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STATISTICS and STATISTICAL METHODS: Standard Dev iat ion and Standard Pairwise Diffe rence
as Measure s of Var iat ion

1. Int r odu ction

Variation is a key con cer n of statis ti c a l methods; ou r defin ition is:

* Va riation: differenc es in (variat e or att rib u t e) value s:

−− across the indivi d uals in a group, such as;
a targe t popula t ion/proces s,
a non -re spondent popula t ion,

a study popula t ion/proces s,
a sample;

a respondent popula t ion,

−− arising unde r repetit ion [e.g., for a (repeated) mea s urement or error or a sample ave r age].

We distinguis h variation from va riability, whi c h is the model quantity repre senting impre cisio n.
A rem inde r (w here needed) of ter min ology used in thes e defin ition s in giv en in Appendix 1 starting on pag e HL100. 3.
The dis cus sio n which fol low s in Section s 2 to 4 has the com monly-encou ntered con tex t of a sample of n ele ments; howeve r,
the essentia l st atis ti c a l poin t s woul d be unaffe cted if the con tex t we re ins tea d a respondent popula t ion of size −N elem e n t s or
ev en a study or a targe t popula t ion of respectiv e si ze −Ns or −NT elem e n t s. Sim ilarly, ins tea d of respons e variat e value s yj, the
discus sio n coul d equally wel l involve value s xj or zij of a focal or non -focal exp lanato ry variat e (o ur X− and Z−).

2. Quantifying Dat a Va riation

A famili ar mea s ure of variation in statis ti cs is the st andard dev iat ion (a bbrev iat e d ‘s .d.’) – thes e St atis ti c a l Highlig hts re-
co mmend adj ectiv es of ‘data’ and ‘probabilis ti c’ as quali fi ers of standard dev iation to maint ain a useful dis tin ction; we also use a
sy mbol (li ke s) for the for mer and s.d. [li ke s. d.(Y)] fo r the latt e r – see Appendix 2 starting on pag e HL100. 5. Our conc e rn in
this Highlig ht #100 is wit h data st andard dev iation whi c h, for the respons e
variat e value s of a sample of n ele ments, is defi ned as in equ ation
(HL100.1) at the rig ht (as its use of Roman letters y and j indicates) ;
the secon d fo rm of this equation rem inds us of the not ation SSy fo r
the sum of squ are d devi a t io ns from the ave r age.

s = 1
n −1

Σ
j =1

n
(yj −y)

2 ≡ 1
n −1

SSy -----(HL100.1)
√ √

An othe r mea s ure of (data) variation, sim ilar in int ent to the standard dev iation, is the st andard pairwise diffe rence (a bbre-
vi a ted ‘s.p.d.’) whi c h, for the respons e variat e value s of a sam -
ple of n ele ments, is defi ned as in equ ation (HL100. 2) at the
right. It is not ewo rthy for the fol low ing rea son s.

• It is sel d o m discus s ed and so is unfamili ar, eve n to some statis ti cia ns.

• It does not appear to hav e an agreed -on name – s.p.d. is use d in thes e St atis ti c a l Highlig hts, toge the r with spd as its symbol.

• The pair wis e differenc es co mpris e an unordered set and so number (n
2) = ½n(n−1) differenc es; the cor responding or der ed set

cont ains twice as many pair wis e differenc es, althou gh we are not con cer ned with it here (but see Not e 3 on pag e HL100.10).

• The secon d fo rm of equ ation (HL100. 2) defin es the not ation SSPy fo r the sum of (un ordered) squ are d pair wis e differenc es.

• The adj ectiv e ‘s tandard’ in ou r name indicates the sa m e thre e proces s es that are inv olved in calcula t i ng st andard dev iation:

−− squ aring each relev a n t entity – here, each pair wis e differenc e;

−− calcula t i ng the ‘av erage’ of thes e squ are d value s – in con trast to the standard dev iation, the denominato r fo r av eragi ng in
the s.p.d. is the number of entit ies in the sum , (n

2), not a sma l ler number (li ke n −1 rather than n);

−− taking the squ are root of this ‘av erage’ squ are.

• The use of a more famili ar den ominato r in the ave r agi ng, tog ether with usi ng differenc es among all pairs of dat a value s (in -
st ea d of dev iation s fr om the ave r age) make the standard pair wis e differenc e a more ‘natural’ mea s ure of (data) variation.

• Anticip ating Section 3 whi c h begi ns bel ow, as giv en in equ ation (HL100. 3)
at the rig ht, the s.d. is sm aller than the s.p.d. by a facto r of 1/√2

– – that is,
the s.d. is about 30% sma l ler in mag n itude; the s.d. squ are d is half the s.p.d. squ are d.
−− It fol low s fr om equ ation s (HL100.1), (HL100. 2) and (HL100. 3) that SSy = SSPy/n,

as giv en in equ ation (HL100.4).

spd = 2
n(n −1)

Σ
j<  k =1

n
(yj −yk)

2 ≡ 2
n(n −1)

SSPy -----(HL100. 2)
√ √

√2
–s = spd or: 2s2 = spd

2 -----(HL100. 3)

SSy = SSPy/n -----(HL100.4)

NO TES: 1. The ‘d’ in the abbrevi a t io ns s.d. and s.p.d. stands for, respectiv ely, ‘devi a t io n’and ‘differenc e’; reg rettably, ‘devi a t io n fr om
the ave r age’ is long-est ablis hed statis ti c a l us eage, eve n thou gh ‘differenc e fr om the ave r age’ is equ ally appro priat e.

2. Alt hou gh per ipheral to this Highlig ht #100, accur ate numer ica l calcula t ion of s.d.s (and s.p.d.s) is pot entia l ly of
conc e rn; sim p le exa mples in the cla s sroom (e.g., base d on Σyj and Σyj

2) can obs cure the ser iou s in accur acy that
can arise when tak ing differenc es of many large and nearly equ al (flo ating poi nt) numbers – e.g., see Chan, T.F.,
Golu b, G.H. and R.J. LeVeque, Alg orithms for Computing the Sample Varia n ce: Analys is and Recom mendation s.
The America n St atist i cia n 37(#3) 242-247 (1983). St able URL: http: //www.jsto r.org/st able/2683386

3. The Relationship Between the S.d. and the S.p.d.

We dem ons trate the rela t ion s hip in equation (HL100. 3) abov e by con sid ering successiv e value s of n, starting wit h n = 2; for
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conv enienc e, we actually dem ons trate the rela t ion s hip in equation (HL100.4), from whi c h equation (HL100. 3) fo llows.

Case 1: n = 2. SSy = (y1 −y)
2+ (y2 −y)

2 = (y1 − y1+y2

2 )
2+ (y2 − y1+y2

2 )
2 = (y1

2 − y2

2
)

2+ (y2

2 − y1

2
)

2 = 1
2(y1 −y2)

2 = SSPy/n -----(HL100.4a)

We not e he re how two ter ms of SSy beco m e on e ter m of SSPy and use of the identity: (yj −yk)
2 ≡ (yk −yj)

2
.

We als o note in Cases 2 to 4 bel ow that, when n = 3, three terms of SSy rema in three terms of SSPy, when n = 4, fou r ter ms of
SSy beco m e si x ter ms of SSPy and, in gen eral, n ter ms of SSy beco m e ½n(n−1) ter ms of SSPy.

Case 2: n = 3. SSy = (y1 −y)
2+ (y2 −y)

2+ (y3 −y)
2

= (y1 − y1+y2 +y3

3
)

2+ (y2 − y1+y2 +y3

3
)

2+ (y3 − y1+y2 +y3

3
)

2

= (2y1

3 − y2

3 − y3

3
)

2+ (2y2

3 − y1

3 − y3

3
)

2+ (2y3

3 − y1

3 − y2

3
)

2

= 1
9[(y1 −y2) + (y1 −y3)]

2+ 1
9[(y2 −y1) + (y2 −y3)]

2+ 1
9[(y3 −y1)+ (y3 −y2)]

2

= 1
9[(y1 −y2)

2+ (y1 −y3)
2+ (y1 −y2)

2+ (y2 −y3)
2+ (y1 −y3)

2+ (y2 −y3)
2
]

+ 2
9[y1

2 −y1y2−y1y3+y2y3+y2
2 −y1y2−y2y3+y1y3+y3

2 − y1y3− y2y3+ y1y2]

= 2
9[(y1 −y2)

2+ (y1 −y3)
2+ (y2 −y3)

2
]+ 1

9[(y1 −y2)
2+ (y1 −y3)

2+ (y2 −y3)
2
]

= 1
3[(y1 −y2)

2+ (y1 −y3)
2+ (y2 −y3)

2
] = SSPy/n -----(HL100.4b)

Case 3: n = 4. SSy = (y1 −y)
2+ (y2 −y)

