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#HL4.1[St atistical Highlight #4]
_________________
_________________

DISCRETE PRO BABILITY DISTR IBUTION HISTOGRAMS: Hyper geom e tric, Binomial,
Ne gat ive binomial, Poisson

This Highlig ht #4 is con cer ned with vis u ali zing probability, a topic pursued in Statis ti c a lHighlig ht #5. Here, the empha sis
is on histogr ams for fou r discret e dist rib u tio ns whu ich are often int roduced in int roducto ry probability cou rses. Statis ti c a l
is s ues arisi ngfr om probability dis tributio ns are taken up in Statis ti c a lHighlig ht #2 on the lowe rhalf of pag eHL2.18 .

Distn. 1. The hy per geom e tric dist rib u tio n can be use dto model the process of selecting a
sample of n balls equ iprobably wit hou t replacement from an urn con taining a tot al of
−N balls of whi c h −R are red and −N−−R are black. If the random variableR repre -
sents the number of red balls in the sample, its probability fun ction is as giv en in
equation (HL4.1) at the rig ht (‘ur n’ here cor responds to ‘popula t ion’ i n statis ti cs) .

f (r) =

r = 0, 1, 2, ....,n.

(
−R
r)(

−N−−R
n−r )

(−N
n)

-----(HL4.1)

,

When−N =10, −R=4 or −R=6, and n=6, we can tab ula te and graph f (r) as fol low s :
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Tw o Hyper geom e tric Pro bab ility Functions
−N =10, −R= 4, n=6f (r)
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Distn. 2. Thebinomial dist rib u tio n can be use dto model a process called a Ber nou lli trial, whi c hha sthe fol low ing (re s trict e d)
charact e ris ti cs:

• a Ber nou lli trial has two ou tco m e s(ge ner ically called ‘su ccess’ and ‘fa ilu r e’) ;

• un d er repetit ion, the outco m e sof Bernou lli trials (‘s ucces s’ and ‘fa ilu r e’) are pr obabi lis tically indep enden t ev ents;

• un d er repetit ion, the probability of ‘su ccess’ (and, henc e, the probability of ‘ fa ilu r e’) is consta nt [π, say, and1−π].
An exa mple of Ber nou lli trials is selecting equ iprobably from an urn of red and black balls with replacement[to be
cont r ast e dwith the hyper geometr ic dis tributio n fo r sele cting wit hou t replacement in Dis t.1 above]; a mo refa m ili ar
ex ample of a Ben oul li trial is tos sing a coi n.
The bin oma lprobability fun ction (fo r the random variableY) is:

Pr (y ‘s ucces s es’ i n n trials) = (ny )π y(1−π)n−y; y = 0, 1, 2, .... ,n. -----(HL4.2)

When n=10 and π su ccessiv ely takes the value s0. 2, 0.5 and 0.9, the probability fun ction s[ f (x), f (y), f (z)] of the
re spectiv e random variable sX, Y andZ are tab ula ted and graphe das shown on pag eHL4.3.

Distn. 3. Thene gative binomial dist rib u tio n is als ous ed to model repetit ion of Bernou lli trials, but it differs from the bin omi-
al dist rib u tio n in its con cer nwith the probability that the rth ‘s ucces s’ occurs on the nth tr ial or, equ ivalently, that v
‘fa ilu r es’ occur before the rth ‘s ucces s.’ The negative bin omial probability fun ction (fo r random variable V) is:

Pr (v ‘fa ilu r es’ before the rth ‘s ucces s es’) = (r+v −1
r --1 )π r(1−π)v ; v = 0, 1, 2, 3, .... . -----(HL4.3)

When r=2 or r=5 andπ =0.4, the probability fun ction s f (v) and f (w) are tab ula ted and graphe dov erleaf on the
lowe r half of pag eHL4.2. [Te rms of thes einfin ite set sof value sare evaluated to V =15 and W = 25 to show the
behaviour of the rig ht tail of thes edist rib u tio ns.]

