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_________________
_________________

ERROR : Bias and Rms Error

Fo ra random variableY and some con stant c (and whe re ‘E’den otes probabilis ti c‘e xpect ation’) , we hav e:

E{[Y− c]2} = E{[E(Y) − c +Y− E(Y)]2} = E{[E(Y) − c]2+ [Y−E(Y)]2
+ 2[E(Y) − c][Y−E(Y)]}

= E{[E(Y) − c]2} + E{[Y−E(Y)]2} + 2E{[E(Y) − c][Y−E(Y)]}
= [E(Y− c)]2

+E{[Y−E(Y)]2} + 2[E(Y) − c]E[Y−E(Y)]
i.e., E{[Y− c]2} = [E(Y− c)]2

+ [s.d.(Y)]2
becaus eE[Y−E(Y)] ≡ 0.

If we now think of Y as a random variable whose dis tributio n repre sents the pos sib le value sof a resp onse var iate Y− and c as a
true value, the left-hand sid eof equation (HL7. 1) is ame an squ are d er ror andE(Y− c) in the first ter mon the rig ht-hand sid e
is abias; we can the refore int e rpret equ ation (HL7. 1) as:

mean squ are der ror = bia s2 + standard dev iation2.

-----(HL7. 1)

-----(HL7. 2)
Ta king the squ are root so we are wor king on thesa m e scale as the variat erepre sent e dbyY, theroot mean squ are d er ror is:

rms error = bia s2 + standard dev iation2.
Thus, the rms error is on e conc ept that co mbi nes the two model quantit ies of bia sand(probabilis ti c) standard dev iation, or it
can be use das a model for the two cor responding real-world entit ies of inaccur acy and impre cisio n.

-----(HL7. 3)√

Equation (HL7. 3) prov ides usef ul insig hts about bia sand variation in the con tex t of sur vey sampling (to answe ra Que s tion
with adescript ive aspect); different cases depend on how broad our focus is in ter ms of wh ich tr ue value c repre sents.

* The nar rowe s tfocus is measur ing when c is the true value of the respons evariat eY−; equ ation (HL7. 3) is then:

mea s uring rms error = mea s uring bia s2 + mea s uring standard dev iation2.

* Fo rmea s uring and sampling, c is the true value of theresp onden t popula t ion attribute of Y− and then:

mea s uring and sampling
rms error

= mea s uring + sampling bia s2 + mea s uring and sampling standard dev iation2;

NO TE: 1. Mea s uring and sampling
st andard dev iation

= mea s uring standard dev iation2 + sampling standard dev iation2.

* Fo rmea s uring and sampling and non-re sponding ,c is the true value of thestudy popula t ion attribute of Y− and then, unde r
ou rassump tion that non -re spons eis determinis tic (not stocha stic – see Not e3 bel owand ove r leaf on pag eHL7.2):

mea s uring and sampling and measuring + sampling
non-re sponding rms error = + non -re sponding bia s2 + mea s uring and sampling standard dev iation2.

* Fo rmea s uring and sampling and non-re sponding and specifyi ng, c is the true value of thetarget popula t ion attribute of Y−
and then, unde rou rassump tion that speci fyi ng the study popula t ion als o is determinis tic:

mea s uring and sampling mea s uring + sampling
and non -re sponding and = + non -re sponding +mea s uring and sampling standard dev iation2.

studyi ng rms error +studyi ng bia s2.

-----(HL7.4)

-----(HL7. 5)

-----(HL7.6)

-----(HL7. 7)

-----(HL7.8)

√

√

√

√

√

NO TES: 2. In print e dmater ials other than thes eSt atis ti c a lHighlig hts (e.g., see Cochran, p.15), equ ation (HL7. 1) [o r (HL7. 2)] is
is usually dis cus s ed only wit h re spect to es tim ating bia s. Althou gh we hav erela t ive ly li ttle to say about estim ating
bia sin thes eSt atis ti c a lHighlig hts, it is useful to recog n ize the fol low ing [se ealso Statis ti c a lHighlig ht #21]:

• Estimating bias (a model qu antity) is the differenc ebetween the mean of an estim ato r and the value of the
co rre sponding popula t ion attribute (or model parameter – see the schema in Not e5 ove r leaf on pag eHL7. 2);
fo r ex ample, unde rEPS:
−− the random variableY−repre senting the sample aver age y− is an unbia s ed estim ato r of the respondent popu -

la t ion ave r ageY−− becaus eE(Y−) =Y−− or E(Y−) −Y−− = 0; BUT

−− the sample ratio r = y−/x− is abi ase d estim ato r of the respondent popula t ion ratio −R =Y−−/X−− becaus eE(R) ≠ −R
or E(R) −−R ≠ 0, and likew ise for S as an estim ato r of the respondent popula t ion (data) standard dev iationS−
(a lthou gh S2 is an unbia s ed estim ater of S−2) [e.g., see the top and bottom of pag eHL77.5 in Section 5 and
Appendix 3 on pag eHL77.9 in Statis ti c a lHighlig ht #77].

• The rms error of an estim ato r is of interest becau se, while we prefe r anunbia s ed estim ato r of a popula t ion attri-
bute, the re are tim e swhen abi ase d estim ato r ha sonly sm all bia sand appre ciably sm aller st andard dev iation
than an availa ble unbia s ed estim ato r; we may then prefe r the bia s ed estim ato r with sm aller rms error.

• Unli ke (re a l-world) in accur acy, estim ating bia s decrea s esin mag n itude wit h in cre asi ng sample size – see, for
ex ample, Not e21 starting near the bottom of pag eHL77.9 in Statis ti c a lHighlig ht #77.

REFERENCE: Cochran, W.G.: Sa m p ling Techniquies. Thir d edit ion, John Wiley & Son s, New Yor k, 1977, ISBN 0-471 -16240 -X.

