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ERROR : Comparison Error – Quant ifying a Tr eatment Effect under EPA in Experimental Plans

1. Backg round I – Cau sat ion in Statist ics: a Definit ion [o ption a l re ading]

To defi ne fo rmall y in statis ti cs what it means to say X− ca uses Y− in a (target) popula t ion, we state thre e cr iter ia:

(1) LURKING VAR I ATES: Ensure all oth er ex pla n ato ry variat es Z−1, Z− 2, ....., Z− k hold their (same) value s fo r ever y popula -
tion ele ment when X− = 0  and X− =1 (so m etim e s phrase d as: Ho ld all the Z− i fixed fo r .....).

(2) FOCAL VAR I ATE: Obse rve the popula t ion Y−-v a lue s , and calcula te an
ap pro priat e att rib u t e value, unde r two condition s:

. with ever y elem e n t havi ng X− = 0;

. with ever y elem e n t havi ng X− =1.

(3) ATTR IBUTE: At tribute(Y−, perhaps some of Z−1, Z− 2, ....., Z− k |X− = 0) ≠ At tribute(Y−, perhaps some of Z−1, Z− 2, ....., Z− k |X− =1);
thos e of Z−1, Z− 2, ....., Z− k in cluded in the att rib u t e will have the sa m e value s when X− = 0  and X− =1 unde r (1).

Fo r ex ample, the z value s mu s t be the sa m e when using lea st
squ are s estim ates [as giv en in equ ation (HL10 .1) at the rig ht] to
co mpare si mple lin ear reg res sio n sl opes when X− = 0  and X− =1.
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-----(HL10 .1)

2. Backg round II – Te rminology for Comparative Plans: The Pro toco l fo r Choosing Gro ups [o ption a l re ading]

The three criter ia defi ning what we mean by causation, rev i ewe d in Section 1 abov e, involve obs erving a popu lation un d er
two value s of the focal variat e: wit h all the ele ments havi ng X− = 0  and wit h all the ele ments havi ng X− =1. We try to approach
this ideal in a sa m p ling cont ext by hav ing two samples, one wit h it s un its havi ng X− = 0  and the othe r with its units havi ng X− =1;
each sample ‘repre sents’ the popula t ion unde r on e of the two con d ition s, in the usual statis ti c a l sens e of sample att rib u t es bei ng
es tim ates of respondent popula t ion attributes. When the two samples are co mpare d to quantify the change in (the ave r age of)
Y− co rre sponding to a change in X−, each non-focal exp lanato ry variat e mu s t have the sa m e value in bot h samples; other wise,
there is (li kely to be) comparison error. For comparative Pla ns for inv estig a t i ng rela t ion s hips, we dis tinguis h:

* an experimental Plan – a comparative Pla n in whi c h the invest iga tor (s) (actively) assig n the value of the focal variat e to
each unit in the sample (or in each block);

* an observat ion al Plan – a comparative Pla n in whi c h, for each unit selected for the sample, the focal exp lanato ry variat e
(pa ssi vel y) takes on its ‘natural’ value unin fluenced by the inv estig a tor(s).

This dis tin ction reflects two types of popula t ion s encou ntered in dat a-base d inve s tig a t i ng of rela t ion s hips.

• A popula t ion in whi c h all (or mos t) elem e n t s have on e value of a focal variat e of interest, whose value it is fe asible to change.
−− An exa mple is a new drug to tre at a ser iou s disease – no one wou ld alrea dy be tak ing the drug but it cou ld be giv en to some

particip ants (X− =1) and wit hheld from others (X− = 0) in a cli nical trial (an experimenta l Plan – see Not e 5 on pag e HL10 .2).

• A popula t ion in whi c h each ele ment has one of two (or more) value s (X− = 0, 1, .....) of a focal variat e of interest, whose
value it is not fe asible to change for any ele ment – see Not e 6 ove r leaf on pag e HL10 .2 and on pag e HL10 .3.

−− Inst anc es of such focal variat es are age, sex , marital status and income – their inv estig a t ion necessarily inv olves an ob-
servational Plan; change s in people’s die tar y or exe rci se habits can be impos ed but complia n ce is diffic ult to achieve.

It is inv estig a tors’ inability to assig n elem e n t s’ (or units’) focal variat e value s that rest ricts choic e of Pla n type and so weakens
ability to manage comparison error, as dis cus s ed in this Highlig ht #10 and (in more det ail) in Statis ti c a l Highlig ht #9.

Fo r co mparative Pla ns to answe r a Que s tion wit h a cau s ative aspect, the protocol for choosing gro ups specifie s whet her
the units of the sample wil l be selected so they for m gr oups that can be use d to reduce the lim itation impos ed on an Answe r(s)
by comparison error – relev a n t Plan components are show n in the schema at the rig ht bel ow.