2+ (y3 −y)
2+ (y4 −y)

2

= (y1 − y1+y2 +y3 +y4

4 )
2+ (y2 − y1+y2 +y3 +y4

4 )
2+ (y3 − y1+y2 +y3 +y4

4 )
2+ (y4 − y1+y2 +y3 +y4

4 )
2

= (3y1

4 − y2

4 − y3

4 − y4

4
)

2+ (3y2

4 − y1

4 − y3

4 − y4

4
)

2+ (3y2

4 − y1

4 − y2

4 − y4

4
)

2+ (3y4

4 − y1

4 − y2

4 − y3

4
)

2

= 1
16[(y1 −y2) + (y1 −y3) + (y1 −y4)]

2+ 1
16[(y2 −y1) + (y2 −y3) + (y2 −y4)]

2

+ 1
16[(y3 −y1) + (y3 −y2) + (y3 −y4)]

2+ 1
16[(y4 −y1) + (y4 −y2) + (y4 −y3)]

2

= 1
16[(y1 −y2)

2+ (y1 −y3)
2+ (y1 −y4)

2+ (y1 −y2)
2+ (y2 −y3)

2+ (y2 −y4)
2

+ (y1 −y3)
2+ (y2 −y3)

2+ (y3 −y4)
2+ (y1 −y4)

2+ (y2 −y4)
2+ (y3 −y4)

2
]

+ 2
16[3y1

2 −y1y2 −y1y3 +y2y3 −y1y2 −y1y4 +y2y4 −y1y3 −y1y4 +y3y4

+3y2
2 −y1y2 −y2y3 +y1y3 −y2y4 −y1y2 +y1y4 −y2y3 −y2y4 +y3y4

+3y3
2 −y1y3 −y2y3 +y1y2 −y1y3 −y3y4 +y1y4 −y2y3 −y3y4 +y2y4

+3y4
2 −y1y4 −y2y4 +y1y2 −y3y4 −y1y4 +y1y3 −y2y4 −y3y4 +y2y3]

= 2
16[(y1 −y2)

2+ (y1 −y3)
2+ (y1 −y4)

2+ (y2 −y3)
2+ (y2 −y4)

2+ (y3 −y4)
2
]

+ 2
16[(y1 −y2)

2+ (y1 −y3)
2+ (y1 −y4)

2+ (y2 −y3)
2+ (y2 −y4)

2+ (y3 −y4)
2
]

= 1
4[(y1 −y2)

2+ (y1 −y3)
2+ (y1 −y4)

2+ (y2 −y3)
2+ (y2 −y4)

2+ (y3 −y4)
2
] = SSPy/n -----(HL100.4c)

Case 4: n = n. SSy = (y1 −y)
2+ (y2 −y)

2 + .....+ (yn−1 −y)
2+ (yn−y)

2

= (y1 − y1+y2 + .....+yn −1 +yn

n )
2+ (y2 − y1+y2 + .....+yn −1 +yn

n )
2+ .....+ (yn−1 − y1+y2 + .....+yn −1 +yn

n )
2+ (yn − y1+y2 + .....+yn −1 +yn

n )
2

= ((n − 1)y1

n − y2

n − .....− yn −1

n − yn
n)

2+ ((n − 1)y2

n − y1

n − y3

n − .....− yn −1

n − yn
n)

2+ .....

+ ((n − 1)yn −1

n − y1

n − .....− yn −2

n − yn
n)

2+ ((n − 1)yn

n − y1

n − .....− yn −2

n − yn −1

n )
2

= 1
n2[(y1 −y2) + (y1 −y3) + .....+ (y1 −yn −1) + (y1 −yn)]

2+ 1
n2[(y2 −y1) + (y2 −y3) + .....+ (y2 −yn −1) + (y2 −yn)]

2+ .....

+ 1
n2[(yn −1 −y1) + (yn −1 −y2) + .....+ (yn −1 −yn −2) + (yn −1 −yn)]

2+ 1
n2[(yn−y1) + (yn−y2) + .....+ (yn−yn −2) + (yn−yn −1)]

2

= 1
n2[(y1 −y2)

2+ (y1 −y3)
2+ .....+ (y1 −yn −1)

2+ (y1 −yn)
2+ (y2 −y1)

2+ (y2 −y3)
2+ .....+ (y2 −yn −1)

2+ (y2 −yn)
2+ .....

+ (y1 −yn −1)
2+ (y2 −yn −1)

2+ .....+ (yn −2 − yn −1)
2+ (yn −1 −yn)

2+ (y1 −yn)
2+ (y2 − yn) + .....+ (yn −2 −yn)

2+ (yn −1 −yn)
2
]

+ n −2

n2 (n −1)y1
2 − 2

n2[y1y2+y1y3−y2y3+y1y2+y1y4−y2y4+ .....+y1yn −2+y1yn−yn −2yn+y1yn −1+y1yn−yn −1yn]
+ n −2

n2 (n −1)y2
2 − 2

n2[y1y2+y2y3−y1y3+y2y4+y1y2−y1y4+ .....+y2yn −2+y2yn−yn −2yn+y2yn −1+y2yn−yn −1yn]
+ .....+ n −2

n2 (n −1)yj
2 − 2

n2[y1yj + y2yj − y1y2 + y1yj + y3yj − y1y3 + .....] + .....

+ n −2

n2 (n −1)yn −1
2 − 2

n2[y1yn −1+y2yn −1 −y1y2 +y1yn −1+y3yn −1 −y1y3+ .....+yn −3yn −1+yn −1yn−yn −3yn+yn −2yn −1+yn −1yn−yn −2yn −1]
+ n −2

n2 (n −1)yn
2 − 2

n2[y1yn+y2yn−y1y2+y1yn+y3yn−y1y3 + .....+yn −3yn+yn −1yn−yn −3yn −1+yn −2yn+yn −1yn−yn −2yn −1]

= 2
n2[(y1 −y2)

2+ (y1 −y3)
2+ .....+ (y1 −yn −1)

2+ (y1 −yn)
2+ (y2 −y3)

2+ (y2 −y4)
2+ .....+ (y2 −yn −1)

2+ (y2 −yn)
2+ .....

+ (yn −3 −yn −2)
2+ (yn −3 −yn −1)

2+ (yn −3 −yn)
2+ (yn −2 −yn −1)

2+ (yn −2 −yn)
2+ (yn −1 −yn)

2
]

+ n −2

n2 [(y1 −y2)
2+ (y1 −y3)

2+ .....+ (y1 −yn −1)
2+ (y1 −yn)

2+ (y2 −y3)
2+ (y2 −y4)

2+ .....+ (y2 −yn −1)
2+ (y2 −yn)

2+ .....

+ (yn −3 −yn −2)
2+ (yn −3 −yn −1)

2+ (yn −3 −yn)
2+ (yn −2 −yn −1)

2+ (yn −2 −yn)
2+ (yn −1 −yn)

2
]

= 1
n[(y1 −y2)

2+ (y1 −y3)
2+ .....+ (y1 −yn −1)

2+ (y1 −yn)
2+ (y2 −y3)

2+ (y2 −y4)
2+ .....+ (y2 −yn −1)

2+ (y2 −yn)
2+ .....

+ (yn −3 −yn −2)
2+ (yn −3 −yn −1)

2+ (yn −3 −yn)
2+ (yn −2 −yn −1)

2+ (yn −2 −yn)
2+ (yn −1 −yn)

2
] = SSPy/n

The three dem ons tration s abov e fo r n = 3, 4 and n are each set out in sev en steps (in d i c ated by ‘=’) with not ewo rthy poi nts as fol low s :

• Devi a t io ns from the ave r age in SSy in step 1 hav e beco m e pair wis e differenc es by step 4, whi c h consis t s of coefficie n t s of
1/n2 of each of n ter ms squ are d, each con taining the sum of n −1 paired differenc es;
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STATISTICS and STATISTICAL METHODS: Standard Dev iat ion and ..... Diffe rence (continue d 1)

• Multiplyi ng out the n ter ms squ are d in goi ng from step 4 to step 5 gen erates two types of paired differenc e ter ms:
−− n −1 paired differenc es square d, mak ing n(n−1) such ter ms in tot al which are 2(n

2) paired differenc es squ are d and com -
pris e two co pie s of SSPy;

−− (n−1)(n−2) cr oss pro ducts of paired differenc es, ma king n(n−1)(n−2) such ter ms in tot al – mul t i p lie d ou t, thes e cross
products gen erate 4n(n−1)(n−2) indivi d ual ter ms whi c h co mpris e:

n(n−1)(n−2) yj
2 ter ms made up of n dis tin ct such ter ms occur ring n−1 times in each of n−2 co pie s;

3n(n−1)(n−2) yjyk ter ms made up of three set s of (n
2) distin ct such ter ms occur ring twice in each of n−2 co pie s;

++ 2n(n−1)(n−2) of the yjyk ter ms hav e a ‘−’ sig n, n(n−1)(n−2) hav e a ‘+’ sig n and cancel half the ter ms wit h a ‘−’ sig n,
le avi ng n(n−1)(n−2) such ter ms wit h a ‘−’ sig n – they compris e two identical set s of (n

2) ter ms yjyk in n−2 co pie s;

++ only one of the two identical set s of ½n(n−1)(n−2) yjyk ter ms rem ain ing after the canc ellation is shown in each step
5, wit h coef fi cie n t 2 in the nume r ato r ou tsi de the squ are brack ets [ ];

++ the n(n−1)(n−2) canc ellation s are shown in step 5 of Cases 2 and 3 but it is not fea sib le to show them in Case 4.

