. 2).

• As wel l as yielding all pos sib le samples, EPS is empha sized in int roducto ry dis cus sio ns becau se it is:

−− involved in more practically useful protocols like the last five in Table HL21.6 on the facing pag e HL21.6;

−− the basis of sampling theor y fo r qu antifyi ng the beh aviour of sample error unde r repetit ion, i.e., for quantify-
ing sampling impre cisio n, as previously dis cus s ed in Section s 3 and 4 in this Highlig ht #21.

Thus, we need to dis tinguis h:

* EPS from an unstr atified popul ation: a protocol for selecting units whi c h is sel d o m us ed in practic e but which
is the basis of sampling theor y; FROM:

* EPS (u nqu ali fi ed): part of a protocol for selecting units whi c h involves oth er st atis ti c a l id e as like stratifyi ng and/or
clust e ring and/or sys tem ati c sele cting – this is the more co mmon usage of ‘EPS.’

5. A si mple image of how EPS is implem e n ted is to hav e, in a box , a sli p of paper label led for each unit in the re-
spon d e n t (o r study) popula t ion; the −N slips are tho rou ghly mixed and then n are selected withou t replacement –
the label s of thes e n sli ps speci fy the units that compris e the sample (or, more cor rectly, the selection).

• It is sel d o m re cognized how much effor t is needed to re all y mix (‘r andomize’) a col lectio n of items like ticke ts
or sli ps of paper, whose ‘roug h’ sur faces do not rea dily sli de ove r each othe r; in con trast, the re are str iking
im age s of two sets of ‘slip per y’ pla sti c capsules in rot ating drums use d in the 1971 U.S. draft lotter y in Pro -
gr am 8 entit led Describi ng Rel ationships of the vid eo ser ies Ag a inst All Odds: Inside Sta tis tics.

−− In a sim ilar vei n, the mag ici an and statis ti cia n Pe rsi Diaconis com ments in Progr am15 entit led What is Proba-
bi lity? of Ag a inst All Odds: Inside Sta tis tics that mos t people do not realize it takes up to about sev en vigorous
shuf fles to pro perly ‘randomize’ a  deck of cards.

• In practic e, EPS wou ld usually be implem e n ted with computer software that makes use of an eq uiprobable
digi t (o r ra n dom number) ge ner ator – a sour ce that is equ ally likely to gen erate any of the digits 0 to 9 at any
posit ion of a str ing of dig its of speci fi ed lengt h. Equ iprobable dig its are als o av a ila ble in print e d tables – see
the ‘Probability Dis tributio n Ta ble s’ earli er in thes e Ma ter ials. To use this approach , the (elem e n t s or) units of
the respondent popula t ion (or frame) are usually thoug ht of as bei ng numbered (la bel led) fr om1 to −N.

6. In practic e, selecting uses a fr ame – a real or con cep tual li st of the (re spondent) popula t ion unit s; ‘popula t ion’ in
the protocol des criptio ns in the first colum n of Table HL21.6 on the facing pag e HL21.6 cou ld thu s also be‘fr ame.’

• An advant age of two -st age selecting protocols is that, at the secon d st age, a frame is requi red on ly fo r thos e
clust e rs or strata selected at the first stag e (a s in the fol low ing Not e 7).

−− A protocol for selecting units wit h thre e or more stage s (s ee the fol low ing Not e 7) enhanc es this advant age.

7. For tele phone surveys – use d fo r poli tical pol ling and marke t re search , fo r ex ample – a two-stage sele cting proto -
tocol for units is often emplo yed:

• in the first st age, (li sted) tele phone numbers of a sample of hou seh olds in the relev a n t geog raphi c area(s) are
ge nerated equ iprobably ;

• in the se con d st age, the person who first answe rs the call to each hous ehold in the sample is aske d to pass the
call to the elig ible hou seh old member (a Cana dian cit i zen for a poli tical pol l, a homema ker for marke t re search)
who had the mos t re c ent bir thd ay; this procedure implem e n t s (r oug hly) EPS of the elig ible hou seh old members.