* Bl ocking in an experimenta l Plan: for ming groups of units (the bl ocks) wit h the sa m e value s of one or more non -focal
ex pla n ato ry variat es; unit s within a block are then assig ned di ffere nt value s of the fo cal variat e. THUS:

Bl ock ing meets ‘lu rking variat es’ criter ion (1) for thos e non-focal exp lanato ry variat e(s) Z− i [the bl ocking fac tor(s)] ma de the
same wit hin each block. SO THAT:

Whet her the Que s tion involves estab -
li shing cau s ation or quantifyi ng a tre at-
ment effect, block ing pre vents con fou n ding of
the focal variat e with the Z− i ma de the same wit hin each
bl ock, reducing the lim itation impos ed on Answe r(s) by co mpariso n er ror.

Questio n aspect

des criptiv e

causative

ex per iment al Plan

obs ervation a l Plan

bl ock ed

unbl ock ed

matche d

unmatche d

equiprobable assig n ing

adequate repli c ating

• By hol d ing one or more Z−s fixe d within block s in an exper iment al Plan, block ing reduces variation in Y− and so has the
addition a l benefit of decre asi ng co mparing im pre cisio n.
−− This addit ion a l benefit of block ing is analog o us to that of stra tifying in reducing sa m p ling im pre cisio n, as indicated in

la st lin es of the two branches of the schema at the lowe r right of pag e HL10 .6 in Section 4. [This analog y is sometimes
in terpret e d as showing that stratifyi ng in sur vey sampling is merely an ins tanc e of block ing, but this interpret ation
(u nhelp f ully) dow nplays the different con tex ts and int ents of block ing and stratifyi ng.]

* Equiprob abl e assig ning (EPA) [r andom assig ning or randomization]: using a probabilis ti c me chanism (des cribed in the
protocol for choosing groups) in an experimenta l Plan to assig n the value s of the focal variat e with eq ual probability:
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++ across the units of each block in a block ed Pla n; ++ to each unit in the sample in an unbl ock ed Pla n.

Equiprobable assig n ing provi des a basis for theory whi c h rela tes comparing impre cisio n to lev el of repli c ating; thu s , EPA,
in conju nct i on wit h EPS and adeq uate rep licating, provi des for quantifyi ng comparing impre cisio n arising from unblock ed,
unknow n and unm e asure d non-focal exp lanato ry variat es and so allow s a par ticular inv estig a t ion to set group sizes whi c h
are likely to yield an Answe r(s) wit h li mit ation impos ed by comparison error that is accep table in the Que s tion con tex t.

* Matching in an ob ser vational Plan: for ming groups of units wit h the sa m e value s of one or more non -focal exp lanato ry
variat es but di ffere nt value s of the fo cal variat e. THUS:

Ma tching meets ‘lu rking variat es’ criter ion (1) [ov erleaf at the top of pag e HL10 .1] fo r thos e non-focal exp lanato ry variat e(s)
Z− i ma de the same wit hin each group. SO THAT:

Whet her the Que s tion involves establi shing cau s ation or quantifyi ng a tre atment effect, mat ching pre vents con fou n ding of
the focal variat e with the Z− i ma de the same wit hin each group, thu s de cre asi ng co mparing impre cisio n and so reducing the
li mit ation impos ed on Answe r(s) by co mpariso n er ror.

−− Su bdivi d i ng: a for m of matching us ed in an ob ser vational Plan in whi c h the each value of the focal variat e fo r the sample
un its is subdivided on the basis of the value s of one or more non-focal exp lanato ry variat es that may be confou n ded with the
focal variat e un d er the Pla n – see Table HL63.3 and its discus sio n on pag es HL63.4 and HL63.5 in Statis ti c a l Highlig ht #63.
We can think of subdividing as matching at an ag grega te (r ather than an in dividua l) leve l; subdivi ding the refore has the
sa m e st atis ti c a l benefit as mat ching for the non -focal exp lanato ry variat e(s) that are the basis for the subdivi ding.

If subdivi ding is goi ng to manage on ly one non-focal exp lanato ry variat e that is a (potentia l) sour ce of comparison
er ror, it may not be cos t ef fective to dev ote the resou rces needed to obtain the relev a n t addition a l data .

NO TES: 1. Whe re the defin ition s give n ov erleaf on pag e HL10.1 and above of block ing and mat ching refer to value s of non -
focal exp lanato ry variat es bei ng the sa m e, in practic e the value s may only be si mil ar.

2. The groups of ele ments (or units) are called blocks in an exper iment al
Plan but there is no such gen eral ter m in an obs ervation a l Plan; how-
ev er, when the groups con tain two elem e n t s (o r un its), they may be
refe rre d to as matched pai rs – see Table HL1 0.1 at the rig ht – but a
block of two ele ments (or units) may als o be refer red to as a‘p air’.

• A comparative Pla n involv ing pair ing is usually our first encou nter with the con cep t s of block ing or mat ching,
to illust r ate thei r role in managi ng comparison error.

Ta ble HL10.1

Te rminology for Comparative Plans
Plan Pro cess Gro up

Experiment al Bl ock ing Block
Obse rvation a l Ma tching (Ma tche d pair)

3. In desig n of exper iments (DOE), non -focal exp lanato ry variat e(s) made the same wit hin block s are called bl ocking
fa ctor(s); in dat a-base d inve s tig a t i ng to improve indust ria l proces s es, typi c a l bl ock ing fact ors are days , shifts, bat ches
of raw mat e ria l, machin e spin dles or filler hea ds, mou lding machin es, mou lds , or cav ities wit hin mou lds.