Ta ken toge the r, thes e ter ms yj
2 and yjyk fo rm n −2 co pie s of SSPy.

The fact that n−1= 2 in Case 2 and n−2 = 2 in Case 3 allow s fo r si mpler grouping of the yj
2 and yjyk ter ms in step 5 of

thes e two cases compare d with the gen eral Case 4.

The numbers of ter ms yj
2 and yjyk give n abov e are those requi red to con tribute n−2 co pie s of SSPy to the rela t ion s hip in equa -

tion (HL100.4) on pag e HL100.1 becau se:

• the (n
2) paired differenc es squ are d of SSPy, when mul t i p lie d ou t, gen erate 4(n

2) = 2n(n−1) indivi d ual ter ms in tot al, whi c h divi de
equally into n(n−1) of bot h yj

2 and yjyk; henc e, n−2 co pie s of SSPy involve n(n−1)(n−2) of each of the two types of ter m;

−− the n(n−1)(n−2) ter ms yj
2 are made up of n dis tin ct such ter ms occur ring n−1 times in each of the n−2 co pie s of SSPy;

−− the n(n−1)(n−2) ter ms −yjyk are made up of (n
2) dis tin ct such ter ms occur ring twice in each of the n−2 co pie s of SSPy.

4. Summary

The foregoi ng dis cus sio n involves the fol low ing matt e rs of statis ti c a l in terest.

• Variation is a key con cer n of statis ti c a l methods.

• Tw o (o f seve r al pos sib le) ways of quantifyi ng dat a variation are the (fa m ili ar) s.d. and the (unfa m ili ar) s.p.d.
−− Thes e two att rib u t es are sim ilar in int ent and equ ivalent algebraically but differ num erically by a facto r of 1/√2

– −−∼ 0.7071.

• Fo r the process of ave r agi ng, comparing the s.d. and the s.p.d. provi des a ration a le for a den ominato r that reflects the number
of con strain t s on the entit ies in the nume r ato r (a n d, con ceivably, an antid o te for int roducto ry tex ts’ obs essio n with n −1 vs.n) .
−− Fo r the s.d., the n devi a t io ns from the ave r age in the nume r ato r add to zero regar dless of the par ticular set of n dat a value s

– this on e cons train t is reflected in the n−1 (r ather than n) den ominato r, often descr ibed (unhelp f ully) in statis ti cs as ‘lo sing
on e degree of fre e dom .’ The idea that con strain t s deter min e the den ominato r ap pro priat e fo r av eragi ng occurs in other
st atis ti c a l methods; for exa mple, the method of ‘le ast squ are s’ for fitting ‘regres sio n’ model s and ‘analys is of varia n ce.’

This latt e r name, despi te its enticing acrony m, ‘ANOVA’ , is als o unhelp f ul ter min ology; ‘varianc e’ (as normally unde r-
stood) is not involved and ‘partit ion ing sums of squ are d differenc es’ des cribes more clo sely what is actually inv olved,
but there is lit tle hope of replaci ng the enshrine d widesprea d us e of ‘ANOVA’ by the evocative but unappealing ‘PA SSDI.’
++ Square d differenc es divi ded by their ‘degrees of fre e dom’ are (carele ssly) called ‘mean (in stead of ave r age) squ are s.’

−− The den ominato r of a dat a s.d. is a sou rce of much (unhelp f ul) ‘e xplanation’ (and student anguis h) in int roducto ry statis ti cs.

• Su itable alg orithms are needed to avo id num erical inaccur acy when calcula t i ng s.d. (and s.p.d.) , mos t notably for large dat a sets.

It is unfor tun ate that the s.p.d. is rarely eve n mentio ned in int roducto ry statis ti cs teaching.

5. Appendix 1  – Limite d Glossary [A more det ailed Glo ssary is giv en in Statis ti c a l Highlig ht #91.]

The schema at the rig ht bel ow reminds us that dat a-base d inve s tig a t i ng is con cer ned primarily wit h fiv e gr oups of ele ments:

* Ta rge t popul ation: the group of ele ments to whi c h the inv estig a tor(s)
wa n t Answe r(s) to the
Questio n(s) to apply.

* St udy popul ation: a gr oup of ele ments av ail-
able to an inv estig a t ion.

* Re spondent popul ation: thos e elem e n t s of the study popula t ion that woul d prov ide
the dat a requ est e d un d er the inc entiv es for respons e offered
in the inv estig a t ion [su ch inc entiv es arise pre dominantly when
the ele ments are people, but mis sing dat a may als o occur for inanimate ele ments].

* No n-respondent popul ation: thos e elem e n t s of the study popula t ion that wou ld not prov ide the data reque s ted unde r the
in centiv es for respons e offered in the inv estig a t ion.

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

(tr ue value s) (m e asure d value s)
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* Samp le: the group of units selected from the respondent popula t ion actually use d in an inv estig a t ion – the sample is a sub-
set of the respondent popula t ion. (as the ver tical lin e in the schema ove r leaf at the lowe r right rem inds us) .

* At tribute: a qu antity defi ned as a fun ction of respons e (a n d, perhaps, exp lanato ry) variat es ove r the five groups of ele ments
defin ed ove r leaf at the bottom of pag e HL100. 3 and above.

Fa m ili ar (si mple) att rib u t es are ave r age s , propor tio ns, medians, totals and s.d.s; the impor tanc e of attributes is that:
++ Answe r(s) to Que s tion s(s) are usually giv en in ter ms of att rib u t es, often their value s;
++ fiv e of the six cat egor ies of er ror are defi ned in ter ms of att rib u t es – e.g., see Statis ti c a l Highlig ht #6.

* Element: the entit ies that make up a popula t ion; for exa mple, a person is an ele ment of the popula t ion of Cana dians, but
we recog n ize that many popula t ion s in dat a-base d inve s tig a t i ng hav e non-hu man or inanimate ele ments.

* Unit : the entit ies se lec ted fo r the sample; a un it may be one ele ment (e.g., a person) or more than on e (e.g., a hou seh old).
The ele ment-unit dis tin ction is dis cus s ed in more det ail in Appendix 1  on pag es HL77.8 and HL77.9 in Statis ti c a l Highlig ht #77.

* Process: • a set of opera tions that produ c e or affect ele ments, OR:

• the flow of an entity (li ke wat e r or ele ctron s).

Thus, in statis ti cs, a process of the first type inv olves el ements. WHEREAS:

In pr obabi lity, a process is any set of opera tions fr om whi c h there are at lea st two pos sib le ou tco mes; obs erving wh ich ou t-
co m e occurs when the process is exe cuted gen erates data, whi c h may yield value s fo r probabilit ies associat e d with , or other
charact e ris ti cs of, the process. [The popula t ion -proces s distin ction is dis cus s ed in Statis ti c a l Highlig ht #94.]

* Va riate: a charact e ris ti c associat e d with each el ement of a popula t ion/proces s.

−− Re sponse var iat e (Y−): a variat e defin ed in the For mulation stage of the FDEAC cycle; an Answe r give s so m e att ri-
bute(s) of the respons e variat e ov er the targe t popula t ion/proces s.

−− Explan atory var iat e (Z−): a variat e, defi ned in the For mulation stage of the FDEAC cycle, that accou nts, at lea st in
part, for change s fr om ele ment to ele ment in the value of a respons e variat e.

−− Fo cal (explan atory) var iat e (X−): fo r a Que s tion wit h a ca usa tive aspect, the explanator y variat e whos e rela t ion s hip to
the resp onse variat e is involved in the Answe r(s) to the Que s tion(s).

* Impr ecision: sta n dar d devi ation of error (i.e., its haphazard co mponent exhibited as variation) unde r re pet it i on.

−− Samp ling imp recision: st andard dev iation of sample error unde r repetit ion of selecting and estim ating.
−− Me asuring imp recision: st andard dev iation of mea s urement error unde r repetit ion of mea s uring the sa m e qu antity.

* Inaccu racy: aver age er ror (i.e., its system atic co mponent) un d er re pet it i on.

