
Un ive rsity of Wat e r loo W. H. Che rry

#HL19.1[St atistical Highlight #19]
__________________
__________________

ERROR : Samp le Err or – Il lu str ations from the Set of All Possible Samples from a Popul ation

The schema at the rig ht bel owsh ows five groups of ele ments whi c hwe distinguis h fo r data -base dinve s tig a t i ng in statis ti cs.

* Ta rge tpopul ation: the group of ele ments to whi c hthe inv estig a tor(s)
wa n tAnswe r(s) to the Que s tion(s) to apply.

* St udy popul ation: agr oup of ele mentsav ail able to an inv estig a t ion.

* Re spondent popul ation: thos eelem e n t sof the study popula t ion that woul d prov ide the data
requ est e dun d er the inc entiv es for respons eoffered in the inv estig a t ion.

* No n-respondent popul ation: thos eelem e n t sof the study popula t ion that wou ld not prov ide the
data reque s ted unde rthe inc entiv es for respons eoffered in the inv estig a t ion.

* Samp le: the group of ele ments selected from the respondent popula t ion actually use d in an inv estig a t ion – the sample is a
subset of the respondent popula t ion.

As sociat e dwith thes e gr oups of ele ments are:

* att r ibute s: quantit ies defin ed as a fun ction of respons e(a n d, perhaps, exp lanato ry) variat es ove r the group (e.g., an ave r age).

Target
popula t ion

Study
popula t ion

No n-respondent popula t ion

Re spondent
popula t ion

Sa mple Sa mple
(tr ue value s) (m e asure dvalue s)

Example HL1 9.1: A respondent popula t ion of−N = 4  ele ments has the fol low ing int ege rY−-v a lue sfo r
it s re spons evariat e: 1, 2, 4, 5  (so that: Y−− = 3, S− −−∼ 1.8257).
Ta ble HL1 9.1 at the rig ht lis t s the 12 pos sib le ordered samples of size n=2 that
can be selected; eq uiprobable sele cting (EPS) is assume d. For dis cus sio n below,
the value sof the ave r age (y−) and sample error for each sample are als ogive n.

• Sa mple error – the differenc ebetween the value of the sample and respondent
popula t ion attributes (he re, average s) – has an aver age of zero ov er the set of all
possib le samples; stated another way, the ave r age of the set of all pos sib le sam -
ple ave r age sis the respondent popula t ion ave r age. This is the meaning of sayi ng
that, unde rEPS, the sample ave r age [modelled by the random variable Y− (w ith
value sy−)] is an unbi ase d es tim ator of the respondent popula t ion ave r age(Y−−);
sy mboli c a l ly, we write: E(Y−) =Y−− or E(Y−) −Y−− = 0. -----(HL19.1)
−− EPS is needed for unbia s edn ess when estim ating Y−− to ensure that all samples

areeq ually lik ely, as reflected in calcula t i ngthe aver age sample error.

Ta ble HL1 9.1
EPS of n = 2  units

Samp le y− Er r or
(1, 2) 1½ −1½
(2, 1) 1½ −1½
(1, 4) 2½ −½
(4, 1) 2½ −½
(1, 5) 3 0
(5, 1) 3 0
(2, 4) 3 0
(4, 2) 3 0
(2, 5) 3½ ½
(5, 2) 3½ ½
(4, 5) 4½ 1½
(5, 4) 4½ 1½

• Fo r the fou rY−-v a lue sof the respons evariat ein this popula t ion, the re are samples whose ave r age iseq ual to
the respondent popula t ion ave r age, Y−−; howeve r, the re are many popula t ion sfo r which no sample of a giv en
si ze (or, con ceivably, of any si ze other than−N) ha san ave r age ofY−−; i.e., no sample haszero sample error.
−− This is one rea son a num erical Answe robtain ed by sampling is likely to be at lea sta lit tle off the truth.

To provi de a broader illust r ation of pro per tie sof (the process of) EPS, usi ngag ain the idea of the set of all pos sib le samples,
sets of ten and nine his t ogr ams [fo r (the att rib u t es) sample ave r age and sample (data) standard dev iation] are giv en on the nex t
two pag es (HL19.2 and HL1 9.3) fo r a popula t ion of−N =10 elem e n t swith respons evariat evalue sY− =1, 2, .....,10.