• The value s of a block ing fact or among block s sh oul d be chosen to make its sample att rib u t e (e.g., its ave r age or
dist rib u tio n) sim ilar to its respondent (or study) popula t ion attribute.

• An entity that is the same bot h within and among block s (li ke the measuring process) is not a block ing fact or
but is par t of what defines the study popu lation/pr ocess – for exa mple, dat a fo r an inv estig a t ion col lect e d on
on e day and on e production shift. If su ch facto rs as day or shift hav e an appre ciable effect on the respons e,
the lim itation impos ed on the Answe r by study er ror is more sev ere (co mparison error is traded for study error).

4. Just as equ iprobable se lec ting, in conjun ction wit h adeq uate rep licating, provi des a theoretical basis for quantifyi ng
the likely size of sample error when estim ating a (re spondent) popula t ion ave r age, so equ iprobable assign ing, in
conj u nctio n with both EPS and adequate repli c ating, provi des the sa m e benefit when estim ating an ave r age differ-
enc e in (two) popula t ion s in an exper iment al Plan. This and othe r parallel s between EPS and EPA are dis cus s ed
in Section 4 on pag e HL10 .6.

5. A specia l cl ass of comparative exper iment al inve s tig a t ion is a cl inical trial, use d in medical res earch to assess the
ef fi cacy of new for ms of tre atment (e.g., drugs, sur ger y); becau se the ele ments are humans, a technique called bl ind-
ing is use d (w here fea sib le) becau se of its statis ti c a l benefit s.
[To be blin d means not to know, for any ele -
ment, whether it is in the trea tment gr oup or
the control gr oup (which usually receiv es a
dum my tre atment known as a placebo)] . As
sh own in Table HL1 0.2 at the rig ht, bli nding is
us ed to manage comparison error and/or mea s uring inaccur acy, depending on the degree to whi c h it is (or can be) im-
plem e n ted – for ins tanc e, bli nding of par ticip ants is often not fe asible when the focal variat e involves exe rci se lev el or die t.

Ta ble HL10.2
Bl inding of .... Short name Statist ical benefit

Particip ants Single bli nd Reduced risk of co mpariso n er ror

Tr eat ment adm inist r ato rs Doub le bli nd Reduced risk of co mpariso n er ror

Tr eat ment assessors Triple bli nd Reduced measur ing inaccurac y

6. For ‘focal variat e’ criter ion (2), the re are focal variat es (li ke age and sex) whose value s cannot be assign e d to ele -
ments by the inv estig a tor(s) in an exper iment al Plan. For such variat es, we avo id the strong er langu age of sayi ng
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ERROR : Comparison Error – Quant ifying a Tr eatment Effect under EPA in Ex... Plans (continue d 1)

NO TES: 6.
(c o nt.)

in cre asi ng age causes los s of vis ual acuity in fav o ur of in cre asi ng age is asso ciated with los s of vis ual acuity.

• Su ch association s are impor tant in con tex ts like dis crimination by sex or race whe re, for exa mple, we com -
pare the relev a n t popula t ion pro por tio n with the pro por tio n of women or a racia l gr oup in an emplo ym e n t or
ot he r catego ry. Causation (in the sense of our three criter ia giv en in Section 1 on page HL1 0.1) by sex or race
is not the issue wit h su ch association s, becau se the re is no int entio n to change the value of the focal variat e.

−− We may als o speak of the re aso n (r ather than the ca use of ) why a popula t ion subgr oup is unde r- or ove r-
repre sent e d – for exa mple, in an emplo ym e n t cont ext we may con sid er relev a n t qu ali fica tions.

• Some focal variat es (li ke cig arette smoking) cannot et hically be assig ned to hum an units, whi c h im pos es lim i-
tation s that arise from usi ng anima l un its in an exper iment al Plan or hum an units in an obs ervation a l Plan.

Thes e matt e rs are pursued in a dis cus sio n of Sim pson’s Paradox in Statis ti c a l Highlig ht #51.

• The ideal of criter ion (2) ign ore s any ti m e differenc e between the realiz ation of the two con d ition s X− = 0  and
X− =1. In actual inv estig a t ion s, the two groups (us u ally samples) wit h un its havi ng X− = 0  and X− =1 are obser ved
concurrently but, in a cross -ov er Pla n (li ke the oat bran inv estig a t ion des cribed in Not e 3 on pag e HL9.6 in
St atis ti c a l Highlig ht #9), the re is a tim e differenc e between X− = 0  and X− =1 for bot h half samples; any change s
in unit s’oth er ex pla n ato ry variat es value s ov er tim e may then be a sou rce of comparison error.