An advant age of this two -st age selecting process is that, when the units are peop le but there is a rea dily avail-
able (cheap) frame of househ ol ds (i.e., clusters), the frame of hou seh old members need be gen erated on ly fo r
thos e hous eholds in the sample and each such frame exi sts only in the mind of the person who first answe rs the
tele phone call [r ecall the first com ment (−−) immediat ely above Exa mple HL21. 2 on pag e HL21. 5]. How accur ately this
first person fol low s the int e rvie wer’s ins tructio ns affects the degree to whi c h EPS is achieve d at the secon d st age.

Be cau se hou seh olds hav e differ ing numbers of members, unit inclu sio n probabilit ies are unequal at the secon d
st age; thes e two st age s of equiprobable selecting the refore do not achiev e EPS ove r all (unli ke Table HL21.6).

Be cau se of non -re spons e, many more (typi c a l ly about fo ur times as many) hou seh olds need to be selected at
the first stage as are requ ire d fo r the final sample size; for exa mple, a nation a l poll of 1,500 people may requi re
arou nd 6,000 telephone numbers to be gen erated, and some of thes e may hav e to be called mul t i p le tim e s to
re ach the elig ible hou seh old member – see the newsp aper article s EM9342 [reprint e d on the ove r leaf sid e

(page HL78. 2) of Statis ti c a l Highlig ht #78], EM9330 and EM9337 (reprint e d in Statis ti c a l Highlig ht 16).

A mul t i stage stra tified sele cting protocol for a sample sur vey of a large geog raphi c area (li ke a Cana dian provi nce)
may need to place each large urban area in its own stratum. For exa mple, a sample sur vey in Ont ario wou ld rarely
wa n t to omit Toron t o; its inclu sio n is assure d by mak ing Toron t o a stratum wit h an inclu sio n probability of 1.
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Sy stemati c sele cting is inclu ded in this Highlig ht #21 becau se it is com monly use d in practic e; howeve r, we think
of it as bei ng eq uiva len t to EPS by apply ing the rest rictive assump tion that the frame (fr om whi c h ev ery kth un it
is selected for the sample) has the units arrange d so any value of the respons e variat e is equally likely to be any-
where on the lis t (a n equiprob abl y or dere d fr ame fo r a giv en respons e variat e). Three illust r ation s are:

• If a lis t of UW Facul ty of Mat hem ati cs students, arrange d in alphabeti c a l order by family name, is use d as a
fr ame for 1-in-8 sys tem ati c sele cting, the sample of about 500 students woul d mos t li kely be essentia l ly equ i-
valent to selecting the students equ iprobably from the lis t if the Que s tion(s) inv olve the lev el of student debt but
not ne c essarily equ ivalent to EPS if the Que s tion(s) inv olve cou ntr y of birth.

• If a lis t of family phy sicia ns lic ense d in Ont ario, arrange d in alphabeti c order by family name, is use d as a frame
fo r 1-in -100 sys tem ati c sele cting, the sample of about 300 phys ici ans wou ld mos t li kely be essentia l ly equ ivalent
to selecting the phy sicia ns equ iprobably from the lis t if the Que s tion(s) inv olve drug pre scr ibing charact e ris ti cs.

• If a lis t of all school teache rs in Ont ario, arrange d in order by year of graduation, is use d as a frame for 1-
in -500 sys tem ati c sele cting, the sample of about 300 teache rs wou ld mos t li kely not be equ ivalent to selecting
the teache rs equ iprobably from the lis t if the Que s tion(s) inv olve remun eration s leve ls [which tend to increa s e
with tim e si nce graduation (a lthou ght the rou ghly ‘li near’ for m of this tre n d can be exp l oit e d st atis ti c a l ly)].

Thus, in this Highlig ht #21, we think of two approaches to achievi ng equ iprobability for the sample selecting process:

vi a an equ iprobable sele c ting pro cess, appli ed to a frame in any order;
vi a a system atic sele cting process, appli ed to an equ iprobably or dere d fr ame (fo r a giv en respons e variat e).