−− Samp ling ina ccu racy: av erage sample error unde r repetit ion of selecting and estim ating.
−− Me asuring ina ccu racy: av erage mea s urement error unde r repetit ion of mea s uring the sa m e qu antity.
Precision: the inv erse of imprecisio n. Accu racy: the inv erse of inaccur acy.

* Mo del: a provi sio nal idealized symboli c des criptio n of a real-world phen omen on.
We us e Greek letters for parameters of statis ti c a l and probability model s (e.g., µ,σ and π).

−− Re sponse model: a mat hem ati c a l des criptio n, inclu ding model ling assump tion s, of the rela t ion s hip between a respons e
variat e and exp lanato ry variat e(s); the for m of the rela t ion s hip is con tinge n t, in par t, on the Pla n fo r an inv estig a t ion.
The first respons e model in the STAT 231 Cou rse Not es is the one in equ ation (HL100.6) on the facing pag e HL100. 5.

In any situation whe re an Answe r is base d, in whole or in par t, on a mat hem ati c a l model, we shoul d bear in min d a maxim
of the lat e Dr. George E.P. Box , a respect e d U. S. statis ti cia n: All model are wrong, som e are use ful.

* Re pet ition: repeating ove r and ove r (u sually hypoth etically) one or more of the processes of selecting, mea s uring and estim ating.
Re petit ion is inhe rent in our defi nit ion s of a confid e n ce int e rval, an estim ato r, inaccur acy and impre cisio n.

* Independence , Independent: a diction ary defi nit ion is: not subje ct to the con trol, influence or det ermination of anoth er or oth ers.

−− Independent measurements: mea s urements are independent when the operato r’s knowledge of the value arisi ng fr om
on e executio n of the measuring process does not influence the value from any other exe cutio n.
The Pla n fo r an inv estig a t ion needs to addre ss the issue of mea s urement independenc e.

−− Independent eve nts (Prob abilist ic independence): ev ents A and B are independent when the probabilit ies of even t s A
and B are such that Pr(A|B) = Pr(A) and Pr(B|A) = Pr(B).

−− Independent ran dom var iable s: two random variable s are independent when their joi nt probability (density) fun ction is
the pr oduct of their marginal probability (density) fun ction s.
This is the sense of ‘in d ependent’ in the respons e model in equ ation (HL100.6) on the facing pag e HL100. 5.

The idea of independenc e is a (mathem ati c a l) idea lization – the usual state of affairs in the real world is one of dep enden ce
(i.e., la ck of independenc e).

* Er ror: Over all er ror in an inv estig a t ion refers to the net effect of all relevant catego rie s of error on the Answe r(s) from the
inve s tig a t ion – see Statis ti c a l Highlig ht #6.

Us e of the ter min ology in this Glossar y, and of some usef ul not ation, is illust r ated in Appendix 2 whi c h st arts on the facing
page HL100. 5; St atis ti c a l Highlig ht #91 provi des a more det ailed Glo ssary.
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6. Appendix 2 – S.d. in a Bro a der Statist ical Conte xt

This Appendix 2, slig htly adapt e d fr om mat e ria l in Statis ti c a l Highlig ht #77, provi des a broader con tex t fo r the role of the
s.d. in statis ti c a l methods than do Sectio ns 1 to 4 of this Highlig ht #100, whi c h are primarily con cer ned with usi ng the s.d. (and
the s.p.d.) to quantify (data) variation. This broader con tex t is usi ng sample att rib u t es as es tim ates of the cor responding (re s-
pondent) popula t ion attributes, base d on a model involv ing unit (or ele ment) in clu sio n probabilit ies arisi ng fr om the process of
eq uiprobable sele cting (EPS) of the sample.

* In int roducto ry probability, we use upper ca s e it ali c le tters (us u ally near the end of the alphabet, like X, Y and Z) fo r random
variable s and the cor responding lo wer ca s e le tters (e.g., x, y and z) for thei r value s. We fur the r distinguis h upper ca s e bold
le tters for popu lation qu antit ies; for exa mple, Y−i is the respons e
variat e fo r the ith elem e n t in the respondent popula t ion.

−− The lin e throug h popula t ion symbols is to enable us to dis tinguis h
it ali c and bold up per-case handwr itten le tters and we sa y, for in-
st anc e, ‘Yi cross’ for the respons e variat e of the ith elem e n t in the
re spondent popula t ion.

* In int roducto ry statis ti cs cou rses, the number of ele ments in the popu -
la t ion (also called the popula t ion size) is sel d o m consid ere d ex pli cit ly;
in thes e St atis ti c a l Highlig hts, this attribute is den oted −N (‘N cross’) .
−− Including the popula t ion size in sur vey sampling theor y is sometimes

called dealing wit h a finit e popula t ion, but this is unhelp ful ter min ology (perhaps car r ying ove r fr om mat hem ati cs whe re
infin ity often arises) . A popula t ion in statis ti cs is a real-world entity and so, by its nature, has a finite number of ele ments.

Ta ble HL100.1: SYMBOL DESCR IPTION
Random Value Respondent
va riabl e popul ation

Y y Y− Re spons e variat e
– j i Sum mation index
– x X− Focal exp lanato ry variat e
– z Z− Explanato ry variat e
– n −N Number of units/elem e n t s
Y
−

y− Y
−− Av erage (sum ÷ number)

R r −R Re sidu al [or Ratio]
S s S− St andard dev iation

* When inv estig a t i ng a Que s tion wit h a descript ive aspect [on e whos e Answe r will inv olve primarily value s fo r popula t ion/pro-
cess att rib u t es (past, pres ent, future)] , a useful way to think of (or to‘model’) the respons e
variat e of a respondent popula t ion ele ment is shown in equ ation (HL100. 5) at the rig ht; Y−i = Y

−− +−Ri -----(HL100. 5)

this ‘model’ is useful becau se it expre sses a quantity we can obs erve (Y−i) in ter ms of an att rib u t e of interest (Y
−−, the popula -

tion aver age) and a quantity (−Ri, the popu lation res idu al fo r elem e n t i) whos e behaviour is amenable to probability model ling
which , ul t imat ely, enables us to quantify impre cisio n due to sample error and (in some con tex ts) mea s urement error.

−− The re sponse mode l fo r a non-comparative Pla n – the type of Pla n us u ally appro priat e to answe r a Que s tion wit h a des -
cr iptiv e aspect – inv olv ing equ iprobable (si mple random) selecting (EPS) of n unit s fr om an unst r atifie d popula t ion is:

Yj = µ +Rj, j =1, 2, ....,n, Rj ∼ N(0, σ), independent, EPS, -----(HL100.6)

where Yj is a random variable whose dis tributio n repre sents the pos sib le value s of the measure d re spons e variat e
fo r the jth unit in the sample of n units selected equ iprobably from the respondent popula t ion,
if the selecting and measuring processes were to be repeated ove r and ove r;

Rj is a random variable (called the resi dua l) whos e dist rib u tio n repre sents the pos sib le di ffere nces,
fr om the structur al component of the model , of the measure d value of the respons e variat e
fo r the jth unit in the sample of n units selected equ iprobably from the respondent popula t ion,
if the selecting and measuring processes were to be repeated ove r and ove r.

The symbol µ in the model (HL100.6) and two rela ted quantit ies µ̂ and µ∼ have the fol low ing meaning s:

µ: a parameter repre senting the aver age (Y
−−) of the measure d re spons e variat e of the ele ments of the respondent popula t ion.

µ̂: the lea st squ are s es tim ate of µ – a number whos e value is der ive d fr om an appro priat e set of data;

fo r the model (HL100.6), µ̂ = y−, reflecting the intuitive idea that, unde r EPS, the measure d sample ave r age estim ates
the mea s ure d re spondent popula t ion ave r age;

µ∼: the lea st squ are s es tim ator of µ – a ra n dom variable whos e dist rib u tio n repre sents the pos sib le value s of the estim ate
µ̂ if the selecting, mea s uring and estim ating processes were to be repeated ove r and ove r;

fo r the model (HL100.6), µ∼ =Y
−
, the random variable repre senting the sample ave r age unde r EPS.

* The model parameter σ, and two rela ted quantit ies σ̂ and σ∼, arise in the con tex t of respons e models like (HL100.6) abov e:
σ : the (probabilis ti c) sta n dar d devi ation of the nor mal model for the dis tributio n of the residu al, is a model parameter

repre senting the (data) sta n dar d devi ation (S−) of the measure d re spons e variat e of the respondent popula t ion ele ments;
this (data) standard dev iation (and, henc e, σ) qu ant ifies the variation of the measure d re spons e variat e ov er the ele ments
of the respondent popula t ion – as this variation increa s es, so does S− (a n d, henc e, so does σ).

two oth er charact e ris ti cs of variation are its lo cation and its shape – thes e are, respectiv ely, 0 and nor mal for (HL100.6);

σ̂ : the lea st squ are s es tim ate ofσ – a number whos e value is der ive d fr om an appro priat e set of data;

σ∼: the lea st squ are s es tim ator ofσ – a ra n dom variable whos e dist rib u tio n repre sents the pos sib le value s of the estim ate
σ̂ if the selecting, mea s uring and estim ating processes were to be repeated ove r and ove r.