3. Experimental Plans – Quantifying a Tre atment Effect Under EPA [The tit le matt e r of this Highlig ht #10 .]

To illust r ate pro per tie s of experimenta l
Plans (and then con trast them wit h thos e of
obs ervation a l Plans) , hy pot heti c a l data for a
re spons e variat e Y− are giv en in Table HL1 0.3
at the rig ht for a respondent popula t ion of six
elem e n t s un d er two value s [a s sig ned by the inv estig a tor(s)] of a focal variat e X− – the tre atment effect
(the change in the ave r age of Y− fo r un it change in X− when all the Z−s rem ain fixe d) is 0.3 units, the
av erage of (widely-var ying) ef fects of changi ng X− fo r the indivi d ual ele ments. The data in Table
HL10 .3 are als o sh own in diagr am (1) at the rig ht; the value of a lur king variat e Z− give n besi de
each dot rem inds us that, for our initia l discus sio n, changi ng X− does not affe ct the value of Z− [but see the com ment in the secon d
bullet (.) beginning at the bottom of this pag e HL10 .3]. The popula t ion ave r age s when X− = 0  and X− =1 are show n as sho rt hor i-
zont al li nes; the differ ing not ation use d fo r thes e av erage s between diagr ams (1) [abov e] and (2) [at the cent re rig ht of pag e HL9.2
in Statis ti c a l Highlig ht #9] is to empha size the distin ction bet ween exper iment al Plans [where the invest iga tor (s) assig n each ele -
ment’s X− value (un d er EPA)] and obs ervation a l Plans [where each ele ment has its ‘natural’X− value uninflue n ced by the inv estig a tor(s)] .

Ta ble HL1 0.3: Re spondent Popul ation Responses (−N =  6)

Element no. 1 2  3 4 5 6 Av .

X− = 0  0.9 1.5 1.8 3.6 3.9 4.5 2.7
X− =1 1.2 1.5 2.4 3.3 4.2 5.4 3.0

Tr eatment effect 0. 3 0 0.6 −0. 3 0. 3 0.9 0.3

(1)
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Ta ble HL1 0.4 at the rig ht bel ow (w hich is unbl ock ed – see Not e 7 ove r leaf on pag e HL10 .4) sh ows the twenty pos sib le assig n-
ments of the six popula t ion ele ments whose dat a are giv en in Table HL1 0.3 above, tog ether with thei r re spons e variat e av erage s ,
treatment effect and comparison error; for exa mple, the first lin e of Table HL1 0.4 shows:

• elem e n t s1, 2 and 3 assig ned X− = 0  (often called the ‘cont rol group’)
with ave r age respons e 1.4,

• elem e n t s 4, 5 and 6 assig ned X− =1 (the ‘treatment group’) wit h
av erage respons e 4. 3,

• fo r this assig nment, an estim ated treatment effect y−1 − y−0 is 4. 3 −1.4
= 2.9,

• fo r this assig nment, comparison error of 2.6 – the differenc e be -
tween the estim ated and true tre atment effects, 2.9 and 0. 3;

the five ave r age s at the bottom of Table HL1 0.4 hav e meaning only
if all 20 assig nments are eq uiprobable (as they are unde r EPA).

[The last colum n of ten value s in it ali cs at the rig ht of Table HL1 0.4 is
discus s ed in the secon d bullet (.) bel ow and ove r leaf on pag e HL10 .4.]

The ave r age s at the bottom of Table HL1 0.4 illust r ate sev eral
matt e rs of statis ti c a l in terest about EPA and (in cid e n tally) about EPS.
. un d er EPA, the ave r age tre atment effect ove r the 20 pos sib le

assig nments is the true value, 0. 3, SO THAT:

. un d er EPA, the ave r age comparison error ove r the 20 pos sib le
assig nments is zero – that is, the re is unbia s ed estim ating of the
treatment effect; HO WEVER:

−− if lur king variat e Z− and the respons e variat e Y− are a (so -called)

Ta ble HL1 0.4: Dat a fo r the Set of All 20 Equ iprob abl e
Assignments of the 6 Ele m e nt in Table HL1 0.3 above

Av erage s Tr eatment Comparison
X− = 0 X− =1 X− = 0 X− =1 effe c t er ror

(1, 2, 3) (4, 5, 6) 1.4 4.3 2.9 2.6 2.8

(1, 2, 4) (3, 5, 6) 2.0 4.0 2.0 1.7
(1, 2, 5) (3, 4, 6) 2.1 3.7 1.6 1.3 1.5

(1, 2, 6) (3, 4, 5) 2. 3 3. 3 1.0 0.7 0.9

(1, 3, 4) (2, 5, 6) 2.1 3.7 1.6 1.3
(1, 3, 5) (2, 4, 6) 2. 2 3.4 1.2 0.9 1. 1

(1, 3, 6) (2, 4, 5) 2.4 3.0 0.6 0.3 0.4

(1, 4, 5) (2, 3, 6) 2.8 3.1 0.3 0
(1, 4, 6) (2, 3, 5) 3.0 2.7 −0. 3 −0.6
(1, 5, 6) (2, 3, 4) 3.1 2.4 −0.7 −1.0 −0.8

(2, 3, 4) (1, 5, 6) 2. 3 3.6 1.3 1.0
(2, 3, 5) (1, 4, 6) 2.4 3.3 0.9 0.6 0.8

(2, 3, 6) (1, 4, 5) 2.6 2.9 0. 3 0 0.2

(2, 4, 5) (1, 3, 6) 3.0 3.0 0 −0. 3
(2, 4, 6) (1, 3, 5) 3. 2 2.6 −0.6 −0.9
(2, 5, 6) (1, 3, 4) 3. 3 2. 3 −1.0 −1. 3 −1. 1