* The sample ave r age takes a value whi c h is det e rmine dby the par ticular sample selected; thes evalue s ,ov er the set of all
possib le samples of a giv en size, for m a dis tribution; unde rEPS,this is the dis tribution of the random variableY−, a  res ult
that cou ld be calledThe Fundamental Theor e mof Statist icsby analog ywith The Fun d a m e n tal Theorem of Calculu s.
−− The mean of this dis tributio n is thepopu lation av erage – this is theunbi ase dness un d er EPS of the sample ave r age as an

estim ato r of the popula t ion ave r age (as als o il lust r ated in Exa mple HL1 9.1 above).

* The dis tributio n of sample ave r age sreminds us that for the particular sample selected when exe cuting the Pla nfo r an inv esti-
gation, its sample error is unknow n– its att rib u t emay be clo se to the popula t ion attribute or (so m etim e s) it may not be; that
is ,an Answe rha ssampling un cer tai nty, meaning we cannot know how clo se an Answe robtain ed by sampling is to the truth.

* Thedecrea sing variation of the value sof sample ave r age swith increa sing sample size, visib le as the decrea sing widt h down
the pag eof the his t ogr ams of sample ave r age s , il lust r ates sampling impre c isi on de cre asi ngwith inc rea sing sa m p le size; i.e.,
un d er EPS, inc rea sing sample size decre ases the ave r age mag n itude of sample error and so decre ases sampling unc e rtain ty.

* The change in dis tributio n shape, mos tnoti c able as the sample size inc rea s esfr om 1 to 2, illust r ates theidea behin dthe Cen -
tral Lim it Theorem – anon-nor mal (un ifor m) dis tributio n st arting to show the cent r al‘heapi ng’ of the nor mal dist rib u tio n.
−− The heapi ng, whi c h first appears when n=2, persi sts up to n=8 and then disappears; the latt e ris likely the effect of

dependen ce among samples, whi c h consis t of mos t of the ele ments in the popula t ion, becoming dominant ove r the
heapi ng process rem iniscent of the Cent r alLi mit Theorem .

* The his t ogr ams of sample (data) standard dev iation s(o npage HL1 9.3) il lust r ate two differenc esfr om sample ave r age s:
−− thei r dist rib u tio ns are nar rowe r(e ven wit h a sm aller scale unit on the horizont alaxis) and are not sym met rical;
−− the sample (data) standard dev iation isnot an unbia s ed estim ato r of the popula t ion (data) standard dev iation, but the esti-

mating bia sde cre ases as sample size inc rea s es.
Estimating bia sis unli ke sampling and measuring inaccur acy which donot de cre ase wit h in cre asi ngsample size.
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Un ive rsity of Wat e r loo W. H. Che rry

#HL19.2

AC KNOWL E DGEMENT: The dat afo r the his t ogr ams whi c hfo llow were kin dly calcula ted by Profe sso rR.W. Oldfo r dusing Quail.

The ten his t ogr ams bel owsh ow the dist rib u tio n of theaver ages of all pos -
sible samples of a giv en size that can be selected withou t replacement from a
popula t ion of−N =10 elem e n t s ,whos ere spons evariat evalue sareY− =1, 2, .....,10.
[A his t ogr amof thes eten popula t ion resp onses woul d be like that giv en at the
right for the ave r age sof the ten pos sib le samples of size 1.]
The decre asi ngve rti c a laxis scale unit dow nthe pag ere duces the vis u al imp act of inc rea s-
ing his t ogr amheig ht; bar freq uen cies are giv en by the numbers at the tops of the bars.

Abov eeach his t ogr am ,except the one at the bottom rig ht of the pag e:

• the upper bol d ar row ( ) indicates the value of thepopu lation av erageY−− = 5.5;

• the lowe rar row ( ) indicates theaver age of the set of sa m p le av erage s(y−−= 5.5);

• the upper bar ( ) crossing the lowe rar row has a lengt hequal to the value of the
(d ata) sta n dar d devi ation of the set of sample ave r age s;

• the lowe rsu ch bar shows thera nge of the set of sample ave r age s.
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Samp le size 2: 45 samples.5
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Samp le size 3: 120 samples.6
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Samp le size 4: 210 samples
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Samp le size 5: 252 samples.8
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Samp le size 6: 210 samples
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Samp le size 7: 120 samples
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Samp le size 8: 45 samples
1