How σ is es tim ated, reflected by differ ing expre ssi ons for σ̂, depends on the samp-
li ng protocol in the Pla n fo r the inv estig a t ion and the respons e model appro pri-
at e fo r this Pla n; for the model (HL100.6), σ̂ is giv en by equ ation (HL100.7).

σ̂ = 1
n −1

Σ
j =1

n
(yj −y)

2
-----(HL100.7)

√
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* In this Appendix 2, we meet bel ow fo ur qu antit ies from the theor y of sur vey sampling to whi c h the ter m sta n dar d devi a-
tion is applie d; the first two and an associat e d qu antity S are analog ues of the three σ s, giv en ove r leaf near the bottom of
page HL100. 5, whi c h aris e in a respons e model con tex t. A differenc e is that, unli ke σ̂, s is called a standard dev iation.

−− S−: the respondent popu lation (d ata) standard dev iation – it is defi ned in
equation (HL100.8) and is a number which quantifie s the variation
ov er the respondent popula t ion of the respons e Y− abou t it s av erage Y

−−;
li ke mos t popula t ion attributes
except −N, usually the value of
S− is unknow n;

−− s: the sa m p le (d ata) standard dev iation
– it is defi ned in equ ation (HL100.9)
and is a number which quantifie s the variation ove r the sample of the
re spons e y abou t it s av erage y−; the expre ssi on for s in equation
(HL100.9) is the sa m e as that for σ̂ fo r the model (HL100.6) give n ov er-
le a f in equation (HL100.7) at the bottom of pag e HL100. 5 – it is als o li ke equ ation (HL100.1) on pag e HL100.1 exce pt
that y and j are it ali c le tters, indicating that data value s can rea son ably be tre ated as the value s of ra n dom variables
un d er the probabilit ies whi c h aris e fr om usi ng EPS as the sample selecting met hod;

un d er EPS, s is use d to estim ate S− – that is, to provi de a value we can use for S−;
this Appendix 2 is con cer ned with only on e sampling protocol – EPS from an uns tratifie d popula t ion – and so
there is only on e ex pre ssi on for the estim ate (s) of S−;

S− = 1
−N −1Σ

i =1

−N

(Y−i −Y− )
2

s = 1
n −1

Σ
j =1

n
(yj −y)

2

-----(HL100.8)

-----(HL100.9)

√

√

Ta ble HL100.2: SUMMARY OF STA NDA RD DEVI ATIONS
Re sponse Models Sur vey Sampl ing

σ Model parameter S− Re spondent popula t ion standard dev iation – an att rib u t e
σ̂ Estimate of σ s Sa mple standard dev iation – an estim ate of S−
σ∼ Estimato r of σ S Estimato r co rre sponding to s – a random variable

−− S: the es tim ator co rre sponding to s – it is a ra n dom variable, of whi c h s is one (re a lized) va lue;

++ s.d.(Y
−): the standard dev iation of the sample ave r age – unde r EPS, it provi des a theoretical basis for quantifyi ng unc e r-

tain ty due to sample error in estim ates of respondent popula t ion attributes like an ave r age or tot al;

++ s.d.ˆ (Y
−): the es tim ated st andard dev iation of the sample ave r age whi c h, unde r EPS, is the basis for calcula t i ng va lues fo r

the end poi nts of confid e n ce int e rvals for respondent popula t ion attributes like an ave r age or tot al.

The expre ssi ons from sur vey sampling theor y fo r s.d.(Y
−) and s.d.ˆ (Y

−) differ in
that S− is replaced by its estim ate s – see equ ation s (HL100.10) and (HL100.11).
Also, as shown in Statis ti c a l Highlig ht #77 in Section 5 near the bottom of
page HL77. 5 and in Appendix 3  on pag e HL77.9, S

2 is an unbia s ed estim ato r
of S−2

but S is a bi ase d estim ato r of S−.

s.d.(Y
−) = S− 1

n − 1
−N

s.d.ˆ (Y
−) = s 1

n − 1
−N

-----(HL100.10)

-----(HL100.11)

√

√

* We capit ali ze on hav ing two wo r ds – ave r age and mean – in Englis h to make a useful dis tin ction for a mea s ure of lo cation:
−− the aver age is a mea s ure of location for a set of data;
−− the mean is a mea s ure of location for (the dis tributio n of) a ra n dom variable.

Howeve r, for the mag n itude of variation there is only on e ter m – standard dev iation – for the com monly-use d mea s ure, and
this can be a sou rce of conf usi on. Ideally, we wou ld like:
−− the (n ew wor d) as a mea s ure of variation for a set of data,
−− the sta n dar d devi ation as a mea s ure of variation for a ra n dom variable,
but the use of ‘st andard dev iation,’ regardle ss of con tex t, is too wel l-est ablis hed in statis ti cs for this ideal to be att ain able. A
co mpromise, to assis t begi nning students, is to dis tinguis h a data st andard dev iation from a pr obabi lis tic st andard dev iation
– see Table HL100. 3 at the rig ht. Not e
that we us e on e sy mbol (e.g., S−, s)
fo r a dat a st andard dev iation and the
abbrev iation s.d. fo r a probabilis ti c
st andard dev iation.

Ta ble HL100.3
Re spondent popula t ion standard dev iation S−

data st andard dev iation
Sa mple standard dev iation s

St andard dev iation of the sample ave r age s.d.(Y
−)

pr obabi lis tic st andard dev iation
Estimated standard dev iation of the sample ave r age s.d.ˆ (Y

−)

St atis ti c a l Highlig ht #76 por trays vis u ally the distin ction bet ween the sample standard dev iation (s; repre sent e d by the 16
‘hooke d’ hor izont al li nes in each diagr am) and the standard dev iation of the sample ave r age [s.d.(Y

−); as estim ated from the
16 sample ave r age s and denot e d sy near the lowe r right-hand cor ner of each diagr am].

* The standard dev iation of Y
−

is sometimes refer red to as the sta n dar d er ror of Y
−

(e.g., Bar nett, pp. 26, 45) but this ter m is
av oid ed in thes e St atis ti c a l Highlig hts becau se it is use d by different authors for both s.d .(Y

−) and s.d.ˆ (Y
−) (s ee als o Cochran,

page s 24, 25-27 and 53), pot entia l ly conf usi ng a quantity and its estim ate.

REFERENCES: 1. Bar nett, V. Sa m p le Sur vey Princip les and Met hods. Se con d edit ion, Edward Arnol d, Lon d on, 1991;
(Fi rst edit ion: Elem ents of Sampling Theor y. The Englis h Un ive rsit ies Pre ss Ltd., Lon d on, 1974).

2. Cochran, W. G. Sa m p ling Techniques. Jo hn Wiley & Son s, Inc., New Yor k, 3rd Edition, 1977.

* The fol low ing sugge s tion s may hel p av oid conf usi on arisi ng fr om (carele ss use of) ter min ology discus s ed above.

• when you encou nter the word mean, be sure you unde rst and whet her it refers to:
−− an ave r age of dat a (a n d whet her the dat a are from a sa m p le or a ce nsus), OR

−− a random variable [and whether it is an indivi d ual random variable or a (li near) combin ation (e.g., an ave r age, sum or
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differenc e)] , OR

−− a parameter of a respons e model or probability model.

• when you encou nter the ter m sta n dar d devi ation or sta n dar d er ror, be sure you unde rst and whet her it refers to:
−− the variation of dat a (a n d whet her the dat a are from a sa m p le or a ce nsus), OR

−− a random variable [and whether it is an indivi d ual random variable or a (li near) combin ation (e.g., an ave r age, sum or
differenc e)] , OR

−− a parameter of a respons e model or probability model.

• when you encou nter the word inaccurac y, rem ember that it is a re a l-world quantity and is defi ned only in the con tex t of
re pet it i on of a pr ocess – like selecting and/or mea s uring.

−− Esti mating bia s (a model quantity) di ffers fr om inaccur acy in that it decrea s es with increa sing sample size and so may not
be of much practical con cer n in actual sample sur veys – see als o the secon d-last parag raph (−−) ove r leaf on pag e HL100.8.

[There is fur the r discus sio n of bias in Statis ti c a l Highlig ht #7 and in Appendic es 3 and 4 on pag es HL77.9 and HL77. 10
in Statis ti c a l Highlig ht #77.]