(3, 4, 5) (1, 2, 6) 3.1 2.7 −0.4 −0.7
(3, 4, 6) (1, 2, 5) 3. 3 2. 3 −1.0 −1. 3
(3, 5, 6) (1, 2, 4) 3.4 2.0 −1.4 −1.7 −1.5

(4, 5, 6) (1, 2, 3) 4.0 1.7 −2. 3 −2.6

Element nubers

Av . 2.7 3.0 0.3 0 0.1
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−− co mmon respons e to X− [c ase (10) (s how n ag ain at the rig ht) of the causal structure s
on pag e HL59.1 in Statis ti c a l Highlig ht #59 and see Not e 2 on pag e HL64.3 in Sta -
tis ti c a l Highlig ht #64], this unbia s edn ess is los t, as the fol low ing illust r ation shows.

Sup pos e the change in Z− (r esulting from the change in X−) caus es elem e n t 4 (with Z− = 3) to have a respons e of 3.9 and
an app are n t ef fect of 0. 3 in stead of its ‘tr ue’ value of −0. 3 – for sim p licity, we assume the othe r fiv e elem e n t s (w ith Z−
value s oth er than 3) stil l have the effects giv en for X− =1 in Table HL10. 3. The 10 assig nments inv olv ing elem e n t 4
with X− =1 then have their ave r age s in cre ase d by 0. 2, as do the cor responding comparison error value s (give n in it ali cs
in the last colum n of Table HL1 0.4); the aver age of the twen ty co mparison error value s is then 0.1 in stead of zero, in-
dicating bia s ed estim ating of the tre atment effect.

If ele ments othe r than 4 were to also have their respons es when X− =1 change d by the change in Z−, some of thes e
change s might be in opp osi te direction s, res ulting in some ca ncell ation and a sm aller (c onc eiv ably zero) mag n itude for
the comparison error of the particular assig nment; howeve r, the estim ating bia s (the aver age co mparison error ove r
the set of all possib le assig nments) is unlikely to be meaning ful ly change d by such (fo rtuit ou s) canc ellation.

(10)
Z−

X−
Y− X−

Z−
Y−

• The ave r age of the set of 20 samples of three ele ments (or units) wit h a giv en X− value is the relev a n t popu lation av erage –
se e the rig ht-hand colum n of Table HL10 .3 ove r leaf on pag e HL10 .3 – this is unbia s ed estim ating of a respondent popula t ion
av erage unde r EPS (se e also Statis ti c a l Highlig ht #21 and more det ail on pag es HL1 9.1 and HL1 9.2 in Statis ti c a l Highlig ht #19).

Thus, exper iment al Plans provi de unbia s ed estim ating of the tre atment effect unles s on e or more of the lur king variat es Z−1, .....,
Z−k and the respons e variat e Y− are a com mon respons e to the focal variat e X−; if this state of affairs is unco mmon in practic e,
an exper iment al Plan usually avo ids such bia s ed estim ating. [Bl ock ing fact ors are cle arly not su ch a com mon respons e becaus e
they are hel d fixed when X− is change d – recall Not e 3 on pag e HL10 .2.]

NO TES: 7. If the respons es in Table HL1 0.3 ove r leaf on pag e HL10. 3 we re re al data, the Answe r abou t the value of the tre at-
ment effect cou ld be made more useful by managi ng the sub stantia l variation among the ele ments’ effects – e.g.,
by block ing to decre ase comparing impre cisio n [r ecall the com ment (•) near the bottom of pag e HL10 .1].

8. To avo id confou nding, ‘lu rking variat es’ criter ion (1) in Section 1 at the top of pag e HL10 .1 requi re s the ideal of all
non-focal exp lanato ry variat es Z− i holding their value s fo r ever y popula t ion ele ment when X− = 0  and X− =1.

• Bl ock ing meets this criter ion but on ly fo r the Z− i that are block ing fact or(s) .

• Prov ide d there is no com mon respons e of Z−1, ....., Z−k and Y− to X−, EPA addre sses criter ion (1) for the oth er un -
bl ock ed, unm e asure d and unknow n lu rking Z−s but it does so only under rep etition – mak ing their dist rib u-
tion s (n ot their value s in dividua lly) the same on aver age across ele ments when X− = 0  and X− =1.

−− The pr obabi lis tic nature of equ iprobable assig n ing means that, eve n in conjun ction wit h adequate repli c ating,
it cannot gu ara ntee (r oug hly) the same dist rib u tio n among groups for ever y un block ed, unm e asure d and un-
know n non-focal exp lanato ry variat e – unde r a particular assig nment, some such dis tributio n(s) may differ
subs tantia l ly among the groups bei ng co mpare d; howeve r, the degree of the res ulting lim itation impos ed on
Answe r(s) by comparison error becomes:
++ more accep table as the lev el of repli c ating (i.e., the group sizes) inc rea s es;
. less accep table as the number of lur king variat es (whos e ef fects are to be ‘bala n ced’) inc rea s es.

