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ERROR: Sample Error — Il lustrations from the Set o All Possble Samples fom a Population

The <hama d the ight below shavs five goups of dements vhichwe distngush for data-basedinvesigatirg in gatistics.

Targetpopulation: the goup d elements to vhichthe investigabr(9 Norrespondent puation]
wantAnswels to the Questbn(s to gpply. Target Study }L[mi
Study population: agraup d elementsavailable to an hvesigatbn popuation [pq’“am” popuation

Regpondent population: thoseelementof the stidy popuation tha would provide the dia

requestedunde the ncenives for reponseoffered n the nvestigaton
Non-regpondert population: thoseelementsf the stidy popuation ta would not provide he Nk s
daa requesed wnderthe incenives for repanseoffered n the nvestigaton

Sample: the goup d elements sleded fom the egpondent ppuation actually used in an investgaton — he sarple is a
subse of the egpondent puation

Assdatedwith these graps of dements ae;

* attributes quantities déned as a findion of epanse(@nd perhgps explanaory) variates oserthe goup €9., an arerae.
Example HL19.1 A regpondent mpuation of N =4 dements ha the bllowing integer¥-valuesfor Table HL19.1
its repansevariate 1,245 (ohat ¥=3 sC1825). EPS d n=2 uwnits
Table HL191 & the iight liststhe 12 possble adered snples d size n=2 that Sample | y Error
can e slected equiprobable sdeding (EP$ is assumed For dsaus$on bdow, (L2 | e -1%
the valuesof the aeraye ) and sarple eror for each sanple ae dsogiven @0 | Be -1
149 2% Y
o Sampt aror — the dff erencebeween the valie of hie sample and regpondent @1 | 2% -%
popuation attibutes (hee, aeraje$ — has @ average of zero ove the =t d all 19 3 0
possble sanples stated anather way, the aerage of he ®t d all posdble am- ()] 3 0
ple avergesis the epondent ppuation arerage This is he meamig d sayirg 2,9 3 0
that, underEPS the sarple averaje odelled ty the random wiaalde Y (with @42 |13 0
valuesy)] is an unbiased estimator of the espandent mpuation averaye (¥); %g gzz zz
synbdically, we write:  E(Y) =¥ or E(Y)-¥=0 - (HL199) (4’ 3 41/2 }/z
- EPS § reedkd for inhiasednss vhen esinding ¥ to ersue tha dl sanples (5: 4y | 4, 1

areeually likdy, as efleded n calcuatingthe average sanple eror.

e Forthe four¥-vauesof the egponsevariatein this popuation, thee are sanples whose aerae isequal to
the reppondent ppuation areraye ¥; however thee ae many popuationsfor which no sanple of a gven
size or, coneivably, of any size aher than-N) hasan aeraje of¥; i.e, no sanple haszero sanple eror.

- This is ore rea®n a mmeical Arswerobtained by sanpling is likely to be at ¢asta lttle df the tuth.

To provide a yoackr ilustrdion of poperiesof (the process @) EPS usingagan the idea bthe ®t d all posdble sanples,

sas d ten and nie histayrans [for (the atributes) anple aeraye and sarmple @dag sandad deviatior] are gven on he rext
two pages (HL192 and HL19.3 for a popuation of N =10 elementsvith reponsevariatevaluesy¥ =1 2, ...., 10.

*

The sanple arerage tikes a vale whichis deteminedby the @ricular sanple lected thesevalues,ove the t d all

possble saanples d a gven sze, brm a digribution; underEPS,this is the digribution of the random variableY, a st

that could be @lled The Rundamertal T heorem of Sati sticsby anabgy with The Rundameiai Theorem d Calcuus

- The mean dthis dstribution is the population aveage — this ishe unbiasedness unde EPS @ the samle avergje & an
esimator of the pppuation areraye @s dsoillustraed n Exanple HL191 dove.

The dstribution of sanple avergesreminds us hat for the particular sanple sleded wren eceaiting the Ranfor an nvesi-
gation its sample eror is unknown— its dtributemay be dose to he ppuation attibute or §omemes it may rot be; tha
is,an Arswerhassanpling uncertainty, meanng we @amat know how dose an Answver obtained by sanpling is to he tuth.

Thedecreaig variation of the valiesof sanple avergeswith increaing sanple sze, vsble as he dereang width dowvn

the pageof the histagrans of saanple averayes, ilustraes saanpling imprecison deaeaingwith increamg sample Sze; i.e,

unde EPS increamg sanple sze deaeases the aerage magniude d sanple eror and © deaeases aanpling uncetanty.