7. Appendix 3 – The Dat a S.d. Denominator: the s.d. n −1vs n saga

Intrepid rea de rs may enj oy the challenge pre sent e d by the fol low ing.
The statis ti c a l ter min ology of de grees of freedom is often first encou ntered in int roducto ry statis ti cs cou rses when the

divi sor, n−1, in the calcula t ion of s2 is introduced . The sample y− is use d as the location from whi c h to measure dev iation s
when computing s2, so it has been arrange d arbitrarily to make the sum of the devi a t io ns (y−y−) add to zero, whi c h it wou ld
not ordin arily do if we use d the location value µ. This con strain t on the devi a t io ns is called los s of a deg ree of fre e dom . Its
ef fect is mos t seve re when the sample size is 1. Then y is the only obs ervation, y− = y, and the devi a t io n is y−y− = 0. Howeve r,
when we squ are this and try to div ide by n−1, we find ourselves illega l ly trying to div ide by zero. Wit h only one obs ervation,
we thu s have no way of usi ng only sample dat a to compute s2 as an estim ate of σ 2. When we hav e only 1 obs ervation and want
to estim ate σ 2, we los e the only deg ree of fre e dom we hav e by estim ating µ by y, and we say we hav e no deg rees of fre e dom
le ft for estim ating σ 2.

When we want to estim ate σ 2, we hav e to ‘pay’ a degree of fre e dom for hav ing to estim ate µ, and this leave s us wit h n−1

degrees of fre e dom , or essentia l ly n−1 obs ervation s wo rth of infor mation, for estim ating σ 2. A 2 × 2 continge n cy table los es 3
degrees of fre e dom becau se of con strain t s im pos ed by margi nal totals. The idea of deg rees of fre e dom keeps coming up in
mo re co mplicted statis ti c a l methods, and so we need to become comfo rtable wit h it. Such statis ti c a l methods may los e addi-
tion a l degrees of fre e dom by estim ating more things.

Curiou sly, a (sy m pat hetic) rev i ewe r si ngled out dis cus sio n li ke this for prais e fo r it s cl arity as an exp lanation of a troub lesome
st atis ti c a l is s ue; eve n mo re curiou s is its sugge s tion of calcula t i ng the sample standard dev iation by replaci ng y− by (the known
value of?) µ (o ur Y

−−) as part of a process of es tim ating (unknow n) Y
−−.

When discus sing the sample standard dev iation, often in the for m of the sample
varianc e with a for mula like equ ation (HL100.12), int roducto ry tex ts are apt to men-
tion, usually briefly, the ‘popula t ion’ standard dev iation wit h a for mula like equ ation
(HL100.13). From the perspective of ou r notation, and the distin ction s it enables
thes e St atis ti c a l Highlig hts to maint ain, expre ssi ons like (HL100.12) and (HL100.13)
do not able dis s ervic e to the disciplin e of statis ti cs and its teaching in a varie ty of ways .

s2 =
Σ
i =1

n

(xi −x )
2

n −1

σ 2 =
Σ
i =1

N

(xi −µ)
2

N

-----(HL100.12)

-----(HL100.13) !
• Emphasis shoul d be on s.d., not varianc e, becau se:

−− the units of s.d. are those of the variat e, but the units of varia n ce are variat e un its square d – for ins tanc e, a  variat e in cen -
timetres has s.d. in cm but varia n ce in cm2 (a unit of area), a variat e in $ has s.d. in $ but varia n ce in $

2
;

−− s.d., but not varianc e, can be vis u ali zed in suitable picto ria l displays ;

−− sums of varia n ces in statis ti c a l theory can be misin terpret e d as implyi ng that variation s add wherea s they actually add
li ke Pyt hag ora s (i.e., they add as squ are s un d er a squ are root).

The tradit ion a l em pha sis on varia n ce, rat her than s.d., in statis ti c a l theory may be due, in par t, to the inconve n ienc e of type-
setting squ are roots; this was particularly so wit h ma n ual types etting but, eve n now, software package s may produ c e aest he-
ti c a l ly unappealing squ are roots unles s there is hum an int e rve n tio n to ove rride defau lt settings. Raisi ng ex pre ssi ons in brack-
et s to the one -half powe r in place of a squ are root sig n is a vis u ally unevocative alt e rnative to be avo ide d.

• Lett e r ‘y’ wou ld be prefe r able to ‘x’ as the variat e in expre ssi ons like equ ation s (HL100.12) and (HL100.13) fo r two rea son s;
−− in introducto ry cou rses, earlie r il lust r ative con tex ts usually inv olve resp onse (n ot exp lanato ry) variat es;

−− la ter in such cou rses when sim p le lin ear reg res sio n is dis cus s ed, ‘x’ must change to ‘y’ and the new ‘x’ looks like the old
on e but is an explanator y variat e, whi c h can be conf usi ng fo r students.

The respons e-exp lanato ry variat e distin ction shoul d be made early in an int roducto ry cou rse and maint aine d throug hou t by
us e of appropriat e notation; lat e r discus sio n of ca usa tion, and the statis ti c a l is s ues raise d by trying to est ablis h it, requi re s
the dis tin ction bet ween focal and non-focal exp lanato ry variat es (ou r X− and Z−).
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• Us ing σ in stead of S− and µ in stead of Y
−− invites conf usi ng the

model and the real world (the respondent popula t ion),
which is alw ays unw ise and occasio nally dis ast rou s
– for ins tanc e, see Statis ti c a l Highlig ht #31.

• Ma int aining the popula t ion -sample dis tin ction is not helped
by use of the sa m e variat e sy mbol (lowe r ca s e it ali c x) and
same sum mation index (it ali c i) in equation s li ke (HL100.12)
and (HL100.13) – compare Table HL100.1 on pag e HL100. 5.

To empha size thes e two distin ction s vi sually, the display at the
right shows the respondent popula t ion as a his t ogr am of its respons e
variat e value s , the (no rma l) model as an idealiz ation of this histogr am , and the
sample (sele cted by EPS) as its his t ogr am; the respondent popula t ion ave r age Y

−−, the
model mean µ and the sample ave r age y− are als o sh own. [To avo id complicating the diag ram
un duly, the respondent popula t ion (data) s.d. S−, the model (probabilis ti c) s.d.σ, and the sample (data) s.d. s are not label led .]

• The use of ‘x’ as the gen eric variat e le tter, and of it ali cs as the defau lt for symbols in equation s, may be car r y-ove rs from
mathem ati cs; bot h are unsuit e d to statis ti cs – N in equation (HL100.13) ov erleaf on pag e HL100.7 looks like a random variable
with n in equation (HL100.12) as its value.
−− Un suitable mat hem ati c a l terminol ogy, whi c h so m etim e s fin ds its way into int roducto ry statis ti cs tex ts, is ‘dependent vari-

able’ and ‘in d ependent variable’ ins tea d of the evocative ‘re spons e variat e’ and ‘ex pla n ato ry variat e.’
‘I ndependent’ in sta tis tical cont ext s is alw ays open to mis unde rst anding, especia l ly when used as a quali fi er of ‘vari-
able’ – recall the Glo ssary dis cus sio n near the bottom of pag e HL100.4 in Appendix1.

Y−

Y
−−

µ

y−

Propor tio n per unit
of mea s ure d re spons e

Dist rib u tio n of
resp onden t popu lation

mea s ure d re spons e
variat e value s Mo del fo r the

dist rib u tio n of
re spondent popula t ion

mea s ure d re spons e
variat e value s Sa m p le of

mea s ure d re spons e
variat e value s

E P S

• The div iso r of N (o ur −N) in the ‘popula t ion’ s.d. in equ ation (HL100.13) is not con sis tent wit h the n−1 in the sample s.d. of
equation (HL100.12); when int roducto ry tex ts try to justify this anoma ly, they seem to inv oke one of three ‘ex pla n ation s.’

−− When the sample size is n =1, equ ation (HL100.10) in the middle of pag e HL100.6 can be manipula ted [as shown in equ a-
tion (HL100.14)] to produ c e an ex-
pres sio n fo r s.d.(Y

−)n =1 that is the
analog ue of equ ation (HL100.13).
Despit e ap pearanc es, this (probabilis ti c) s.d. is not the popula t ion (data) s.d., for rea son s give n on the lowe r half of pag e
HL94.9 in Statis ti c a l Highlig ht #94; it als o reminds us why we distinguis h data and probabilis ti c st andard dev iation s, as
in Table HL100. 3 at the lowe r right of pag e HL100.6.

s.d.(Y
−)n =1 = S− 1− 1

−N
= 1

−N −1Σ
i =1

−N

(Y−i −Y− )
2⋅−N −1

−N
= 1

−NΣ
i =1

−N

(Y−i −Y− )
2

-----(HL100.14)
√ √ √

−− An othe r ‘e xplanation’ inv olves the wel l-int entio ned but dange rou s memo ry aid for setting so-called ‘mean (re a l ly, ave r age)
squ are’ div iso rs: th e number of deg rees of free d o m los t is the number of para m eters est imate d – e.g., in sim p le lin ear
regres sio n, we estim ate two model parameters (sl ope and int e rc ept) and so use a div iso r of n−2 in the ANOVA table.