−− There may sometimes be dat a av a ila ble on one or more Z− i that allow some assessment of the balanc e in the
assig nment obtaine d un d er EPA in a particular inve s tig a t ion. Two illust r ation s fr om cli nical trials are:
++ in the usual situation whe re par ticip ants’sex is recorded, it is pos sib le to che ck how clo se the fem ale -ma le

ratios are in the con trol and tre atment groups (and how clo se bot h are to the ratio in the study popula t ion);
when par ticip ants’ age is recorded, the aver age ag e in the con trol and tre atment groups can be compare d.

Depending on how early in an inv estig a t ion any (meaning ful) imbala n ce is identifie d, inv estig a tor(s) may :

++ re -do the equ iprobable assig n ing, OR:

++ us e the Analys is stage of the FDEAC cycle to try to red res s the effect(s) of the imbalanc e.

Comp aring aver age ag e (s ay) is a che ck for sim ilar age dis tributions among the groups but a lim itation on
Answe r(s) due to comparison error rem ain s becaus e dist rib u tio ns wit h di ffere nt sh apes or widt hs may hav e
the sa m e (o r si milar) ave r age s.

−− Othe r (undesir able) langu age sometimes used to des cribe how EPA addre sses criter ion (1) on pag e HL10 .1 is:
EPA in conjun ction wit h adequate repli c ating, tries to re move associa tion (o r pr oduce ‘in dep enden ce’) bet ween
the focal variat e and unblock ed, unm e asure d and unknow n non-focal exp lanato ry variat es.

EPA epi tomizes the active nature of exper iment al Plans and, in addre ssi ng cr iter ion (1) for unblock ed, unm e asure d
and unknow n non-focal exp lanato ry variat es, confers (un d er repetit ion) a unique advant age on exper iment al Plans
ov er obs ervation a l Plans; probability assig n ing is what mos t cle arly dis tinguis hes the two Pla n types.

9. Statis ti cia ns hav e argued about whet her EPA is ‘ne c essar y and/or suf fi cie n t’ in an exper iment al Plan to establi sh a
ca usa l rela t ion s hip between X− and Y−. The disagreements are resolved when it is recog n ized that:

• EPA operates pr obabi lis tically and in conj unction with adequate repli c ating – as dis cus s ed in Not e 8 above,
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non-focal exp lanato ry variat es may differ in their value s , among the groups bei ng co mpare d, to a deg ree that can
meaning ful ly change the Answe r un d er the assig nment obtaine d in a particular inve s tig a t ion – for ins tanc e,
in Table HL1 0.4 on pag e HL10 .3, the first and last assig nments have comparison error of sub stantia l magnitude
in the con tex t of the hypot heti c a l data in Table HL1 0.3 on pag e HL10 .3;

• the math ematical la ng uag e of necessity and suffici ency is inap pro priat e in the con tex t of inve s tig a t ive un cer tai nty
and so a statement like eq uiprobable (or ‘ra n dom’) assig ning is nei ther neces sar y nor sufficient to esta b lish causa-
tion may be true but is unhel pful becau se it can obs cure the fol low ing two matt e rs:

−− proper use of statis ti c a l methods does not gu ara ntee a ‘co rre ct’Answe r – it merely makes an Answe r li kel y
to be clo se enoug h to the actual state of affairs to be useful (i.e., pro per use of statis ti c a l methods yields an
Answe r with acce pta b le li mit ation s);

−− improper use of statis ti c a l methods does not gu ara ntee a ‘wrong’ answe r – it may (occasio nally) yield a ‘c or-
re ct’Answe r; for ins tanc e, a respons e variat e mea s ure d inaccur ately or inco rre ctly on a sample of on e un it
may hap pen to be clo se (conc eiv ably eq ual) to the value of the respondent popula t ion ave r age.

It is diffic ult to dev elo p a min d-set in whi c h thes e matt e rs are rou tin ely recog n ized; the diffic ulty is compoun d ed
by that of framing in Englis h cle ar and cor rect statements that deal wit h un cer tain ty in statis ti cs.

• It is als o challengi ng rou tin ely to recog n ize and expre ss the fact that, in statis ti cs, we quantify unc e rtain ty on ly
in ter ms of beh aviour unde r re pet it i on – Answe r(s) obtaine d in a particular inve s tig a t ion re mai n un cer tain, as
refle cted by their lim itation s. Li mit ation s on Answe rs are unav oidable when using inco mplet e infor mation,
which arises mos t obviously in statis ti cs from the processes of sampling and measuring.
−− The idea of lim itation s also reminds us to avo id phrases like th e va lidity of a cau sal infer ence in stead of (dis-

ci p lin ed) us e of the ter min ology of comparison error to reflect one sou rce of inv estig a t ive unc e rtain ty.

REFERENCE: Sprott, D.A., R.M. Roy all in Re ce nt Con cep ts in Sta tis tical Infer ence. Proceedings of a Symposium in
Ho nou r of Profe sso r V.P. Godambe, Unive rsity of Wat e r loo, Aug u s t 14 -16 , 1991, Randomization Dis cus sio n.