.9

.8

.7

.6

.5

.4

.3

.2
.1
0

P
r
o
p
o
r
t
i
o
n
p
e
r
u
n
i
t

1 2 3 4 5 6 7 8 9 10

1

2

4½

6½

8½ 8½

6½

4½

2

1

...............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

y−

Samp le size 9: 10 samples
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Samp le size 10: A censu s
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Un ive rsity of Wat e r loo W. H. Che rry

#HL19.3[St atistical Highlight #19]
_________________
_________________

ERROR : Samp le Err or – Il lu str ations from the Set of All Possible Samples from a Popul ation (c o ntinue d1)

The nin ehis t ogr ams bel owsh ow the dist rib u tio n of the (data) sta n dar d devi ations
of all pos sib le samples of a giv en size that can be selected withou t replacement from
a popula t ion of−N =10 elem e n t s ,whos ere spons evariat evalue sareY− =1, 2, .....,10.
[A his t ogr amof thes eten popula t ion resp onses woul d be like that giv en at the top
right of the facing pag eHL19.2 fo r the ave r age sof the ten pos sib le samples of size 1.]
The decre asi ngve rti c a l axis scale unit dow n the pag ere duces the vis u al imp act of inc rea sing
his t ogr amheig ht; bar freq uen cies are giv en by the numbers at the tops of the bars.

Abov eeach his t ogr am ,except the one at the bottom rig ht of the pag e:

• the upper bol d ar row ( ) indicates the value of thepopu lation st andard dev iationS−= 3.027 650;

• the lowe rar row ( ) indicates theaver age (s−) of the set of sa m p le (d ata) standard dev iation s;

• the upper bar ( ) crossing the lowe rar row has a lengt hequal to the value of the (data)
sta n dar d devi ation of the set of sample (data) standard dev iation s;

• the lowe rsu ch bar shows thera nge of the set of sample (data) standard dev iation s.
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Samp le size 1: 10 samples
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Samp le size 2: 45 samples
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Samp le size 3: 120 samples
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Samp le size 4: 210 samples
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Samp le size 5: 252 samples
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Samp le size 6: 210 samples
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Samp le size 7: 120 samples
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Samp le size 8: 45 samples
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Samp le size 9: 10 samples
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Samp le size 10: A censu s
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Un ive rsity of Wat e r loo W. H. Che rry

#HL19.4

Ap pendix: Samp ling Pro toco ls Beyon d EPS [The tit le matt e rof Statis ti c a lHighlig ht #85]

Equiprobable (or sim p le random) selecting of units con sis ting of in dividua l el ements fr om an unst r atifie d(r espon d e n t) popula t ion
is useful for model ling the selecting process but, in practic e, more complex sampling protocols are use d. Two such protocols are:

* cluster selecting: sele cting equ iprobably units from the (re spondent) popula t ion that are gr oups of ele ments – clu s ters may
be ofeq ual si ze (e.g., cardboard boxes of 24 cans of soup) or unequal size (e.g., hou seh olds) ;

* stratified selecting: subdiv iding the (re spondent) popula t ion into groups (calledstrata) so that ele ments wit hin a stratum hav e
si mil ar re spons evariat evalue s(‘homog enity of strata’) and ele ments in different stratadi ffer as much as practicable from
each othe r; the sample is obtaine dby equ iprobable selecting of units con sis ting of indivi d ual ele ments from ea ch st r atum.
[The ele ment-unit dis tin ction is dis cus s ed in Appendix 1  on pag es HL77.8 and HL77.9 in Statis ti c a lHighlig ht #77.]

Example HL1 9.2 bel owil lust r ates the effects of clu stering andstra tifying on sa m p ling impre c isi on, als obearing in min d that :
−− clu stering is com monly use dbecaus eof the availa b i lity of a clu s teredframe, the reb yav oid ing the cos tof gene r ating a frame

as part of the inv estig a t i ng – a frame can be thoug ht of as ali st of the (re spondent) popula t ion sampling units (he re, clu s ters) ;
−− stra tifying is com monly use dbecaus eit provi des(the often usef ul addit ion a l) subdivision of Answe rs by stratum.