The (mist aken) sto ry goes that, in the sample s.d., we estim ate on e ‘p arameter’µ (r eally, one popula t ion attribute Y
−−) by y−

and so use a div iso r of n−1; by con trast, in the ‘popula t ion’ s.d., we estim ate no ‘p arameters’ and so use a div iso r of −N.
++ This mem ory aid is dange rou s becaus e the re al, but les s obvious, idea is the number of constrai nts – recall the thi rd

bullet (•) of the Sum mar y on pag e HL100. 3. For exa mple, in the method of lea st squ are s , whet her we do the minimi-
zation by calculu s or lin ear alg ebra, the re are two cons train t s – two par tia l de riv ative s set of zero, two vecto r dot
products set to zero for perpendicularity, as shown on the ove r leaf sid e un d er Model 4 in Statis ti c a l Highlig ht #73 –
and so the relev a n t divi sor is n−2. Thu s , ‘n umber of parameters estim ated’ is really more a ‘s ymp t o m’ than a ‘c aus e’
of ‘lo ss of deg rees of fre e dom’ –  att entiv e re ade rs wil l have notic e d a versi on of the conf usi on that can arise from the
memo ry aid in the exc e rpt giv en at the star t of this Appendix 3 ove r leaf in the middle of pag e HL100.7.

In the con tex t of equation s (HL100.12) and (HL100.13) [o ur equ ation s (HL100.9) and (HL100.8)], the re is the same on e
cons train t on the devi a t io ns of (in our not ation) the yjs and the Y−is from their respectiv e av erage s y− and Y

−−, and so n−1
and −N −1 are the appro priat e divi sors, mak ing consis tent the defi nit ion s of the popula t ion and sample s.d.s, S−, s and s.

−− The mos t conf use d ‘e xplanation’ of n−1 in equation (HL100.12) [e ven thoug h it is really N (o ur −N) in equation (HL100.13)
that needs ‘ex pla ining’] inv oke s estimating bias, an arcan e to pic for which the enthu siasm of statis ti cia ns shoul d be the
inve rse of how often the matt e r is mentio ned in int roducto ry statis ti cs cou rses. It is argue d that if the divi sor in equ ation
(HL100.12) we re to be n  (as ‘ex pected’) in stead of n−1, (the random variable) S

2 is not an unbia s ed estim ato r of σ 2 but a
divi sor of n−1 ma kes it unbia s ed; this is untr ue [σ 2 is bei ng conf use d with S−2

– see the com ments to the left of equ a-
tion (HL100.11) on pag e HL100.6] but, regardle ss, it is largely besid e the poi nt becau se our conc e rn in practic e is wit h S−
and s, not thei r squ are s and, als o, value s fo r confid e n ce int e rvals are unaffe cted by whether n−1, n  or eve n n+1 is involved .

++ In addit ion, estim ating bia s decrea s es with inc rea sing sample size, a dramati c differenc e in beh aviour from inaccu racy
that shoul d be empha sized – see, for exa mple, Statis ti c a l Highlig hts #15 and #17.

The foregoi ng dis cus sio n sh ows how a disma l catalogue of mis unde rst anding s and carele ssn ess can be avo ide d by disci-
plin ed use of suitable ter min ology and not ation, to the advant age of statis ti cs and students trying to master its many useful idea s.

* It shoul d be of con cer n to statis ti cs edu cat ors when, to ‘le arn’ from muddled pre sent ation s, we make students abandon essen-
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tia l pedagogi c a l precepts like log ic, cohe renc e and con sis tenc y and sub stitute unc rit ical memo riz ation of absurdit ies.

* In addit ion, achievi ng the desir able goa l of a statis ti c a l ly lit e r ate socie ty is hin d ere d when a sub ject as vit al and ubiquitous as
in trodu cto ry statis ti cs is, throu gh mis unde rst anding s and carele ssn ess, made to appear painf ul and/or bor ing and/or usele ss.

Re ade rs wit h notable statis ti c a l persis tenc e may find the fol low ing of int e rest as an epi tome of the foregoi ng dis cus sio n in this
Appendix 3; it comes from The America n St atist i cia n of Aug u s t, 1983, Vol .37(#3), pag e 254. Of par ticular con cer n in the
cont ext of Appendix 3 are matt e rs raise d by the parag raphs whi c h begi n : A few authors refer... and Our mai n re aso n fo r... .

TO BIAS OR NOT TO BIAS

In a recent, brief book rev i ew in The Jou rnal of the America n St a-
tist i cal Associa tion (s ee Stephenson 1982) of our tex t Elem entary
St atist i cs (Li ndg ren and Ber r y, 1981), one -qu arter of the space was
devo ted to com menting on our defi ning the sample standard dev iation
with a div iso r of n rather than n −1. One of our prep ublication rev i ew-
ers had reckone d that a sur vey of ele ment ary tex ts wou ld show n −1

to be the heavy fav orite and, inde e d, the conve n ienc e sample of such
text s on my shelf is 23 to 4 in fav or of n −1. This may mean, of cou rse,
that mos t people who write new tex ts hav e studie d fr om olde r text s
that use the n −1. But it is uns ettling to hear the repor t we heard
that one profe sso r of statisicti cs vowe d he woul d re sig n if forced to
teach usi ng n as a div iso r. How is it that this poi nt can evo k e su ch
passio n?

Among those in my sur vey, some authors state sim p ly and unequ i-
vocally that div iding by n −1 is better, or best. Some say "st atis ti cia ns
have fou nd" that such is the case, or that the re are "subtle theoretical
re asons." They are undoubtedly refer ring to the rea son mos t co mmonly
give n by those who giv e re asons: The versi on wit h divi sor n fo r the
varianc e is biase d in estim ating the varianc e, and using n −1"c orrects"
fo r this bias.

Some authors state that "we want an estim ate that is unbia sd," as
thou gh this were quite obvious. It is not. I have yet to see a rea son
why unbia s edn ess is something we "wa n t." Inde e d, it is wel l know n
that in the nor mal case, the divi sor n +1 is best, if best is meant in
the sense of mean squ are d er ror. (The notio n of varia n ce its elf is
base d on mean squ are d devi a t io ns.)

I’d be int e rest e d to know of an ins tanc e in whi c h on e re a l ly wants
to estim ate a varia n ce. Ordin arily we seek to estim ate parameters
or quantit ies that hav e so m e direct, intuitive int e rpret ation. The stan -
dard dev iation of a dis tributio n may wel l be something to estim ate,
but of cou rse (as eve ryone knows) the squ r e root of an unbia s ed esti-
mato r of varia n ce is bia s ed in estim ating the standard dev iation.

A few authors refer to the notio n of deg rees of fre e dom , poin ting
ou t that among the devi a t io ns Xi −X

−
there are only n −1 algebraically

in d ependent quantit ies. True, but this kin d of argum e n t woul d also
se em to sugge s t that when one con sid ers a dat a set as con stituting a

popula t ion of size N, the popu lation varianc e sh oul d be defi ned with
divi sor N −1.

I shoul d say that a few authors do unde rst and the situation, eve n thou gh
they may chose to use n −1. Sne decor and Cochran and Dixon and
Ma s s ey say that they use it for practical rea son s in more complex prob-
le ms. Mendenhall and Ott say that sample varia n ce is a misnome r
when appli ed to the unbia s ed estim ate. Breim an says take you r pi ck
– and use the unbia s ed versi on if it is aest heti c a l ly ple asi ng to you.

Our main rea son for choosing to div ide by n is that this is mos t natural
and easy to teach , fo r av eragi ng wil l alrea dy hav e been int roduced as
a process of sum ming and divi ding by n. And then it doesn’t matt e r
whet her a giv en set of dat a is con sid ere d as a sample or a popula t ion
(o r neit her!) – the standard dev iation is the same nume rcal mea s ure
of dispersi on in eve ry case. Moreove r, for mulas for the cor rela t ion
coef fi cie n t are more straig htfor ward wit h n as div iso rs. (To be sure,
the t st atis ti c woul d have an n −1 in it; but this may be an advant age
becaus e it rem inds the student of the number of deg rees of fre e dom .)

Havi ng said all this , we may end up switching to n −1 ju s t to sel l
mo re books. But why shoul d we hav e to?

Be rnard W. Lin dg ren
School of Statis ti cs
Un ive rsity of Minneso ta
Mi nneapoli s, MN 55455
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8. Appendix 4 – A Bro a der Perspective on the S.p.d.