The charge in dstribuion shape, mostnadicable as the samle sze increaseBom 110 2, ilustraes theidea behind the Cen-

trd Limit Theorem — anon-normal (uniform) distribuion stating to sow the @ntrathegping’ of the rormal distibution.

- The heging, which first peas when n=2, persids p to n=8 and then diappees, the hiteris likely the dfed of
dependence anorng sanples, vhich congst of most of the dements n the ppuation, beoming minant a@er the
heaing process emhiscent o the CGentralLimit Theorem.

* The histagrans of anple (ag sandad deviations(on page H.19.3 illustrde twvo diferencesrom sanple arerajes:

- their distributons ae rarrower(gwen with a smaller sale wnit on the haizontal axis) and ae rot symmetiical;

- the sanple @ag standad deviation isnot an wnbiasel esimaor of the popuation (lad sandad deviation but the est-
maing basdeceases as anple sze increases
o Edimding hiasis unlike sanpling and meauing inacaurecy which donot degease with increasing sanple sze.
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The ten histggrans below shav the dstiibution of the averages of dl pos-
sble sanples d a gven dze tha can ke eleded wihout redacement fom a
popuation of N =10 elementswhosereponsevariatevaluesare¥ =1, 2, ..., 10.
[A histagramof theseten popuation reponsss would be Ike tha given at he
right for the averayesof the ten psdble sanples d size 1]

The ceaeasingvertical axs <ak wnit downthe pageredices the \isud impact o increas

ing histagramheght; bar frequencies are gven by the numbers at he t@s d the kars.

Aboveeech histggram,except the me a the ottom right of the @ge

e the wpper told arow (}) indicaes the valie of he population average ¥ = 5.5

e the lowerarow (1) indicaes the average of the ®t d sample averages(y =5.5);

e the pper bar (——) crosdng the bwerarrow has aérgthequd to the valie of he
(dag standard deviation of the £t d sanple averaes;

e the lowersud bar sows herange of the £t d sanple areraes.
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ERROR: Sample Er or — Il lustrations from the Set of All Possble Samples fom a Population (cortinued 1)

The rine histarans below shav the dstiibuton of the (latg) standard deviations _.} Sample sze 1:10 samples
of dl possble sanples d a gven sze tha can ke sleded wihoutredaceament fom
a popuation of N =10 elementswhoserepmsevariatevaluesare¥ =1 2, ..., 10. P
[A histagram c_>f theseten popuation reponsss would be Ike_ tha given at h_e tp g 4 Onedsavantage of a
right of the fadng pageHL192 for the averayesof the ten psible anples d size 1] 0 Sn%”gﬁglg v ;53 hee &
The deaeasing vettical axis scak it down the pageredices the vsud impact o increamg U 22@2“3%&; prwhtfrg
hist@gramheght; bar frequendies are gven by the numbers at he tqs d the tars. 'R (datg sandad dfnguon(s_
Aboveezch fistaram.except the me a the ottom right of the age D o] | S e ety
e the yper told arow (}) indicaes the valie of he population standad deviationS= 3,027 650; e o a poar normal gpproxima-
e the lowerarnow (}) indicaes the average (3) of the ®t d sample (dad) standard ceviations; L EionQitﬁ‘?'rrT\]e?rgnS% e
e the yper bar (——) crosing the bwerarow has aérgthequd to the valie of he (a9 n .2s
standard deviation of the &t d sanple @ad standad deviations; {
e the lowersud bar $ows therange of the ®t d sanple (latg standard deviations.
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Appendix: Sampling Protocols Beyond EPS [The itle matterof SatisticalHighight #85

Equiprobalde (or smple randon seleding of units @nssting of individual dements from an unstrdified (respondentpagpuation
is usdul for nocelling the ®leding process lut, in practice more mmplex anpling protocds are tsed Two duch protocds ae:

* cluster selecing: sdeding equiprobaldy units from the (egponden} popuation ta are groups of dements — kisers may
be ofequal size €9, cardboad boxes d 24 cars of up or unequd size g, househlals);

* stratified selecting: swbdviding the (eponden} papuation irto groups Ealledstrata) so ha dements vithin a gratum have
smilar reponsevariatevalues(homogenity of stratd) and dements n dfferent statadiffer as nuch as pacticable from
each oter, the sarple is dtainedby equiprobalble sleding of units mnssting of individual dements fom each straum.
[The dementunit distindion is dsausse in Appendk 1 on pages HL77.8 and HL77.9 in SatisticalHighlight #77]

Exarrple HL19.2 belowillustraes the dfeds d dustering anddtratifying on sampling imprecision, dsobeamng in mind that:
- dugtering is comnonly usedbecauseof the aailabiity of a duseredframe, theebyavdding the @stof generding a fame
as pat of the nvesligatirg — a fame can b thaugtt of as alist of the (eponden} popuation sanpling wnits (hee, dusers);
- dratifying is omnonly usedbecauseit provides(the dten ugfu addtiona) subdivison of Answvers by gratum.