Distn. 4. The Po isson dist rib u tio n is use dto model processes inv olv ing ‘ou tco m e soccur ring unpredictably (on an in dividua l
basi s) in space or tim e’; the more com mon sho rter des criptio n of model ling ra n dom eve nts in spa ce or time ha sthe
disadvant age of usi ng‘r andom’ and ‘ev ent’ i n their col loquial (not thei r probabilis ti c) sense.
The der ivation of the Poi sson probability fun ction involves three assump tion s:

• in dep enden ce: eve n t s(w hich are number s of outco mes in an inter val) arepr obabi lis tically indep enden t fo r non-
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#HL4.2

Distn. 4. • in dep enden ce:
(c o nt.)

ov erlap ping (sp atial or tem poral) in ter vals; the sho rter versi on of this assump tion – thenumber s of
ou tco m e s co mprising eve n t s in non -ov erlap ping int e rvals are independent – risk s conf usi ng
probabilis ti c in d ependenc eof eve n t swith independenc eof numbers.

• in dividua lity: outco m e soccur singly, not in groups; i.e., the probability of more than one outco m ein a suf fi cie n tly
sm all int e rval is neglig ible;

• homoge nei ty: outco m e soccur at a unifo rm rat eov er the entire int e rval unde rconsid eration so that, in a (sub-)int e r-
val of lengt h t, the expected number of outco m e sis λt, where thein ten sity para m eter λ is theavrage
ra te of outco mes over the ent ire inter val.
This math ematical assump tion has troub lesome real-world implication s– auniform un d erlyi ng pro -
cess exhibiting unpre dicta b le actual indivi d ual outco m e s.

The Poi sson probability fun ction (fo r the random variable S) is:

Pr (s ou tco m e sin an int e rval of lengt h t) =
(λt)se−λt

s!
=

µ se−µ

s! s = 0, 1, 2, 3, .... . -----(HL4.4)

In con trast to Ber nou lli trials whe re a per son is usually inv olved in repetit ion (e.g., in coi n tossing), a Poi sson process
often repeats wit hou t hu man int e rve n tio n and the ‘repetit ion s’ arise from the (sp atial or tem poral) in ter vals imposed
on the outco m e s.
Whenµ take svalue sof 1, 5 and 10, the probability fun ction s[ f (s), f (t) and f (u)] of the three random variable sS, T
andU are tab ula ted and graphe das shown on the pag eHL4.4. [Te rms of thes einfin ite set sof value sare evaluated
ou t to S =10, T=15 and U = 20, respectiv ely, to show the beh aviour of the rig ht tails of the dist rib u tio ns.]

Distn. 3.
(c o nt.)

Tw o negative bin omial dist rib u tio n probability fun ction s(r =2, π =0.4 and (r=5, π =0.4):

Ta ble HL4.3
v f (v)

0 0.1 6
1 0.1 92
2 0.1 72 8
3 0.1 38 24
4 0.1 03 68

5 0.074 649 6
6 0.052 254 72
7 0.035 831 808
8 0.024 186 470
9 0.016 124 314

10 0.010 642 047
11 0.006 965 703
12 0.00 4527 707
13 0.002 925 595
14 0.001 880 740
15 0.001 203 674

(0.997 912 378)

A Negat ive Binomial Pro bab ility Function
v fa ilu r es before the 2nd su ccess, Pr(su ccess) = 0.4
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Ta ble HL4.4
v f (w) w f (w)

0 0.010 24 16 0.013 996 316
1 0.030 72 17 0.010 373 740
2 0.055 296 18 0.007 607 409
3 0.077 414 4 19 0.005 525 382
4 0.092 897 28 20 0.003 978 275

5 0.1 00 329 062 21 0.002 841 625
6 0.1 00 329 062 22 0.002 014 970
7 0.094 595 973 23 0.001 419 240
8 0.085 136 325 24 0.000 993 468
9 0.073 784 859 25 0.001 691 454

10 0.061 979 281 (0.998 489 925)
11 0.050 710 321
12 0.0 40568 257
13 0.031 830 478
14 0.024 554 940
15 0.018 661 754

. (0.949 048 046)

A Negat ive Binomial Pro bab ility Function
v fa ilu r es before the 5th su ccess, Pr(su ccess) = 0.4
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#HL4.3[St atistical Highlight #4]
_________________
_________________

DISCRETE PRO BABILITY DIST...N HISTOGRAMS: Hyper geom e tric, Binomial,
Ne gat ive binomial, Poisson (c o ntinue d 1)

Distn. 2.
(c o nt.)