3. Whi c helem e n t sof the study popula t ion fall in the respondent and non -re spondent popula t ion sdepends on the in-
ce ntives offered for respons e– different inc entiv es wil l pres umably, in gen eral, res ult in di ffere nt sets of the study
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#HL7. 2

NO TES: 3.
(c o nt.)

popula t ion ele ments in the two popula t ion s. Fo r gi ven in centiv es for respons e(a sspecifie d in the protocol for
sele cting ele ments in aparticular inve s tig a t ion), statis ti c a ltheory to manage non -re spons eer ror can be base don:

• a de t erministic model – a giv en ele ment wil l always ma ke thesa m e de cisio n abou twhet her or not to respond; OR:

• a stochast ic model – a giv en ele ment’s decisio n will inv olve unc e rtain ty and so is model led probabilis ti c a l ly.
Our respondent and non -re spondent popula t ion sare concep tua l in the sense that we only encou nter subset s of
them (as the sample and the non -re spondents); if an ele ment is not in clu ded in the selection, we gen erally do not
know (and do not need to know) to whi c hof the two popula t ion sit bel o ngs.

4. Equ ation (HL7.8) ov erleaf on pag eHL7. 1can be thoug ht of as an ext ensio n to variation of the beh aviour of
av erage s(w hen answe ring a Que s tion wit h a descript ive aspect) in equation (HL18 .1) and its picto ria l ve rsi on at the
lowe r right of pag eHL18 .4 in Section 5 of Statis ti c a lHighlig ht #18 .

5. Mat hem ati c a l models are all idealiz ation s and all are
products of the int ellect and the imagi nation; as shown
in the schema at the rig ht, we think of the model as a
li nk between thesa m p le and theresp onden t popu lation.

To maint ain the distin ction bet ween the real world (repre -
sent e dby the data) and the model ,we use different words
– ‘av erage’ and ‘mean’ –  for thei r mea s ure sof location; unfor-
tunately, we do not have this optio n fo r the two measure sof
variation, whi c hare bot hcalled ‘st andard dev iation.’ In the
early stage sof learning statis ti cs, it is hel pful to, at lea st
ment ally, add the respectiv e adje ctive s‘d ata’ and ‘proba-
bilis ti c’ to dis tinguis h the two uses of
st andard dev iation; this ter min ology is
summarized in Table HL7.1 at the rig ht.

Ta ble HL7.1
At tribute Real Wor ld Model
Location Ave r age Mean
Variation (Data) standard dev iation (Probabilis ti c) standard dev iation

Re al Wor ld Imaginat ion

RESPONDENT
POPULATION

SAMPLE

MODE L

Model
parameters

repre sent respon-
dent popula t ion

att rib u t es

Model
parameters are
estim ated from

sample dat a

Ap pendix [o ption a lre ading]

The schema at the rig ht bel ow sh ows five groups of ele ments whi c hwe distinguis h fo r data -base dinve s tig a t i ng and whi c h
are inv olved in the defin ition sof ou r si x er ror cat egor ies (e.g., giv en on the lowe rhalf of pag eHL8.1 in Statis ti c a lHighlig ht #8).
Also, the model is inclu ded in the schema, as ali nk between the sample and the respondent popula t ion (as in Not e5 above).

* Ta rge t popul ation: the group of ele ments to whi c hthe inv estig a tor(s)
wa n tAnswe r(s) to the
Questio n(s) to apply.

* St udy popul ation: agr oup of ele mentsav ail-
able to an inv estig a t ion.

* Re spondent popul ation: thos eelem e n t sof the study popula t ion that woul d prov ide
the dat arequ est e dun d er the inc entiv es for respons eoffered
in the inv estig a t ion [su ch inc entiv es arise pre dominantly when
the ele ments are people, but mis sing dat amay als oaris ewhen ele ments are inanimate].

* No n-respondent popul ation: thos eelem e n t sof the study popula t ion that wou ld not prov ide the data reque s ted unde rthe
in centiv es for respons eoffered in the inv estig a t ion – see als oNo te 6 bel ow.

Target
popula t ion

Study
popula t ion

Re spondent
popula t ion

Sa mple Sa mple

No n-respondent popula t ion

MO DEL

(tr ue value s) (m e asure dvalue s)

* Samp le: the group of units selected from the respondent popula t ion actually use d in an inv estig a t ion – the sample is asub-
set of the respondent popula t ion (as the ver tical lin e in the schema above rem inds us) .

NO TE: 6. As indicated in the diag ram at the rig ht, we consid er the study
popula t ion to be made up of the resp onden t andnon-res pon den t
popula t ion s. The set of units selected from the study popula t ion
is the se lec tion, and compris es the sa m p le (fr om the respondent
popula t ion) and the non-res pon den t s (fr om the non-respondent
popula t ion). The diag ram has two catego rie sof symbols:
−− the −Ns and ns refer to number s of ele men t s or units;
−− the Y−−s and y−s are aver ages of a respons evariat eY− of the

elem e n t sor units.
The rela t ion s hips among the numbers of ele ments or units are:

Study popula t ion = Re spondent popula t ion +No n-respondent popula t ion
−Ns = −N + −Nnr
Sele ction = Sa mple +No n-respondents

ns = n +  nnr

Study popula t ion

Re spondent
popula t ion

No n-respondent
popula t ion

−Ns

Y−−s

−N Y−− −Nnr Y−−nr

Sele ction

Sa mple No n-
re spondents

ns
y−s

n y− nnr y−nr

St atis ti c a ltheory, par ticularly of sur vey
sampling, is dev elo ped mainly in the
cont ext of theresp onden t popula t ion,
often wit hou t re cognizi ng it exp licit ly.
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