Example HL19.2: A repondent ppuation of N = 4 dements ha the bllowing integer¥-valesfor its reponses:

1245

[so ha the ppuation areraye and @ag standard ceviation ae:

¥=3 sOi825%;

we examie e sampling imprecison, underecuiprobabe sleding (EPS with a sinple sze of n=2, of the
random vaialde Y, whose \aluesare the sarple averaey, as an simabor of ¥, usingthreesanpling protocds:
® EPS dtwo wnits, each onssting of one dement, from the unstrdified popuation;

® EPS doneduds, of sze L=2 denents, fom the unstrdified popuation;

® EPS done wit, congsting of aone dement, from eadh of two drata of Sze N, =N,=2.

Note that each estmator is unbiasel, becauseE(Y) =¥ or E(Y) —¥ = 0 [the average sanple aror is zerd).

Table HL19.2
Unstratified population
EPS d two dements

Sample y Error

12 1% -1% lage
() 2% Y medum
L9 3 0 smd
2,9 3 0 smd
2,9 3% Y% medium
4,5 4%, 14 lamge

Designdion of anple eror & large,
medium or small is only for conveni-
encein the onextof Exanple HL19.2.

Exarrple HL192 illustraes that:

- The dfed on Ganpling) impredsion of duser
ing and d strifying depends on fow ead is
implemented in the Han — tha is, t depends
on this ompanent d the sampling protocal.

- Clusteing and staifying dfed impredsion
by deernining which of the possble sanples
of 9ze n lavenon-zao sdeding probabilities

- Decreasd impredsion is favoued by hetero-
geneity of dusters but by homogeneity of strata
with regect o the epansdy of inteest
o In the mdde and right-hand ©lumrs of Exanple

Table HL19.3a
Unstratified population
Clustes:[1, 2, [4,9
EPS d onecluster (L=2)

Sample | Error
@2 1% 1% lage
4,9 4%, 14 lamge

Table HL19.3b
Unstratified population
Clustes:[1, 4, [2,9
EPS d onecluster (L=2)

Sanple | Error

() 2% —% medum
2,9 3% % medum

Table HL19.3c
Unstratified population
Clustes:[1, 9, [2,4
EPS d onecluster (L=2)

Sample | §  Error
(S 3 Osmd
2,9 3 Osmd

HL192, hetepgendty increasedown the three tusered
sanpling protocds, hormogenety increasesp the three #ratified protocds.
[As an exercise quantify the samle eror variation by catuatingthe relevant(daa standard deviation for each d the ®ven
sanpling protocds; commenton wha is illustraed ty the valiesobtained]
- There is a &rse h which clusteing is passvdy aceped n the nteests 6 reduding investigaton @st wheeasstrdifying
may be activdy imposel by the nvestigabr(§ on for may ke a raturd fedure d] the gudy ©r regponden) popuation

- While BPS fom an unstrdified papuation impliesegual indudon probabiities br dl popuation dements the onverse aes
not hdd — in the hree dusered and three $ratified sanpling protocds, all dements have ejud indusion probabilties tut dl
six samples of sze 2 ae not equdly probable [four sanples and two saptes (egpectively) havezero sdeding probability].
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Table HL19.4a

Stratified population
Straa [1, 4, [4,9
EPS d one dement per stratum

Sample | ¥ Error
() 2% =% medum

(9 3 0 smd
2,49 3 0 smdl
2,9 3% % medum

Table HL19.4b

Stratified population
Straa: [1, 4, [2,3
EPS d one dement per stratum

Sample | ¥ Error
@2 1% 1% lage

(9 3 0 smd
2,9 3 0 smd
4,95 | 4% 2 lage

Table HL19.4c

Stratified population
Straa: [1, 9, [2,4
EPS d one dement per stratum

Sample | Error
12 1% 1% lage

19 2% Y medum
2,9 3% Y% medum
4,95 | 4% 14 lamge