An earlie r discus sio n of the s.p.d. is giv en by Pet e r M. Hef fer nan in The America n St atist i cia n of May 8, 1988, Vol .42(#2),
page s 100-102, in an article entit led Ne w Me asures of Spre ad and a Simpler Formula for the Normal Dis tribution; the author
rais es the fol low ing matt e rs of int e rest. [Re grettably, this sou rce (or one like it) does not appear to be in the circumscr ibed sta-
tis ti c a l lexi con from whi c h mos t of the ple tho r a of introducto ry tex ts seem to draw their con tent.]

* Ne ar the bottom of pag e 100, a referenc e to Gin i, C.W. (1912) entit led Va ria bilit a e Mutabilit a in Studi Economi co-Glu ridici
Dell a R. Uni ver sit a di Cag liari, 3, par t 2, 1-1 58 appears to be a much earli er use of the s.p.d.

* In the left-hand colum n of pag e 101, the curiou s popula t ion s.p.d. dis cus s ed
in Not e 3 ove r leaf on pag e HL100.10 is said to be equ al to the (probabilis -
ti c) quantity δ in equation (HL100.15) [in our not ation] at the rig ht – se e also
equation (HL94.21) near the bottom of pag e HL94.7 in Statis ti c a l Highlig ht #94.

√δ = E[(Y1 −Y2)
2] -----(HL100.15)

* In the rig ht-hand colum n of pag e 101, a justific ation for the popula t ion s.d. ‘an omaly’ is the idea that a popula t ion of size 1 has
zero standard dev iation if s.d. is defi ned with a div iso r of −N, whe rea s the sample s.d. wit h divi sor n −1 is undefin ed when
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n = 1, in keepi ng wit h su ch a sample provi ding no infor mation abou t variation in the popula t ion from whi c h it was selected .
[This dis tin ction may be appealing mat hem ati c a l ly but is not usef ul statis ti c a l ly becau se it makes the (zero) differenc e of each
popula t ion ele ment from its elf par t of variation; it als o perpetuat es the popula t ion -sample s.d.‘an omaly’ – se e No te 3 bel ow.]

* As introduced in, for exa mple, Fig ure 5.1 of the STAT 220
Course Mat e ria ls , the probability density fun ction of the nor-
ma l dist rib u tio n is equation (HL100.16) at the rig ht. Usi ng
the s.p.d., it takes the sim p ler for m (HL100.17) [w ith δ as de-
fin ed in equ ation (HL100.15) ov erleaf on pag e HL100.9].
Off-setting this sim p ler for m is the los s of the vis u al int e rpret ation of σ as indicating the two poi nts of inflection of the p.d.f.

Interest e d re ade rs can con sul t the Hef fer nan article for fur the r discus sio n of the above fou r (a n d ot he r) matt e rs.

f(y) = 1 e− 1

2 ; −∞ < y < ∞
√2π σ

[y −µ]2

σ

g(y) = 1 e− ; −∞ < y < ∞√π δ
[y −µ]2

δ

-----(HL100.16)

-----(HL100.17)

NO TES: 3. An int e resting sid e-lig ht on the sample s.d. n −1vs n sag a aris es in the the fol low ing parag raph lowe r in the left-
hand colum n on pag e 100 of the article. [Its last sent enc e ap pears to refer, in par t, to the idea s des cribed in the
thir d poin t (*) ove r leaf at the bottom of pag e HL100.9 – see als o No te 4 bel ow].

The sprea d of a sample and the sprea d of a popula t ion are each defi ned to be the squ are root of a sim p le ave r age
of squ are d pair wis e differenc es. The distin ction s between the two measure s is that, in the case of a sample, we ave r-
ag e all n(n −1) ordered pairs of dis tin ct poi nts whe rea s, in the case of a popula t ion, we ave r age ove r all n2 ordered
pairs of poi nts inclu ding pairs con sis ting of a poi nt and its elf (the ext r a differenc es are all 0 but cau se the divi sor to
be inc rea s ed). This can be seen to be sensible. !

If we den ote the pro pos ed ‘popula t ion’ s.p.d. by spda (the ‘a’ indicates all pair wis e differenc es), the rela t ion s hip to ou r
s.p.d. int roduced on pag e HL100.1 is as giv en in equ ation (HL100.18) – our
s.p.d. wou ld hav e a den ominato r of n(n−1) if it were to be base d on all
distin ct or der ed pair wis e differenc es and the nume r ato rs are the same (as the parag raph reprint e d abov e poin t s ou t).
Thus, spda co rre sponds to s.d. wit h a div iso r of n, just as our spd co rre sponds to one wit h divi sor n−1 (a s also poi nted
ou t in the article’s nex t paragr aph). From a statis ti c a l perspectiv e, spda (w ith its inclu sio n of the n zero pair wis e ‘s elf ’-
differenc es) is a biz arre way of quantifyi ng variation and so spda fur the r discre dit s the idea of n (or −N) as a div iso r fo r
the standard dev iation – see als o equation (HL94.1 3) near the bottom of pag e HL94.6 in Statis ti c a l Highlig ht #94.

• Equation (HL100.18) sh ows that, for a popula t ion of −N elem e n t s , spda is the rig ht-mos t ex pre ssi on in equ ation
(HL100.14) on pag e HL100.8 and so als o is s.d.(Y

−)n =1 – recall the secon d poin t (*) ove r leaf on pag e HL100.9.

If it had been gen erally accep ted early on in statis ti cs that the re is (so m etim e s) more to calcula t i ng an ave r age than
divi ding a sum by its number of components, the oceans of ink (or, more recently, the acres of pixel s) dev oted (un -
profitably) to the n −1vs n sag a (a n d it s ap pendage, the bog u s popula t ion -sample s.d.‘an omaly’) cou ld hav e been
av oid ed. Accep ting that the process of ave r agi ng is not as straig ht-for ward as it appears at first sig ht sim p ly mir rors
ot he r situation s we encou nter rou tin ely. Sadly, insis ting on maint aining the sim p le vie w of ave r agi ng can set a use -
ful statis ti c a l in sig ht about its divi sor – unhel pfully name d ‘d egrees of fre e dom’ –  on a pat h to incon sis tenc y and
ab sur dity and, in doi ng so, tar nis h the image of the whole dis ciplin e.

spda = n −1
n spd√ -----(HL100.18)

4. Fur the r to the foregoi ng dis cus sio n [in par ticular, the secon d poin t (*) ove r leaf at the bottom of pag e HL100.9] is
the fol low ing parag raph from pag e 101 of the article; parag raphs whi c h fo llow it in the article pursue its idea s.

It seems rea son able to subtract the poi nts from themselves in defi ning the sprea d of a popula t ion, becau se we
wa n t this spre ad to equ al the sprea d of the random variable obtaine d by sampling from the popula t ion with rep lace-
ment. Sin ce sampling is wit h replacement, the same poi nt can be sampled more than onc e, so the ave r age ove r all
possib le pairs that cou ld be obtaine d by sampling from the popula t ion includes pairs con sis ting of a poi nt and its elf;
that is, the sprea d of the random variable reflects the sprea d of the popula t ion wit h self-differenc es in clu ded .

One problem here is that mat hem ati c a l consid eration s are drivi ng statis ti cs in an unhel pful direction. Sampling (re a l ly
sele cting) with replacement is sometimes a conve n ienc e (e ven a necessity) for mat hem ati c a l tract ability in the deve lop -
ment of statis ti c a l theory but, in the real world, it is selecting wit hou t replacement that is relev a n t, eve n if the re are
situation s where the differenc e between selecting wit h and wit hou t replacement has no meaning ful effect on Answe rs.

• A lim iting case is n = 1 when the re is no with/withou t replacement differenc e [n ote equ ation (HL100.14)].

A secon d matt e r is why the parag raph takes sampling as bei ng relevant to how (popula t ion) variation is qu ant ified
(a s distin ct from es tim ated); it may be that the same (or a rela ted) st atis ti c a l is s ue is involved as in the discus sio n
of equation (HL100.14) on pag e HL100.8 – see the bul let (•) above in Not e 3.
The parag raph als o se ems to encou rag e ig nor ing the help f ul data/probabilis ti c st andard dev iation dis tin ction.

At its heart, the s.d. n −1vs n sag a is abou t which among competing statis ti c a l is s ues is giv en primacy:

• how to calcula te an ave r age – sim p le or nuanc e d?

• how to quantify variation in popula t ion s and in samples – the same or a different way? usi ng s.d. or s.p.d.?

Despit e mu ch (not alw ays infor med) debate, statis ti cs seems to giv e prim acy to nuanc e d av eragi ng. This Highlig ht #100 justifie s
this choic e (u sing the s.p.d.) and descr ibes bot h how the competing issues can then pro perly be accom modat e d and diffic ulties
arising had a different choic e been made; it als o id e n tifie s st atis ti c a l is s ues whi c h, in this con tex t, are dis tractio ns to be avo ide d.
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