10 . Tw o il lust r ation s of the matt e rs in Not e 9 above in the con tex t of non-probability assig n ing are:

Prog ram 12 of Ag a inst All Odds: Inside Sta tis tics des cribes (abou t
14 min utes into the vid eo) a cli nical trial of ribav irin as tre atment
fo r a pre -AIDS con d ition, swollen lymph nodes; the data for the
thre e gr oups are show n in Table HL1 0.5 at the rig ht. The decrea s-
ing number of cases that progres s ed on to AIDS wit h in cre asi ng daily
ribavi rin dos e in d i c ated it was an effective tre atment. Lat e r, it transpi red that ribav irin is not ef fective – the data
we re an artifact of the sicke s t patients bei ng assig ned to the con trol group and the healthie s t to the group re-
ceiv ing the hig her dos e of ribav irin.

Ta ble HL10.5: Rib avirin Trial Dat a
RIBAVIR IN (mg/day)

0 600 800

Group size 52 55 56
Prog res s to AIDS 10 6  0

. Scurvy is a dis ease cau sed by a defi cie n cy of vit amin C in the diet ; it is charact e rized by deb i lity, blood change s ,
spongy gums and hemo rrhag es in bodily tis s ues. Up to the nineteent h centur y, it was com mon among sailo rs
on long voy age s , soldiers on campaig n, inhabitants of beleagure d cities and in other such situation s where fre sh
fr uit and/or vege table s in the diet were abs ent or ins ufficie n t. As illust r ation s:
−− du ring Anson’s circumnav igation voy age in 1742-1744 (a per iod pr ior to Lin d’s 174 7 inve s tig a t ion des cribed

below) , at lea st 380 of a crew of 510 on one of his six ships die d of scurvy; BY CONTRAST:

−− on his secon d vo yag e in 1772-1775, cov ering 70,000 miles ove r mo re than 1,000 days , Cook (who knew of
Li nd’s inv estig a t ion and act e d on it) lo st only 3 men to accid e n t s and 1 to ‘cons ump tion’ from a crew of 118 .

. Li nd had direct exper ienc e of scurvy becau se he first went to sea wit h the Britis h Navy in the lat e 1730s; he
spent many years inv estig a t i ng its caus e. Our in terest in Lin d’s wor k is becau se, in 174 7, he use d an experi-
menta l Plan to inv estig a te pos sib le tre atments; dur ing a voyage whi c h in clu ded a ten-we ek abs enc e fr om sho re
and in whi c h 80 of a crew of 350 saili ors were str uck dow n by scurvy, Lin d us ed a sample of 12 sailo rs wit h
scur vy, whi c h he divi ded into groups of two for administ e ring the fol low ing six daily tre atments:
−− two quarts of cid er; −− half a pin t of sea wat e r; −− two orang es and one lem on;
−− 25 dro ps of eli xir of vit riol; −− si x spoonf ulls of vin egar; −− a garli c, must ard seed, balsam and myr rh

gum ele ctuar y.
Parts of Lin d’s des criptio n of his inve s tig a t ion, from the referenc e ov erleaf on pag e HL10 .6, are:

On the 20th of May, 174 7, I took twelve patients in the scurvy, on board the Sa lisbury at sea . Thei r ca s es we re as
si milar as I cou ld hav e them . They all in gen eral had putrid gums, the spots and lassitude, wit h we a ken ed kne es.
They lay tog ether in one place, ..... and had one die t co mmon to all, ..... . Tw o of the worst patients, wit h tendons
in the ham rig id, (a symp t o m none of the rest had), were put unde r a cou rse of sea -wa ter. .....
The con seque n ce was, that the mos t su dden and visib le good effects were perceiv ed for the use of the orang es and
le mon s; on e of those who had taken them, bei ng at the end of six days fit for duty. ..... The other was the best re-
cove red of any in his con d ition; ..... .
Next to the orang es, I thoug ht the cyder had the best effects. ..... those who had taken it, were in a fairer way of re-
cove ry than the othe rs at the end of a for tnight, whi c h wa s the lengt h of time all thes e different cou rses were con -
tin ued, exc ept the orang es. .....
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As to the eli xir of vit riol, I obs erved that the mou t hs of those who had use d it by way of gargling, were in a much
cle a ner and better con d ition than many of the rest, especia l ly those who used the vin egar; but perceiv ed other wise
no good effects from its int e rnal use upon other symp t o ms. .....
There was no rem arkable alt e r ation upon those who took the ele ctuar y, the sea -wa ter, or vin egar, upon comparing
thei r condition, at the end of the for tnight, wit h ot he rs who had taken not hing but a lit tle lenative ele ctuar y and
cream of tar tar, ..... .
It may be now pro per to confi rm the effic acy of thes e fr uits (orang es and lem ons) by the exper ienc e of others.

. In the con tex t of the Con clu sio n st age of the FDEAC cycle, becau se Lin d obtain ed what is now known to be
a correc t Answe r, it is easy to ove r look the sev ere li mit ations on his Answe r im pos ed by:
−− the sma l l sample size of 12 sailo rs;
−− the non -probability selecting: likely conven ien ce sele cting of sailo rs who were on the ship and had scurvy;
−− the non -probability assig n ing – not surprisingly, the re is no mentio n by Lin d of the ‘mode rn’ idea of proba -

bility assig n ing (e.g., EPA) but some implication of judg ement assig n ing in the descr iptio n quot e d abov e.