Example HL1 9.2: A respondent popula t ion of−N = 4  ele ments has the fol low ing int ege rY−-v a lue sfo r it s re spons es:
1, 2, 4, 5  [so that the popula t ion ave r age and (data) standard dev iation are: Y−− = 3, S− −−∼ 1.8257];

we exa m ine the sa m p ling impre c isi on, unde requiprobable selecting (EPS) with a sample size of n=2, of the
random variableY−, whose value sare the sample ave r agey−, as an estim ato r of Y−−, usi ngthre esampling protocols:

• EPS of two units, each con sis ting of one ele ment, from theunst r atifie d popula t ion;

• EPS of oneclu ster, of size L= 2  ele ments, from theunst r atifie d popula t ion;

• EPS of one unit, con sis ting of one ele ment, from each of two stra ta of size −N1 = −N2 = 2.
No te that ea ch estim ato r is unbia s ed, becaus eE(Y−) =Y−− or E(Y−) −Y−− = 0 [the aver age sample error is zero].

Ta ble HL1 9.2
Unstratified popul ation

EPS of two elements
Samp le y− Er r or

(1, 2) 1½ −1½ large
(1, 4) 2½ −½ medium
(1, 5) 3 0 sm all
(2, 4) 3 0 sm all
(2, 5) 3½ ½ me dium
(4, 5) 4½ 1½ large

Designation of sample error as large,
medium or sm all is on ly fo r conv eni-
enc ein the con tex tof Example HL1 9.2.

Ta ble HL1 9.3a
Unstratified popul ation

Clust e rs: [1, 2], [4, 5]
EPS of one clus ter (L = 2)
Samp le y− Er r or

(1, 2) 1½ −1½ large
(4, 5) 4½ 1½ large

Ta ble HL1 9.3b
Unstratified popul ation

Clust e rs: [1, 4], [2, 5]
EPS of one clus ter (L = 2)

Samp le y− Er r or

(1, 4) 2½ −½ medium
(2, 5) 3½ ½ me dium

Ta ble HL1 9.3c
Unstratified popul ation

Clust e rs: [1, 5], [2, 4]
EPS of one clus ter (L = 2)
Samp le y− Er r or

(1, 5) 3 0 sm all
(2, 4) 3 0 sm all

Ta ble HL1 9.4a
St rat ified popul ation

St r ata: [1, 2], [4, 5]
EPS of one element per str atum

Samp le y− Er r or

(1, 4) 2½ −½ medium
(1, 5) 3 0 sm all
(2, 4) 3 0 sm all
(2, 5) 3½ ½ me dium

Ta ble HL1 9.4b
St rat ified popul ation

St r ata: [1, 4], [2, 5]
EPS of one element per str atum

Samp le y− Er r or

(1, 2) 1½ −1½ large
(1, 5) 3 0 sm all
(2, 4) 3 0 sm all
(4, 5) 4½ 1½ large

Ta ble HL1 9.4c
St rat ified popul ation

St r ata: [1, 5], [2, 4]
EPS of one element per str atum

Samp le y− Er r or

(1, 2) 1½ −1½ large
(1, 4) 2½ −½ medium
(2, 5) 3½ ½ me dium
(4, 5) 4½ 1½ large

Example HL1 9.2 illust r ates that:
−− The effect on (sampling) im pre cisio n of clu s ter-

ing and of stratifyi ng depends on how each is
implem ented in the Pla n – that is, it depends
on this component of thesa m p ling pro tocol.

−− Clust e ring and stratifyi ng affect impre cisio n
by deter min ing whi c hof thepossib le samples
of size n hav enon-zero sele cting probabilit ies.

−− Decrea s ed impre cisio n is fav o ure d by hetero -
ge nei ty of clu sters but by homoge nei ty of stra ta
with respect to the respons e(s) of int e rest.

In the middle and rig ht-hand colum ns of Exa mple
HL19.2, het e rog eneity inc rea s esdo wn the three clu s tered
sampling protocols , homog eneity inc rea s esup the three stratifie d protocols.

[As an exe rcise, quantify the sample error variation by calcula t i ngthe relev a n t(d ata) sta n dar d devi ation fo r each of the sev en
sampling protocols; com menton what is illust r ated by the value sobtain ed.]

−− There is a sense in whi c hclust e ring is pa ssi vel y accep ted in the int e rests of reducing inv estig a t ion cos t, whe rea sst r atifyi ng
may be actively im pos ed by the inv estig a tor(s) on [or may be a natur al feature of] the study (or respondent) popula t ion.

−− While EPS from an unst r atifie d popula t ion implie seq ual in clu sio n probabilit ies for all popula t ion el ements, the conve rse does
not hold – in the three clu s tered and three stratifie d sampling protocols , all el ements have equ al inclu sio n probabilit ies but all
si x sa m p les of size 2 are not equally probable [fo ur samples and two samples (re spectiv ely) hav ezero sele cting probability] .
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