The secon d ap proach achieve s (c los e to) equ iprobability only unde r mo re re s trictiv e condition s than the first approach.

9. In addit ion to our empha sis in this and othe r St atis ti c a l Highlig hts on (survey) sampling in the con tex t of a finit e re -
spon d e n t popula t ion of size −N elem e n t s , the idea s of clu s ter ing and mul t i stage selecting als o requ ire us to dis tin-
guis h the unit s of the selecting process from the elements deter min ed by the Que s tion(s).

• Fo r ex ample, an inv estig a t ion to answe r Questio n(s) about people (el ements) may use a frame of hou seh olds (unit s).

−− If the Que s tion(s) are about hou seh olds, a unit and an ele ment woul d be the sa m e (a hou seh old).

Introducto ry statis ti cs cou rses (li ke STAT 231, for exa mple) tend, for sim p licity, to largely ign ore the ele ment-unit dis -
tin ction but, in doi ng so, it becomes easi er to int roduce the idea of an in finite ‘popula t ion’ wit hou t em pha sizing that
this is on ly a (so m etim e s us eful) model – real-world popula t ion s of interest in statis ti cs are, by their nature, finite.

Elsewhere, ele ments may be called elementary units or observat ion units; units may be called samp ling units.

Multis tag e sampling Pla ns hav e pr imary sampl ing units, se con d ary sampl ing units, etc., at their successiv e st age s.

10 . When answe ring a Que s tion wit h a descript ive aspect, the re is ter min ology – samp le sur vey and censu s – to dis-
tinguis h whet her the inv estig a t i ng inv olves some or all of the ele ments (or units) of the respondent popula t ion.

• No such dis tinguis hing ter min ology exi sts when answe ring a Que s tion wit h a ca usa tive aspect, perhaps be-
caus e es s entia l ly all su ch inv estig a t i ng inv olves sa m p ling.

SOURCE: The dis cus sio n in Appendix 5 (which star ts on pag e HL21.6) is base d on mat e ria l on pag e VII –1 in MacKay, R.J. Exper imenta l
Design and Sampling. Cou rse Not es fo r St atis ti cs 332 /362, Unive rsity of Wat e r loo, Fall, 2005.

9. Appendix 6: Some Terminology [A ful l Glo ssary is giv en in Statis ti c a l Highlig ht #91.]

The schema at the rig ht bel ow sh ows five groups of ele ments whi c h we distinguis h fo r data -base d inve s tig a t i ng.

* Ta rge t popul ation: the group of ele ments to whi c h the inv estig a tor(s)
wa n t Answe r(s) to the
Questio n(s) to apply.

* St udy popul ation: a gr oup of ele ments av ail-
able to an inv estig a t ion.

* Re spondent popul ation: thos e elem e n t s of the study popula t ion that woul d prov ide
the dat a requ est e d un d er the inc entiv es for respons e offered
in the inv estig a t ion [su ch inc entiv es arise pre dominantly when
the ele ments are people, but mis sing data may als o aris e when ele ments are inanimate].

* No n-respondent popul ation: thos e elem e n t s of the study popula t ion that wou ld not prov ide the data reque s ted unde r the inc en-
tive s fo r re spons e offered in the inv estig a t ion. [Se e also Not e 1 on pag e HL6.3 in Statis ti c a l Highlig ht #6.]

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

(tr ue value s) (m e asure d value s)

* Samp le: the group of units selected from the respondent popula t ion actually use d in an inv estig a t ion – the sample is a sub-
set of the respondent popula t ion (as the ver tical lin e in the schema above rem inds us) .

* Samp le error: the differenc e between [the (tr ue) value s of] the sample and respondent popula t ion attributes.

* Samp ling imp recision: st andard dev iation of sample error (i.e., its haphazard co mponent exhibited as variation) unde r
re pet it i on of selecting and estim ating.

* Samp ling ina ccu racy: av erage sample error (i.e., its system atic co mponent) un d er re pet it i on of selecting and estim ating.
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