Three bin omial dist rib u tio n probability fun ction s(n =10, π =0. 2, π =0. 5andπ = 0.9):

Ta ble HL4.5
w f (w)

0 0.1 07 374 182
1 0.268 435 456
2 0.301 989 888
3 0.201 326 592
4 0.088 080 384

5 0.026 424 115
6 0.005 505 024
7 0.000 786 432
8 0.000 073 728
9 0.000 004 096
10 0.000 000 102

(1. )

Bi(10 ,0. 2) Prob ability Function
f (x)
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Ta ble HL4.6
y f (y)

0 0.000 976 563
1 0.009 765 625
2 0.0 43945 313
3 0.117 187 500
4 0.205 078 125

5 0.246 093 750
6 0.205 078 125
7 0.117 187 500
8 0.0 43945 313
9 0.009 765 625
10 0.000 976 563

(1. )

Bi(10 ,0. 5) Prob ability Function
f (y)
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Ta ble HL4.7
z f (z)

0 0.000 000 000
1 0.000 000 009
2 0.000 000 365
3 0.000 008 748
4 0.000 137 781

5 0.001 488 035
6 0.011 160 261
7 0.057 395 628
8 0.1 93 710 245
9 0.387 420 489
10 0.348 678 440

(1. )

Bi(10 ,0.9) Prob ability Function
f (z)
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NO TE: 1. We see that the mos tprobable value of each random variable, cor responding to thehigh est bar of each his t ogr am ,is
give nby the produ ct, n×π, of the bin omial dist rib u tio n parameters; this is (of cou rse) themean of the dist rib u tio n.
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#HL4.4

Distn. 4.
(c o nt.)

Three Poi sson dis tributio n probability fun ction s(λt ≡ µ =1, λt ≡ µ = 5 andλt ≡ µ =10):

Ta ble HL4.8
s f (s)

0 0.367 879 441
1 0.367 879 441
2 0.1 83 939 721
3 0.061 313 240
4 0.015 328 310

5 0.003 065 662
6 0.000 510 944
7 0.000 072 992
8 0.000 009 124
9 0.000 001 014

10 0.000 000 101

(0.999 999 990)

Po(1) Prob ability Function
f (s)
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Ta ble HL4.9
s f (t) s f (t)

0 0.006 737 947 11 0.008 242 177
1 0.033 689 735 12 0.003 434 240
2 0.084 224 337 13 0.001 320 862
3 0.1 40 373 895 14 0.000 471 736
4 0.1 75 467 369 15 0.000 157 245

5 0.1 75 067 369 (0.999 930 991)
6 0.1 46 222 808
7 0.1 04 444 863
8 0.065 278 039
9 0.036 265 577

10 0.018 132 788

(0.986 304 731)

Po(5) Prob ability Function
f (t)
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Ta ble HL4.10
s f (u) s f (u)

0 0.000 045 400 11 0.113 736 396
1 0.000 453 999 12 0.094 780 330
2 0.002 269 996 13 0.072 907 946
3 0.007 566 655 14 0.052 077 104
4 0.018 916 637 15 0.034 718 070

5 0.037 833 275 16 0.021 698 794
6 0.063 055 458 17 0.012 763 996
7 0.090 079 226 18 0.007 091 109
8 0.112 599 032 19 0.003 732 163
9 0.1 25 110 036 20 0.001 866 081

10 0.1 25 110 036

(0.998 411 739) (0.986 304 731)

Po(10) Prob ability Function
f (u)
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NO TES: 2. We see that the mos tprobable value of the random variable, cor responding to thehigh est bar of each his t ogr am ,is
the int ege rpart of the value of the parameter (he re, the meanµ); when this value is an int ege r, the bar to the le ft
of this tallest bar is als oof the same heig ht (i.e., the re are two mos tprobable value swhenµ is an int ege r).

3. Th asy mmetr y of the Po(1) dist ribti ion is sub stantia l ly decre ase din the Po(5) probability fun ction and it con tin ue sto
de cre ase asµ in cre ases. The rela t ive ly sy mmetr ical Po(10) dist rib u tio n is approaching‘b ell-shaped’, rem inding us of
the normal ap proxi mation for finding value sfo r (s ums of) Pois son probabilit ies whenµ is large (say 20 or more) .
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