REFERENCE: Tr öhler, U. (2003). James Lin d and scurvy: 174 7 to 1795. The James Lin d Li brary (www.jamesli ndlib r ary.org).
Re pub lis hed in the J. Roy. Soc. Medicin e 98: 51-522 (2005). [DC Lib r ary call number: PER R35.R7]

4. Backg round III – Equiprob abl e Selecting and Equ iprob abl e Assigning [o ption a l re ading]

* Equiprob abl e sele c ting (EPS): all samples of size n units from a (re spondent) popula t ion of size −N un its have probability
1/(−N

n) of bei ng sele cted . [This defi nit ion implie s that all popula t ion unit s have the sa m e sample inclu sio n probability, n/−N.]

* Equiprob abl e assig ning (EPA): using a probabilis ti c me chanism (des cribed in the protocol for choosing groups) in an ex-
perimenta l Plan to assig n the value s of the focal variat e with eq ual probability:
++ across the units of each block in a block ed Pla n; ++ to each unit in the sample in an unbl ock ed Pla n.

[There is more det ail abou t thes e defin ition s on pag e HL21. 3 in Statis ti c a l Highlig ht #21 and on pag es HL1 0.1 and HL1 0.2.]

Our eq uiprobable sel e cting is usually simp le ran dom selecting (o r sampling) or random selecting (o r sampling) el sew here;
ou r eq uiprobable assig ning is random assig ning or randomization el sew here.

Si milarit ies of equ iprobable se lec ting and equ iprobable assign ing, as components of the processes of sampling and (ex per i-
ment al) co mparing, are por traye d by two tre e diag rams in the schema at the rig ht bel ow.

• Inve s tig a t ion s involv ing co mparing (to answe r a Que s tion wit h a ca usa tive aspect) us u ally inv olve sa m p ling; inv estig a t ion s
involv ing sa m p ling to answe r a Que s tion wit h a descript ive aspect need not involve co mparing.

• Prob ability selecting means hav ing known un it inclu sio n probabilit ies in the selecting process; int roducto ry statis ti cs cou rses
em pha size eq uiprobable selecting as the basis of statis ti c a l theory for the beh aviour of sa m p le er ror unde r repetit ion.

−− He re, we coi n the ter m prob ability assig ning fo r havi ng known assign ing probabilit ies; we encou nter mainly the speci al
ca s e of eq uiprobable assig n ing, and we hope fo r a for tun ate outco m e of (roug hly) equ al numbers of units in the groups
(e.g., con trol and tre atment) being compare d.

++ Analog o us to EPS, EPA is the basis of statis ti c a l theory for
the beh aviour of co mpariso n er ror unde r repetit ion – see the
discus sio n on pag es HL1 0.3 and HL1 0.4 of Table HL1 0.4.

++ Su rprisingly, ‘probability assig n ing’is not currently
us ed els ewhe re, perhaps reflecting sep arate dev e-
lo pment of the two large statis ti c a l area s of sur-
ve y sampling and desig n of exper iments.

−− St atis ti c a l theory is used in the estim ating branches
of the two tre e diag rams in the schema at the rig ht;
thes e branches are par t of the Analys is stage of the
FDEAC cycle.
++ Sele cting/assig n ing probabilit ies as the basis of

the theor y us ed for estim ating is not ewo rthy.

−− The last two lin es of the schema at the rig ht re-
mind us of the analog o us role s of stratifyi ng and
bl ock ing in sampling and comparing ; this analog y is sometimes int e rpret e d as showing that stratifyi ng in sur vey sampling is
me rely an ins tanc e of block ing, but this (unhelp f ully) dow nplays the different con tex ts and int ents of block ing and stratifyi ng.

SAMPLING COMPAR ING
(Protocol for selecting units) (Protocol for choosing groups;

protocol for setting lev els)

Sele cting Estimating As sig n ing Estimating

Probability Othe r Probability Othe r

Equal
(EPS)

Unequal Equal
(EPA)

Unequal

St atis ti c a l theory for:

• un biase d estim ating

• im pre cisio n repli c ating<= =>

• confid e n ce int e rval expre ssi ons

Stra tifying can decrea s e
sampling impre cisio n

Bl ock ing can decrea s e
co mparing impre cisio n

• As shown picto ria l ly at the rig ht, a com mon theme of EPS and
EPA is div iding a group of ele ments into subgr oups that are likely
to be si mil ar en oug h under adequ ate rep licating fo r the respec-
tive lim itation s im pos ed on Answe r(s) by sample error and by
co mparison error to be accep table in the inv estig a t ion con tex t.

−− When se lec ting the sample, the group of ele ments is the respondent
popula t ion, the subgr oups are the units not sele cted and the sample.

Equiprob abl e sele c ting Equiprob abl e assig ning

Re spondent
popula t ion

Un its not
sele cted

Sa mple

(Si milar)

Sa mple

Cont rol
gr oup

Tr eat ment
gr oup

Si milar Si milar
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